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Abstract. One of the earliest concepts for hedging and pricing in incomplete financial markets
has been the quadratic criterion of local risk-minimization. However, definitions and theory
have so far been established only for the case of a single (one-dimensional) risky asset. We
extend the approach to a general multidimensional setting and prove that the basic martingale
characterization result for locally risk-minimizing strategies still holds true. In comparison with
existing literature, the self-contained presentation is more streamlined, and a number of earlier
imposed technical conditions are no longer needed. As a minor extension, we show how payment
streams (instead of final payoffs only) can be handled as well.

0. Introduction. Since its inception 20 years ago in [9], local risk-minimization has
become a popular criterion for hedging and pricing in incomplete financial markets. It has
been and is still being used in many different areas, including transaction costs, Ameri-
can options, insider models, credit and default risk, life insurance liabilities, etc. Indeed,
a Google Scholar search in early August 2007 with the key phrase “local risk-minimization”
(enclosed in quotation marks) returned well over 100 genuine hits. One reason for this
popularity lies in the fact that although the definition of locally risk-minimizing strategies
is rather technical, they can be computed very easily and fairly explicitly in quite general
semimartingale models. For some background reading, we refer to the survey article [13].

A closer look at the existing literature reveals, somewhat surprisingly, that local risk-
minimization has up to now been defined and studied only for the case where the fi-
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nancial market contains one single risky asset. In this paper, we generalize the approach
to R%-valued asset price processes X and show that one obtains the same martingale
characterization of locally risk-minimizing strategies as for d = 1. We also remove several
technical restrictions imposed in the original formulation, and extend the results from
European contingent claims to payment streams. The overall presentation is deliberately
kept self-contained.

The paper is structured as follows. Section 1 introduces the setup, defines local risk-
minimization and formulates its equivalent characterization as the main result in Theo-
rem 1.6. Section 2 contains two auxiliary results, and Section 3 presents a general conver-
gence result for certain quantities appearing in our analysis. In Section 4, we prove the
main result and comment on its relation to the existing literature, and Section 5 briefly
presents the link to the Follmer-Schweizer decomposition.

1. Setting, problem formulation and main result. This section explains the basic
problem, introduces required terminology and concepts, and formulates our main result.

We start with a filtered probability space (Q,F,F, P), where T > 0 is a finite time
horizon and the filtration (F;)o<¢<r satisfies the usual conditions. All processes are in-
dexed by time ¢ with 0 < ¢ < T". Discounted asset prices are given by an R?%valued RCLL
semimartingale X = (Xi)o<i<r, and we assume that X satisfies the structure condi-
tion (SC). This means that X is special with canonical decomposition

X:X0+M+A:X0+M+/d<M>>\,

where M is in Mg . and X is R9-valued, predictable and in L2 (M), so that the mean-
variance tradeoff process K := [AdA = [ A"d(M)X satisfies K7 < oo P-a.s. It is well
known that (SC) is related to an absence-of-arbitrage condition; see [2] and [12].

Let B be a bounded, strictly increasing, predictable (real-valued) process null at 0 such
that (M?, M7) < B for all 4, j. One example is B; := tanh(t + Y.*_, (M?),), and we shall
see later that the choice of B does not affect our main result. We denote by P := P® B
the finite measure on (2 x [0,T], F ® B([0,T])) given by Pg[D] := E[fOT Ip(w, s) dBs(w)]
and define the matrix-valued predictable process o by d{(M) = odB. Each o;(w) is a
nonnegative definite symmetric d X d-matrix, and we note for future use that

< / 9 dM, / ng> = / T A(M)¢ = / Wo¢dB  for 9,¢ € L2 (M)

and that hence [§"¢ddB is bounded iff <f5dM> is bounded. Moreover, we point out
that [§dX is in S?(P) (see below) for every R?-valued predictable process & such that
(J6dM) and [|§dA| are both bounded. This will be important later when we define
small perturbations.

DEFINITION 1.1. The space Og consists of all R%valued predictable processes ¥ such
that the stochastic integral process [9¥dX is well-defined and in the space S?(P) of
semimartingales. This means that

E[/OTﬂgrd<M>sﬁs+ (/T |193dAS|>2] < oo
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or equivalently that fOT IWosds dBs + (fOT |90 \s| dBs)? € LY(P). An L2-strategy is
a pair ¢ = (9, 7n), where 9 € ©g and 7 is a real-valued adapted process such that the value
process V(@) := 9% X + 7 is right-continuous and square-integrable, i.e., V;(p) € L?(P)
for all t € [0,T]. ¢ is called 0-achieving if Vp(¢) =0 P-a.s.

As usual, a strategy ¢ = (9, 7) describes how we trade in the financial market given by
X. At time ¢, we hold 9! shares of asset i for i = 1, ..., d and have the amount 7; in a risk-
less bank account with zero interest rate and hence constant value 1. We next consider
a payment stream H = (H;)o<i<7 kept fixed throughout the sequel. Mathematically,
H is right-continuous, adapted, real-valued and square-integrable; the interpretation is
that H; € L?(P) represents the total payments on [0,t] arising due to some financial
contract. A European contingent claim with maturity T° would have H; = 0 for all t < T
and just an Fr-measurable payoff Hr € L?(P) due at time T; in general, the process H
involves both cash inflows and outlays, and can but need not be of finite variation. We
want to hedge H in a quadratic sense, and so first assign to each L2-strategy a cost and
a quadratic risk process.

DEFINITION 1.2. Fix a payment stream H. The (cumulative) cost process of an L?2-
strategy ¢ = (9,n) is

t
CH () ::Ht—l—V}(go)—/O IsdXs, 0<t<T.

@ is called self-financing (for H) if CH () is constant, and mean-self-financing if CH ()
is a martingale (which is then square-integrable). The risk process of ¢ is

R (¢) == E[(C{ () —CI(9)*| R, 0<t<T.

As usual, CH () describes the cumulative costs on [0,¢] from paying according to H
and trading according to ¢; see [6] and [5]. One difference to the well-known situation in
dimension d = 1 and with a European contingent claim Hrp is that we use here a different
attribution of value and costs; this was suggested in [7] and also used in [8] and [1].
Indeed, our total cost C%{ is the same as in the approach in [11], but we use strategies
with Vr = 0 instead of Vi = Hy. This is (with hindsight) better suited for an extension
to payment streams.

REMARK 1.3. For later use, we observe that if ¢ = (¢, 7) is a 0-achieving and mean-self-
financing L2-strategy for H, then ¢ is uniquely determined from 4 (and of course H). To
see this, use the definition and martingale property of C* () and Vr(¢) = 0 to obtain

T t
(1.1) = Vilp) — 0" X, = E[HT — / Vs d X, ]—'t] — H, +/ 9 dX, — 08 X,
0 0

T
:E[HT—Ht—/ Vs d X
t

ft] — O X,
Clearly, R () is then determined by ¥ as well.

As in [11], we want to minimize RY(p) with respect to small perturbations of ¢,
to be introduced next. A partition of [0,T] is a set 7 = {to,t1,...,tx} C [0,7] with
0=ty <ty <--- <ty =T, and its mesh size is |7| := max{t;11 — t; | t;,ti+1 € 7}. Note
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that k& may vary with 7. A sequence (7, )nen of partitions is increasing if 7,, C 7,41 for
all n; it tends to the identity if lim, . |7,] = 0. To each partition 7, we associate on
Q x [0, 7] the o-fields

PT = U({DO X {O}7Di X (ti,tiJrl] |ti,ti+1 €T1,Dg € Fo,D; € ]:ti})’
o= U({DO X {0},Di+1 X (ti,ti+1] |ti,ti+1 €T, Dy € fo,Di+1 € fti+1})~

One easily sees that o({J, .y P™) equals the predictable o-field P for any sequence of
partitions tending to the identity; hence P™ increases to P if (7,,) is in addition increasing.

DEFINITION 1.4. A pair A = (6,¢) consisting of an R%valued predictable process § and
an adapted real-valued process ¢ is called a small perturbation if ([ §dM) = [ cddB
and [6" o \| (and hence also [ |6 dA| = [ [6" 0| dB) are bounded (uniformly in ¢,w), the
process V(A) := 6" X + ¢ is square-integrable, and V7 (A) = 0 P-a.s. (Note that A need
not be an L2-strategy, although § € ©g and A is 0-achieving: We do not require that
V(A) is right-continuous.) For each subinterval (s,t] of [0,T], we then define the small
perturbation

(0Lysa, elsep) it <T,
(1.2) o ::{ Js.10> € 0o 01

(61ys, 1. elgsry) it =T,
For an L?-strategy ¢, a small perturbation A and a partition 7 of [0, T, we set

Rf((p""_A(t»t' ])_RtH(SD)
1.3 rTo, A H| := d Alias : il
- v | tiﬂZ;ET BBy, — By, | F1.] (totial

Recall that the payment stream H is fixed throughout. Note that V (v), CH (), R (v))
and hence r7[p, A; H] are well-defined without any requirement of right-continuity

for V().

As in [11], 7"[p, A; H] is a measure for the increase of quadratic risk when ¢ is
perturbed locally by A. Note that we have slightly modified the original definition of
Al(s, in [11] to account for the special case ¢ = T'. This allows us to drop the assumption,

imposed in [11], that M is P-a.s. continuous at T', since we no longer require for a small
perturbation that 67 = 0. In fact, every R%valued predictable process § with ( [ 6dM)
and [0 o A| both bounded can be extended to a small perturbation A = (4,¢), given by
the 0-achieving mean-self-financing L?-strategy associated to 6 by Remark 1.3.

The second (and important) difference to [11] is the denominator of r"[¢, A; H] in
(1.3). For a vector-valued M, we cannot divide by the (perhaps non-invertible) matrix
E[<M>ti+1 - <M>tL
choice of B as strictly increasing will also simplify some arguments later on.

Ft,]; the appropriate “time scale” is now instead given by B. Our

DEFINITION 1.5. Fix a payment stream H. An L2-strategy ¢ is called locally risk-
minimizing for H if for every small perturbation A and every increasing sequence (7, )nen
of partitions tending to the identity, we have

liminfr™[p,A;H] >0 Pp-ae.

n—oo

Our main result is now the following extension of Proposition 2.3 in [11], or Theo-
rem 3.3 in [13].
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THEOREM 1.6. Suppose the R%-valued semimartingale X satisfies the structure condi-
tion (SC) and let H be a payment stream. If the mean-variance tradeoff process K =
JATA(M)X (or, equivalently, A) is continuous, the following are equivalent for an L?-
strateqy @:

1) ¢ s locally risk-minimizing for H.
2) ¢ is O-achieving and mean-self-financing, and the cost process CH () is strongly
orthogonal to M.

In particular, the concept “locally risk-minimizing” does not depend on the choice of B.

We prove Theorem 1.6 in Section 4 where we also provide additional comments.
In our proof, we shall need small perturbations which satisfy the additional require-
ment that e, = 0 for all ¢ < T'. The next auxiliary result shows how this can be achieved.

LEMMA 1.7. Suppose X satisfies the structure condition (SC). For any R¥-valued pre-
dictable process 0, there is a sequence A™ = (§™,e™), m € N, of small perturbations
such that € =0 fort <T and each m, and lim,, .o 0" = § Pg-a.e. More precisely, 6™
has the form

(1.4) 0" = 010,01 I{I51<m} {5t o5 <m} {500 x| <m)
for an increasing sequence of stopping times 0., /T P-a.s.

Proof. By the structure condition (SC), X is in S _(P), and so there are stopping times
om /T P-as. with X = supg<i<,

X¢| € L?(P) for each m. Now define the pre-
dictable process 6™ by (1.4) and A™ := (6™,&™) by

E;n = _I{T} (t)(&;n)trXt

Then €™ is adapted with e/* = 0 for all ¢ < T, and |(6™)"cA| and ([ 0™ dM) are
both bounded, since B is bounded. Moreover, Vp(A™) = 0 and for ¢t < T, (1.4) gives
Vi(A™)| = [(67")" X;| < mX}; € L?*(P) so that A™ is a small perturbation. Finally,
(1.4) clearly implies §™ — & Pp-a.e. as m — co. m

2. Preliminary results. This section prepares the ground by proving two auxiliary
results. Although these are analogous to earlier work in [11], we provide full details since
our definitions here are slightly different and the results are a bit more general. We first
show that when searching for locally risk-minimizing L2-strategies, we can restrict our
attention to 0-achieving and mean-self-financing ones. This is a more general version of
Lemma 2.1 in [11]; thanks to our choice of B, we do not need the assumption that (M)
(for d = 1) is P-a.s. strictly increasing on [0, 7.

PROPOSITION 2.1. Suppose X satisfies the structure condition (SC) and fix a payoff
process H. Then any locally risk-minimizing L?-strateqy is 0-achieving and mean-self-

financing.
Proof. Let ¢ (9,m) be locally risk-minimizing; then ¢ is 0-achieving by definition.

Define ¢ = (J,7) by ¥ = ¢ and like in (1.1)

T t
f]t = |:HT—/ 19st5 ft:| —Ht+/ ﬂsts—ﬁngt, OStST,
0 0
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choosing a right-continuous version of the martingale given by the conditional expecta-
tions. Then ¢ is an L2-strategy, because 1 is in Og, 7 is adapted, and V() is like H and
[ 9 dX right-continuous and square-integrable. Moreover, ¢ is clearly 0-achieving and by

definition of 7 also mean-self-financing. Because C# (@) = Hy — fOT Vs dXs = CH(p), we
thus have

(2.1) Cil(¢) = E[CT (9)| Fi] = BICF (p) | ] for any ¢ € [0,T).

Moreover, A := ¢ —¢ = (0,7—n) =: (6, ¢) is like ¢ and ¢ an L?-strategy and 0-achieving,
and since § = 0, A is even a small perturbation.

Now take any partition 7 of [0,7] and t;,t;11 € 7. Since Al ¢, is like A a small
perturbation and hence 0-achieving, we get Vr(o + Alw, +,,,]) = 0 = Vr(p) and thus

OTI;I(QD + A (ti,ti+1]) = 0713,(90)7
since 6 = 0. For ¢t; < T, we have by (1.2) and (2.1)

Clp+A

i

(ti,ti+1]> = Hti + Vvtz ((P +A

t;
(tiati+1]) _/ Yo d X,
0
t

== Hti + ﬁgth + ﬁti - '195 dXS
0

= C/l(9) = BICT (9) | F1,].
Therefore we obtain by using (2.1)
= E[(CT () = Cil(9))* | Fu] = (G () = EICT (9) | Fu.])?
= R{l(¢) - (C{](p) - E[CT () | F0.])

and hence
(22) lean = Y Tl Bl JHEE),
. o titip1€T E[BtiJrl — By, ‘ftz] (Fstta]
_ y (G- BCHO)7)
tistit1€T E[Btz‘+1 — By, | Ft] astetal

This already indicates that for a non-mean-self-financing L2-strategy, 7" [¢, A; H] will
probably become negative somewhere, and we now show that this persists asymptotically.

Since ¢ is locally risk-minimizing, lim inf,, ., 7™ [¢, A; H] > 0 Pg-a.e. for every in-
creasing sequence (7,,) of partitions tending to the identity. Now take such a sequence
and assume that for some ng € N and some tg € 7,,, we have

Cll(¢) # E[CF (p)| Fi,] onaset D € F with P[] > 0.

Since we can and do choose both C# () and E[CH (o) | F] right-continuous, there are for
every w € I positive §(w),y(w) such that

|(CtH((p) — E[CH (o) | F])(w)] > y(w) >0 for w e and every t € [to, to + 28(w)].
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Moreover, B is bounded by some constant k, say; hence we can also choose versions of
the conditional expectations such that for all n € N and all ¢;,¢;41 € 7,

E[thi+1 - Bti |.7-'t1](w) S k for all w € Q.
Now fix w € T'. Since (7,,) is increasing and tends to the identity, we can find for every

t € (to,to+ F(w)] and all sufficiently large n time points ¢;,¢,11 € 7, with ¢ € (¢;,¢,41] C
(to,to + B(w)]. This implies by (2.2) that for such ¢,
(Cf () = BICF (9) | 7, ) (w)

2
| v (w)
r o, A; H)(t,w) = — < - <0
Lo, &5 H](t, w) E[B,,, — By, | Fi,J(w) g

for all large enough n and therefore

2
(23) liminfr™ [, A H|(bw) <~ <0 forallweT and t € (to,to + B(w)].

n—oo k

Because B is strictly increasing and P[T'] > 0, (2.3) yields
Pp[lim inf r™ [p, A; H] < 0] > E[Ir(w)(Byy+p(w) — Bi,)(w)] >0

n—oo
which contradicts the assumption that ¢ is locally risk-minimizing.

The above argument shows that if ¢ is locally risk-minimizing, we have with prob-
ability 1 that C(p) = E[CH (¢) | F;] simultancously for all ¢ € J, oy 7 =: D. Since
(7,) tends to the identity, D is dense in [0,7], and so right-continuity of CH (p) and
E[CH(p) |F] yields that with probability 1, C(p) = E[CH ()| F] for all t € [0,T]. So
@ is indeed mean-self-financing. m

Our second auxiliary result shows that we can decompose r7[p, A; H] into a sum
of four quantities. This will be useful later to analyze the asymptotic behaviour of
(r™[p, A; H])nen. Analogous results can be found in Section 2 of [11] and Section 3
of [10].

PROPOSITION 2.2. Assume that X satisfies the structure condition (SC) and fix a pay-
ment stream H. For every 0-achieving mean-self-financing L?-strategy ¢ = (9,n), every
small perturbation A = (d,€) and every partition T of [0, T|, we then have

T, A H] = AT + AT + AT + A,
where
A7 = Eg[(6 —2u™)" 08| P,
Var| [+ 6, dA, | F,.
P TN

titip1 €T E[Bti+1 — By, | Fi (Gt
ti ti
o Z Cov(fti 5 dM, — (C’fﬂ(@) — Cf(gp)), ftz s dAs | Fyy)
3 Wi E[Bti+1 _ Bti |]:t1] (ti,t7‘,+1]7

(E[fttl‘“ Ss dAs | Fy,] +e4,)?
E[Bti+1 - Bti | ]:fq] (tistiy1]o

Ar= Y

titit1 €T
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and pt is the integrand from the Galtchouk-Kunita- Watanabe decomposition of the mar-
tingale CH () with respect to M.

Proof. For any small perturbation A’ = (&§’,¢’), we denote by CH (9 + §’) the cost pro-
cess of the unique 0-achieving mean-self-financing L?-strategy determined by ¥ + ¢'; see
Remark 1.3 or the construction as in (1.1) of ¢ in the proof of Proposition 2.1. Since ¢
itself is mean-self-financing, C* (¢) = CH (). Just plugging in the definitions gives

(2.4) CH(p+A

tit1
(ti;ti+1]) = CZI!(SO) - / 0sdXs = 07{1(19 + 5I]]ti7ti+1]])
t

and for ¢; < T, by using the definitions and (2.4),
ti

Cg(@ + A|(t1:,ti+1]) = th‘ + ﬂngtl + M, + Et; — 195 dXS = Cf((p) + Et;s
0

tit1
CH (O + 614, 4,,,7) = E[CF (9 + 6Ly, 40017) | Fril = Cf (0) — E[ / 5, dA,

ti

a

Combining the above with the martingale property of C# (¢ + 61y, +,,,]) vields

)

(25) Rf(p+A

(ti»ti+1})

tit1
=F {(C#(ﬁ + 51]]ti;ti+1]]) — Cg(’ﬂ + 5I]]ti7ti+1]]) — &4, — E[/ 0s dAs
ti

)

tita
= Var[CII!(ﬁ + 6l]]ti,ti+1]]> |‘7:t1] + (Eti + E|:/ 63 dAS

ti

)

tit1
= Rg(ﬁ + (5[]]&7,5”1]]) + <5ti + E|:/ (55 dAS

ti

Using (2.4) and X = Xo+ M + A now gives

(26) Var[c,{:" (19 + 61]]ti,ti+1]]) ‘ ‘th]

tit1
= Var [/ 0, dA,
t

i

tit1 tit1
—200v<0;’ (9) — / 8 dM,, / 5 dA
tq

t;

tit1
]—"ti] + Var {c{f () — / 8¢ dM,

ti
]-') .

Since CH(9) = CH(p) and [§dM are both martingales and ftt“ 0sdAs is Fy,,,-mea-
surable, the last term in (2.6) equals
ft,).

Moreover, CH (¢) = CH (o) + [ pdM + L is the Galtchouk-Kunita-Watanabe decom-
position of C*(y) and so

)

tig1 tit1
+ 200v( / b5 dM, — (Cf (p) — Cf (), / 5s dA
ti t

i
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tit1
(2.7) Var[(]:,@(ﬁ)— / s dM,
t

i

)

tit1
= Var {C’H () — C’g(go) — / 05 dM
t

tit1

)

7

tit1 tit1
— RA(g)+ Cov( [, [ ban,—2(cl o) - (o) \ f)
t;

ti

=Rf(<p)+E[/:+l d</6dM,/5dM—20H(<P>>S

tit1
— RI(o) + E[ [ o aon. - 2t ]f]
ti

)

Now we combine (2.5)—(2.7) to obtain
R (p+A

(ti-,ti+1]) - Rg (90)

tiv1
_ EU (6 — 2u) d(M) 45,4
ti

tit1
.7-}1} + Var [/ s dAg
t;

tig1 tit1
+ 2Cov( / 85 dM, — (Cf (¢) — Cf (), / 5, dA,
ti t

tit1 2 l
+ (E[/ 5y dA, ]—}i] +ati> .
ti

Dividing by E[B,,, — By, | F,], multiplying by I, ;,,,) and summing over t;,t;41 € 7
gives 17 [p, A; H] on the left-hand side and the terms A7, A%, A7 on the right-hand side.
Moreover, we also obtain on the right-hand side the term

E[[ (85 — 2uf)* d(M) 8, | F,]
>

)

)

ti

titiz1€T E[Bti+1 — Bti |‘7:t1] (tistiva]
= BLJ, " 0 = 2! 0,6, dBy | Fi]
- titi y
titit1E€T E[Bti+1 — Bti ]:tl] ( +1]

and since this equals Ep [(5 —2u¥ o5 ’ PT] = A7, the proof is complete. =

3. Convergence results. We have seen in Proposition 2.2 that r"[¢, A; H| can be split
into terms A7 with¢ = 1, ..., 4. This section studies the asymptotic behaviour of (A7™),en
along an increasing sequence of partitions (7,,) tending to the identity. The results are
very similar to those in [10].

For this section, we introduce for brevity the following standing assumptions:

(3.1) X satisfies the structure condition (SC);
H is a payment stream;
© = (¥,7) is a O-achieving and mean-self-financing L?-strategy;
A = (4,¢) is a small perturbation;
(Tn)nen is an increasing sequence of partitions of [0, T tending to the identity.
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Additional conditions will be added where needed. As in Section 2, uf is the integrand
in the Galtchouk-Kunita-Watanabe decomposition of C' () with respect to M, and we
write

r™ e, A H] = AT + Ay + Ay + AYf
for each n € N by Proposition 2.2, using A as shorthand for A7".
LEMMA 3.1. Under the standing assumptions (3.1),

(3.2) lim A} = (6 — 2u")"06  Pp-a.ec.
n—oo

Proof. By Proposition 2.2, A} = Eg[(§ — 2u*?)¥* 06 |P™], and as observed in Section 1,
P increases to the predictable o-field P since (7,,) is increasing and tends to the identity.
Moreover, (§ — 2uf )t o§ is predictable and in L!(Pg) by the Cauchy-Schwarz inequal-
ity, since pf is in ©g and ([ §dM) is bounded. Hence (3.2) follows directly from the
martingale convergence theorem. m

It will later be important to know when the limit in (3.2) is nonnegative. The next
result, a multidimensional extension of Proposition 1.1 in [10], settles this; note that its
last condition on 0 is satisfied whenever ¢ comes from a small perturbation A = (4, ¢).

PROPOSITION 3.2. Assume (3.1) and fix p € Og. If u®ou = 0 Pg-a.c., then for every
0 € Og,

(3.3) (6 —21)" 06 >0 Pg-a.e.

Conversely, if (3.3) holds for every R"™-valued predictable 6 such that ([ 6 dM) and |§* o Al
are both bounded, then p*ou =0 Ppg-a.e.

Proof. If pt*op = 0, also u**od = 0 by the Cauchy-Schwarz inequality, and so (3.3)
follows. Conversely, if (3.3) were valid for every § € Og, we could choose ¢ := p and
immediately obtain p'fop < 0 so that p'fop = 0 must hold since o is nonnegative
definite. In the general case where (3.3) holds only for the smaller class of § as in the
statement, we first define

min(1, (uap)})

(wrop)s
Then 4, is clearly R"-valued and predictable, and ([, dM) = [ %06, dB is bounded
since B is bounded and 0 < 6*¢§, < 1. Moreover, we have on the set {u“au > 1} that

5* = MI{Mtro-u>0}

. 1 tr 1 . N
(0 —2p)" 06, = (#W - 2#) U#m =1-2(u"op)? < -1,

while on the set {0 < p'op < 1}, we have
(0 = 201)" 00, = (1 — 2p) opp = —pop < 0.
Since u*op > 0 Pg-a.e., the above shows that

(3.4) (6. —2u)"00, <0 Ppg-a.e. on {u"ou > 0}.
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Now let A™ = (6™, &™), m € N, be the sequence of small perturbations constructed from
0, via Lemma 1.7. Then 6™ = 0,10 ,,.11(|5.|<m} {5705, <m} L {|5trox|<m} and therefore

(0™ = 2p)" 0™ = (0u — 201)" 00u [0, 0,1 {15, | <m} {5706, <m) [ |5rroN| <m}
— (0, —2u)" 00,  Pp-a.e. as m — oo

since o, " T P-a.s. By assumption, (6™ — 2u)%¥c6™ > 0 Pp-a.e. for every m, and
therefore (0. — 2u)"0d, > 0 Pp-a.e. In view of (3.4), we must thus have u"ou = 0
Pp-a.c. m

REMARK 3.3. Combining Lemma 3.1 and Proposition 3.2 shows that lim inf,, . A} >0
holds Pp-a.e. for every small perturbation if and only if (u)*ouff =0 Pg-a.e. Equiva-
lently, this says that ([ p#dM) =0, or [ udM = 0, which means that C¥ () is strongly
orthogonal to M. This is one of the two key ingredients for the proof of Theorem 1.6.

The second key ingredient in the proof of Theorem 1.6 is to show that the terms
AL, A%, A} are all asymptotically negligible. This will be achieved by combining an esti-
mate with a general convergence result, and we now proceed to develop the latter. This
is a slight generalization of Lemma 2.1 in [10].

Asin (3.1), let (7, )nen be an increasing sequence of partitions of [0, 7] tending to the
identity. Let Y = (Y;)o<t<r be an adapted real-valued process with Yy = 0. For p > 0
and t € [0, T, the p-variation of Y on [0,t] along (7,) is

WP(Yv t) ‘= sup Z |Y;51:+1/\t - Y;fqi/\t‘p'
neN titiq1€TH

For any partition 7 of [0, 7], we also define the processes
|Y;51+1 B Y;fz Ip

Q:D[Ya T](wvt) = E _B (w)l(ti,ti+1](t)’
= tit1 t;
istit1
- ElYs., - Ya|P| Ful
Y, t) = E il . : Iie ¢ a(t).
Qp[ ,T](w7 ) titit1 €T E[Bti+1 - qu |ff7] (W) (t“tH—l]( )

Both are nonnegative and well-defined since B is strictly increasing; Q,[Y, 7] is O7-mea-
surable, and like at the end of Section 2, one readily verifies that

(3.5) Qp[Yv 7] = Eg[Qp[Y, 7] | P7].
If Y is increasing and Yr is integrable, Py = P ® Y denotes as in Section 1 the finite
measure induced by P and Y on (Q x [0,T],F @ B([0,T1])).

LEMMA 3.4. IfY is adapted, null at 0, increasing and Y is integrable, then

dPy ~ dPy
Y = Y = —
Q1Y 7] iP5 . and  Q1[Y, 7] Py

P
for every partition T of [0,T].

Proof. Since B is strictly increasing, Py < Ppg. For any t;,t;41 € 7 and D1 € Fy, |,
Y Y

ﬁ(BtH»l - Bti)IDi+1:| = EY[IDi+1><(ti,ti+l]]

7

EB[Ql[Y> T]IDi+1><(ti,ti+1}] = E[

i1

so that %hy = @1[Y, 7]. The second assertion immediately follows from (3.5). m
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PROPOSITION 3.5. Assume (3.1) and let Y be an adapted process with Yo = 0. Let
1 <r < p and suppose Y has integrable r-variation along (1,). If Y is continuous, then
(3.6) lim @Y, 7,] =0 Pg-a.e.
If in addition
(3.7 sup Q,[Y, 7] € L' (Pg),
neN
then we also have
(3.8) lim Q,[Y,7,] =0 Pp-a.e.
Proof. We first note that since p > r,
Qp [Y) TTL] S QT‘ [Y7 TTL] Sup |}/t1',+1 - Ytl |P*T’
titit1€ETH
and the second factor converges to 0 since Y is P-a.s. uniformly continuous on [0,7].
Hence it is enough for (3.6) to show that sup,,cn Qr[Y, 7] < 00 Pp-a.e. But if U denotes
the r-variation of Y along (7,,), we clearly have |Y;,,, —Y;,|" < U;,,, — Uy, and thus by

Lemma 3.4
dPy

dPB O™
The last expression is a nonnegative Pp-supermartingale, hence Pp-a.e. convergent and

therefore bounded in n Pp-a.e., giving (3.6). Due to (3.5) and (3.7), (3.8) then follows
immediately from Hunt’s lemma; see [3], V.45. m

Qr[Yy Tn] < Ql[U7 Tn] =

4. The main result and its proof. We are now ready to prove our main result, recalled
here for convenience.

THEOREM 1.6. Suppose the R*-valued semimartingale X satisfies the structure condi-
tion (SC) and let H be a payment stream. If the mean-variance tradeoff process K =
fA“d(M))\ (or, equivalently, A) is continuous, the following are equivalent for an L*-
strategy @:

1) ¢ is locally risk-minimizing for H.

2) ¢ is O-achieving and mean-self-financing, and the cost process CH () is strongly
orthogonal to M.

In particular, the concept “locally risk-minimizing” does not depend on the choice of B.

Proof. a) Thanks to Proposition 2.1, we can in both cases assume that ¢ is 0-achieving
and mean-self-financing. Fix an increasing sequence (7, ),en of partitions of [0, T] tending
to the identity and take a small perturbation A = (§,¢). By Lemma 1.7, we can (and
later shall) choose A such that e; = 0 for all t < T. Now apply Proposition 2.2 to write
for each n € N, using the shorthand A} for A7", that

(4.1) ¥ o, Ay H] = AT + A3 + AR + A},

We want to argue next that A%, A% and A} can all be neglected asymptotically.
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b) Let U := [ |§dA| = [|6*"cA| dB denote the variation of [ § dA. For t < t', we then
have | ftt ds dAg| < Uy — Uy, and the explicit expression for A3™ in Proposition 2.2 gives

Ay =Y

titit1€ETH

Z El(Us.y = Un)*| Fu]
E[Bti+1 - Bti |ft,] (tistiya]

Var[ [/ 6, dA | F ]

E[Bti+1 — By, |‘7:tz] (tistita]

titit1E€ETH
= Q2[U> Tn] .
Next use Cauchy-Schwarz and the notation Y := ([ 6§ dM) + (C*(p)) to get

2
»)

tit1 tit1
‘Cov( / 5sdM, — (CfL (o) — Cl1(9)), / 5o dA,
t; t

i

tiy1 2 - )
o[ s to-atin) (o)
ti .
S 2E[Y;1+1 o Y%'L fti}E[(UtiJrl - Uti)2 |ft1]

Combining this with the expression for A3" in Proposition 2.2 and Cauchy-Schwarz yields

n E[Y;z 1_Y;fz‘ ftz] %
451 < \/§< Z [Bt+ — By, ftv}j(ti’ti“])

titit1€™TH i+1
E[(Ui,,, — Ui)?| F] )5
X 2 d 1
(ti,tgeTn E[Bti+1 - Bti |~7:t1] (etesal
= VB(Q1[Y, 7)) % (Q2[U, 7)) 5.

Now ([ §dM) is bounded and C*(y) is a square-integrable martingale; therefore Y is

increasing and integrable so that Q1[Y, 7,] = % ’PT” by Lemma 3.4. So (Q1[Y, 7n])nen

is a nonnegative Pp-supermartingale, thus convergent and hence bounded in n Pg-a.e.
Finally, the term A} is by Proposition 2.2 always nonnegative. If the small perturba-

tion A = (d,¢) has ¢, = 0 for all ¢ < T, the explicit expression for A}" gives

An (E[ftt:Jrl §sdAs | Fi.])?
o Z E[B,,, — By, | Ft,] (tistita]

tilit1€Tn
E[(Utl 1 7Ut7)2|ftl] -
- Z E[B § — B F; ] I(tivti+1] = QQ[Ua Tn}-
titit1€Th tiv1 t; t;

Thus controlling Qs[U, 7,,] is the key to understanding the asymptotics of r™ [, A; H].
¢) We show below in step d) that

(4.2) lim Qs[U,7,] =0 Pp-a.e.
n—oo
Accepting this for the moment, let us prove the equivalence of 1) and 2). If ¢ is locally

risk-minimizing, then lim inf, ., 7™ [p, A; H] > 0 Ppg-a.e. for every small perturbation
A = (d,¢). If we choose a A such that e, = 0 for all ¢ < T, (4.2) and the estimates in
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step b) imply
lim A? =0 Pp-a.e. fori=23,4,

n—oo
and we know from Lemma 3.1 that

(4.3) lim A} = (6 — 2u")" 06  Pg-ae.

n—oo

Hence we obtain from (4.1) that (6 —2u" ) d > 0 Pg-a.e. for every § such that ([ § dM)
and [6% o \| are bounded, and thus (1) ou? = 0 Pg-a.e. by Proposition 3.2. This shows
that C*(¢p) is strongly orthogonal to M.

Conversely, suppose that CH () is strongly orthogonal to M so that (u)"ouf =0
Pgp-a.e. and thus, again by Proposition 3.2, (§ — 2u)¥06 > 0 Pg-a.e. for every § such
that (J,¢) is a small perturbation for some e. By (4.2) and the estimates in step b),

lim A? =0 Pg-a.e. fori=2,3,

n—oo
and lim inf,,_,,, A} > 0 Pp-a.e. since A} > 0. Combining this with (4.1) and (4.3) yields
for every small perturbation A that lim inf, . r™[p, A; H] > 0 Pp-a.e., and so ¢ is
locally risk-minimizing.

d) It remains to prove (4.2). Since J comes from a small perturbation and B is
bounded, both |§**cA| and U = [ [§*"cA|dB = [ |6 dA| are bounded as well. Moreover, U
is continuous (because K = [ Ao\ dB is so, by assumption) and null at 0 with bounded
1-variation so that Proposition 3.5 with 7 = 1 and p = 2 yields lim,, o Q2[U,7,] = 0
Pp-a.e. Hence (4.2) will follow from Proposition 3.5 once we prove that

(4.4) sup Q2[U, 7] € L'(Pg).
neN

But since U is increasing and dPy/dPg = |60 )|, we get from Lemma 3.4

(U, —U,)?
U7, = W 7000
Q2] ] tiytgem 11 — Bu, (tistiz]

dP,
< Ur Qu[U, 7] = Ur—o- = UrEgl[|6" oAl O™],
dPg | o,
and because Ur and |6 o A| are both bounded by some constant, so is Q2|U, 7], uniformly
in n. This gives (4.4) and thus completes the proof. m

Apart from providing a streamlined exposition, the results in this paper extend earlier
work on local risk-minimization in three directions:

1) We treat payment streams (H;)o<i<r instead of European contingent claims Hrp
due at time T, thus extending to the general semimartingale setting work done by [7]
for the case where X is a martingale. This has independently also been done in [1].
However, we point out that passing from Hy to (H) is quite simple and constitutes
no major contribution, as will again become apparent in the next section.

2) We treat a multidimensional setting with d > 1 risky assets by allowing X to be
R?-valued. The feasibility of this extension was announced in [13], but the work
has not been done in the literature so far. While technically not very difficult, it
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needs a careful formulation and treatment, and we view this as one of our two main
contributions.

3) We remove several technical conditions on the underlying price process X; only the
structure condition (SC) and continuity of A are required, thanks to the improved
formulation of the basic criterion. This is our second main contribution.

To emphasize the improvements made here, we briefly look at the classical case from [11]
where X is one-dimensional and only a European contingent claim Hr € L?(P,Fr) is
considered. In comparison with [11], we no longer need the assumption (X2) that (M)
is P-a.s. strictly increasing on [0,7], nor (X5) that X is P-a.s. continuous at T, nor
any global integrability on A or A as in (X4). We work with a smaller (more restrictive)
class of small perturbations than in [11]; but the equivalent characterization of local
risk-minimality via part 2) of Theorem 1.6 is the same as in Proposition 2.3 of [11], and
so our approach here is equivalent to the one in [11]. In particular, this also shows that

(4.5)  the notion of pseudo-optimality introduced in [13] for an L2-strategy coincides
with local risk-minimality.

5. A simple application. To round off the paper, we present in this section the link
between local risk-minimization and the Follmer-Schweizer decomposition. This is quite
simple and well known and only done for completeness. We use the same setup as in
Section 1.

DEFINITION 5.1. An Fp-measurable random variable Y € L?(P) admits a Féllmer-
Schweizer decomposition if it can be written as

T
(5.1) y =y© +/ 9dX,+ LY P-as.,
0

where V() € L?(P) is Fo-measurable, 9" is in ©g, and the process LY = (L)) is a
(right-continuous) square-integrable martingale null at 0 and strongly orthogonal to M.

Thanks to Theorem 1.6, we obtain

PROPOSITION 5.2. Suppose the R%-valued semimartingale X satisfies the structure con-
dition (SC) and the mean-variance tradeoff process K = [ A*d(M)X (or, equivalently,
A) is continuous. Then a payment stream H admits a locally risk-minimizing L?-strategy
¢ if and only if Hy admits a Féllmer-Schweizer decomposition. In that case, ¢ = (9,n)
is given by

(5.2) Y = 19HT7 n= VHT _ (,&HT)H'X
with
t
(5.3) viar .= g +/ 9ITdxX, + LT —H,  0<t<T,
0
and then
(5-4) CHy=HY +LI*  o0<t<T

Proof. If Hr has a Follmer-Schweizer decomposition (5.1), then (5.2) and (5.3) define
an L2-strategy ¢ whose cost process is given by (5.4). Hence ¢ is mean-self-financing
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and also 0-achieving by (5.1) and thus locally risk-minimizing for H by Theorem 1.6.
Conversely, if ¢ = (¥,7) is locally risk-minimizing for H, we can write the condition
Vr(p) =0 as

Hr = Cl(p / JydX, = Cl (¢ / D, dX, + (CH(¢) - Cl (),
and so we have (5.1) for Hy with
Hy =Cfl(e), 0" =0, LM i=CM(0) ~ Cfl(e);
note that LH7 is a martingale and strongly orthogonal to M by Theorem 1.6. =

Proposition 5.2 is a slight generalization (to payment streams) of Proposition (2.24)
in [4]; see also Proposition 3.4 in [13]. Apart from subtracting the process H in (5.3),
the proof remains unchanged. It is interesting to note that the extension from European
contingent claims to payment streams involves no difficulties at all and that the key
quantity to examine is only the total payment Hp. This is due to the fact that our
strategies need not be self-financing, so that any intermediate payments can simply be
added to the costs.

REMARK 5.3. Proposition 5.2 gives a link between local risk-minimization and the
Follmer-Schweizer decomposition which holds true in full generality. Finding the Follmer-
Schweizer decomposition, however, is not always easy. It has been shown in [4] and [13]
that (up to some mild integrability conditions) this decomposition can be obtained as the
Galtchouk-Kunita-Watanabe (GKW) decomposition under the so-called minimal martin-
gale measure 18, if X is continuous. For discontinuous X, the result in Proposition 5.2
is still true, but using the GKW decomposition under P may fail to give the correct
decomposition. A more detailed discussion of this issue is given in [14], whose authors in
particular point out and improve upon some incorrect work in the literature.
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