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Abstract. We study optimal stopping problems for some functionals of Brownian motion in
the case when the decision whether or not to stop before (or at) time ¢ is allowed to be based
on the d-advanced information F;is, where Fs is the o-algebra generated by Brownian motion
up to time s, s > —4, & > 0 being a fixed constant. Our approach involves the forward integral
and the Malliavin calculus for Brownian motion.

1. Introduction. The purpose of this paper is to study optimal stopping problems
where the stopping time is allowed to depend on a larger filtration than the filtration of
the underlying process. For example, the person who decides when to stop the system can
base her decision on some future event, in addition to the history so far of the system.
More precisely, fix § > 0 and let B; = Bi(w), t € [-0,00),w € Q be a standard
Brownian motion on a probability space (2, F, P), with B_s = 0. Define, for ¢t > —4,
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(1.1) Fi=0(Bs,—6 <s<t),

i.e. F; is the o-algebra generated by the random variables Bs(:), —d < s < t. Let Y; be

an Ito diffusion in R* given by

12) {dYt =b(Y;)dt + o(Y;)dB,, t> —6,
Y_ s =y €RF

where b : R¥ — R and ¢ : R¥ — R are given functions such that (1.2) has a unique strong
solution. Let H = {H;},5 s be another filtration such that

(1.3) Fi CHy forallt>—d,
We say that a function 3 : Q — [—4,00) is a stopping time with respect to {H;} if
(1.4) {w; B(w) <t} € Hy forallt> —46.

Let By denote a given subset of the set B of all H-stopping times 3. Let f : R¥ — R,
g : R¥ — R be given functions such that

(1.5) EY [/ |f(Y(2))|dt + g(Y(B))@ < oo forall B € By,
-5

where EY denotes expectation with respect to P when Y (0) = y. In this paper we study

special cases of the following performance functional:

(1.6) E[/ OV ()4 g(v w))], yeRF, e By

(where we put g(Y(8)) =0 if 5 = 00).
The problem we are studying in this paper is of the following form:

PrROBLEM. Find 8* € By such that
(1.7) sup J(B) = J(87).

BEBo
We call this an anticipative optimal stopping problem, because the decision whether or
not to stop at or before time ¢ might depend on future events. Such a problem is motivated
by examples of insider trading in finance. See e.g. [10], [1], [3] and the references therein.

REMARK 1.1. Since an H;-stopping time [ is not necessarily an F;-stopping time (we
may have F; # H;), we need to explain what we mean by Yp(,)(w), w € €, ie. the
evaluation of Y; at t = (. In view of the use of forward integrals in the study of insider
trading in finance (see e.g. [1]), we choose to use the definition

B (e}
(1.8) Voimy+ [ wWdes [ xo(to(vod B,
-5 -5

where d~ B; indicates that the integral is interpreted as a forward integral.

DEFINITION 1.2 ([11]). The forward integral of an F-measurable process ¢(t,w) with
respect to B is defined by

(1.9) /(;S t)d” B(t —hm ¢()

provided that the limit (in probability) exists.

B(t+e¢) — B(t)
5

dt
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The reason for the usefulness of the forward integral in applied anticipating stochastic
calculus is the following result:

LEMMA 1.3 ([1]). Suppose ¢ is forward integrable and caglad (left continuous with right
limits). Then

(1.10) / (OB =t 5T0)(Bln) - Be)

(limit in probability) where 0 = tg < t1 < --- <ty =T denotes partitions of [—4,T).

In other words, the forward integral is the limit of Riemann sums where the integrand
is evaluated at the left end points of the subintervals.

An It6 formula for forward integrals was established in [12]. See also [13].

The following definition will be useful (see [3], Definition 9.14). Here, and in the rest
of the paper, D;F' will denote the Malliavin derivative at t of a random variable F'. (See
e.g. [3] for more information.)

DEFINITION 1.4. Let Dy consist of all measurable processes ¢ such that
(i) ¢ is caglad.
(ii) ¢(¢) is Malliavin differentiable for each t € [—4,T].
(iii) The paths t — Ds¢(t) are caglad for almost all s € [—§,T] and w € .

(iv) The limit Dy ¢(t) = lim,_,+ Ds(t) exists with convergence in L?(P).
(v) ¢ is Skorohod integrable.

In our paper we will need the following result, the first version of which was proved
in [11].

LeEmMA 1.5 ([11]). Let ¢ € Dy. Then
(1.11) E [/_Z qb(t)d_B(t)} =E {/j DHgb(t)d(t)].

The solution of Problem A appears to be very difficult, even in the simplest cases. In
this paper we will restrict ourselves to the following special cases:

(1.12) Hy = Frrs, t> -,
(1.13) Y: = (t,B:), where B, is a 1-dimensional Brownian motion,
(1.14) By = By (9)

where By(d) is the set of Fyys-stopping times § which are of the first exit type, i.e. of
the form 8 = B, = inf{t > —§; Bi1s > a} AT for some constants a € R, T € (0, 00].
Similarly we let B(d) denote the set of all F;,s-stopping times [ : Q — [, 00].

We call such stopping times §-advanced, or stopping times with d-advanced informa-
tion.

REMARK 1.6. Note that for any random time 3 : Q — [—§, 00] we have that {w;B(w)
<t} € Fiqs for all t > 0 if and only if {w; B(w) + 6 <t} € F; for all t > 0. Hence § is an
Firs-stopping time if and only if 7 := 5 4 9 is an F;-stopping time.
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Equivalently, all F; s-stopping times § may be written 5 = 7—4§, where 7 : Q — [0, 00]
is an Fy-stopping time.

In Section 3 we will study the anticipative optimal stopping problem where
(1.15) J(B) = J1(8) =Ele*’(Bs — )], B € Bo(d).

where p > 0, ¢ > 0 are constants.
In Section 4 we want to minimize

(1.16) 50) = (9 =5 [

-8

B
e—PtBtdt} . BEBy©O).

We give an implicit solution for the case (1.15) and an explicit solution for the case
(1.16). In particular, our solution of case (1.16) implies that

117 inf Jy(8) < inf  Jo(B).
(1.17) pdBy) J2(8) < Juf o T2(B)

Thus (§-advanced) first exit times (3, are not always optimal for §-advanced optimal

stopping problems. This is in contrast to generic classical optimal stopping problems for
It6 diffusions. (See e.g. [7], Chapter 10.)

2. The case when there is no cost and no discount. In this section we shall
compute E(Bg) for some particular F.is-stopping time [ defined by the first hitting
time to a half line and we also introduce some notations and methods.
As before let (B, t > 0) be a Brownian motion on a probability space (2, F, P) and
let F;, t > 0, be the natural filtration associated with this Brownian motion. Fix T" > 0.
Let 8 be an F.s-stopping time. More specifically we consider

0= mf{t > *6;Bt+5 > CL} AT

for some fixed a € R. We first compute E[Bg] in this section and E[e ?%(Bg — c)] will be
computed in the next section.
Denote

M; = max By and 60; = arg max B,
0<s<t 0<s<t

the unique time such that By, = maxo<s<; Bs.
Since 8 > s is equivalent to M, 5 < a, we have X[0,5)(5) = X(=o0,a)(Ms1s). Thus

Dy X10,8)(8) = Dsy X(=00,a)(Msys) = —0a(Msy5)Dsy Mgy s = —0a(Ms15)X(0,0,.5](5)-

Thus we have, by Lemma 1.5,
B T

(21) B[ o By = = [ BO)6(Moss)xpa,. ()]s
- 0

In the case that ¢(s) = 1, that is, we compute E(Bg), we have

T
(2.2) E(By) = — /0 E{60(Mas5) X001 ()} ds.

Now the joint pdf of M; and 6 is (see [2], p. 209, Formula 1.13.4)
y2

ye =

P(M; € dy,0; € dv) = dudy.

m/(t —v)vd
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Thus, the joint pdf of M5 and 0545 is

_u?
ye  2v

/(s +0 —v)v3

ds,6 (Ua y) =
Therefore we have

T s+0
E(Bg) :/ /R/ 5(y — a)X[s,s+6)(V)qs,6(v, y)dyduvds
0 0

T s+6 T v \/g oo e~
= X[s,5+6](V)4s,5(v, a dvdSZ/ / qs,5(v,a)dsdv = —/ —du.
L xessa@swaais= [7 [ gswaasio=2 [0

THEOREM 2.1. Let 3 = inf{t > 0; Biys > a} and 8 = BAT. Then for any § > 0 and
a > 0, we have

Vo [ e

It is clear from this computation that when 6 = 0, E(Bg) = 0 and for fixed § > 0, the
maximum is attained when a = 0.

3. Optimal stopping for E[e=?’(Bs — c)]. The computation of E[e=?%(Bg — ¢)] is
slightly more complicated. First we compute E[e~??]. We need to know the distribution
of . From [2], p. 197, Formula (1.1.4),

P(B>¢&) =P(Mgps<a)=1—P( sup Bs>a)=1—qisusa(E)
0<s<E+5

where

a _/~}/\/§—"_(5 leZMa rfe a :u’\/£+6)
N R >+2 Ef( TR )

with Brfc (z) = = [*_ e~"/2dt being the error function. Now y = 0. Hence

1
ql,s,p,,é,a(§> = §EI‘fC (

V2T
PB>¢) = / e‘édx.
Ve
Therefore
el T T 00 2
1-E[e "] = ,0/ e PEdE = pE/ e_ngx{ﬁx}df = p/ e_pg/ e~ 7 dadg
0 0 0 N
0o T 2 0o .2 5
=p 2 e PEdE e” T dr = (e 57 — e Tl da.
Vet V220 NoeE

This is summarized in

ProproSITION 3.1. Let p be a given real number. Let 3 be an F.,s-stopping time. More
specifically we consider

ﬁ = 1nf{t > _6;Bt+5 Z a} AT
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for some fized a € R. Then

pa? 22
(3.1) Ele P =1- (€727 — e PT)e™ % du.
NeeE)

Letting T' — o0, we have

COROLLARY 3.2. Let p > 0 be a given positive real number. Let B be an F.is-stopping
time. More specifically we consider

= mf{t > *57 Bt_;,_(; Z CL}

for some fized a € R. Then
(3.2) Ele "] =1 - / P g
0

The computation of E[e~#8 Bg] is more sophisticated and a more clever technique is
needed. We have

r pT
1 —E[e™"’Bg] = pE / e X{u<ﬂ}d“Bﬁ] = pE U / e "X {uzpX{s<pydudBs

:pE/ / e P X{g>u\/s}dudB:|
:pEA /0 e_puX(oo,a)(Mu\/s+6)dUst:|

T T
= p/ / e_pu]E[DS+X(—oo,a)(MuVs+6)]dUdS

= / / e pu]E uVs+6) [O,Guvs+5]]dUd8'

The joint pdf of Myysts and O,ys4s is

y2
ye =

T/ (uVs+68—v)v?

(‘js,u,&(vvy) = , v<uVs+ 4.

Therefore

1- 6 pﬁBﬁ = P/ / / / —pu6 Ov]( )q~8,u,5(v7y)dydvdUd8
= P/ / / e X100 (8)Gs,u,6 (v, a)dvduds
0 0 0

B p/// e_pu ac > dsdvdu
{s<u, s<u, v<u+d} (U + 4 — ’U)

a2

+P/// e P ac = dsdvdu
{s<u, s>u, v<u+d} ™ (S + 6 — ’U)U3
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.
= S ——
™ { v<utsy /(w46 —v)vd
2 a?
—l—ﬂ// [\/3—\/11\/(1)—5)4—5—11} e~ dvdu.
™ {u<v}

Thus we have

THEOREM 3.3. Let 6 > 0, p, and ¢, be given real numbers. Let 3 be an F.is5-stopping
time. More specifically we consider

ﬂ = mf{t > *(5, Bt_;,_(; 2 a}

for some fized a € R. Then

a2
_ ap e PUT
3.3) Ele " (Bsg—c =1+c——// — dvdu
(33) E[e"*(Bs - o) 1 T
2 (l2
—ﬂ// [\[—\/u\/(v—é)—i—é—v] e " 2w dudu
m {u<v}
o pa? z?
—c [ep‘;_ﬁ —e PTle "2 da.
WeTeemy

It is clear from the above theorem that E[e=??(Bg — c)] is a continuous function of a
for on any compact set of a. Thus it has maximum on any compact set of a. Numerical
computation is needed to find the maximum.

4. Optimal stopping for E[foﬁ e~ P! Bidt]. Now consider the problem to find an F. -
stopping time 7 which maximizes

(4.1) E [/OT e‘ptBtdt} .

We consider stopping times of the form
(4.2) B =inf{t > =6, B; > a}

where a > 0. We use

B o
(4.3) E |:/ 5 e_ptBtdt] = / e_ptE[x{,@>t}Bt]dt.

Denote again M; = supg<,<; By. Now

t

t t
Elx (s Bi] = / E[Dyx(s50)]ds = / E[Dax (a1, <alds = — / E[6a (M) X (s <01 ]d5.

Since the joint pdf of M; and 6; is

v
ye  2v

(4.4) Gr(v,y) = m

, v<t+9
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we have
t ye‘%
4.5 E B :—/ //5a sy —————dsdvd
(4.5) (X8>t Bi] | W)X qs<o} - T y
(l2
__ / / o aeTE e
O<s<v<t+s T\/(t+ 3 —v)v3
S
O<s<v<t+s TV/UVE+ I — v .
Thus

(4.6) E { / T g dt] / / e=rt a dsd
. = — —_—m ’l}
—é ' 0<v<t+5< oo TVt +8 —v
— _ag(p7 5) /OO efpvfgvfl/Zd,U
0

™

0 —ps+ps

(4.7) 9(p,0) =
PO T
By [4], Formula 3.471 (9) we have

00 2 a2 1/4 a2
/ e P TR 2qp =2 [ — K2 “p
0 2p 2

and again by [4], Formula 8.469 (3) we have

a?p ™ _o./e2p
K 2\/ = _— 2,
1/2 < 5 ) agpe

1
ds = F(2>6p6,0_% = /T p 3.

2.2 5
Therefore .
/ =P = 1/2 0y — ﬁe—\/ﬁl
0 VP
Then
7 P8 p—a~/2p
(4.8) E{/ ePtBtdf} _ (PO VT ez, aelem VR
-5 ™ \/ﬁ P)

From this, the minimum is easily seen to be attained at a = ﬁ.
We have proved:

THEOREM 4.1.

(4.9) inf E[ / ’ e_”tBtdt] _
peBo(®) L s pV2p’
and the minimum is attained at
(4.10) 8= 0o =inf{t > —§; Biys > a} =inf{s > 0; By > a} — 4§
where
(4.11) a= i
V2p
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REMARK 4.2.

(i) Note that this threshold a = ﬁ does not depend on 4. In fact, we get the same
threshold for stopping when § = 0, and even when there is a delay from the time
when decision to stop is taken and the time when the system actually stops. See [8].

(ii) If § = 0 the problem can be solved easily using variational inequalities, and this
gives the value

671

———— (when By =0)
pPV2p
Comparing with (4.9) we see that the optimal By(d) performance improves by factor
eP% when we go from § = 0 to § > 0. This ratio e”’ is a measure of the value of the

d-advanced information flow.

Next we show that the optimal d-advanced stopping of first exit type, By € Bo(d)
given by (4.10)-(4.11) cannot be optimal among all 8 € B(d).

THEOREM 4.3. Let 6 > 0. Then

4.12 inf J. < inf J .
(4.12) o by 2P) < Bt 5, 2(F)
Proof. Put
7o = inf{s > 0; Bs > 1/+/2p}.
Then 1
Bo=10—06 and B(m) > \/—27)
Define

Qo ={w € Q; Bg, <0}

Then by basic properties of Brownian motion we have P(€y) > 0. Define another F; -
stopping time 3 as follows:

(4.13)  B(w) = inf{s € [19 — 8, 70); s is a minimum point of s — fjoféefptBtdt}, we .

Then fy < B a.s. and Py < ] = P(Qo) > 0. Moreover, fﬁi e P Bydt < 0 if w € Q.

Therefore B
B Bo
E l:/ e_ptBtdt:| <E |:/ e_ptBtdt:| 5
-5 _s

which proves Theorem 4.3. =

REMARK 4.4. We conjecture that 3 defined in (4.13) is an optimal F;4s-stopping time
in B(9).
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