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Abstract. We will generalize and improve the results of T. Singh [Publ. Math. Debrecen 40
(1992), 261-271] obtaining the L. Leindler type estimates from [Acta Math. Hungar. 104 (2004),
105-113).

1. Introduction. Let f be a continuous and 27-periodic function and let

f(x) ~ % + > (a,cosnx + by, sinnx) (1.1)
n=1
be its Fourier series. Denote by S, (z) = S, (f;x) the n-th partial sum of (1.1)) and by
w(f,0) the modulus of continuity of f € Co.
The usual supremum norm will be denoted by || - ||c.
Let w be a nondecreasing continuous function on the interval [0, 27r] having the prop-
erties
w(0) =0, w(d1+d2) <w(d1)+w(d2).
Such a function will be called a modulus of continuity.
Denote by H* the class of functions

HY = {f € Cor | f(z) = fly)| < Cw(lz _y|)}7

where C' is a positive constant. For f € H*, we define the norm || - ||, by the formula

[flle = [lfllc + sup [A% f (2, y)l,

|[f(x) = f(y)
w(lz —yl)

where

A% f(x,y) = T F# Y,
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and A%f(z,y) = 0. If w(t) = C1]t|* (0 < a < 1), where C; is a positive constant, then

={f€Cor:|f(z) = fly)| < Cilz —y|*, 0<a <1}

is a Banach space and the metric induced by the norm || - ||, on H is said to be a Holder
metric.

Let A := (ank) (k,n=0,1,...) be a lower triangular infinite matrix of real numbers
satisfying the condition

ank >0 (k,n=0,1,...), anw =0, k>n, and Zank =1. (1.2)
Let the A-transformation of (S, (f;x)) be given by

n
T,(f) := = auSk(f;z) (n=0,1,...). (1.3)
k=0
Now, we define two classes of sequences (see [3]).
A sequence ¢ := (c¢,) of nonnegative numbers tending to zero is called the Rest
Bounded Variation Sequence, or briefly ¢ € RBV'S, if it has the property

Z len — ent1] < K(¢)em (1.4)

n=m
for all natural numbers m, where K (c) is a constant depending only on c.
A sequence ¢ := (c¢;,) of nonnegative numbers will be called the Head Bounded Vari-
ation Sequence, or briefly c € HBV S| if it has the property

m—1

Z len — ent1] < K(¢)em (1.5)

n=0
for all natural numbers m, or only for all m < N if the sequence ¢ has only finite number
of nonzero terms and the last nonzero term is cy.
Therefore we assume that the sequence (K(ay,))22, is bounded, that is, that there
exists a constant K such that

0< K(an) <K

holds for all n, where K (a,,) denotes the sequence of constants appearing in the inequal-
ities (1.4) or (1.5) for the sequence v, := (ank)3>,. Now, we can give the conditions to
be used later on. We assume that for allm and 0 <m <n

[e%S)
Z ‘ank - ank+1| S Kanm (16)
k=m
or
m—1
Z |ank: - ank+1| < Kanm (17)
k=0

if o, := (ank)52, belongs to RBV'S or HBV S, respectively.
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Let w and w* be two given moduli of continuity satisfying the following condition (for
0<p<g<l)
(w(t))P/e
w*(t)
In [5] R. Mohapatra and P. Chandra obtained some results on degree of approximation
by the means in the Holder metric. Recently, T. Singh in [6] established the following
two theorems generalizing some results of P. Chandra [I] with a mediate function H such
that

—0(1) (t—0,). (1.8)

wagwﬁ_owm»mqa% H() >0 (1.9)
and ,
lA.H@Qdu:AD@H@D (t —04). (1.10)

THEOREM 1.1 ([6]). Assume that A = (ank) satisfies condition (1.2)) and ank < anks1
fork=0,1,....n—1;n=0,1,.... Then for fe HY, 0<p<q<1

IT2() = s = O {wlle = s} {1 = )}
X {(H(Z))lp/qann(np/q + amlz/q)}] + 0<annH(%)>, (1.11)
if w(t) satisfies and (L.10), and
IT(5) = fllor = O {ille = 9D}/ (e = )}
m\\ 1—P/ m\\ 1-P/ T 0
ACEN " e (1) e ofo() # et () a2
if w(t) satisfies (L.9).
THEOREM 1.2 ([6]). Assume that A = (ank) satisfies condition and apng > angr1 for
k=0,1,...,n—1;n=0,1,... and w(f;t) satisfies and . Then for f € H,
0<p<g<l1
1T(f) = fllor = O[{wﬂx —y) I/ Hw (lz —y)}
X A (H (@00)) /Ym0 (71 + a,2/)}] + Olano H(ano).  (1.13)

Another generalization of the results of Chandra [2] was obtained by L. Leindler in [3].
Namely, he proved the following theorems.

THEOREM 1.3 (|3]). Let (1.2)), (1.7) and (1.9) hold. Then for f € Cay

IH%U)—fMP=O@(%))+O(mmﬂ(%)) (1.14)
If, in addition, w(f;t) satisfies condition then

THEOREM 1.4 ([3]). Let (1.2), (1.6), and hold. Then for f € Cox
IT.(f) = fllc = OanoH (ano))- (1.16)
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In the present paper we will generalize and improve the results of T. Singh [6] obtaining
the L. Leindler type estimates from [3] in the generalized Holder metric instead of the
supremum norm.

Throughout the paper we shall use the following notation:

Gu(t) = [z + 1) + [z —t) = 2f(2),

n

Ank: Z Qnr (k:1a27an+1)a

r=n—k+1
Z sin(k + 3)u
Qn
sin u/ 2)
By K;, K>, ... we shall designate elther an absolute constant or a constant depending on

the indicated parameters, not necessarily the same at each occurrence.

2. Main results. Our main results are the following.

THEOREM 2.1. Let (1.2), (1.7) and (L.8) hold. Suppose w(f;t) satisfies (1.9)), then for

feHY 1
10 e =o({30 A (T}, 1)

k=1
If, in addition, w(f;t) satisfies condition (1.10), then

1)~ e = o({3 A ) ™) 22)

k=1

THEOREM 2.2. Let (1.2), (1.8), (1.6) and (1.9) hold. Then, for f € H¥

17(5) ~ Fler = O({amott (T)} ). (23)

If, in addition, w(f;t) satisfies (L.10), then
1T (£) = fllor = OHanoH (an0)}' /7). (2.4)

REMARK 2.1. We can observe, that under the condition (|L.8]), Theorems and
are the corollaries of Theorems and respectively. The assumption @, < Gnpi1
(k=0,1,....,n—1;n=0,1,...) of Theorem implies the inequality

n+1 A

> Tnk < (n+ Dann,

k=1
whence by the Theorem we obtain the relation of the ([1.11]) type. The estimate (1.13)
from Theorem [T.2]is also a consequence of the estimate of Theorem [2.2] and sometimes
is better since (n”/%a,o) can be unbounded.

REMARK 2.2. If in the assumptions of Theorems or we take w(|t]) = O(|¢|?),
w*(|t]) = O(|¢|?) with p = 0, then from (2.1, (2.2) and (2.3), we have the estimates
(1.14), (1.15) and (1.16)), respectively.
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3. Lemmas. To prove our theorems we need the following lemmas.

LemMA 3.1 ([2]). If (1.9) and (L10) hold then

/0 (];’ 2 dt =O(rH(r)) (r— 04). (3.1)
LEmMA 3.2 ([M)). If holds, then for + <u <
A,y < TEEDHT (3.2)

where T ~t := max{1, [u"1]}.

LemMmA 3.3 (M)). If . ) holds, then for f € Cor

1T (f) = flle < 8(K +1)(2K +1) Y anEr(f), (3-3)
k=0

where E,(f) denotes the best approximation of function f by trigonometric polynomials
of order at most n.

LEmMA 3.4 ([]). If (1.6) holds, then
/ A (8)] dt < AK(K +1). (3.4)
0

LEMMA 3.5. If , ) hold and w(f;t) satisfies then
S =

If, in addition, w(f;t) satisfies - ) then

Z anis (f; - 1) O(anoH (an0))- (3.6)
Proof. First we prove . If . 1.6 holds, then
n—1 [e%s)
Ann — Gnm S |anm - ann‘ S Z |ank - ank+1| S Z |ank - ank+1| S Kanm
k=m k=m
for any n > m > 0, whence
ann < (K 4 1Dapmn. (3.7)

From this, using (|1.9)), we get

n
];)ankaJ(f;kj_l) (K+1) anoz ( k—i—l)
§K1an0/1n+1w<f; %) dt_KlanO/,;(nJrl)C‘j(iéwdu_O(a"OH(Z>)'

Now, we prove (3.6]). Since

(K + 1)(”"‘ ]-)anO > Zank = ]-7
k=0
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we can see that

n k* n
kz_oankw<f; k%tl) < kz_:oankw<f; ﬁ) + ;Zk:* ankw(f; kLH)
where k* = 0

m — 1. Using again (3.7)), (1.2) and the monotonicity of the modulus
of continuity, we obtain

n k* n
kz_;)ankw(f;kj—l) < (K + 1)ang kz_ow(f;kj_l) +w(f; (K + 1)ano) Z Ank

k=k*

k*+1 T
<Kia [ w(£3) de+o(fim(K + Dan)
1

< Kiano /a7r W(Z;u) du+27(K 4+ 1)w(f; ano)- (3.8)

n

According to

w(f;ano) < 4w(f, ) < 8/;";2 W(];t) dt < 8/0%0 W(J;;t) dt,

in view of ( -, and ((1.10] , relation (3.6]) holds. m

4. Proofs of the theorems. In this section we shall prove Theorems [2.1] and 2.2]

Proof of Theorem . First we prove ([2.1). Setting

Ru(o) =To(fi0) = o) = 5 [ 6x(0

and
1

Ru(e9) = o) = Ral0) = 3= [ (6,(0) = 00D A00)

we get
Rl < 3= [ 1620~ 8,0l 14,0 .

It is clear that
|2(t) — &y ()] < 4Cw(|lz —yl) (4.1)
and
|02(t) — &y (8)] < dw(f; [¢]). (4.2)
Then, using , we have

B < 2 (i ) (/ //n)m Nt =2 o~y (n + 1), (43)

It is obvious that

™/n
I < n
1*/ smt/2 Zak

T/n N

Zank k+ ) gg (4.4)

Sln<k—|— t‘dt<7r/
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Using ([3.2)), we obtain

T A, .- n/m A n=l e(k+1)/m y
I2§K1/ let:[(l/ ﬂdt:Klz/ n,tdt
7‘—/" t 1/7\' t — k/'n' t

k=1
n—1 n n+1
Ay k+1 Ap g Ank
<K /T < 2K —= < 2K 4.5
<1 30 A <o 3o Ak <o 3 A (1.5)
If (1.7) holds then
m—1
Any — AQnm S ‘anu - anm‘ S Z |ank - ank+1| S Kanm
k=p
for any m > u > 0, whence
Anp < (K 4 1)anm. (4.6)
From this and m we can observe that
n+1 n+1 n+1 n
eSS : 1 1
Z - anr = Z nn—k+1 = 77+ Ank = =5 7
k=1 k=1 r=n—k+1 K+1 K+1k:0 K+1
and by (4.3)—(4.5) we obtain
n+1
An,k
|Rp(2,y)| < Kow(|z —yl) ’ (4.7)

x>
Il

1
On the other hand, by (4.2)), we have

Rt < 2 [Catrilanold

(/ / ) ft\A()ldt:%(I{JrIg). (4.8)

Using (4.6) and (1.9), we can estimate the quantities I] and I as follows:

B
nse(n) ), s

sin(k+%)t‘dt

< gﬁ%)(f; %) ki_oank < 3r*(K + 1)ann§w(f; %)
< K3ty /1nw(f; %) dt = Ksapy, /;/Tn w(zj;u) du = O(annH(%)) (4.9)
and, by ,
I, < Ky /7; w(fit) A g < Kpan /T/rn “’({; D gt — O(annH(%>). (4.10)

Combining (4.8)—(4.10)) we obtain
™
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Therefore, using (4.7) and (4.11)),

w* _ |Rn(x7y)|p/q —p/
SHP{A (z,9)} —Smlg){mmn(%yﬂl b q}
n+1 p/q _
Ak T\ 1-pr/a
§K4{; - } {annH(g)} . (4.12)
Since _
Ro( / 16, (0)] | An(t)] dt < = / w(f50)[An(t)] dt,

the inequalities -, -, and (4.9)) lead us to
1 7 p/q 7T 1-p/q
)~ flle < +{ | w(f;t)|An(t)|dt} {[ el
0

< Yotgmprod [iasoral™{ [ (f;t)lAn(t)ldt}l_p/q
el [ Yoo ([ Jarnnars)

SKs{”z“?}”“{amH<z>}”“ ar

Collecting our partlal results and ( -, we obtain that (| . ) holds.
Now, we prove ). By (4.2) we have

Rute) < 2 | ﬂw(f;t)lAn(t)ldt

_ i(/o +/azn>w(f;t)|An(t)|dt - %(Jl +Jo). (4.14)

Using (1.9) and (1.10), we shall estimate the quantities J; and J, similarly like the
quantities I} and I}, respectively. Namely, by Lemma

I < 7r/ @ dt = O(any H(anm))
0

and, by (3.2),

Ty < Kq /W (i) 2 gy < Kpan, /W Dt = O H (010)).
From this and we get o
SIIET){AW*RTL(;U, y)} = O({Li A]:k }p/q{amH(ann)p—p/q) (4.15)
In the same manner as in we can Slzow that
fass A, 1P/a _
I70(f) = flle < Ks{; AT i H (@) Y1, (4.16)

Combining (4.15) and (4.16]) we conclude that (2.2]) holds. This completes the proof. m
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Proof of Theorem [2.2 Using the same notation as in the proof of Theorem from

(4.1) and (3.4) we get
2C T
Rue.)l < ol —y) [ 14u0]d <

On the other hand

SCK(K +1)

™

Wl —y).  (417)

[Rn(z,y)| < |T0(f;2) — f(@)] + | Tu(fi9) = fW)I-
The estimate (3.3)) and the inequality

En(f) < Kaw(fi —=)

n+1
give
n
R (z,y)| < 16(K +1)(2K + 1) ;OankEk ) < K, Zankw(f, - 1) (4.18)
Therefore, by (4.17)),
|Rn($7y)|p/q 1-p/
Sup A Ry (z,y supy ———————|Ry(z,y)| P/
{ )} = s Bl )

< Kg{z ankw<f, - 1)}1,,/,1' (4.19)

The same estimate can be shown for the deviation T, (f;z) — f(x). Namely, by (3.3) and
(1.2), we get

IT.(f) — flle < 8(K + DK + 1) awBu(f) < K Zankw(f, - )
k=0

< 1S, k;)}”‘l{zanw(ﬁ ok
k=0 =
1-p/q
< KG{Zankw<f, k+1>} / . (4.20)

Finally, collecting our partial results (4.19)) and ( and using Lemma we obtain

(2-3) and (2.4). =
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