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Abstract. Parameter sensitivities of prices for derivative contracts play an important role in
model calibration as well as in quantification of model risk. In this paper a unified approach to
the efficient numerical computation of all sensitivities for Markovian market models is presented.
Variational approximations of the integro-differential equations corresponding to the infinites-
imal generators of the market model differentiated with respect to the model parameters are
employed. Superconvergent approximations to second and higher derivatives of prices with re-
spect to the price process’ state variables are extracted from approximate, computed prices with
low, C° regularity by postprocessing. The extracted numerical sensitivities are proved to con-
verge with optimal rates as the mesh width tends to zero. Numerical experiments for uni- and
multivariate models with sparse tensor product discretization confirm the theoretical results.

1. Introduction. A key task in financial engineering is the fast and accurate calcula-
tion of sensitivities of market models with respect to model parameters. This becomes
necessary for example in model calibration, risk analysis and in the pricing and hedging
of certain derivative contracts. Classical examples are variations of option prices with re-
spect to the spot price or with respect to time-to-maturity, the so-called “Greeks” of the
model. For classical, diffusion type models and plain vanilla type contracts, the Greeks
can be obtained analytically (see [21]). With the trends to more general market mod-
els of jump-diffusion type and to more complicated contracts, closed form solutions are
generally not available for pricing and calibration. Thus, prices and model sensitivities
have to be approximated numerically. As model sensitivities are generally derivatives of
the computed prices with respect to model input parameters, a naive approach consists
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in numerically differentiating computed prices by, e.g., Finite Difference formulas. This
results in extra work (e.g. due to multiple ‘forward’ pricing runs) and, due to the gen-
erally low regularity of Finite Difference or Finite Element approximations to prices of
derivative contracts, in substantial loss of accuracy in the computed sensitivities.

To obtain stable numerical procedures yielding approximate, numerically computable
sensitivities for general Markovian market models and for general contracts which con-
verge at the same rate as the computed option prices, additional analytical considerations
are necessary.

Most work in this direction has been devoted to Monte-Carlo methods (see [8, 13]
and references therein) for diffusion and jump-diffusion models. This paper is focused
on a more general class of Markov processes X, including stochastic volatility and mul-
tidimensional Lévy models. A mesh-based approach is used to solve the corresponding
partial integro-differential equation (PIDE). A mesh-based approach is also described in
[1] where automatic differentiation of a Finite Element code is used to approximate the
Greeks.

In our approach, we distinguish between two classes of sensitivities. The sensitivity
of the solution u to variation of a model parameter, like the Greek Vega (J,u) and
the sensitivity of the solution u to a variation of state spaces such as the Greek Delta
(0yu). We show that an approximation for the first class can be obtained as a solution
of the pricing PIDE with a right hand side depending on wu. For the second class, a
finite difference like differentiation procedure is presented which allows to obtain the
sensitivities from the Finite Element forward price without additional forward solver.

The outline of the paper is as follows. We start by describing the problem setup.
First we explain the abstract framework and the variational discretization of the forward
Kolmogorov equation by Finite Element methods. Then, we derive for both classes of
sensitivities an algorithm to compute these by postprocessing the Finite Element solu-
tion. It is shown that approximation of the sensitivities converge with the same rate as
the approximation of the option price. Finally, we give numerical examples for different
dimensions and models.

2. Variational option pricing

2.1. Parametric Markovian market models. Let (Q, F, (Fi)i>0,P) be a filtered proba-
bility space satisfying the usual hypotheses. We consider the process X to model the
dynamics of a single underlying, a basket or a underlying and its “background” volatility
drivers in case of stochastic volatility models. For notational simplicity only we assume
that the interest rate is zero. Let g be the payoff, T > 0 the maturity and Q an equiv-
alent martingale measure (EMM) to P, i.e. Q ~ P such that the process (X;);>0 is a
@Q-martingale.

Since X is Markovian, the fair price of a European style contingent claim with un-
derlying X is given by

u(t,x) = EQ[g(XT) | X: = x]

If the function value w is sufficiently smooth, it is known to solve the backward Kol-
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mogorov equation
~du+Au=0 in (0,T) x R%, (1)
(T, z) = gla) in RY, (2)

where A denotes the infinitesimal generator of X. We consider processes X where A
splits into the diffusive part Ay, the drift part A5 and the jump part A; given by

A=Aw + As + Ay, where
Awlel(r) = —5 0 Dp(x),
Aslil(z) = (o), Dp(a), Q
Aslil@) = = [ (ol + . 2) = ) = (C2). Dila)) 1)),

Here, @ : R? — R4 p:R? — RY and ¢ : R? x E — R? with the set of admissible jumps
E c R?\ {0}. Furthermore, D and D? are the differential operators D = (9, )1<i<d, and

D? = (amj)lgi,jgd and v denotes the compensator of a Poisson random measure on F
satisfying [, min{1, |z|*}v(dz) < oc.

DEFINITION 1. We call a process X a parametric Markovian market model with admis-
sible parameter set S, if

(i) for all n € S, X is a strong Markov process with respect to a stochastic basis
(Q7 f? (ft)tZ(h P)a

(ii) the infinitesimal generator A of the semigroup generated by X has the form (3),
and the mapping S, 3 1 — {Q,b,v,(} is infinitely differentiable.

In (3), we assume that the coefficients Q, b, ¢ and v do not depend on time ¢. Recently,
Carr et al. [10] considered Sato processes (self-similar additive processes) as drivers for the
underlying X. The authors introduce R-valued pure jump processes with Lévy measure v
which has time-inhomogeneous Lévy density k(z,t). Our approach to compute prices and
sensitivities is not restricted to time independent coefficients but naturally extends to the
case when the coefficients are time-inhomogeneous. We give some examples of Markov
processes X and their infinitesimal generators covered by our approach.

ExXAMPLE 1 (Multidimensional Lévy model [16, 22]). The Markov process is given by
the d dimensional Lévy process X = (Xi,...,Xq) with characteristic triplet (Q,vg, )
under the EMM Q. We assume that the Lévy measure satisfies f\2\>1 e“iyg(dz) < oo,
1=1,...,d. Then, the coefficients are given by

Qx) = (Qij)1§i,j§d7 b(z) = (Vi)lgigdv C(z,2) =2, (4)

with v; = %Qii + fRd (ezi —1- zi1|z|§1) v(dz). The dependence structure of the Brow-
nian motion part of X is characterized entirely by its covariance matrix Q. The de-
pendence structure of the purely discontinuous part of X can be described using Lévy
copulas. These were introduced in Tankov [22] and developed in Kallsen and Tankov [16].
Analytic properties and wavelet discretization of the copula process’ generator were dis-
cussed by Farkas et al. [11]. For the Clayton Lévy copula with CGMY [9] margins the
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multidimensional Lévy density is given by

k(x1,...,2q) = 01...04F |¢,—v, (a1).,....ca=Us(z) K1 (71) - . . Ka(2a),
with marginal Lévy densities
eGiZ e—MiZ
kz(z) :CZ<W 1{z<0}+|z|1+yi1{z>0}>, Ci,G; >0,M; >1,Y; <2, (5)
marginal tail integrals
Ui(z) = C; MY T(=Y;, Miz) 1ys0y — Ci G D(=Yi, —Giw) Loy

and Lévy copula

=

d
_ -0\
F(.’El, . 7$d) = 22 d(z |$7,‘ ) (nl{mlmdeO} - (]- - n)l{rlzdSO}) )
=1

where i = 1,...,d, # > 0 and n € [0,1]. The Clayton copula density blends for z; > 0,
i = 1,...,d the complete independence density (¢ = 0) and the complete dependence
density (0 — o0).

EXAMPLE 2 (Stochastic volatility model of Heston [14]). The Markov process X is of the
form X = (S,Y), where the R-valued process S describes the dynamics of the underlying
and the R-valued process Y its volatility. Under a EMM Q, X satisfies the stochastic
differential equation dX; = b(X;)dt + 3(X;)dW; where (W;) denotes a two dimensional
Brownian motion and the coefficients b, ¥ are (see [14])

"= ( a(m—Yt)EA(t,St,Yt) ) = ( f&% Wﬁm)’

with a > 0 the rate of mean reversion, m > 0 the long-run mean level of volatility, 5 € R
and p € [—1,1] the instantaneous correlation. The function A : [0,7] x Ry x Ry — R
appearing in the second component of the drift b represents the price of volatility and
reflects the incompleteness of this market model. The infinitesimal generator A of X is
as in (3) where for = := (S,y) := (z1,22) € Ry x Ry
0 T .13%1‘2 Bprixs
ble) = ( a(m — x2) — A(t, 21, 22) > Qo) =28 = ( Bpriza  B%xo ) v=0

ExaMPLE 3 (Stochastic volatility model of BNS). This stochastic volatility model sug-
gested by Barndorff-Nielsen and Shephard [3] specifies the volatility (of the underlying)
as an Ornstein-Uhlenbeck process driven by a Lévy subordinator L. The Markov process
X =(5,Y) = (eZ,0?%) under an EMM Q satisfies the SDE (see [3, 19])

1

do? = —\o2dt +dLy,,
where (W,) is a Q-Brownian motion and (L)) is a Q-Lévy process. The parameters
satisfy 8, u, p, A € R, A > 0, p < 0 and the cumulant transform « is k(p) = fR+ (eP* —
Dw(z)k(z)dz. Here, w : Ry — R, satisfies fﬂh(\/w(z) — 1)%k(2)dz < oo, and k is
the density of the Lévy measure of L under the historical measure P. The infinitesimal
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generator A of X has the form as in (3), where for z := (z1,22) € R xR} and z € R4

the coefficients are given by (with c:= [ _, zv(dz))

o= (ML) e = ()

((z,2) = ( ';) ) z, v(dz) = w(z)k(z)dz, E=Ry4.

Note that the term (((z, 2), Do(x))1|,/<1 appearing in A; can be omitted here, since L;
is a subordinator and hence has sample paths of finite variation.

We calculate the sensitivities of the solution u of (1)—(2) with respect to parameters
in the infinitesimal generator A and with respect to solution arguments x and t. We write
A(no) for a fixed parameter 1y € S, to emphasize the dependence of A on 1y and change
the time to time-to-maturity ¢ — T — ¢ in (1)—(2). For sensitivity computation (as well
as for domain truncation, cf. [18]), it will be crucial below to admit a non-trivial right
hand side. Accordingly, we consider from now on the forward parabolic problem

o+ Almo)u = f  in (0,T] x RY,
u(0,z) =ug in RY
with ug = g. For the numerical implementation we truncate the parabolic PIDE (6)—(7)
to a bounded domain G C R? and impose boundary conditions on G. Typically, G is a d-
dimensional hypercube, i.e. G = HZ:1(aka by) for some ag, by € R, by > ag, k=1,...,d.
We approximate the solution to (6)—(7) by the Finite Element method, which is based
on the variational formulation of (6)—(7).

2.2. Variational setting. With a parametric Markovian market model X in the sense of
Definition 1 with parameter set S, and infinitesimal generator A(ny) as in (3), 7o € Sy,
we associate to A(n) the Dirichlet form a(ng;-,-) : V x V — R via

a’(no; U7U) = <A(T]0)ua U>V*><V7 u,v € V7

with domain V' 4, H (dense embedding). We identify H with its dual H* and denote by

V* the dual of V so that V <% H = H* <% V*. We denote by || - |, I - [lv the norms in
H,V, by (-,-) the inner product in H and by (-, )y« xy the duality pairing between V' and
its dual V*. £L(V, W) is the vector space of linear and continuous operators A : V — W.

We assume A(ng) € L(V,V*) to be an elliptic, spatial operator given in weak form
where the Dirichlet form a(-;-,-) : S, x V x V — R satisfies: there exist non-negative
constants (o), 3(no),y(no) such that

la(no; u, v)| < alno)llullv[vllv, Vu,v€ Vi €S, (continuity), (8)
a(no;v,v) > 5(170)\@”%, — ’7(1’}0)“’0”%[, Yo e V,no € S, (Garding inequality). (9)
REMARK 1.

(i) In general, the space V may depend on the parameter 7y and we should write V.
For notational simplicity, we drop the subscript ng.
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(ii) We can assume without loss of generality that v(n9) = 0 in (9) since by the expo-
nential shift w := =)™y we obtain dyw + A(no)w + y(no)u = e~ ) f and the
operator A(ng) + v(no)I is coercive on V.

Denote by J the time interval J := (0,7T). For f € L?(J;V*) and uy € H the weak
formulation to the problem (6)—(7) is given by:

Find u € L*(J; V)N HY(J; V*) such that
(atu(t")vv) +a(n0;u(ta')av) = <f(t)7v>V*XV7 Vv € V; (10)
u(0, ) = uo.

Under the assumption (8)—(9) the operator A(no) +~(no)I € L(V,V*) defines an isomor-

phism and (10) admits a unique solution.
We assume that V is Sobolev-type space with smoothness index r, i.e.

V=H", H°=H=IL% (11)

Note that  depends on the order of the operator A(1y). We also assume that the solution
u(no) to (10) has higher regularity in space, u(no)(t) € H® C H" for t € (0,T], where H®
is again a Sobolev-type space with smoothness index s.

ExampPLE 4. Consider the multivariate Lévy copula model from Example 1.

(i) It can be shown similar to [18] that V = H"(G) with r = 1, if Q > 0. Here, for
r >0, the space H"(G) is given by H"(G) = {ul¢ | v € H"(R), ulp\g = 0}.

(if) Now let Q;; =b; =0, 1 <14,j <d, and marginal Lévy densities k;, 1 < i <d, as in
(5). In [11] it was proved that for multivariate barrier contracts V is the anisotropic
Sobolev space V = H"(G), with r = (Y1/2,...,Yy/2). Here, for r = (r1,...,rq),
ri > 0,i=1,...,d, we denote the space H™(G) by H"(G) = {u | u € Cse(G)}
where T is the zero extension of u to R? and the closure is taken with respect to
the norm given by ||ul|? r(Re) = >

d 2
. u . .
j=1 H ||HJTJ (Rd)

2.3. Variational discretization. Let V}, be a finite dimensional subspace V;, C V consist-
ing of continuous piecewise polynomials of degree p > 1 with dimV};, = N < oo. The
Finite Element semi-discretization in (log) price space of (10) reads:

Find uy, € L?(J; Vi) N HY(J; (V3,)*) such that

(Oeun(t, ), vn) + a(nosun(t, ), vn) = (f(t), vn)vexv Yup € Vi, (12)

uh(07 ) = UQ,h, (13)
where ugj, is an approximation of ug in Vj,. The Finite Element formulation (12)—(13)
is equivalent to a large, but finite system of ODEs to be solved numerically on the time
interval J. To this end, we fix a basis B := {®; }é\le of V3, and let u denote the coefficient
vector of u;, with respect to the basis B. Then, (12)—(13) is equivalent to:

Find u(t) € RN such that
Mz + Au = [(t),

where M and A are the so-called mass and stiffness matrices given by
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M = ((®;,®5))1<ij<n, A = (a(no; P, ®i))1<ij<n, (14)

as well as f(t) = (f(t), ®j)1<j<n-

For the convergence analysis of the Finite Element based pricing algorithms, we
assume the following approximation property of the space Vj: For all v € H°® with
r < s < p+1 there exists a up, € V3 such that for 0 < 7 < r (with » as in (11))

[l = unll - < CR*77|lull e (15)

We further assume the existence of a projector or an interpolant P, : V' — V} which
satisfies (15) with u, = Ppu.

We give examples for the space V},. In dimension d = 1, we consider V; to be the
wavelet Finite Element space on a uniform mesh with mesh width h on G as proposed
e.g. in [18]. In this setting, the projector Py is defined by truncating the wavelet expansion
of u € V. For problems in dimension d > 2, consider the sparse tensor space ‘A/h as defined
e.g. in [26].

To discretize in time, we use the #-scheme. For M € N define the time step At = %
and t™ = mAt, m = 0,...,M. The fully discrete scheme reads: Find u;l’”“l e V,
m=0,1,..., M — 1 such that

(At_l(u’,?"'l — uﬁ”),v) + a(no;u;”w,vh) = (fm+9,v), Yov € Vy, (16)

with u) = ug . Here u"™ := Qu"™ + (1 — 0)uj* and f7+0 .= 0 f (™) + (1 —0) f(t™).
In matrix form, (16) reads

(AtTTM 4 0A) ™ = (AtTTM — (1 - 0)A)u™ + ™, m=0,1,....,M —1,

where 4™ is the coeflicient vector of uj* with respect to the basis B of V.

3. Sensitivity analysis. For a parametric Markovian market model X in the sense of
Definition 1 we distinguish two classes of sensitivities.

1. The sensitivity of the solution u to a variation S,, 3 7y := 19+sd7, s > 0, of an input
parameter 1y € S,. Typical examples are the Greeks Vega (0,u), Rho (9,u) and
Vomma (9,,u). Other sensitivities which are not so commonly used in the financial
community are the sensitivity of the price with respect to the jump intensity or the
order of the process that models the underlying. We show that the Finite Element
approximation to such sensitivities satisfies again the scheme (16) with a right hand
side f™*+% which depends on the approximation uZ”a of the pricing function u. We
also show that the approximation of these sensitivities converge with the same rate
as up,.

2. The sensitivity of the solution u to a variation of arguments ¢, z. Typical examples
are the Greeks Theta (9;u), Delta (0,u) and Gamma (0,u). Higher derivatives
like Oy.pu are used in [12, Chapter 5] to approximate prices of European options
under stochastic volatility models. We show that these sensitivities can directly
be obtained by postprocessing the Finite Element solution u, (12)—(13) without
additional runs. Again our numerical approximations of these sensitivities converge
with the same rate as uy,.
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3.1. Sensitivity with respect to model parameters. Let C be a Banach space over a domain
G C RY. C is the space of parameters or coefficients in the operator A and S, C Cis theset
of admissible coefficients. We denote by u(ng) the unique solution to (10) and introduce
the derivative of u(ng) with respect to ng € S, as the mapping Dy u(n) : C =V

- o1

w(dn) = Dyyu(no) (9n) := lim = (u(no + son) — u(no)), dn € C.

We also introduce the derivative of A(no) with respect to ny € S,

~ 1

A(8n) = Dy Almo) (5m)p := Tim —(A(mo + son) = A(mo)p), @€V, dneC.
We assume that A(6n) € £(V,V*) with V a real and separable Hilbert space satisfying

vevh aemg Lyrcvr

We further assume that there exists a real and separable Hilbert space V' C V such that
AveV* Yo eV.

We have the following relation between D, u(no)(dn) and .

LEMMA 1. Let A(6n) € L(V,V*), ¥on € C and u(no) : (0,T) — V, ny € S, be the unique
solution to

dru(no) + A(no)u(ne) =0 in (0,T) x RY, (17)
u(mo)(0,) = g(x) in R™. (18)
Then u(on) solves
0u(0n) + A(no)a(on) = —A(6n)u(no) in (0,T) x RY, (19)
u(61)(0,-) =0 in R% (20)

Proof. Since u(ng)(0) = g does not depend on 17 its derivative with respect to n is 0. Now
let s := no+sdn, s > 0, dn € C. Subtract from the equation dyu(n;)(t)+.A(ns)u(ns)(t) =0
equation (17) and divide by s to obtain

1 1
O (ums) (8) = (o) (8)) + < (A(ns) = Alno))u(ns)(t)

1
+ S Almo) (u(ns) (£) = u(mo)(£)) = 0.

Taking lim,_, g+ gives equation (19). m

We associate to the operator —Z(én) the Dirichlet form a(én;-,-) : V x V — R which
is given by

—a(6n;u,v) = —(A(Gn)u,v).

The variational formulation to (19)—(20) reads: Find u(én) € L*(J; V)N H'(J;V*) such
that @(én)(0,-) = 0 in H and such that

(@ca(dn)(t,),v) + a(no; w(dn)(t,-),v) = —a(dn;ulm)(t,-),v), YveV.  (21)

Note that (21) has a unique solution %(én) € V' due to the assumptions on a(no;-,-), A
and u(ng) € V.
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ExaMPLE 5 (CGMY model). We consider a one-dimensional Lévy process X with
CGMY density & as in (5). According to (3)—(4), the infinitesimal generator A has the
form

1 1
Algl = —50%00ap + (2”2”)3“0—/]1{{@(%»2)— P() = 21q121<1) Oap () Fo(2)

where the constant ¢ depends only on k via ¢ := fR (ez —-1- zl{|z|§1})k(z)dz to ensure
that eX is a martingale. The weak formulation for the price of European style contingent
claim is as in (10) with f = 0.

For the sensitivity of the price with respect to the volatility o the set of admissible
parameters S, is S;, = Ry with = 0. We have

A(60)p = 60000500 + 00000pp € L(V,V*),

with do € R = C. The Dirichlet form a(do;-, -) appearing in the weak formulation (21) of
u(do) is given by

(005 p,1) = 0000 (Dzp, 0p1)) + 6000 (Dpip, 1)).

For the sensitivity of the price with respect to the jump intensity parameter Y of the
Lévy process X we let 0 <Y < 2. Then, we have S, = (0,2) with n =Y and

.Z((SY)@ = —6Y/ {o@+2) - — 20, 0(x }k; )dz € L(V,V* )
R

where the kernel k is given by
k(2) == —In|z|k(z).
It is easy to check that due to Y < 2 in (5)

/ 22k(2)dz < oo, / k(z)dz < oo.
|z|<1 |z|>1

In this setting, V =V = HY(Q), if 0 > 0, and V = HY/>*¢(Q) c HY/2(G) =V, Ve > 0,
if 0 = 0 and if the drift has been removed by a change of variables as in [18].

The fully discrete scheme to find an approximation to u(dn) in (21) is:
Given @y =0, form =0,1,...,M — 1 find EZ’H € V}, such that

(Atil(ﬂzn‘*'l —ap'),v) + a(no; 172"+9,vh) = —a(om; UZH_G,U), Yv € V), (22)
or in matrix form
(AtTITM + 0A)T™ " = (ATIM — (1 - 0)A) 7" — A(Gu™ ! + (1 - 0)u™),
where A is the matrix of the Dirichlet form a(dm; -, -) in the basis B,
A = (@(0n; ®5, D;))1<i j<n- (23)

The resulting algorithm is illustrated as pseudo code in Table 1. Here, we denote by
y « solve(B, z) the output of a generic solver for a linear system Bz = y.
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Choose 19 € Sy, 0n € C.
Calculate the matrices M, A and A according to (14) and (23).
Let u® be the coefficient vector of ug in the basis B of V},.
Set 4° = 0.
For j=0,1,...,.M —1

ul — solve(At_lM +0A, (At7IM — (1 — G)A)QO)

Set = ABu + (1 - 0)u)

a' — solve(At'M + 0A, (At"'M — (1 - 0)A)z’ - f))

Set 1V 1 ﬁ =0t

Next J

Table 1. Algorithm to compute sensitivities with respect to model parameters

3.2. Convergence rates for sensitivities with respect to model parameters. In this section
we establish convergence rates for the sequence {u™ M 1 of sensitivities with respect to
model parameters as the discretization parameter h in (12) (13) tends to zero. We show
that the computed sensitivities converge essentially at the same rate as the computed
prices. For notational simplicity the subscript 79 is omitted. We define the energy norm

[ulla := Va(u,u) ~ ully
which is, by (8) and (9), equivalent to the norm || - ||y. For f € V}*, we let
(f,vn)
£+

[vnlla

0F#vp €V

The main result of this section is the following Theorem. The proof is given in Ap-
pendix A.1.

THEOREM 2. Let the assumptions of Lemma A.5 and Lemma A.1 be fulfilled. Then

[ — @t |* + At Z [ +? —ar O

T .. 2
d 0el0,1
DR BN TR ol (L

ve{u,u} f() ||U HQdT 0=3 ve{u,u}
2(s—r)
+Ch oo l|w(t)]|2e

Theorem 2 shows that if the error between the exact and the approximate price
satisfies ||[u™ —u'|| = O(h*~") 4+ O((At)*), the error between the exact and approximate
sensitivity preserves the same convergence rates both in space and time, i.e. |[a™ —u}*|| =
O(h*~") 4+ O((At)").

3.3. Sensitivity with respect to solution arguments. Let u be the solution of the vari-

ational problem (10). We discuss the computation of D%u = %u for arbitrary
L0 d

multi-index o € N¢. The approximation of derivatives of solutions to elliptic and parabo-
lic partial differential equations in the context of Finite Elements is well studied [2, 5, 6,
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7, 20, 23, 24]. In these papers, derivatives are approximated by applying difference opera-
tors or local averaging operators to the Finite Element solution of the problem. We follow
this approach. For p € Z¢ a multi-integer and h € R, we define the translation operator
T} o(x) = p(x+ph) and the forward difference quotient 9, jp(z) = h=H(T}? p(x) —p(x)),
where e;, j = 1,...,d, denotes the j-th standard basis vector in R?. For a € Ng we denote
O =04 -+ 0y 4p and by Dy the difference operator of order n > 0

Dip:= Y CyaT) o
Vslal=n

DEFINITION 2. The difference operator D§ of order |a| = n and mesh width A is called
an approximation to the derivative D% of order s € Ny if for any Gog C G,

1D — Di@lliiniay) < CH* I @llpssringy, Vo € HIFTHM, (24)

Given a basis B := {®;}}X| of Vj, the action of Dff to vy, € Vj can be realized as
matrix-vector multiplication v;, — D%v;,, where
o= (Dg®q,...,Dpdy) € RVN (25)
and v,, is the coefficient vector of v;, with respect to the basis B.
EXAMPLE 6. Let V), = span{p;(z) | 1 < j < N}, ¢j(z) = max{0,1 — h~'|z — jh)|},

h =i
N+
end points 0, 1. For a, 8,7 € R and p € Ny we denote by diagiu(a, B3,7) the matrices

be the space of piecewise linear continuous functions on [0, 1] vanishing at the

0 o B ~v O
diag_,, (o, 8,7) = a B v

1
w + 1-th column

and diag,, (o, 3,7) = (diag_,,(a, 8, 7)) T. Then the matrices Qy, of the forward difference
quotient 9y, and T, of the translation operator T} are given by
Qn = h™'diagy(0,-1,1), T, = diag,(0,1,0).
Hence, for example, we have for the centered finite difference quotient
Dip(x) = h™2(p(z + h) — 2p(z) + p(z — h))

of order 2 in one dimension D? = T_;Q? = h~2diag,(1, —2,1).
Now let Vj, =V, ® --- ® V), be the d-fold tensor product of V4. Then the matrix Dj
is given by
h= Z Cy,aTy, ®"'®T’Yszl ®"'®de'
vlal=n
In Table 2 the algorithm to obtain an approximation to the derivative D*u(T, x) at

maturity 7' is illustrated. The vector v € RY is the coefficient vector of DgulM in the
basis B of Vj,.
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Choose ng € Sy,.
Calculate the matrices M, A and D according to (14) and (25).
Let u® be the coefficient vector of u?L in the basis B of Vj,.
For j=0,1,...,M —1
u! — solve(At'M + A, (At7'M — (1 — 6)A)u®)
Set u? := u!
Next j
Set v := D%yl

Table 2. Algorithm to compute with respect to arguments of solution

3.4. Convergence rates for sensitivities with respect to solution arguments. For simplic-
ity, we shall assume in this section that the function ¢ : R? x E — R? appearing in (3)
depends only on z, i.e. ¢ : E — R

We have the following convergence result for the approximation of sensitivities with
respect to solution arguments. Its proof can be found in the Appendix A2.

THEOREM 3. Let the assumptions of Lemma A.1 be fulfilled and assume that u(x,t) is
sufficiently smooth in [0,T] x G. Assume that the approzimation 8fu2 s quasi-optimal
in L*(G) for all B < . Assume further that D§ approzimates D® in the sense of Defi-

nition 2. Then
M—1

|D2u™ — Dyl P + At S [ D%um 0 — Du

m=0

< (At)? fo |li(7)]|2dr, 6 € [0,1]
(At [T | () |2dr, 6 =1
2(s—r)
+OR s u(0).

T
T oR2e) / li(r) |2 dr
0

REMARK 2.

(i) Note that we cannot get higher convergence rates than s — r, even if u has higher
regularity (u(t) € HST" "),

(ii) Theorem 3 shows that arbitrary derivatives of w can be approximated with the
same rate as u itself, provided w is sufficiently smooth.

4. Numerical examples. In this section we compute various sensitivities for different
models. We mainly choose models where the price is known in closed form such that
we are able to compute the errors between the exact price/sensitivities and their Finite
Element approximations. In Theorems 2 and 3 these discretization errors are estimated
in the energy norm. In the numerical examples, however, we measure the errors in the
L norm since the above mentioned closed form solutions are not given explicitly as
functions of = and ¢. This makes the computation of ||u(T,z) —u}! ||y very expensive and
only approximative.

We measure the L> norm of the error on a subset G of the computational domain G
at time to maturity ¢ = T'. In all computations, we choose wavelet Finite Element spaces
spanned by continuous wavelets of polynomial degree p = 1. For problems in dimension
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d > 2, we choose the sparse grid spaces l7h to reduce the computational complexity of the
approximations. In the #-scheme, we let 6 = % and choose the time step At sufficiently
small.

The experimental convergence rates are obtained by the least square method applied
to the data (log h,logep), where ej := [[u(T, ) — up! || Lo (Gy)-

4.1. One-dimensional models. We consider Example 1 with d = 1 for two models: (i) the
Black-Scholes model [4] and (ii) Variance Gamma model [17] with parameters (o, v, 1),
ie one hasin (5) Y = 0,C = v™!, M = (vuy)~! and G = (vuy)~! where py =

2 +202v- 1+ %, p_ = py — 9. For both models, we consider a European put with
strike K = 1 and maturity 7" = 0.1, and we calculate the Greeks Delta, A = Du = g—g,

and Gamma, I' = D?%u = gQT“. For the Black-Scholes model we additionally compute the
Vega, V = u(do) = %. We choose for both models the parameter ¢ = 0.4 as well as
v = 0.04, 9 = —0.2 for (ii). Using the analytic solution for the Black-Scholes model [4]
and the Variance Gamma model [17], we can compute the error of the Finite Element
solution. The convergence rates in [|-|| ;o (o.5,2) are shown in Figure 1.

0 0

10

10

—e— Value —e— Value
Delta Delta
_1|| —— Gamma| _1|| —— Gamma
07 e 4 10 e
1072 L 10 2 /
2107 2 107
w w
107 107
107 107
p=20
g 6
10 . 10 .
10° 107 107 10° 107 107
Mesh Width Mesh Width

Fig. 1. Convergence rates of Greeks for a European put in the Black-Scholes (left) and Variance
Gamma (right) model

1

—<— Value
0.9 — Payoff
Sensitivity wrt Y

0.8r
0.7r
0.6r
0.5r
0.4r
0.3r
0.2r
0.1r /
%.5 1 115 2
Stock

Fig. 2. Computed sensitivity of a European call with respect to the jump intensity parameter
Y in the CGMY model
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As predicted in Theorem 2 and 3, all Greeks convergence with the same rate as the
price u itself. Here, since the degree of polynomials in V}, is p = 1, the rate is s = p+1 = 2,
even when the error is measured in the L°°-norm.

As a further illustration of the method, we compute the sensitivity with respect to
the order Y u(dY) = g—;ﬁ as explained in Example 5. We consider a European call with
strike K = 1 and maturity 7' = 0.5 and choose the model parameters C = 1, G = 12,
M =10 and g =Y = 1. The functions «(7,S) and u(6Y)(T,S) for Y = 1 are shown
in Figure 2.

4.2. Multi-variate models. We consider the Heston stochastic volatility model and a
three dimensional basket option.

4.2.1. Heston model. We calculate the sensitivities w(dp) and u(da)) with respect to
correlation p of the Brownian motions that drive the underlying and the volatility and
the rate of mean reversion a (see Example 2). To this end, we consider a European call
with strike K = 1 and maturity T = % The model parameters for both sensitivity runs
are A = 0, 0 = 0.5 and m = 0.06. Additionally, for the sensitivity with respect to p we
let pg = —0.5, dp = 1 and a = 2.5. For the sensitivity with respect to o we set g = 2.5,
da = 1 and p = —0.5. We compare the Finite Element solution with the closed form
solution given in [14]. The convergence rates in |[-[| oo ((c-0.25 c0.75]x [0.24,1.2) ar€ shown in
Figure 3.

—6&— Value
Sensitivity wrt rho
—<— Sensitvity wrt alpha|

Error
5
T
L

s=1.36

10" . .
10" 10° 107 10t

Mesh Width

Fig. 3. Convergence rates of sensitivities w(dp), u(da) for a European call in the Heston stochas-
tic volatility model

The experimental convergence rate s is s ~ 1.36 for u and u(dp) and s ~ 1.43 for
#(da). This confirms the theoretical finding of Theorem 2 that computed prices and
sensitivities converge with the same rate. In Figure 4 the sensitivities with respect to p
and « are shown.
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Fig. 4. Computed sensitivities for a European call with respect to model parameters p and a:
u(0p) (left) and u(dcr) (right) in the Heston stochastic volatility model

4.2.2. Basket option. We again need an analytic solution to compare our Finite Element
solution with. Therefore, we choose g(S) = (H‘;:1 S; — K)* where for the multidimen-
sional Black-Scholes model analytic solutions can be found by reducing the problem to
a one-dimensional problem [15, Section 7.5]. We consider the dimension d = 3, strike
K = 1 and maturity T = 0.1, and we calculate the Greeks Delta, A; = 6%’ and
Gamma, I'1; = gis?' The parameters are ¢ = 0.4 and p = 0. The convergence rates in
[l < (j0.5,272) are shown in Figure 5.

—e—Value
—+ Deltal
——Gammall

+

Mesh Width

Fig. 5. Convergence rates of Greeks of a basket option in a three dimensional Black-Scholes
model

The experimental convergence rate s is s ~ 1.82 for A; and s = 1.56 for I'y;.

A. Appendix

A.1. Proof of Theorem 2. We first recall the following stability result for the #-scheme
from [25, Proposition 4.1]. We denote by A the constant
. [[on|®
= 5
ozvievi llvnllz




100 N. HILBER ET AL.

LEMMA A.1. If% <0 <1, assume that 0 < C; < 2,Cy > (2—C1) L If0< 0 < %
assume that

1+4-C
c=At1-20)A<2, 0<Ci<2—0, Cy> M.
2—0— Cl
Then the sequence {u*}_ generated by the 0-scheme (16) satisfies the stability estimate
M—1 M—1
a2+ Crat Y Ml N5 < luf|® + Cort - | f™ 1. (26)
m=0 m=0

We will also need the following convergence result proved in [25, Theorem 5.4].

LEMMA A.2. Let the assumptions of Lemma A.1 be fulfilled. Assume that u(x,t) is suf-
ficiently smooth in [0,T] x G and assume that the approzimation property (15) holds.
Assume further that the approzimation ugp = ul) € Vi, of ug is quasi-optimal in L*(G).
Then the sequence {u*}_} in (16) satisfies

M-1
= a2 4 A S [ — )

m=0

“c { (A6 Jy lla(m)ldr, 6 € [0,1]

+ Ch*77) max [Ju(t)||2,
T (e H
(At)* [y I (r)[2dr, 0= 3 ost=T

T
+Ch2(s—v~)/ Hd(T)H%{swdT.
0

We now estimate the error e}’ := u™ — u)’, where we set u™ := u(t"™). We write

er = U™ — Pyii™ + P ™ — u =™ 4 &7

nm ¢ m

Since n™ can be estimated by the approximation property (15), we now focus on &}

LEMMA A.3. Assume @ € CY([0,T); H). Then {&"}YM -y satisfy the 0-scheme: Given
52:0, form=0,1,... M—1

(At)il( Zwrl - ngv'Uh) + a( ;LnJrQ’Uh) = (vavh)a Vo, € Vha (27)

m

with weak residual r™ : Vi, — R given by r'™ = ijl " where

™ oon) = (AT @ — ) — i7" o),

rit o) = ((A) N (Ppa™ ! — Pa™) — (AT @™t —a™),v),

ryt,up) = a(Phﬂm+9 — ﬂere,vh),

o) = a(on;umt? — uZ’H’,vh).

Proof. We proceed as in the proof of Lemma 5.1 in [25]. We first recall that u €
C1([0,T); H) implies

~m—+6
(u * )+ a(@™tl v) = —a(0n; um™t v), YweV. (28)
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Inserting the definition of £}* into the left hand side of equation (27) yields
(A~ — & on) + al&7F, vn)
= (A H(Pyum ™ —ap ) — (P -y, vh) + a(Phum+9 on) — a(@y?, vp)
= ((At)" (™t — Pa™), vp) + a(P,a™ 0 vy, — (At~ @t —ap), o)
Fm+0

—a(u, ™, vp)

B (A BT~ Py, ) + a(PaT™ o)
+a(om;u™t — w4t vy)
® (Bt - pamy -7
—a(dn;u™t? — it vy
By stability (26) we have

,vh) + a(Phﬂmw —qmte, vp)

COROLLARY A4. Letu € CY([0,T); H). Then, under the assumptions of Lemma A.1,

M-1 M-1
X117 + Craxe Y NI+ E < €% + Catrt Y [P 12. (29)
m=0 m=0

We estimate the quantities [|77"||., j = 1,...,4. For j = 1,2,3 the estimates can be
found in [25, Section 5]. For clarity, we restate them:

(@' ( /” Jitrlzar ) ' henu

3 tmt1 |, %
(At)z(/t |a<7>||id7) D o=1,

N tmi1 - %
el gcwww( / ||u<7>||;s_rd7> , (31)
tm

5]l < CR=" ([ (32)

[l <€

(30)

To estimate rj”, we assume that the bilinear form a(dn, -, ) is continuous on V' x V. Hence
(i vn) ] < @™ — w0 aon -
We obtain

LEMMA A.5. Assume u(x,t) is sufficiently smooth in [0,T] x G and assume that a(dn;-, )
is continuous on V x V. Then
3

e < 37 )+ Clam = g+,
j=1

with [[r* ||« given by (30)-(32).
We are now able to prove Theorem 2.
Proof of Theorem 2. By definition e}* = n™ + &, m=0,1,...,M — 1. Hence

M—-1 M-—1 M-—1
ledPrar 3 ferto)2 < (||nM|2+At T ||nm+9||2)+2(||524 Pracy ||£;7+9||3)

m=0 m=0 m=0
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The first term can be estimated by the approximation property (15). For the second term
we have by the stability (29)

M—1 M-1
IERTI% + At > NG He2 < 6017 + Coat > [lr™+o)12.
m=0 m=0

m-‘rOH

Using the estimates for ||r « of Lemma A.5 and the convergence result Lemma A.2

for the sequence {u}"} finishes the proof. m

A.2. Proof of Theorem 3. We estimate the error e}’ := D*u™ — Dyu}*. We consider the
splitting

= (D™ — P,D™) + (P, D™ — P,Dyu™) + (P Dpu™ — Dyuy’) .

m m m
n Vh Eh el

For D¢u™ and D¢ul* to be well defined, we extend u™ and u}* by zero to all of R%.

If w™ is sufficiently smooth such that D*u™ € H®, n™ can be estimated using the
approximation property (15). If we further assume that the projector Py : V. — V}, is
uniformly stable (i.e. there exists a constant C independent of h such that ||Pv|y <
Cllv|lv), the term v}* can be estimated using the approximation property (24) of Dy It
therefore remains to estimate &', .

We shall need the following subspace of V3. For Gy CC G we denote by V,,(Gp) the
space

Vi(Go) = {v €V}, | suppv € Go} C V.

We may assume that Gg is such that ¢ € V,(Go) implies Dy € V;. It is obviously
sufficient to consider &', := Propu™ — Opuy'.

LEMMA A.6. Assume u € CY([0,T); H). Assume that the operators Py, and 05 commute.
Then {fha 0 satisfy for any o € N¢, |a] = n > 0 the §-scheme: Given 52@ =
Profug — 0%ul, form=0,1,...,.M —1

(A)THET = Elarvn) + al&d’ on) = (™ on), Yo, € Va(Go), (33)

with weak residual r™ : Vi, — R given by

m o __ m
=2

=1
where !
(ri*, op) == l)lo“( At) ™t — ™) — gt dpon),
(r*, vp) == 1)"”( Phum"'1 Ppu™) — (A) T (W™ — ™), 0 ),

(rgn, ) = ( l)la‘a(Phuere m+978gvh)a

(ry",vn) / >.c ,B > O PQi) (T 0 Dy(Pyu™t — u ) Djuy,
Gﬂ<o¢ i,j= 1

+Z aa Bb a ﬁaﬁD (PhuerO T+0))Uh}dx

with Co. 5 1= (ai@’)‘
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Proof. Recall that u € C1([0,T], H) implies
(@™+0,0) + a(u™*0,v) = (f™40,0), Vo e V. (34)
Let vy, € Vi(Go). Inserting &3, in the f-scheme yields

(A)THERE = €l vn) + al& 30 on)
= ((At) (P opu mtl Phao‘um),vh) + a(Proju m+9,vh)
—{(A) T (O u T — o), va) + a0 u Tl up) )
By the discrete Leibniz rule, we have
(A8 (Opuy ™ — Ofu?), vn) + a(Ffup™*’ vp)
= (=) (A up ™ =), Ofron) + (=1)!a(up ™, fon) + R (up™?)
(el (e o) + Ry (u )

(3;1)( )\a|( m+6 8"‘vh) +(_1)\a| ( m+6 8hvh) + Ry (u m+9).

Here, we denote by R (u;"*?) the residual term

Rt = = [ 3 Conf X 0077 Qu) (70 D) Dy

ﬁ<0¢ i,j=1
+Z (O o) (T O Dawy =) vy .
i=1
Utilizing once more the discrete Leibniz rule and the fact that the operators P, and 05
commute yields
(At) " (Propu™ ™ — Pofu™), vp) + a(Profu™t vy)
= (=1l (Pyu™ !t — Pyu™, 05 vp) + (=D)lla(Pu™t? 0vy,) + RY(Pru™t?).

The representation of ™ in (33) is now obvious. m

REMARK 3. Note that the residual r}* in the Lemma A.6 satisfies 7}* = 0 if the coeffi-
cients Q,b in (3) are constant, as it is the case for the multidimensional Lévy model in
Example 1.

By the stability result (Lemma A.1) we obtain the stability estimate for Ehio 1D (33)

M—-1
I€nall® + CrAt Z &1z < 1€R all* + C2At Z [Ed (35)

m=0

We estimate the residuals [|77"||.. For j = 1,2,3 these are the same as Lemma A.5 (with
u replacing @, see also [25, Section 5]. To estimate ||r}*||, we use again that the operators

Py, and 05 commute. We find
Il < YN0 (Paw™? —up ) la = C (1675 -

B<a B<a
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Rewriting the estimate (35) shows that for any o € Ng,

€11 + CrAt Z (Sl

M-1 3
< N€hall® +4CoAt Y7 N |l ; + CAt Z > lErsel (36)
m=0 j=1 m=0 <o

Since (36) holds for an arbitrary (but fixed) a € N&, we may iterate the inequality until
[ = 0 to obtain

M—-1
€11 + CrAt Z €405 < C(a)At Z [ [P ot PR [ P P |
m=0
(37)
Bl
Proof of Theorem 3. We have, for e’ = D*u" — Djfuy* and M > 1,
M-1
e I + At > Jlep )2
m=0
M-1 M-1
< 3{||77M|2 S [kand F 17l RN N 17 S [T
m=0 m=0

A Z |§m+9||2}

If D*u(t) € H*® for t € [0,T], the first term can be estimated with the approximation
property (15). The second term is estimated using the uniform stability of the projector
Py, and the approximation property (24) of D§ (provided u(t) € H**T"*t" for ¢t € [0,T]).
For the last term we have by (37) and the fact that At|\§m+9||a can be estimated also by
the quantities ||rj +9H*, j=1,2,3,

M—1 M-1 3
0
IEntall® + At > IGHEelE < C Y gR sl* +Cat Y- Y eyl
m=0 B<La m=0 j=1

Now conclude by using (30)—(32) to bound ||T;”+GH* (replacing @ by u), the quasi-
optimality of 35u2 and the approximation property (15) to estimate ||§2ﬁ|| n
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