NONCOMMUTATIVE HARMONIC ANALYSIS
WITH APPLICATIONS TO PROBABILITY III
BANACH CENTER PUBLICATIONS, VOLUME 96
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2012

Q-ADAPTED QUANTUM STOCHASTIC INTEGRALS
AND DIFFERENTIALS IN FOCK SCALE

VIACHESLAV BELAVKIN and MATTHEW BROWN
School of Mathematical Sciences, University Park

Nottingham, NG7 2RD, UK
E-mail: viacheslav.belavkin@nottingham.ac.uk, pmxmbl@nottingham.ac.uk

Abstract. In this paper we first introduce the Fock—Guichardet formalism for the quantum
stochastic (QS) integration, then the four fundamental processes of the dynamics are introduced
in the canonical basis as the operator-valued measures, on a space-time o-field §x, of the QS
integration. Then rigorous analysis of the QS integrals is carried out, and continuity of the QS
derivative D is proved. Finally, Q-adapted dynamics is discussed, including Bosonic (Q = I),
Fermionic (Q = —I), and monotone (Q = O) quantum dynamics. These may be of particular
interest to quantum field theory, quantum open systems, and quantum theory of stochastic
processes.

1. Introduction. Non-commutative generalization of the It6 stochastic calculus, devel-
oped in [T} 2 @) 5] 17, 18] gave an adequate mathematical tool for studying the behav-
ior of open quantum dynamical systems singularly interacting with a boson quantum-
stochastic field. Quantum stochastic calculus also made it possible to solve an old problem
of describing such systems with continuous observation and constructing a quantum fil-
tration theory which would explain a continuous spontaneous collapse under the action of
such observation [4], Bl [§]. This gave examples of stochastic non-unitary, non-stationary,
and even non-adapted evolution equations in a Hilbert space whose solution requires a
proper definition of chronologically ordered quantum stochastic semigroups, and expo-
nents of operators, by extending the notion of the multiple stochastic integral to non-
commuting objects.

Here is the first part of an outline of the solution to this important problem by
developing a @Q-adapted form of the new quantum stochastic calculus constructed in [7]
in a natural scale of Fock spaces. It is based on an explicit definition, introduced in [6],
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of the non-adapted quantum stochastic integral, as a non-commutative generalization
of the Skorokhod integral [I9] represented in the Fock space. The point derivative of
the quantum stochastic calculus is discussed as an operator on the scaled Fock space,
and consequentially the single integral operator-kernels are derived from the operator-
kernels of the multiple stochastic integral. These quantum stochastic derivatives are then
presented in an explicit Q-adapted form, and we recover the Fermionic anti-commutation
relation as well as the Bosonic commutator of the usual adapted process.

The approach used here is similar in spirit to the kernel calculus of Maassen—Lindsay—
Meyer [15] [I7], however the difference is that all the main objects are constructed not
in terms of kernels but in terms of operators represented in the Fock space. In addition
we employ a much more general notion of multiple stochastic integral, non-adapted in
general but focusing now on Q-adapted processes, which reduces to the notion of the
kernel representation of an operator only in the case of a scalar (non-random) operator-
function under the integral. The possibility of defining a non-adapted single integral in
terms of the kernel calculus was shown by Lindsay [14], but the notion of the multiple
quantum-stochastic integral was introduced in [7].

2. Rigged Guichardet—Fock space. Let (X, ) be an essentially ordered space, that
is, a measurable space X with a o-finite measure A : Fx 2 A — A(A) > 0 and an ordering
relation x < 2’ with the property that any n-tuple (z1,...,z,) € X" can be identified
up to a permutation with a chain » = {z; < ... < z,} modulo the product measure
[T, dz; of dz := A(dz). In other words, we assume that the measurable ordering is
almost total, that is, for any n the product measure of n-tuples s € X" with components
(21,...,2,) that are not comparable is zero. Hence, in particular, it follows that the
measure A on X is atomless and we may assume that this essentially total ordering on X
is induced from the linear order in Ry by a measurable map ¢t : X — R relatively to
which X is absolutely continuous with respect to the Lebesgue measure dt on R, in the
sense of admitting the disintegration

(fot,1n)y = /Af(t(z))k(dx) = Oof(t)/\A(t) dt = (f,Aa)-

0
Here 14 is the indicator of any integrable subset A C X and f is any essentially bounded
function f : Ry — C and A — Aa(t) is defined by duality as a positive measure on X
for each t € R;. In any case we will fix a map ¢ that the above condition holds and
t(x) < t(z') if x < ', interpreting t(x) as the time at the point x € X. For example,
t(x) =t for x = (Z,t) if X = R¢x R, is the (d+1)-dimensional space-time with the casual
ordering [3] and dz = d#d¢t, where dZ is the standard volume element on d-dimensional
space R4 5 7.
We shall identify the finite chains s with increasingly indexed n-tuples (x1,...,2,)=s
with z; € X, 21 < ... < z,, denoting by X = ZZO:O X, the set of all finite chains as the
union of the sets

Xop={seX":x <... <z}

with one-element Xy, = {0} containing the empty chain as a subset of X: } = XO.
We introduce a measure ‘element’ ds = [], ., dz on & induced by the direct sum
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D A2 (A), A, € T of product measures ds = [[_; dz; on X" with the unit
mass ds =1 at the only atomic point s = 0.

Let {t, : © € X} be a family of Hilbert spaces &, let pp be an additive semigroup
of nonnegative essentially measurable locally bounded functions ¢ : X — Ry with zero
included 0 € pg, and let p; = {1+ qo : o € po}. For example, in the case X = R? x R,
by p1 we mean the set of polynomials g(z) = 1+~ cx|Z|* with respect to the modulus
1Z] = (Zx2)Y/2 of a vector & € R? with coefficients ¢, > 0. We denote by K,(g) the
Hilbert space of essentially measurable vector-functions k : z — k(z) € €, which are
square integrable with the weight ¢ € py:

Ikl (q) = (/ k() 2q() dx)1/2 < cc.

With ¢ > 1, any space K,(q) can be embedded into the Hilbert space ¢ = K,(1),
and the intersection ﬂqepl K, (q) C t can be identified with the projective limit Ky =
limy .00 Ki(g). This follows from the facts that the function [k||(¢) is increasing:
g < p = |kll(g) < |kll(p), and so K,(p) C K.(q), and that the set p; is directed in
the sense that for any ¢ = 1+ 7 and p = 1+ s, 7,8 € pg, there is a function in p;
majorizing ¢ and p (we can take for example g+ p—1 =147+ s € p1). In the case
of polynomials ¢ € p; on X = R? x R, the decreasing family {K,(q)}, where &, = C,
is identical with the integer Sobolev scale of vector fields k : R? — L?(R,) with values
k(z)(t) = k(z,t) in the Hilbert space L?(R ) of square integrable functions on R . If we
replace R? by Z¢ and if we restrict ourselves to the positive part of the integer lattice Z%,
then we obtain the Schwartz space in the form of vector fields k € K.

The dual space K to K is the space of generalized vector-functions f(x) defining
the continuous functionals

(k) = /(f(a:)\k(a:» dr, ke K,.

It is the inductive limit K_ = lim, .o K.(q) in the opposite scale {K.(q) : ¢ € p_},
where p_ is the set of functions ¢ : X — (0, 1] such that 1/¢ € p;, which is the union
qup_ K. (q) of the inductive family of Hilbert spaces K,(¢),q € p—, with the norms
IIk||(g), containing as the minimal the space K. = K,(1). Thus we obtain the Gel’fand
chain

Ky C Ki(q4) CK. CKi(qg-) C K-

in the extended scale {K,(q) : ¢ € p}, where p = p_ Upy, with ¢4 € p1, g— € p_. The
dual space KT = K~ is the space of the continuous linear functionals on K containing
the Hilbert space K called the rigged space with respect to the dense subspace K+ = K*
of K equipped with the projective convergence in the scale ||k*||(¢) = ||k||(¢) for g € p;.
We can similarly define a Fock—Gel'fand triple (F, F., F_) with
Fy= () Fle), F.=F(1), F =] F(9),
qeEPL qeEP—
for the Hilbert scale { Fy(q) : ¢ € p} of the symmetric Fock spaces F.(q) = .-, KM (q)
over K,(q), where KO (q) =C, Kﬁl)(q) = K, (q), and each K,En)(q) for n > 1 is given by
the product weight g, (z1,...,z,) =[]/, ¢(z;) on X". We shall consider the Guichardet
[10] representation of the symmetric tensor-functions v, € KE")(q) regarding them as
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the restrictions 1|X,, of the functions ¥ : » +— () € K®(») with sections in the
Hilbert products K2 () =
H$€% Q(x)’

£, square integrable with the product weight g(») =

rex

o) = ([ IwealPae ax) " < o

The integral here is over all chains > € X and defines the pairing on F; by

(W |9) = / (W(o0) | () doe, € Fy.

In more detail we can write this in the form

[wearaax=>" [ wm,...,xn>||2if[1q<mi>dxi,

=00l <. <tp<oo

where the n-fold integrals for 1, € Kﬁ”) are taken over simplex domains X,, = {s € X" :
t(zy) <...<t(xn)}

One can easily establish an isomorphism between the space F,(¢q) and the symmetric
(or antisymmetric) Fock space over K, (¢) with a nonatomic measure dz in X. It is defined
by the isometry

Ila) = (;);/-~-/||w<x1,...,zn>||21_1_11q<xi>dxi)”2,

where the functions (x4, ..., 2,) can be extended to the whole of X" in a symmetric (or
antisymmetric) way uniquely up to the measure zero due to nonatomicity of dz on X.

3. Explicit definition of QS integrals. Let h be a Hilbert space called the initial
space for the Hilbert products H, = h ® K, and G, = h ® F,. We consider the Hilbert
scale G,(q) = h® F.(q), q € p, of complete tensor products of h and the Fock spaces over
K, (q), and we put
Gy =[Gla), G- =|JG.(),
which constitute the Gel'fand triple G, C G, C G_ dual to GT C G C G~ of the
Hermitian adjoint bra-spaces Gt = G%, G =G, G~ = G*.
Let (DX)5Z. ¢ be a quadruple of functions D% on X with kernel values D¥(z) : Gy —

G_ for ¢, = C, or, if £, # C, as continuous operators

Di(z): Gy — G_, Di(z) : ¢, @ Gy — &, ® G_, .

Di(x): ¢, ® Gy — G_, Dj(z):t, ® Gy — G_. @
The continuity means that there is a ¢ € p; such that these operators are bounded from
Gi(q) 2 G4 to G(g)* € G—, where G(q)* = G.(¢™'). We assume that D (z) is locally
integrable in the sense that

Jgep:: |\D;||§}3:/Xi D7 (2)[gdz < 00Vt < o0,

where X! = {z € X: t(z) < t}, and

IDllg = sup{IDxI(a™")/lIxlI(a)}

is the norm of the continuous operator D : G,(q) — Gy(g¢~!) which defines a bounded
Hermitian form D(y;x) := (x|Dx) on Gi(q). We also assume that D2(x) is locally
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bounded with respect to a strictly positive function s of x such that 1/s € pg in the sense
that

dgep:: HDEH((JO,?)(S) = esss;gup{s(a:)||D§(x)Hq} <oo Vt< oo
reX?

here ||D||, is the norm of the operator D : £, ® G,(g) — €, ® G.(¢™'). Finally, we assume
that DS (z) and D7 (x) are locally square integrable with strictly positive function r(x)
such that 1/r € po, in the sense that

Jgepr: DY) < oo, DS (r) <00 VE < oo,

where HD|| = (fx ID()||2r () dz)'/? and ||D||, are the respective norms of the
operators

D} (2): Gulg) > & ® Gu(q™"),  Dg(w) 1 b ® Gulq) — Gulg ™).

Then for any t € R} we can define a generalized quantum stochastic (QS) integral

i\(D)= [ A(D, dz), ZA“ (D, A) (2)

Xt

introduced in [I8] as the sum of four continuous operators AZ(D‘;) : G4 — G_ described
as operator-measures on gx > A for A = X? with values

[Af(D;,A)x](ﬁ):/A[D;(x)x](ﬁ) dx (preservation),
[AF (DL, 2)X]@) = Y D(x)x](@\z)  (creation),
zeEANY

[A (DS, A)x]|(¥) = /A[D; ()x(2)](9) dz (annihilation),

[AZ(D, 2)X](@) = Y [De(x)X()](?\x) (exchange).
rzeANY
Here x € G4+,9\ z = {2/ € ¥ : 2/ # x} denotes the chain ¥ € X from which the point
x € ¥ has been eliminated, and x(z) € ¢, ® G4 is the single point split x(x) = V., or
point derivative, defined for each x € G, almost everywhere (namely, for ¥ € X: x ¢ o)
as the function

[Vax](0) = x(9Uz) = x(2,9),

where the operation s Ll z denotes the disjoint union ¥ = > Uz, >Nz = @ of chains
» € X and z € X\ » with pairwise comparable elements. Note that the point splitter V
represents the Malliavin derivative [16] densely defined in Fock—Guichardet space as the
bosonic annihilation operator b(x) : G4 — €, ® Gy by [b(x)x] (¥) = x(x,9) where one
can take x(z,9) = 0 if # € 9, and its right inverse operator [Vt (9) = ¢(x,9 \ z) with
[V;Q/J] (9) = 0 if 2 ¢ ¥ defines in this representation the Skorokhod non-adapted integral
as the creation point integral
9) = (e, 9\ )

xzed
for any ¥ € K_ ® G_. The continuity of this derivative as the projective limit map
G+ — K ® G4 and the point integral as the adjoint map K_ ® G_ — G_ will simply
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follow from the isometricity of the multiple point splitter and co-isometricity of the adjoint
multiple point integral as defined below, originally established in [7].

4. Split operator and its properties. As it is proved below, we can consider the
multiple bosonic annihilation operators b®(v) : y — x(v) eliminating several points v
in X,, with [b®(v)x](¥) = 0 if v C ¥, as partial isometries on the projective limit G
into Gf) = K®" ® G4. They are described for each v = {z1,...,2,} in terms of the
n-point split

[AMY] (@) == x@WUv) = x™(0,9), vEX,, (4)
where we put x(v) = ¥ (v) for n = |vu|. It is defined almost everywhere (¢ Nv = () on
U € X as the n-th order A, = @),¢,, V: point (or Malliavin) derivative [16] such that
A =T and AM = V. These n-tuple annihilations, densely defined as operators from
G into t¥(v) ® G, are not continuous for each v € X,, (except v = @) corresponding to
n = 0 for which ¥ (D) = I), but they define projective-continuous linear maps into the
space G_s_") of functions v — ¢(v) on X,, C X for each n € N, and therefore have the
adjoints GS?) — G This follows from the projective contractivity of the maps A :
Gy — GJ(:L), and their adjoints, such that each function x(™) = A()y is square-integrable
on X, with any gy € pg being a component of the isometric operator

@ o0
AX:/ A, xdv = APy =y,
N D

n=0
The projective isometricity of the linear operator A = [ /,? A, dv, called the multiple point
splitter,
A Gi(qo +q1) — Fi(qo) ® Gi(qr)

is established in the following lemma.

LEMMA 4.1. The linear map A : x — [AMx] defined as Ax = @, A™x in
for all v € X is a projective isometry on Hilbert scale {Gy(q) : ¢ € p} into the scale
{Fs(q0) ® Gs(q1) : qo € Po,q1 € p1} such that

[AX(g0, 1) = lIxI[(q0 + q1)-
The adjoint co-isometric operator (A*|x) = (¥ |Ax), defined on ¥ € Fi(q) ® Gi(q1)
as the multiple point integral A* =" A | is a contraction from F*(qo_l) ® Gy (q;h) into
any G, (q~Y) with ¢ > qo + q1 such that (AX)* = A™. In particular,

[A0)) = 3 i), v (5)

X, 5vCY
defines for (v, ») = (V) ® x(5¢) the n-th order Skorokhod integral

[Su(@aX](9) = D~ $a(v) @ X9\ ) = [A}(n ® X)](9)

X, 2vCY
of tn € K (q5") on x € Gulgr V).
Proof. We first of all establish the principal formula of the multiple integration

/Zf(v,ﬂ\v)dﬁ=//f(v,%)dvd% Ve LINX x X), (6)

vC¥
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which will allow us to define the adjoint operator A*. Let f(v, ) = g(v)h(s) be the
product of integrable complex functions on X of the form g(v ) [Lc, 9(x), h(3) =
[1.c,. h(z) for any v, 2 € X. Employing the binomial formula

Y gwh@\v)= " [[e@) [] n) = T](g()+h(z)),
vCY vlze=19 TEV TEX €Y

and also the equality [ f(v)dv = exp{[ f(z)da} for f(v) = [],e, f(2), we obtain the

formula,
dﬂ—exp{/(()—l—h dx // ») dv ds,

/ vCY
which proves (6]) on a set of product functions f dense in L*(X x X).
Applying this formula to the scalar product (¥(v, 5) | ¥ (v, )) € L*(X x X), we obtain

/Z (v,9\ V)| x(¥)) d = // (v, ) | x(v U 3)) dodse,

vCY

that is, (A*¢ | x) = (¥ | Ax), where [Ax](v, 3) = x(>cUv) = x(v, ). Choosing arbitrary
Y € Fi(qy) @ Gi(gy 1), we find that the annihilation operators b(v)x = [A,x] define the
isometry A : Gy(qo+q1) — Fi(qo) ® Gi(g1) with the operator A* defined as co-isometry
F*(qo_l) ® Gi(qrt) — Gi(q1) for ¢ = qo + q1 with respect to the standard pairing of
dual spaces G,(q) and G, (g~ 1):

112(d0, 1) = / / (0, 30) g0 (0)n () dv e
/an 20 (0)u(9\ v) do = /Hx W2 S ao()ar () do

vCY 'uu% o
= / Ix(®)1*(g0 + q1)(9) A = [IxII*(g0 + @1) < IxII*(@) Vg > q0+aqr.

Hence it follows that A is projective continuous operator from G4 to Fy ® G4, where
Fi =,ep, Fx(g), and in particular so is the one-point split x(z, ») = x(zUs¢) = x(, »)
from G4 to Ky ® G4, as a contracting map G,(qo+¢1) — Fi(q0) ® G«(q1) for all ¢g € po,
q1 € p. The lemma is proved. =

REMARK. Because the explicit form of both the creation and annihilation operators’
norms may not be obvious we shall review them here for the reader’s familiarization.

[Ax| (g0, 91) — sy |<7/1|AX>‘
Ixl(go +a1) o [¢ll(a " ar ) lixl(ao + @)

” ||110+Q1 = SU.p

and

[A (g0 + @)™ ") (A% | x)|
o p— = sup oy p—
(g0 a1 ) o 1Pl(go 5 a1 )lIxll(q0 + q1)
where 9 € F*(qal) ® G*(qfl) and x € Gy«(qo + ¢1), indeed A* : F*(qal) ® G*(qfl) —

Gi((go +q1)™Y) and A : Gu(go + 1) — Fi(qo) ® Gi(q1). By virtue of the fact that
(W] Ax) = (A* | x) these two norms are equal, and they are equal to 1.

INEUEE
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5. Multiple QS integrals and their continuity. We are now ready to prove the
inductive continuity of the integral (2)) with respect to D = [D¥] by showing the inequality

(35 (D)x )II( < ||D||Z,t(T)IIXH(P) >t tgtsT
s —(2 o1l (o0 . . .
s(r) = IDL I HID I () + D7 13 () + IDS1E5 (5). We will establish this
inequality as the blngle-lntegral case of the corresponding inequality for the generalized
multiple QS integral [7]

o0 = 3 [ e )]t v de; ™)

vsUvg CI*

where 9 =9 N X, X = {9 € X : 9 C X'} and the sum is taken over all decompositions
¥ =02 Uvg Uvg such that v € X' and v € X'. The multi-integrand M(v) defines the
values
M(w) = ao(H M), v=( 0 %)
vy vg

of matrix elements M:(v) = M(v)), v = |, , vl, for a decomposable triangular tensor-
operator M = M defined on matrices v; = [v”}ﬁ:: o.+ Whose elements are finite disjoint
WithU‘,jz@foru>VandWithM(,) 0 if v # @ or v_ # 0. The
other values of M(v!) are defined by a kernel-operator function M(v) of the quadruple
v = (vF)IZ¢ with continuous operator values M(v) : Gy — G_ in the scalar case
¢, = C. In the general case it is defined almost everywhere by its values on the chains

vl € X in the continuous operators

chains v#

v

Uy Vs ) @ ® ® o p®
M( U{ v ) e Qb © G — b @ © G
We will assume that these operators are bounded from G, (q) to G,(q~!) for some q € p1,
such that ||I]| = 1, and that there exist strictly positive functions r > 0, r=! € pg, and

s> 0, s~ € pg such that
IM[3,(r) = /X M (v)[5,¢(r) dv < ooVt < o0, (8)

where
1/2
M () ge(r) = (/ / esssup(s(vg)|[M(v)llg)?*r(v Uvg) dug dvo) :
xt Jat vgext
and s(v) = [[,¢, s(x), r(v) = [],c, ().

We mention that the single integral corresponds to the case

M(v)=0 Yuv: Z |vE| # 1,

nFEF vFE—
and M(x#) = D#(x) otherwise, where x* denotes one of six ‘atomic’ triangular matrices
vi(x) = [§(x)]3__0; = x having all matrix elements v§(x) empty if x # x5, but

vk(x) = x for x = x“ Note that integrand M(x!) is zero on the atomic matrices x;’

and x" , otherwise M(x) = M(x), given by the single-point kernel M(x) as a function of

K=—,0

one of the four single-point tables v(z) = (v§(x)) =} s = =

- z, 0 o 0, 0 - 0, = o 0, 0
:B+ = @ (Z) ) m-‘,— = T (Z) ) :Eo = (Z) @ ) wo = @ T ) (9)
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determined by an z € X. It follows from the next theorem that the function M(v) in
can be defined up to equivalence, whose kernel {M az 0} consists of all multiple integrands
with [[M]|7 ,(r) = 0 for all £ € R and for some g, r,s. In particular, M can be defined
almost everywhere only for the tables v = (v#) that give disjoint decompositions v =
L] uw VY 1 of the chains v € X, that is, it may have nonzero values only on v representable
in the form v = | |__. @, where @ is one of the atomic tables given by @ with indices
w, v for x € v,

rEv

THEOREM 5.1. Suppose that M(v) is a locally integrable function in the sense of for
some q,r,s > 0. Then its integral is a continuous operator T, = (M) from Gy
to G_ satisfying the estimate

ITell, = sup {”TtXH D/Ixlp)} < IMII5,(r) (10)

XE Gy (p)
for any p > r=' 4+ q+ s~1. The operator T}, formally adjoint to Ty in G., is the integral
2p(M)" =95 (MF),  MH(u) = M(v)*, [vh] = [v}] (11)

of dg(vH)M*(v)dg(v_) = M (v:), which is continuous from Gy to G_, and satisfying
M]3 . (r) = [[M||7 ,(r) for M*(v) = M(v')*, where (v})" = (vZ;,). Moreover, the
operator-valued function t — Ty has the quantum-stochastic differential dT; = dié(D) n
the sense that

(M) = M(D) +i4(D),  Dh(x) = 2" (M(xL)), (12)
defined by the quantum-stochastic derivatives D = [DH] with values acting from Gy (p)
to Gy(p~1) and bounded almost everywhere:
IDY I < Mg o), DI () < IMIG (), DI () < M50 (r)
for D=Dg and D=D%,p >r" L4 g+ s~ L. This differential is defined in the form of
the multiple integrals @, with respect to v, of the point derivatives M(x, v)) = M(v; Ux),
where x is given by one of four atomic tables @ at a fived point v € X.

Proof. Using property @ in the form

/ Z f02,vg,v])dd = ///fv UO,U+HdUV,
L vg=9
it is easy to find that from the definition (7)) for x € G4 we have

/<ﬁﬂﬁmmmdﬁ

/)(tdv+/)(Tdv+/dev / dv? <Xv Uol) | M(v)x(vs |_|v)>

/ dv+/ dv+/ dvg / dvg (M(v)*x (v Uvg) | x(vs L))
Xt Xt Xt

= [ xw) w.
that is, T} acts as 2{(M*) in with M*(v) = M(v')*, where (v}) = (vZ,) with
respect to the inversion — : (—,0,+) — (+, 0, —). More precisely, this yields |[2§(M)], =
[l (M*) ||, since ||T||, = || T*||, by the definition of p-norm and by

sup{ | (O [ Tx)|/IxIl (@)1 (p) } = sup{ [(Tx | x) |/ Ix I (2) x| () }-
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We estimate the integral (x| Tyx) using the Schwartz inequality

/||>°<(U)II(Q)IIX(U)II(Q)S_l(v)dv <X~ a)lIxls™ q)
and the property @ of the multiple integral according to which

XI5~ q) = lIxll(g+s~)
then

ool < [ [ ] s e l@ive)es v e at
< [ave [ ezuei@( ] M@)o ) s i) v dus

o o 2 d’Ui O_ 1z o
< [ ao( [ 1w [ eue o5 ) el
= [ @l + P el + 0

<esssup{ IME @)t () HIXN ™ + g+ s DX + g+ 571,
veEX

° - oy g — 1 en1/2
where [[M2(v)lq.e(r) = (Syi [e ([ye [M(0)]lq dvT)?r(vg Uvg) dug dog) /2 and d'v =
dvg dvg dvg dvy . Then since

esssup{s(v)[[Mg(v)llq,e(r)} < [IM]g.¢(7),

vEX?

and since

(LY - | (x| Tx)|

Sup —_— = _—
xec.p) IXI(P) xea, ) IXI@)IxI(p)

it follows that ||T¢||, < HM||27t(r) forallp>r~t +q+s71
Now using the definition and the property

/ x(9)dvY = x(0) + / dz/ x(x,9)d
Xt Xt Xf(ﬂ")

where y(z,9) = x (9 Ux), it is easy to see that
[(Te = To)x](?) = [(26(M) — M(0))x](?)

t(vy)<t(z) '
:/ dx {/ dvy [/ dv; (M(x3,v)x(vy L)
Xt xt(x) xt(s)

#I0xz w (e e )] b e o)

Z t(vd)<t(z) [ .
+ / {/ dv / dvy (M(x3,v)x (v, Uwvg
vyl C¥ xt() * xt(@) ( ( * ) ( )

G v v )] b ez o)

vguuigﬂ

= /X dz[DZ (2)x + Dy (@)x(2)] (9) + Y [DL(2)x + D3(@)x(2)] (9 \ ).

zeX?
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Consequently, T; — Ty = 3 A}, (D4, X"), where AL(D,A) are defined in as operator-
valued measures on X of operator-functions
t(vp)<t(z)

DL = > [ o [ s e v ues] ),

°uu° Co
t(vd)<t(z)

PrW@I0) = > [ aur [ e e e U ),

uguuj_gﬁ

acting on x € G4 and x(v) € €& ® G4, where 92 = 9N (v UvS) =9\ 03\ v]. This can
be written in terms of as
DY () = 15(M(xL)).

Because of the inequality || T[|, < [[M][5 ,(r) for allp > 7~ +g+s7" we obtain HD+||(1) <
[IM][§,¢(r), since [[DY ()], < |\M(X+)||qt(w (r)

/nD dex</ NG 2 40y (7 dx—/ dx/ M7 (@ U 0) 2400y ()

:/Xt M (0)15,6(r) dv = [IME(@)]]5,(r) = [IMIZ; () = IME(D)[15,. ().

For the estimate of DS we shall require the use of the norm

1= ( t(IIMi(vDIIS,t(T))QT(Ui)dvi)m,

9 1/2
M3 )0 o= ([ ([ esssupstopinncol, dug) riosyae)
xt N xt vgext
in particular, [[MS[|7 ;(r) < [[M]|7 (7). So we have
DS 52 () / (ING ()5 1) ()7 () de
= IMS5.:(r)% = IMS(@)[15..(r)* < [IMI3 . (r)%.
In a similar manner we obtain the estimate for D,
IDS 2 (r)* < / NS () 5,400 (1)) ()
= MG [15.6(r)% = IMZ )15, (r)* < (I3 ¢ ().
Finally, from [|[D3(z)||, < ||M(x I,¢(z)(r) we similarly obtain

(@) (1)} < [IM[G . (r)

where

D24 (5) < esssup{s(x) [M(x2)[2,
reXt

if p>r~! 4+ ¢+ s~1, which concludes the proof. m

Since T; = 24(M) the theorem obviously states that [[25(M)|l, < [[M][? (r) for all
p > % +gq+ %, and in particular for the case when M(v) = 0 if > |vk| # 1, and
M(x) = D(x). Then the result of the theorem becomes

156Dl < [ID]I3,.(r)
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and now we shall begin to evaluate the quantum stochastic norm explicitly for the
single integrand D(x),

D5 () = IDZNS + IDZ(@)]I3.. ().
One may now proceed in a similar manner to find that
IDFO)5,0(r) = 1D 162 (r) + D% [l () + [DE[7 (s).

and thus we have recovered the inequality stated at the beginning of this section.

6. Adapted and Q-adapted QS integrals. The quantum-stochastic integral @ con-
structed in [7], as well as its single variations introduced in [6], are defined explicitly
and do not require that the functions M and D under the integral be adapted. By virtue of
the continuity we have proved above, they can be approximated in the inductive conver-
gence by the sequence of integral sums 12§,(M,,), i(t)(Dn) corresponding to step measurable
operator-functions M,, and D,, if the latter converge inductively to M and D in the
poly-norm .

In fact, if there exist functions r, s with r=', s7! € py and ¢ € p; such that
M, —M]|? ;(r) — 0, then there also exists a function p € p; such that |[2§(M, —M)]|, — 0,
and we have p > ! 4 ¢+ s~! by the inequality , which implies the inductive con-
vergence th(M,,) — 25(M) as a result of the linearity of 2f.

Let Q : « — £() be a measurable operator-valued function with g-contractive
values ||Q(z)] < g(z) with respect to a positive function ¢ € p, where £(¢,) is the space
of adjointable maps in ¢,. We shall say that the integrand D(z) is Q-adapted if it has
the product form

D(z) = DA ()™ & QF,, (13)
with respect to the Fock split G = G#(*) ®Fli(a) corresponding to X = Xt®) UX¢(z), Where
D#(z)t®) .= K\ (x) is the restricted action Gt(w — G"®) of Di(z) corresponding to the

vacuum embeddings G 2) C G4+ and Gt C G_. We can now write the Q-adapted QS
integrals as a more exphc1t form of the general QS integrals (3

AT (D}, AX(9) = /A K2 (2) & Q2 ()%(4)] (") o, i
[AF(DL, ANW) = Y [KS(2) ® Q2 ()X (5)] (9",
zEANY

(14)
A° (D7, A)x](6) = /A [K: (2) ® QPG k(x U] (0°9) dz, ¢ 0,

[ASDE, 2)X](@) = Y [Ke(x) ® Q% () x(x L 30) ] (9)).
reANY
Here Q%() = @,c,. Q(z) for any s € Xy, and x(5¢,9") = x (9" U ») on the decomposi-
tion of the chain ¥ € X into 9! = {x € ¥ : t(z) < t} and s = {x € ¥ : t(z) > t} = V;. The
usual adapted case corresponds to the identity operator Q = I which we shall now refer
to as Bosonic adapted, however there are also two other basic cases of interest. The first
is the vacuum adapted case corresponding to the zero operator Q = O, and the second
is the Fermionic adapted case corresponding to Q = —I. In the vacuum adapted case
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Q® = 0% is the vacuum projector given on G, as
1 9=0
0 9 #0.

The +I-adapted integrands define the Fermionic and Bosonic fields in the Guichardet—
Fock space as

Pox](9) = x(0)3(9),  d(9) = {

AD7) =A% (D7), A(D3)=AJ(D3),
with Dy (z) = K; (z) ® Q?Ex), and DS (z) = K% (z) ® Qf%x), and the terminology used
here is justified in the corollary following the next proposition.

PRrROPOSITION 6.1. Let A(D7) and A(DS) be Q-adapted quantum stochastic integrals
with respect to a q-contractive operator Q on K. Suppose that both K7 (x) and K (z2)
are diagonal on X' such that [KS (z)x](¥) = K3 (2,9)x(¥) and [K; (z)x(2)](¥) =
K7 (z,9)x(x U V), and that the commutation [K7 (x),K5 (2)] = 0 is satisfied for each
x,z € Xt with x # z, then given constant Q = cl, ¢ € C, the c-commutator

[A(Dg), A(DT)]e = A(D)A(DT) — cA(D)A(Dy)

satisfies the equation
ADZ 0 ADE 1) = [ K @KS (0)d o (@)F (15)

if Dy (2,94 \ 2) = D3 (2, 94®)) for all x > z, and D% (2,9"*) Uz) = D% (2,9!*)) for all
z>x.

Proof. The QS integrals are defined as
[ADZ, )x](9) = / D (,9"") @ Q¥I" @ Iy (9 U w) da
Xt

and

AL ON@) = 3 DY) @ QO (@ 2)

zeY?t
Consider the quantity

ADOAD W) - [ [ K @KS (@) de s (Q)°] 0)

Xt

B / D; (x,9"") @ Q¥I"@ |l 3" D (2,9")) @ Q¥ @y (z 9\ 2) e
Xt

ze9t(=)

+ / D, (z,0")) @ Q¥IM@l 3™ DY (20" LUz) @ Q¥ Ix(z L\ 2) do

X zeﬂi(w)
where 9% = 9 N (s,t). Since Q = cl, and by the requirement that D (z,9**) U x) =
DS (2,9!?) for all z > x, we can write this as

=>. / (z,9"")) @ Q¥ DS (2,9"9) @ Q¥ @ x(z LD\ 2) da

zeyt t(z)

+> / (z,9"") @ Q®I"«@IDS (2,9*)) @ Q¥ Ix(z LY\ 2) de

zEe9t 1=
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and now we look at
c[A(DL, H)ADg, t)x] (V)

= ¢y Dz 9') @ QN / D; (a, 9"")) @ Q¥ Iy (w U\ 2) da

z€eVt Xt(2)
+e > DY (2,01) @ QI / D; (z,9"@\ 2) © Q¥ x(z L9\ 2) dz
zeot X

which we can write as

= 3 DL, 019) @ QEIrce| / D2 (2, 9'®) @ Q¥ (2 U 9\ 2) da
Xt(z)

z€Y?t

+¢ 3 D3 (2,91) @ QEle| / D3 (2,9") ® Q") x(z Y\ 2) do
€0t X
and indeed the result follows as a consequence of the commutation K7 (z),K$ ()] = 0

for each x,2 € Xt with z # 2. m

COROLLARY 6.2. In particular notice that the Bosonic and Fermionic field commutators
are obtained, respectively, in the cases where ¢ = +1 and ¢ = —1, where we have

ADZ.0.ADE O = [ K@K (@) de @17
and the monotonic field commutator, ¢ = 0, is

ADZ ) ADS 1)) = [ KT @K () de @ OF
where we have made use of the identification D*(()) = 0.

Obviously the QS integral Y(t) = i5(D) of any Q-adapted integrand D(z) is an
operator-valued Q-adapted process in the sense that Y(¢) = Y!® QY. The approximation
of this integral in the class of adapted step functions when Q = I, by continuity, leads to
the usual definition of the quantum-stochastic integral iB(D) which was given by Hudson
and Parthasarathy for the identity-adapted case with X = R, t(x) = x as the weak limit
of integral sums

t
ig(Dn):/O (D,,,dz) = ZD“z]A” i)

Here D(z;) = D, (z) for z € [xj,xj41) is an adapted approximation corresponding to
the decomposition Ry = 377} A; into the intervals Aj = [z;,2;11) given by the chain
20 =0 <z <...<Tp < Ty = 00, and DE(z)AY(A) is the sum of the operators
with functions D#(x) constant on A which can therefore be pulled out in front of the
integrals A}

In particular, for D7 = 0 = D3 and D7 = g ® 1=D° <, where 1 = I® is the unit
operator in F, and g(z) is a scalar locally square 1ntegrable function corresponding to
the case £, = C = b, we obtain the It6 definition of the Wiener integral

it(g) = / o(z) w(dz), / o) B(dz) = iy (D)



QUANTUM CHAOTIC STATES AND STOCHASTIC INTEGRATION 65

with respect to the stochastic measure w(A), A € Fx on Ry, represented in G, = Fi
by the operators w(A) = AF(A) + A° (A). We also note that the multiple integral
in the trivially adapted case M(v) = M (v) ® I® defines the Fock representation of the
generalized Maassen—Meyer kernels [9] [I7] and in the case

= =

M(v) = m(vy Uvg)dy(vy)dp(vs),  do(v) = {;

e <

hIN

it leads to the multiple stochastic integrals 2§ (M) = I§(m),
Ié(m)zz // m(xy, ..., x,) w(dey) ... w(dz,)
=0 o<ii<..<tn<t

of the generalized functions m € (J,—1¢,, G«(r), that is, to the Hida distributions [11} 3]
of the Wiener measure w(A) represented as w(A). Thus, we can consider the trivially
adapted QS multiple integrals 2{,(M) as quantum Hida operator-distributions whose prop-

erties are described in the following corollary when Q = 1.

COROLLARY 6.3. Suppose that M(v) = M (v) @ Q% where ||Q®||; =1, i.e. the operator-
function M is defined by the q-contractive ampliation of the x-kernel M with ||M||3(r) < oo,
Vi Vo \ . 4®(1= (|00 D (1° Ll 0°
M o o E (Uo U’UO)(gb_)E (Uol—lv+)®ha
v Vg
where
] _ . _ . R I
) = [ avr ([ vt [ v essuplsar @) ue)
Xt Xt Xt vgEX
for all t € Ry and for some r(v) = [[,c,7(2), s(v) = [Leps(@); 7, s71 € po.
Then the integral @ defines a Q-adapted family Ty, t € Ry, of p-bounded operators
T, = 25(M ® Q%), | Tell, < |M||5(r) for p > r= + q + s, with bounded Q-adapted

quantum-stochastic derivatives D (z) = zg(l')(M(xﬂ) ® Q®).

Proof. Since |[M(v)®Q®||, < ||[M(v)]| the result immediately follows from the inequality
1M @ QP +(r) < [|M[[;(r). =
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