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Abstract. This paper deals with the construction of numerical solution of the Black-Scholes
(B-S) type equation modeling option pricing with variable yield discrete dividend payment at
time ¢4. Firstly the shifted delta generalized function §(¢ — ¢4) appearing in the B-S equation is
approximated by an appropriate sequence of nice ordinary functions. Then a semidiscretization
technique applied on the underlying asset is used to construct a numerical solution. The limit of
this numerical solution is independent of the considered sequence of the nice type. Illustrative
examples including the comparison with the exact solution recently given in [2] for the case of
constant yield discrete dividend payment are presented.

1. Introduction. The Black-Scholes model for pricing stock options, when there are
dividend payments D(S,t), is
oV 1 45 0%V ov
— 4+ -0 S—D(St) ==
or T27 5 ggr TS - DS Gg
If a discrete dividend payment with dividend date ¢4 is considered, D(S,t) takes the
form

—rV =0, 0< S < oo, 0<t<T. (1)

D(S,t) = Ds(S)o(t —tq),  0<ty<T, 2)

where D‘ST(S) is the dividend yield and 0(¢ — t4) is the shifted Dirac delta function (see [7,
p. 140]). Recently, an explicit solution of (1) with a discrete dividend yield, independent
of S, and a general payoff function V(S,T) = f(5), has been given (see [2]).
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This paper deals with the construction of numerical solutions of modified Black-
Scholes equation of the type

AV 1, 0%V ov B
V(S,T) = f(S), 0<S < o0, 0<tqg<T, 0<t<T. (4)

In order to guarantee that S(¢}) is not negative, a general realistic discrete dividend
yield has the property that
5ta) ds
/o Djs(5)

is infinite for any positive value of S(t ), see [7, p. 142].

This paper is organized as follows. Section 2 deals with preliminary results about the
solution of the Black-Scholes equations without dividend payment as well as the approx-
imation of the generalized function §(t — t4) by means of ordinary functions sequence
gn(t). Furthermore, some previous results on matrix calculus are included.

Section 3 provides the numerical solution of the approximate problem

WV, 1 45 0%V, oV, B
0<S<oo, 0<t<T, (5)

Va(S,T) = f(5), 0<S < o0,
by a semidiscretization technique.

Finally, in section 4, the numerical solution obtained in t; taking limits as n tends to
infinity, is extended to the interval [0, t4), and some illustrative examples are included.

2. Preliminaries. For clarity of presentation we recall some notation and results about
the solution of the Black-Scholes equation without dividend payment as well as the con-
cept and properties of the Dirac delta generalized function.

For n,v € R, with nn < v we define the set M(n,v) as follows:

M(n,u):{f:(O,oo)aR /Ooxo‘_1|f(ac)\da: < 00, 77<oz<1/}.
0

If there exists n < v such that f € M(n,v), then the solution of the Black-Scholes
equation

8VBS 1 2 282‘/35
o + 20 S

oV,
552 +rS ags —rVgs =0,
(6)

VBs(S,T) = f(S), 0<S<o0, 0<t<T,
is given by

e—T(T—t) 00 7[1Hs+l+(Tft)(7‘—%)]2
Vbs(S,t) = / fle e A0l (7)

o/ 2n(T —t)
(see [1]).
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We denote by K the space of functions ¢ : R — R in C*°(R) having a compact sup-
port. A generalized function ¢ is defined as a continuous linear functional on K, and we
denote g(¢) = (g,%) (see [5, p. 11]). The space of all generalized functions on K will be
called K’. The Dirac delta function is defined as the generalized function which assigns
value ¢(0) to each function ¢(z) € K, i.e., (§,¢) = »(0). Note that the shifted Dirac
delta function §(t —t4) acts on K in the form (§(t —tq), (t)) = ©(tq), see [5, pp. 11-13].

A sequence of ordinary functions {g, ()} converges in K’ to the generalized function
g if for all p € K (see [5, p. 63]),

+o0
(9,%) = lim (gn, ) = lim gn(t) @(t) dt.

n
— 00
DEFINITION 1. A sequence of ordinary functions {g,(t)} is said to be a very nice shifted
delta-defining sequence if for each n > 0, g,(t) has support [td — 2%, tq + i], and is a
continuous nonnegative function that satisfies

td+ﬁ
/ gn(t)dt = 1.
t

i3
Taking into account [5, p. 65], a very nice shifted delta-defining sequence converges
in K’ to the generalized function 6(¢ — t4). Concrete examples of such sequences may be
found in [5, p. 66].
Troughout this paper, ||y||2 denotes the usual Euclidean norm of a vector y. If A is a
matrix in CP*P_ its two-norm, denoted by || Al is defined as

|A]| = max{+VX; X € (AT A)} (8)
where A denotes the transconjugate of A and o (M) is the set of all eigenvalues of a

matrix M € CP*P,

If A is a matrix in CP*P, then
let ] < et >0, (9)

where p(A) is the logarithmic norm of A, defined by

u(A):max{/\; )\EU(A+2AH>}. (10)

From [3, p. 110], [4], if A and B are matrices in CP*P, the following properties hold true:

WA+ B) < u(A) + u(B), (11)
H(A)] < 14, (12)
u(c A) = |e| n(sgn(c) ), ce R. (13)

By [3, p. 112], the solution of the linear system
X'(t)=P@t)X(t)+b(t), X(0)=Xoe€eC™, t>0,
satisfies

t t e
IO < IXollel T 4 [T O o) (1)
0

where P(t) and b(t) are continuous functions taking values in C™*™ and C™ respectively.
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3. Numerical solution of the approximate problem. Let us consider problem (5)
where {g,(t)} is an arbitrary very nice shifted delta defining sequence. Taking into ac-
count Definition 1, for ¢4+ ﬁ <t < T one gets

ov, 1 0%V, oV,

1 o2
ot 727 % a5z T%s

_T‘/n = 07

1
Vo (S, T) = f(S), 0<8 < o0, td+%<t<T,

that is, the Black-Scholes equation (6). Hence, the solution of (5) in the interval [tg+5=, T'[

2n?
is given by
1
Van(S,t) = Vps(S,t), ta+ o <t<T. (15)
Then, problem (5) in the interval t; — i <t <itg+ ﬁ can be written by
oV, 1 , ,0%V, oV,
AL — Ds(8) gn (1)) & — Vo =0,
5 +205 552 +(rS 5(S) gn(t)) 55 rV, =0
(16)
1 1 1 1
Val Sitag+=— | =Ves| S,ta+=— ], 0<S <00, tq——<t<tg+ —.
2n 2n 2n 2n

We propose a semidiscretization method, see [6, p. 111], for solving (16). Let us consider
an interval [a, b] and h, an increment of S, 0 < a < S < b, where b—a = hN, S; = a+jh,
j=0,1,...,N. We introduce the notation v,;(t) = V,,(S;,t) for j = 0,1,...,N. Then
we replace the partial derivatives by finite expressions of the form

Vi, Ungt1(t) —vna(t)
55 (S;,t) =~ 57 , j=1,...,N—1, (17)
9%V, Un j+1(t) — 200, (t) + vp j—1(¢) .
W(Sj,t)% J h]2 J s jil,...,Nfl, (18)
From (16), (17) and (18), one gets
d vy (t d; gn(t
L0 5 1(0)+ Boms () + 5031 (0 = 22 (0 (0) = v (0)
dt 2h (19)
J= ]-v . 7N - 11
where
d] = Dé(SJ)
1,8 S
Oéj 750’ ﬁ +Tﬁ
0252 (20)
/6] = h2] +r
_ 1 QSJZ Sj
Y= e Ty

In order to link the boundary values v, (t) and v, n(t) with the rest of the solution, let us
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assume a quadratic approximation given by interpolation Lagrange polynomial of second
degree to obtain auxiliary values v,, —1(t) and vy, y41(t).

Taking into account
(S = 51)(S — 9)

(S —So)(S — S52) (S = 80)(S = S1)

P S = Un Un t + Un t
)= o= 5050 = 52 "D 5 = sy = 50 ™ (8 sy 8e = 5 )
(21)
one gets for S_1 =S5y —h
’Un_l(t) = 3Un0 (t) — 3Un1(t) + Un2 (t),
and assuming equation (19) for j = 0, it follows that
dvno(t
Lo00lE) _ (300 + fo) vmolt) + (~3a0 +70) v (£) + aovma()
dt
do gn(t
009 (31 (1) — Ava (1) + v0). (22)
where dy, agp, B9 and vy are given by (20) for j = 0.
Similarly one gets for v,y (t) the equation
dv t
%() = YNUnN—2(t) + (an = 37N) van—1(t) + (BN + 37n) vnn (T)
dn gn(t
7%“ (—vnn—2(t) + dvnn_1(t) — 3vun (1)), (23)
where dy, ay, On and vy are given by (20) for j = N.
Let us denote
Uno (t)
’Unl(t)
v, (t) = , e RIN+LXI, (24)
UnN(t)
Taking into account equations (19), (22) and (23), one gets
dvy,(t) 1 1
——= = (M — gn(t) B) v,(t), ta—— <t <tq+—, 2
) (M~ gu(0) B) oalt), ta— - <t <tat 5 (25)
where
i 3@0 —+ ﬂo 73050 + ’)/0 Qp 0 0 e 0 0 O T
(651 ﬂl Y1 0 0 LR 0 0 0
0 (%) ﬂg Y2 0 R 0 0 0
M = )
0 0 0 0 0 - any-1 Br-1 IN—-1
L 0 0 0 0 o --- YN an — 3N 5N+3’YN_

(26)
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[ 3dy —4dy dy O 0 - 0 0 0
di 0 —d 0 0 - 0 0 0
0 d 0 —d 0 - 0 0 0
1
B=_— 27
57 (27)
0 0 0 0 0 - dyoy 0 —dy_,
0 0 0 0 0 - —dy 4dy —3dy |

Note that M and B depend on S; and h but not on ¢. The solution vector vy, (t) must
satisfy the final condition

' 1

o (tat — | = :

v\ 2n : .
Ves (Sn,ta+ 5)

For problem (25)-(28) we do not have an explicit formula for the solution if M and B are
arbitrary noncommuting matrices. However, we are not interested in the explicit solution
but in the limit

Vis (So.td + 55)
; e RINHxT, (28)

_ . 1
u(ty) = Jim v, (td - 271) . (29)
Let us consider firstly the problem
dv,(t) - 1 1

= —go() BT (t), tq— — <t <tq+ —,

i gn(t) Bon(t), tq on <d+2n
(30)

B (ta+ =) = on (ta+ —
") T\ Y an )
The solution of (30) is given by
. _ [ n(s8)ds B 1

Tn(t)=e ftd+1/2ng () Un, (td + 2?1) . (31)

Taking into account Definition 1, one gets

~ 1 1
Un, (td — Zn) = eB Un (td + 2n> (32)

and hence
U(ty) = lim (td = ;n) =ePu(ty), (33)
where
VBs(So,ta)
v(ty) = s : (34)
VBs(Sn,ta)

In order to prove
vu(ty) =o(ty). (35)
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let us denote the error vector ¢, (t) such that
Un(t) = Un(t) + @n(t).
It is easy to check that ¢, () satisfies the differential equation

don(t)

e = (M = gu(t) B) on(t) + M Tn(2),

1 1 1
nltat—] =0, tg——<t<tg+—.
7 <d+2n) 4T op <d+2n

Taking into account the substitution 7 =t4 + i — t and denoting

1
U, (T) = pn (td+ o —T> ,

problem (37) can be written in the form

%’;_(T) = (=M + hp(7)B) U, (1) — M w,(7),

1
U,0)=0, 0<7<~
n
From (14) and (38) it follows that
Wl < [ el MO ODE g 3, 5 o s
By (11), (13) and taking into account Definition 1 and (39), one gets
1
= (2)
n/ 2

From (12), (31), (37), (38) and (40) it follows that
J=- )
n

k= max {|(VBs(So,t),---,VBs(Sn,t))}-

ta<t<T

1
Se|u<fM>\/n+w3>l||M||/ [[wn(s)]|2 ds.
0

1 .
< P [T e f e g
0

2
where

Finally, taking into account (9) and (13), one gets

Hq,n (1) SkHM”enMu/muBn/
n/ 2 0

We have proved that
1
lim Hfo ()
n—oo n

1

" () gs < k| elMI+2181 L
- n

:()7
2

43
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and by (33), (36), (37), one gets

lim

n—oo

1
Up (td - 271) —eBu(t))

1 ~ 1
Un td*g — Up td*g

Then the following result has been established.

2

1
Un, (td — 2) —eBu(th)

< lim

- n—oo

+ lim

n— 00
2

n

2

THEOREM 1. Let {g,(t)} be a very nice shifted delta defining sequence given by Defini-
tion 1. Then the sequence of solutions {v, (tq — 5=)} of the problems (25)-(28) converges
to

u(ty) = e u(ty) (41)

where B and v(t)) are defined by (27) and (34) respectively.

4. Prolongation of the solution to [0,¢;) and examples. In order to construct the
numerical solution of (3)-(4) in the interval [0,%;), we use also the semidiscretization
method proposed in section 3. Taking into account (41) and the differential system (25)
for g, (t) = 0, one gets

dfh(:) =Mo(t), 0<t<ty,
(42)
v(ta) = ePo(t]),
where M is defined by (26). Solving (42) it follows that
v(t) = e MU Byt 0 <t <ty (43)

The following example compares the exact solution of the valuation of a vanilla call option
with constant yield discrete dividend payment with the numerical solution constructed
using the previous approach.

EXAMPLE 1. Let us consider the valuation problem of a call option with discrete dividend,
modeled by (3)-(4), where

Ds(S) = Ad(t —tq) S, (44)
and
f(S) =max{S — E,0}, 0< S < oo. (45)

In this case the discrete dividend payment has got a constant dividend yield A. The
solution of (44)-(45) is given by (see [2])
Se AN (d)) — Ee "T-ON (d}), 0<t<tg,
V(S,t) = (46)
SN (dy) — Ee " TN (dy), tg<t<T,

dlzé {lng—k(T—t) <r+022>},

where

ovVT —1t
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1 S o?

dy=——" W2+ T—t)(r—2)],

2 ox/T—t[ Rl )< 2)}

and

is the cumulative probability function for a standardized normal variable.
For A=01,0=0.1,r=008,T=1,t4=05, FE=7,5 =3, N=34 and h = 0.5,
one gets for the value at t = 0 the mean error
[0(0) = V(0)
TN 1 0.000459,
where v(0) is obtained by using (43) and V(0) is the vector of the exact solutions given
by (46) valuating at grid points S;, 0 <4 < 34, and time ¢t = 0.
The continuous line, denoted by dividend type C, in figure 1 is the numerical valuation
of this call option at t = 0 for N = 100.

45

40

35

30

25

20

15F

10r

60

Fig. 1. Call options with strike price E and different dividend payments

The following examples deal with the application of the numerical method to variable
yield discrete dividend payment cases.

EXAMPLE 2. Let us consider the valuation problem of a vanilla call option modeled by
(3)-(4), where
Ds(S) = AS?,

and

f(S) =max{S — FE,0}, 0< S < o0.
For A=001,0=0.1,r=0.08,T=1,t4=05,E=17,5 =3, N =100 and h = 0.5, by
(43) one gets the numerical solution v(0), see the dashed line in figure 1, called dividend
type A.
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Fig. 2. Different spatial semidiscretizations with Dividend Type A

45 td=05 o

al|---td=075 v

3 4 5 6 7 8 9 10 11 12
S[353]

Fig. 3. Different dividend dates

Let us denote the numerical valuation of the call option at ¢ = 0 by C(S,t = 0,h),
when a step size h is used. In order to estimate the stability of the method, we show the
difference C(S,t = 0,h/2) — C(S,t = 0,h), for various values of h for the data of this

example, see figure 2.

Figure 3 shows the valuation of the call option for different dividend payment dates.

Finally, figure 4 shows the valuation of the call option with strike price £ = 27 for various

values of the volatility.

EXAMPLE 3. Let us consider the valuation problem of a vanilla call option modeled by

(3)-(4), where
Ds(S) = AS3,
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Fig. 4. Different volatilities

f(S) =max{S — E,0}, 0< S < oo.

For A =0.001, 0 =0.1,7 = 0.08, T =1, t4 = 0.5, E =17, Sy = 3, N = 100 and h = 0.5,
by (43) one gets the numerical solution v(0), see the dotted line in figure 1, called dividend

type B.
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