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Abstract. We consider a problem of intervals raised by I. Ya. Novikov in [Israel Math. Conf.
Proc. 5 (1992), 290], which refines the well-known theorem of J. Marcinkiewicz concerning struc-
ture of closed sets [A. Zygmund, Trigonometric Series, Vol. I, Ch. IV, Theorem 2.1]. A positive
solution to the problem for some specific cases is obtained. As a result, we strengthen the theorem
of Marcinkiewicz for generalized Cantor sets.

1. Introduction. Let us start with some basic notation. For any set M C R by uM
we will denote the usual (Lebesgue) measure of M. Further, by sup M (inf M) we will
mean the least upper bound (the biggest lower bound) of M, respectively. We will write
max M, min M instead of sup M, inf M when supM € M, inf M € M.
Let F be a closed bounded nowhere dense set on R with a positive measure and let
0(y) denote a distance from y to F. The integral of Marcinkiewicz is defined as follows:
max F' bY
=) = /minF |375_(QZ//)1+’\ W o
As is well-known, for each A > 0 the integral converges for almost all points of F' [I],
[3L Ch. IV, Theorem 2.1]. The result can be reformulated as follows (see [3, p. 131]): let
{(a;;a; + 6;)}52, be a set of intervals from [min F'; max F| contiguous to F' and let s;(x)
denote the distance from x € F to the interval (a;; a; + 0;). Then the convergence of
is equivalent to the convergence of the series

Zi:(siix))m' (2)

Thus, one can claim that the sequence {%} belongs to [, for any p > 1 and almost

2010 Mathematics Subject Classification: 42A50, 42A99.
Key words and phrases: Integral of Marcinkiewicz, problem of intervals.
The paper is in final form and no version of it will be published elsewhere.

DOI: 10.4064/bc95-0-23 [369] © Instytut Matematyczny PAN, 2011



370 K. E. TIKHOMIROV

all z € F. 1. Ya. Novikov conjectured that a stronger result takes place [2]. Recall that a
non-increasing rearrangement of a real sequence {u;}32; is defined by

uf :=inf{r > 0:card{j >0:|u;| >7} <i}, i=12...
The rearrangement is well defined for any bounded sequence.

CONJECTURE 1.1 (Novikov). For almost all x € F the sequence {%} is contained in
li,0, that is,

Slipn(sj(nx))* < o0, (3)

where (55&))* is the n-th element of the non-increasing rearrangement of{s,‘s(im) }.

Novikov suggested a stronger variant of the above conjecture known as the problem
of intervals. Let n > 0 and a;,d; € R, i = 1,2,...,n, satisfy the conditions

6i>07 Z:1a2aan7 a1 <az <...<ap.

The sequence of intervals {[a;;a; + ;]}_; is then called a configuration (of intervals).
Note that the elements of the configuration (intervals [a;;a; + 0;]) may intersect. The
set of configurations for all possible values of n,a;,d; will be denoted by A. For a fixed
configuration v = {[a;; a; + 6;]}"_; we can construct a set

Qv):={teR:3Fk=k(t) >0 card{i : t € [a;;a; + k&;]} > k}, (4)
where card M denotes the number of elements in the set M. In other words, a point ¢t € R
belongs to Q(v) if and only if there exist 1 < k() < n and indexes 1 < iy < iz < ... <
ixy < n such that ¢ belongs to the intersection ﬂfg lai;; as; + k(t)d;,]. Evidently, the set
Q(v) is closed as a union of a finite number of closed sets. Let also
p82(v)
Z?:l 0i

Next, for any set of configurations B C A define

K(v) =

K(B) :=sup{c: c = K(v) for some configuration v € B}.
CONJECTURE 1.2 (Novikov). K(A) < co.

The problem of intervals is probably a difficult one, and we are far from getting a
complete solution to it. Still, we are able to prove K(B) < oo for certain subsets B C A.
As a result, we will prove the Conjecture for generalized Cantor sets.

2. Auxiliary results. We start with some elementary facts about sets 2. The first
lemma does not require a proof.

LEMMA 2.1. Letv = {[a;;a;+ 6]} € A, d € R and w = {[a; +d;a; +d+ ]} ;. Then
Q) ={t:t+deQuw)}.

LEMMA 2.2. For any configuration v = {[a;; a; + 6]}, € A we have [a,; maxQ(v)] C
Qv).

Proof. Since max Q(v) € Q(v), there exist 1 < k < n and indexes 1 < i; < iy < ... <
ir < n such that maxQ(v) < a;; + kd;; for j = 1,2,...,k. It implies that for any
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t € [an;maxQ(v)] we have a;; < a, <t < ay, +kdy;, j =1,2,...,k, so that ¢ belongs
to Q(v). m

LEMMA 2.3. Let v = {[ag;a; + 6]}y € A, m € [1;n — 1] and w = {[as;a; + 6]}
Then
Q(w) = Q(v) N [a1; max Q(w)].

Proof. First, it is clear that Q(w) C [a1;maxQ(w)] and Q(w) C Q(v). Now, let t €
Q(v) N [a1; max Q(w)]. If, additionally, t > a, then, by Lemma t € Qw). It is also
evident that Q(v) N [a1;am) C Q(w). Combining the embeddings, we get the result. =

LEMMA 2.4. Let v = {[a;;a; + 6]}, be a configuration from A. Then
max Q(v) — a, < Z ;.

Proof. Since max Q(v) € Q(v), there exist 1 <k <nand 1 <i3 < iz < ... < i, <n,
such that max Q(v) —a;; < ké;, for all 1 < j < k. It follows that

max Q(v) — a,, < min(max Q(v )—al)<km1n5 <z:(5Z n

J i=1
Let A" := {v € A : the set Q(v) is connected}.

LEMMA 2.5. Let v = {[a;;a; + §;]}7, be a configuration from A. Then there exists a
configuration w = {[b;; b; + 6;]}7, € A" such that K(w) > K(v).

Proof. Suppose v ¢ A’. Taking into account Lemmam7 there exists m € [1;n — 1] such
that [a1; an] C Q(v) but [a1; ami1] € Qv). Let @ := {[a;; a; + 6;]},. From Lemma
it follows that the set Q(x) is connected. Indeed, since [a,,; max Q(z)] C Q(z) C Q(v), we
have

Q(z) = Qv) N [ar; max Q(z)] = [a1; am] U (Q(v) N [ay,; max Q(x)]) = [a1; max Q(z)].

Let ay, aj, ..., a;, be real numbers such that a; = a} foralli = 1,2,...,m; aj—a}; = a;—a;
foralli,j € {m+1,...,n}; a;,, = maxQ({[a;; a; +6;]}~,) and con81der a conﬁguratlon
v = {[al; al+ 8]}, By Lemmaand the above reasoning, [a};a;, 1] = Q(z) C Q).
Further, let t € Q( )\ Q(z) (note that it implies ¢ > ay,4+1). By definition, there exist
1 < k(t) <n and indexes 1 < iy < iy < ... <y < n such that max(a;,; maxQ(z)) <
t < ag; + k(t)d;, for j =1,2,... k(t). Now, fix j and study two cases. If i; € [m + 1;n]
then, clearly,

max(a; ;max Q@) = a; + Qg — Gt <+ agyg — amir < aj; + k()05

If i; € [1;m] then with necessity max(az7,maXQ( r)) = an, 1 <t4+an, g — amyr <
ai, +k(t)di;. Thus, t + a5, 11 — ami1 € Qv) N [max Q(z); +00). It follows that p(Q2(v’) N
[maxQ( ); —|—oo)) > u(Qv) \ Q(z)) whence K(v') > K(v). Moreover, if m = n — 1
then Q(v’) is connected. Otherwibe we repeat the above arguments for configuration
v" and construct a conﬁguratlon v = {[a];a) + 6;]}7—; such that K(v") > K(v') and

[af;al, o] C Q). If m = n — 2 then the set Q(v”) is connected and the lemma is
proved. Otherwise, we apply the arguments once more, etc. m
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Next, fix n > 0 and consider a function
fAL2,...,.n—-1} — o{1.2,..n—1}

where 21271} denotes the set of all possible subsets of {1,2,...,n — 1}. We will call
f the function of intervals (of order n) if for all 1 < i < n — 1 the set f(i) is not empty
and max{j : j € f(i)} =i. Now, let v = {[a;; a; + 0;]}"_; € A and f be some function of
intervals. We will say that the configuration v is f-admissible if

aiy1 < max Q({[az;a; + 6,1} jerw) (5)

for i = 1,2,...,n — 1. Whenever for all 1 < ¢ < n — 1 we have equality in , the
configuration v is called f-optimal.

REMARK. Clearly, any f-admissible configuration belongs to A’.

REMARK. It is not difficult to see that if we define a function of intervals g of order n
by g(i) ={1,2,...,i},i=1,2,...,n — 1, then any configuration v = {[a;; a; + §;]}"_, €
A’ is g-admissible. Indeed, since the set Q(v) is connected, [a;;a;41) C Q(v), implying
[ai;aiy1) € Q({[az;a;+6,]}i—y), i =1,2,...,n—1. S0, a;41 < max Q({[a;;a; +6;]}i_,),
1=1,2,...,n—1.

LEMMA 2.6. Let f be some function of intervals of order n and w = {[b;;b; + &},
v = {[a;;a; + 6;]}, be an f-optimal and an f-admissible configuration, respectively.
Then K(w) > K(v).

Proof. By Lemma [2.1} it is sufficient to check the case by = a;. We need to prove that
max Q(w) > maxQ(v). Let m € [1;n] be the maximum number such that b; > ay,
i = 1,2,...,m. Suppose that m < n — 1 (note that a,,+1 > b, because otherwise
bm+1 > Gm+1, and the assumption is wrong). By definition of f-admissibility, there exist
1 <k<cardf(m) and iy < is < ... < i, @ € f(m), 1 =1,2,...,k, such that a;,1
belongs to the intersection of intervals [a;,; a;, + kd;,], I = 1,2,..., k. Since apmy1 > by
and b;, > a;,, 1 =1,2,...,k, the point a,,+1 belongs to ﬂle[bil;bil +k6;,]. It follows that
amy1 < max Q({[b;; bj + 6]} jef(m)) = bm+1 and the assumption is wrong. Thus, for all
i € [1;n] we have b; > a;. Finally, applying similar arguments to max Q(v), we get that
max Q(w) > max Q(v). m

Further, we will need one more definition. Let v = {[a;; a; +8;]}7_; be an f-admissible
configuration for some function of intervals f of order n and C' > 0 be some constant.
Then by C, f-rarefication of v we will mean any configuration w = {[b;; b; + x]}7"7 ",
where ko;_1 = §; for i = 1,2,...,n, Z;:ll koi < C'Y.1" | 6; and the points b; are defined

as follows:
b2i :bQi—l +K12i—la 7= 1,2,...,”*1;
b2i+1 = max(bgi + ﬁgi,maxQ({[ij_l; b2j_1 + K’Qj—l]}jef(i)))a 1= 1, 2, N 1.

It is not difficult to see that w € A’, that is, Q(w) is connected. Indeed, [b2;—1;b2;] =
[boi—1;b2i—1 + Koi—1] C Qw), i = 1,2,...,n — 1. Further, [by;;bo; + k2;] C Q(w) and,
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by Lemma |2.2

[b2i—1; max Q({[baj—1:b2j—1 + K2j-1]}jef(i))]
C Q{[b2j—1;b2j-1 + Kaj—1]}jer()) C Qw),

whence [bg;;b2i+1] C Q(w), ¢ = 1,2,...,n — 1. Finally, [by,—1; maxQ(w)] C Q(w) (by
Lemma [2.2)) and we get [by; max Q(w)] = Q(w).

Note, that there exist continuum rarefications for any given configuration. Still, there
is a common property shared by all of them.

LEMMA 2.7. Let v = {[a;;a; + §;]}7, be an f-admissible configuration for a function of
intervals f and w = {[bs; bi + k] }2"7 " be a C, f-rarefication of v. Then uQ(w) > uQ(v).

Proof. By Lemma @ it suffices to consider the case a; = b;. We need to prove that
bai—1 > a;, i = 1,2,...,n; then we will automatically get max Q(w) > maxQ(v). We
will act as in proof of Lemma Let m € [1;n] be the maximum number such that
boi—1 > a; for ¢ = 1,2,...,m, and suppose that m < n — 1. By definition of C, f-
rarefications, by, 41 > maxQ({[bgj_l; b2j—1+"32j—1]}jef(m))~ On the other hand, a,,4+1 <
maxQ({[aj; aj +5j]}j€f(m))7 where (Sj = R2j-1 and aj S b2j-17j = 1, 2, e, It follows
that b1 > ap41. Consequently, the assumption is wrong and m =n. m

REMARK. With v and w defined as in Lemma it is clear that K(w) > %HK(U).

LEMMA 2.8. Let f be a function of intervals of order n, w = {[b;;b; + k;]};"1" be a
C, f-rarefication of an f-admissible configuration v and W = {[b;;b; + Ki]}2"T* be a
configuration from A’ such that

by = bai1+ k21, i=1,2,...,n—1;

62i+1 < max(?)gi + Ko, maXQ({[l;gj_l; ?)2.7'_1 + ﬁ2j—1]}j€f(i))>a ¢ = 1, 2, e, — 1.
Then puQ(w) < pQ(w).
Proof. The proof can be conducted the same way as in Lemma [2.6f we suppose that
by = by and show by induction that b; > b;, i € [1;2n — 1]. It follows that max Q(w) >
max Q(w). m

Further, we will use the notation C-rarefication instead of C, f-rarefication when
f@)=A{1,2,...,i},i=1,2,.... The essence of the conception of rarefications is that in
some cases it is much simpler to estimate the measure of €2 for a rarefication than for the
original configuration. Next, we will prove Conjecture [[.2) with an additional restriction

on lengths of intervals. Let M C A be a set of configurations {[a;; a; + 0;]}; defined for
all possible n, a; and §; satisfying §; > do > ... > J,.

THEOREM 2.9. K(M) < oo.

Proof. By Lemma [2.5] it is sufficient to prove the statement for configurations v =
{lai;a; + 8]}, € MN A’ Let

n(k) = card{i € [1;n] : 4* < §; < 4"}, ke Z
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Next, we construct a 256-rarefication w = {[b;; b; + ;] }2 7" of v by setting
“+o0
Koi =32max{4' 11 €Z, Y 2"In(k) =i}, i=12,...,n-1 (6)
k=l
Note that the function N(I) = :j 2%=In(k) is non-increasing, vanishing for sufficiently

large I, and lim;—, _ o, N (1) = 400, so, kg; are determined correctly. Further, for any [ € Z
{iclyn—1]: kg >32-4"} = {i € [1;n — 1] : max{4? : N(p) > i} > 4'}
={i:1<i<min(n—-1;N())}

and we get the estimate

“+o0
Z@l<4 Z 324" card{i € [l;n — 1] : gy > 32-4'} <128 > 4'N(I
l=—00 l=—0o0
“+o00 “+o00 k “+o00 n
=128 ) QIsz )=128 Y 2n(k) > 2=256 >  4Fn(k) <256 4,
l=—00 k=—o00 l=—o00 k=—oc0 i=1

so w is indeed a rarefication with constant 256.

Our next goal is to show that bg; 11 = bg; + ko; for all 1 <i<n—1.Fixi € [1;n—1]
and consider any j € [1;4]. Let p € Z be such a number that 47 < kg;_1 < 4Pl By
definition of M, the sequence {k2n_1}7_; is non-increasing and ZZ:; n(k) = card{h €
[1;n] : Kop—1 > 4P} > j. Therefore, N(p — 1) > Z;ﬁ; 2n(k) > 2j. Denote by «; the
relative length of the interval [by;_1;b2j_1 + Ko;—1] with respect to the distance between
bgi_;,_l and bgj_l, i.e. the value ng_l/(bQH_l — bgj_l).

First, suppose that 2 > i. Then N(p — 1) > i and for all h € [j; ]

Kop > 32max{4’ : N(I) > i} >32-4P71 > 2595 5. (7)
Applying we get the estimation

Koj—1 Koj—1 1
a; < < — < —— . 8
J bo; + Ko — bgjfl Z;z:j Koh, 2(7, -7+ 1) ( )

Next, consider the case 2j < 4. Using similar arguments, we get for all h € [j; 2j]

Kop = 32max{4’ : N(I) > h} > 32max{4' : N(I) > 25} > 2k, _1.

Thus,
K2j—1 Koj—1 1
a; < < < - . 9
77 by + kai — by ij ko, 200+ 1) )

Now, suppose that bo; 11 = maXQ({[bgh_l; bop—1 + th_1]}2:1) > by; + Ke;. It means
that there exist k €[l;iland 1 <4y <ig < ... <1 <isuchthat byj11 < baj,—1+kkoi,—1,
that is, a;, > 7, 1 = 1,2,...,k. On the other hand, from and ([9) it follows that
ap <1/2min(i —h+1;h+ 1)), h=1,2,...,i. Consequently,

k <card{h € [1;4] : kap > 1} < card{h € [1;4] : 2min(i —h+ 1;h+1) < k}
<card{h € [1;4] : 2(i —h+1) <k} +card{h € [1;¢] : 2(h+ 1) < k} <k
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and the assumption is wrong. Thus, by; 11 = bo;+ko; for all ¢ € [1;n—1]. It remains to note
that, according to Lemma max Q(w) — b1 < Z?Z;l ;. Finally, by Lemma

2n—2 2n—1

pQv) < p(w Z@ (max Q(w) = ban_1) <2 Y k; <2256 +1) Y 4;,
j=1 j=1
and K(v) <514. m

3. Generalized Cantor sets. First, let us clarify the notion “generalized Cantor set”.
Let [a;b] be some interval and {d;}32; be a sequence of positive reals, such that

Z 2i-1d, < b—a.
=1

We construct a sequence of open intervals {I;}5°, by induction. At first step, let I; be an
open interval of length d; from [a; b] such that a < inf I; and sup I; < b. We will refer to it
as the interval of the first rank. At second step, we choose two intervals of the second rank
I and I3 such that pls = puls = do and a < inf Iy < suply < infly <suply < infl3 <
sup I3 < b. At step k, k > 2, we have 251 — 1 intervals already constructed. The set
[a; b] \U?Zl_l I; consists of 2°~1 closed segments K1, K2, . .., Kj os—1 (numbered from
left to right). Then for each i € [28~1; 2% —1] we choose I; C Ky i—or-141 of rank k having
length dj such that inf Ky ; or—1,; < infI; and sup I; < sup Ky ; or-1,; (certainly, we
must see to it that K}, ; are large enough to comprise corresponding open intervals). Let

C :=[a;b] \ U;2; I;- Whenever C is nowhere dense, we will call it the generalized Cantor
set. It is clear that C is closed and of positive measure.
Next, for a given n > 0 consider a function r, = 7r,(i) defined on the set
{1,2,...,2™ — 1} by the formula
(i) = n —max{k > 0 :4 = 0mod 2*}. (10)

In other words, r,(i) is the minimal number such that i2™()~" is an integer (cer-
tainly, i2"»(Y~" is odd). Clearly, r, takes its values from {1,2,...,n} and for each
k€ {1,2,...,n} we have card{h € [1;2" — 1] : ,(h) = k} = 2¥~1. Let also
gn(i) =21 1 4 card{h € [1;i] : 7 (h) = rp (i)}

for i € [1;2" — 1]. Note that the value 2()~! — 1 is the number of indexes h such that
rn(h) < rp(2). It is not difficult to see that ¢, is a bi-unique mapping of {1,2,...,2" — 1}
onto itself. Specifically, all h € [1;2" — 1] with r,(h) = k, k € [1;n], are mapped into
[2k—1; 2k —1].

Next, let d;, i = 1,2,...,n, be some positive reals. A set of configurations s defined
by the formula

s = {[as; ai + dy, ()] }o1 " (11)

for all possible n, a;, d; will be denoted by 7. Note that, in the above construction of C,
{an(L)}fnl_l €7 for any n > 0 Where Tq (i) is the closure of I, ;y (we use the function
¢n here to reorder the intervals {I; } ! to get the valid configuration). Moreover, for
any ¢ € [1;2" — 1] the rank of I, ;) co1nc1des with the value of r, (7). So, it is natural

2—1

to refer to the i-th interval of a configuration s = {[a;;a; + d;]};_] € 7 as one having
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the rank r,(i). It is clear that there is a straightforward connection between generalized
Cantor sets and configurations from 7, so the latter will be used as a tool for proving
the property we are concerned with. Now, we are ready to formulate the main results of
the paper.

THEOREM 3.1. K(7T) < 0.
An immediate consequence of the above theorem is the following

COROLLARY 3.2. Let C be an arbitrary generalized Cantor set, {d;}2, and {I;}32, have
the same meaning as in the definition of C and s;(x) denote the distance from x to the
interval I;. Then for almost all points x € C

{ sl:(laz) }21 € b

Proof. For any m > 0 let
Qo= {t : Ik =k(t) >0 card{i > 2" " : ¢ € (inf I;;inf I; + 2kpl;)} > k}
and
Q_p = {t: Ik =k(t) >0 card{i > 2™ :t € (supl; — 2kpul;;sup ;)} > k}.
First, it is clear that Q,, = Up_,,;1 Qm.n, Where
Qo= {t: Ik =k(t) >0 card{i € 2" ;2" — 1] : t € (inf [;;inf I; + 2kpl;)} > k}.

Moreover, Q, n C Qpy py1, b =m+1,m+2,..., so by continuity of measure p$,, =
limy, Q. On the other hand, Q,, 5, C Q(s) for any configuration s = {[a;; a; + J;] ?ifl €
T satisfying the conditions a; = inf Iy, (;), 6; = 2uly, ;) for i € {I: rp(I) > m} (note that
for other indexes we can choose as small ¢; as we please). In view of Theorem [3.1

2h—1_1

uQ(s)gK(T)<e+ 3 2%)

i=gm-—1
where € = th(iKm d; can be as small as we want. Consequently, u€Q,, <
2K (T) > 2 gm—1 ptl;. In the definition of Q_,,, the participating intervals “expand” in
the opposite direction, nevertheless, we can apply the above arguments to the set {¢ :
—t € Q_y}. So, we get uQ_,, <2K(T) Y02 oms pul;.
It is not difficult to see that for any point = ¢ Q,, UQ_,,
{ pliyam-1_1q }Oo
—_— €l oo (12)
Siyom-1_1(T) i=1 7
Indeed, suppose that is false. Then, in particular, there exist £ > 0 and 0 < i; <

. . ,LLIil+2m7171 1 .. .
ig < ... < igk such that P on I o l=1,2,...,2k. This implies
ip42m—1_1 )

X € (lnf Iil_;’_zm—l_l — ku[il+2m71_1;sup Iil+2m—1_1 + I{f/,b[il+2m—l_1)
C (sup Iil+2m*171 — 2kﬂ]il+2m—1,1; inf[il+2m—1,1 =+ 2]17#[2‘[+2m—1,1),
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l=1,2,...,2k, and, consequently, z € Q,, UQ_,,. Thus, the assumption is wrong and
is fulfilled. It follows easily that for almost all points € C \ (2, UQ_,),

ply ™
11 0o
{Si(x) }i—l €4,

Taking m to infinity and having in mind the estimations for p{,,, u2_,,, we get the

result. m

Before proving Theorem we need to consider some auxiliary statements.
Let us begin by making some notations. Let n > 0. Every ¢ € {1,2,...,2" — 1} can
be uniquely represented in the form

n—1
i:Z7i2j’ v €{0;1}, 0<j<n-1 (13)
=0

Define a function of intervals P, : {1,2,...,2" — 2} — 2{1,2,.-,2" =2} 1y the formula

n—1

Po(i) = {h -3k € [0;n — 1] such that h = Zwﬂ},

j=k
where «y; are coefficients from the “binary” representation of i . Note that each element
of P,(i) is the maximal multiple of 2¥ (for some k& > 0) not exceeding i. Cardinality of
P, (i) equals to the number of “1”-s in the “binary” representation of i.

Further, let f be some function of intervals of order 2" — 1 and s be an f-admissible

configuration from 7 defined by the formula . Then the C, f-rarefication s’ = {b;; b; +
mi}2"'+173 of the configuration s is called uniform if for all 1 < i < 2™ — 2 we have

=1
m _ 9 Z d’"n(j)'

LEMMA 3.3. Let s € T be a configuration defined by and 5" = {[aj; a; +2d,., (] 2ot
be a Py-admissible configuration. Then for any Cy > 2 and the uniform Cy, P,-rarefica-
tion w' of s we have uQ(w') > pd(s).

Roj =

Proof. According to Lemma [2.5] it suffices to consider configurations s € 7 N A’. Let
0i = dy(), 1 <i < 2"—1. We may assume that n > 1. Consider the uniform C-rarefication

w = {[bs;b; + /ﬁi]}f:lrl*g of the configuration s (C' > 4). Suppose that bg;11 > bo; + Ko;
for some ¢ € [1;2™ — 2] and let M; C {1,2,...,i} be a set of indexes such that

b1 = max Q({[baj—1;baj1 + K2j-1]}j_1)

= max ﬂ [bgj_l; bgj_l + card M; - ligj_l]. (14)
JEM;

Consider two cases.
1) card(M; N P, (i)) > 5 card M;. Then, clearly,

bQi_‘_l S max ﬂ [bgj_l; bgj_l + QCard(Mi N Pn(l)) cR2j—1]- (15)
JEM;NP,(7)
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2) card(M; N P,(i)) < 3 card M;. First, note that whenever k € M; \ P,(i), there
exists | € {k+ 1,k 4+ 2,...,4} such that r,(l) < r,(k). Indeed, suppose it is not true.
Then, by definition of the function r,, none of the numbers k+1,k+2, ..., is a multiple
of 27="n(*) Thus, k is the maximal multiple of 2"~ () not exceeding i, so k € P, (i)
and the assumption is wrong. Further, if k¥ € M; \ P,(i) and r,(l) < r,(k) for some
I € [k+1;i] then I — k > 27 (k) 5o

271
C

3 > 55 (16)

Jj=1

bor—1 — bag_q > 2" (R

For some r € [1;n] consider a set
Z,:={k e M;\ P,(i) : rn(k) =7}.
Suppose that card Z, > 0 and denote the elements of Z,. by iy, h € [1;card Z,], i1 < iy <

. <lcard z,- In view of and ,

card M; - d, > baj—1 — bajy 1 = (b2i—1 — b2, erl)
card Z,,—1 C 2" —1
=+ }; (bQih+1—1 - bQih—l) > 27" card Z?" m ]z: 6],

1

whence
2771, card(M; \ P, (7))
C Z?:1 21-1d;

Summing by all r such that card Z,. > 0 we get

card Z, < 4

card(M; \ P,(4)) < %card(Mi \ P,(4)).

Since C > 4, the last inequality is impossible, implying card(M; N P, (i)) > %card M;.
Thus, by , forall 1 <i<2™ -2
boiy1 < maX{bzi + Ko, max Q({[bzj—1;b2j—1 + 21‘%2]’—1]}]'631(1‘))}- (17)
1\IOW7 let w = {[b“bl + Rl] 1-2:;173 with I%Qifl = 2K2i,1, 1 € [1;2" - 1]; Rgi = K24,

Lbl + KL ?:{1_3 be the uniform (C/2), P,-rarefication
of s'. Clearly, uQ(w) > puQ(w). Further, &; = x} for all 1 <7 < 2" — 3 and from
and Lemma 2.8 pQ(w) < pQ(w’). Thus,

uw') > pQ) > pQ(w) > ps). =

i € [1;2" — 2], and let w’ = {[b}; V)

Lemma will allow us to consider only P,-admissible configurations and their rar-
efications when proving Theorem [3.1} However, the rarefications are not so simple as in
the proof of Theorem and we have to use some probabilistic results to estimate K (7).
The following lemma delivers an upper estimate for the probability of a specific event for
the Bernoulli process. It is quite possible that the result cannot be directly derived from
the known facts, so, the full proof is given.

LEMMA 3.4. Let 7 = {n;}’_, be a sequence of independent random wvariables n;,
JJj=1 J

P{nj=1} = P{n; = 0} = % Let also k,li,la,...,1, be some non-negative integers
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such that

o |

j=1

Finally, let

. 1, ifj<p—1ljn=1andn, =0 foralvelj+1;j+1],
Gpi(M) =

0, else.

Then

P

P{ Gy >k} <27k, (18)
=1

J

Proof. Note that P{G, (i) = 1} € {0;27671} j =1,2,...,p. Now, let 1 < j; < ja <
.. < Jk < p. It is evident that whenever j, + 1, > j,+1 for some 1 < v < k or ji > p— i
then

P{Gf%jl (ﬁ) = GPJ2 (ﬁ) == Gijk (ﬁ) = 1} =0.
Otherwise, the events (G}, (1) = 1), v=1,2,..., k, are independent. Thus, we have
_ _ _ kS E L
P{prjl (77) = Gp7j2(77) = ... = GP,jk(n) — 1} < ) k=0 _4 l_m_

As a consequence we get the following estimate:
P
T T S )
j=1 ; -

where the sum in the right part is taken over all samples 1 < j; < ja < ... < jr < p. Let
us denote the right part of the inequality by h(l1,la,...,1,). We will consider h as a

function of real variables x1, s, ..., x, with the restrictions

P

k

d o< s, (20)

, e

Jj=1
We will show that h reaches its maximum when z; = 3 = ... = x,. Indeed, suppose
that argmax h = (27,25, ...,2}), z;, # x,, for some n and m. Let

T; = ’ ’
! 1 —logy(27%n +27%m), j & {n,m}.

y { j ¢ {n,m},

Clearly,
97T 49~ — 97 L 9% (21)

S0, is fulfilled for z7/. Further, in view of ,

"o 1" r N —k—S"F_ g —k—S"F_
h(zY,xy,...,x,) — h(x},25,...,2,) = E <2 Lo=1®y _ 97k =201 7
J1:J25e sk
k-2
R s = AP

J15J25e 00k —2
n,m&{j1,....Jk—2}
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where the last sum is taken over all samples 1 < j; < jo < ... < jg—2 < p such that
n,m & {j1, jo, ..., jrk—2}. Taking into account that

" " 7(E/ 7.’[’ 1 ’ ’
9T~ T — 92 logy (27 n+27"m)—2 _ — 9—Tn 9= Tm )2
1 ’ ’ ’ ’ ’ ’
= 1(2—% —27Tm)2 2T T T > 9T T T
we get h(zy,r3,...,2)) > h(z],r3,...,2},). Thus, the assumption was false, and
’ / ep
T =Ty =... =1lo
1 2 82 7 L

Finally, applying the Stirling formula, we obtain

K\, _ e P EAR e B o
W@, o) = (F)arkaros e gk P (KNE pn B g
(x7, T3, 796,)) (p> k!(p—k)!< ) = e ’

and follows. m

Proof of Theorem [3-1] Certainly, we may assume that n > 1. Let s be an arbitrary
configuration from 7 defined by the formula (1), and s’ = {[a}; a} + ern(i)]}?:fl be a
P,-admissible configuration. In view of Lemma it is sufficient to verify that for the

n+

uniform 8e, P,,-rarefication w’ = {[b; b} + ]}, ~* of the configuration s’ the inequality

77 l
271
w')<C Z K9i—1

i=1
holds for an absolute constant C. For each i € {1,2,...,2" — 2} let M; be a subset of
P, (i), such that

max m hj—1;bbj_1 + card M; - kh;_y] = max Q({[by;_1;b5;_1 + Ko 1]} jep, (i)
jeM;
Evidently, whenever by, | > bh; + K5;, we have card M; > 1 and
b — bh; < card M; - Kh;_4.
By Lemma. the value max p€(w') —bl,. .1 _5 is majorized by the total length of intervals
from the configuration. So, to prove the theorem, it is enough to check that
2n—1

card M; - rh;_; < Cy Z K1 (22)
i€{1,2,...,2" =2} i=1
b1 >bo;+rD;
for some absolute constant C.

Let p be a number from {2,3,...,n} and R, := {i € [1;2" — 1] : 7,(¢) = p}. Next,
consider a random variable £, taking values from R, with equal probability (that is,
P{¢, =i} =277, i€ R,). Let also 0, (i), m = 1,2,...,p — 1, be defined on R, by the
formula

) {1, m = r,(j) for some j € P,(i),
Nm (1) =
0, else.

It is not difficult to see that {n,(£,)}0, ) con81dered as random variables are independent,
and P{n,(&,) = 1} = P{nm (&) = O} =1 m=1,2,...,p— 1. Indeed, for any binary
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sequence {am}”m_:ll, am € {0;1}, m=1,2,...,p — 1, there exists the single ¢ € R, such

that 9, (1) = am, m=1,2,...,p— 1.
For any fixed k > 1, we are going to estimate probability of the event
§p 2" =2, by g > by o, card Mg, = k. (23)
Suppose (23) is fulfilled for §, =i, i € R,. We have card M; - r5; | > by, ; — by; , for
any number j € M;. On the other hand, if j # ¢ and 77,(j) is defined by

/

. (j) ==min{r > 0:r =r,(h) for some h € P,(i) N {j+1,j+2,...,i}}

then the set {j+1,742...,i} contains at least one multiple of 2n=".(9) | Since M; C P, (1),
the rank of j must be strictly less than r/,(j), so, j is also a multiple of 2n=7. () Thus,
i—j>27nl) and
271
card M; - Ko;_y > by, g — by, _y > 270 () Si 5 Z Kog_1-
qg=1

2’)’L
The last inequality can we rewritten as follows:
Tn (j)_l .
2 dTn(J)k > 4 2n,—r;’(j)+rn(j) > # )
e ZZ:]. 2h_1dh 2n — 9 2”":],(-])_’,‘"74(-])_1
Note that the left part of depends only on 7,(j). For any r € [1; p — 1], let [, be the
smallest non-negative integer number such that
2r=1d, k
e ZZ:l Qh_ldh

(24)

> o1=tr,

Then, summing by r, we get

p—1
Sot o b bl
o 2e e

By definition of 7, the set M; does not contain indexes with ranks in the interval
(1(5);77,(5)) for any j € M;\{i}. Taking into account that [, ;y < 77,(j)—7n(j)—1, we get

M)+ (1) = 0, v =1,2,..., 1. ;). Evidently, 0, (;y = 1, so prl,r"(j)({nm(i)}ﬁz_iﬁ =1,
with G defined as in Lemma 3.4 and /,, = 1,2,...,p — 1, determined above. Thus,

conditions imply

S Gt (e 0)}24) = card (M \ {i}) = k — 1.
r=1

It follows that

p—1
PAg, satisfies @)} < P{Y_ Gpr (i)} = b= 1} <215,

r=1

Summing by k (recall that k£ > 1), we get

> card M,k <2071y k21R2d, < 20424, (25)
i€R,\{2"~1} k=2
b1 >bh;FrKh;
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Note that r,,(i) = 1 only if i = 2”71, and card P, (2" ') = 1. It means that with necessity
on 1 = byn + Kha. Finally, applying (25]), we get

n -
E card M; - Kkbh;_4 = g E card M; - K, 1 < 4 E Ko_q1. m
i€{1,2,...,2" —2} p=2 i€R,\{2"—1} i=1

b1 >bo;+rs; b1 >bo;+rn;
Finally, we consider a question whether a stronger result for generalized Cantor sets
than Corollary [3:2] can be obtained. We can prove the following

PRrOPOSITION 3.5. Whenever ¢ : N — N is an increasing function with lim,,_ ¢(n)

n

00, there exists a generalized Cantor set Cy such that for all x € Cy
. pln \
1 = 26
Jim o) (24) =, (26)
where {I;} are intervals from the definition of Cy, s;(x) is the distance from x € Cy to

I; and (S‘ﬁ;))* is the n-th element of the non-increasing rearrangement of{s’i‘;i) x,.

Proof. First, note that we can find positive integer numbers ky,, k1 > km +1, m >0,
such that
(kmt1 — k) T o0 (27)

and

o) > m2™t2 for all m > 2 and i > 2Fm—1—Fm—2—1, (28)

i
Next, let {d;}32; be a sequence of positive real numbers such that dy; = 2777k 5 >0,
Z;’il 21._1di <1 and

max{dr i1 € (ko1 + 1k — 1}} <l km >0,

We will construct the generalized Cantor set Cy4 according to the algorithm described at
the beginning of the section, with initial interval [0; 1] and d; determined above. The set
C, shall be “homogeneous” in the sense that for each £ € N the neighbor intervals from

{Ii}?ifl are equally distanced from each other and that for the distance hix we have:

hj, = inf U I;=1—sup U I;

1<i<2k 1<i<2k
(in other words, the distance between the leftmost interval and the point “0” equals the
distance between the rightmost interval and “1”, as well as the distance between any
two neighboring intervals). Next, fix € C, and m > 2. The intervals I; with ranks not
exceeding k,,_1 split [0;1] into 2¥m-1 closed segments K; and, with necessity, = € K;
for some j € [1;2Fm-1]. Tt is easy to see that K; comprises 2Fm —km-1-1
Em. Moreover, for any two neighbor intervals I, and I; (I > h) of rank k,, from the
segment K,

intervals of rank

inf I —inf I, < max{d, : 7 € [kpm_1 + 1; kp, — 1]} + 217 FmFhm—1 i,
< ol—km + 21_km+k7n—lqu.

It is also evident that the leftmost interval of rank k,, from Kj is distanced from inf K
by not farther than 2=Fm*km-1,J;s the analogous estimation holds for the rightmost
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interval and sup K;. Thus, if the set M,, , is defined by
My, :={i: I, has rank k,, and I; C K,}
then for any h € [1;2Fm—km-1-1]
card{i € M, , : s;(x) < h(2'7Fm 4 217 Fmthm—r )Y > p, (29)
Formula implies that for all ¢ < 2km—km-1-1 e have

/'I’Ii * dp 9—m—2
A N M s
si(x)) T (21 km 4 21kmtknoy K) T
Taking into account (28]), we get

. N[i)* . K1 —km—2—1. okm—km_1—1
> , E 2 m—1 m—2 ;2 m m—1 A
(b(Z)(sl(:r) >m, i€] ]

In view of , we come to (26]). m
REMARK. In particular, from Proposition one can deduce that the series with

A = 0 diverges for all z for some generalized Cantor sets. For instance, we can take Cy4
with ¢(n) = nlog(l + n).
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