NONCOMMUTATIVE HARMONIC ANALYSIS
WITH APPLICATIONS TO PROBABILITY III
BANACH CENTER PUBLICATIONS, VOLUME 96
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2012

ADDITIVE DEFORMATIONS
OF BRAIDED HOPF ALGEBRAS

MALTE GERHOLD, STEFAN KIETZMANN and STEPHANIE LACHS

Institut fiir Mathematik und Informatik
Ernst-Moritz- Arndt- Universitdt Greifswald
E-mail: malte.gerhold@uni-greifswald.de, stefan.kietzmann@stud.uni-greifswald.de,
81041036 Quni-greifswald.de

Abstract. Additive deformations of bialgebras in the sense of J. Wirth [PhD thesis, Université
Paris VI, 2002], i.e. deformations of the multiplication map fulfilling a certain compatibility
condition with respect to the coalgebra structure, can be generalized to braided bialgebras. The
theorems for additive deformations of Hopf algebras can also be carried over to that case. We
consider *-structures and prove a general Schoenberg correspondence in this context. Finally we
give some examples.

1. Introduction. Consider the x-algebra A generated by a, a* and 1 with the relation
[a,a*] = 1. One wants to define a comultiplication on the generators by

Ala)=a®14+1®a, A@)=a"@1+1®a",

but this cannot be extended as an algebra homomorphism from A to A ® A since the
relation is not respected. It is however easily checked that it can be extended as an algebra
homomorphism from A to A; ® A, with ¢,s € R and ¢t + s = 1. Here A, denotes the
algebra with the same generators as A but under relation [a,a*], = r1 for r € R. One
observes that all A; are defined on the same vector space and Ay is just the polynomial
x-bialgebra in two commuting adjoint indeterminates. This observation gave rise to the
definition of additive deformations of *-bialgebras in [Wir02] as a family of multiplications
(11¢)ter on some *-coalgebra B such that (B, p;) is a unital x-algebra with the same unit
and involution for all ¢ € R and where the main feature is that the comultiplication A
is an x-algebra homomorphism from (B, pi4s) to (B, 1) @ (B, ps). Particularly, (B, 1)
is a *-bialgebra. It was shown in [Wir(2] that all additive deformations are of the form
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pe = po * et where L is a linear functional on B ® B, and all linear functionals on
a bialgebra B such that this equation defines an additive deformation were characterized.
J. Wirth also showed that a pointwise continuous convolution semigroup (¢¢)i>o on B
with generatorﬂ 1 consists of states ¢, on B; iff ¢ is L-conditionally positive in the
sense that ¥(a*a) + L(a* ® a) > 0 for all a € kerd. This generalizes the Schoenberg
correspondence in the sense of [Sch93].

In [Ger09] quantum Lévy processes on additive deformations of *-bialgebras were
constructed and for the additive deformation on C [z, z*], discussed in the beginning,
this resulted in a pair of operator processes fulfilling canonical commutation relations.

If one wants to mimic the constructions for the algebra with two adjoint anti-commu-
ting generators, there is the problem that this is not a *-bialgebra, but a graded
x-bialgebra (see e.g. [Sch93|). In this paper we generalize the definition of an additive
deformation even to the case of a braided bialgebra in the sense of [Maj95] (resp. [FS99]
for #-bialgebras). However, we do not work with braided tensor categories, but it is
sufficient in our context to define braided vector spaces as in [Ufe04], because we are
concerned only with tensor powers of the same vector space. For more clarity we use a
graphic calculus, in the literature known as braid diagrams.

We show how the generator calculus and the Schoenberg correspondence of [Wir(2]
can be carried over to braided *-bialgebras (see Section |3|resp. |5). Whereas most results
can be proved along the lines of [Wir02] for the bialgebra case, the diagrammatic approach
gives more insight into the structure of these proofs and things get more involved in
the #-bialgebra case, where we use the definition of a braided *-bialgebra of [FS99]. Our
version of the Schoenberg correspondence (Theorem generalizes and unifies two older
versions:

e In [FSS03| there are no additive deformations allowed.
e In [Wir(2] additive deformations are considered, but no braidings.

In [Ger11] the case of B being a Hopf algebra was considered. A Hopf algebra is a bial-
gebra with antipode, i.e. a linear map S : B — B which is inverse to the identity map with
respect to convolution. In other words one has po (S®id)o A = po (id® S) o A =14.
It was shown that for an additive deformation (u¢)ier there are so called deformed an-
tipodes S, which are inverse to the identity with respect to the convolution corresponding
to gz This is still true in the braided case, as we show in Section [4]

Finally we present as an example an additive deformation of a braided Hopf *-algebra
generated by two adjoint, anti-commuting indeterminates (see Section @

2. Basic concepts. A braided vector space is a pair (V, 3) consisting of a vector space V
and a braiding 5 € Aut(V ®@ V), i.e. a linear automorphism on V ® V', which satisfies the
braid equation

(B®@id)o (id® B)o (B®id) = (id® B) o (B®id) o (id ® B).

For reasons of clarity and comprehensibility, in the following we use well known braid
diagrams (see [Maj95]) to express coherences with braidings. In this notation the braid

'That means o= eiw.
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C

equation can be visualized by

In our case we do not assume that the braiding fulfils the symmetry condition 3? = idy gy .
So we distinguish them by under and over crossing

S

Other morphisms will be represented as nodes on a string with the corresponding number
of input and output strings, e.g. for the multiplication p : A ® A — A and the unit
1:K — A on an algebra A resp. for the comultiplication A : C — C ® C and the counit
6 :C — K on a coalgebra C we use the shorthand

p=") 1=o A=A 5=

One defines Sy, : VO™ @ VO — V& @ VO™ for every braiding 3 € Aut(V ® V)
inductively by
Boo ==1idc, Brm+1 = (idv ® Bi,m) 0 (B®@idyemn),
Br0 = Bo1 :=1idy, Bpsim = (Bum @idy) o (idyen @ B1m)-
The braiding 3, , can be illustrated by the figure

~—

Note that (871),.m is its inverse.
Crucial properties for linear maps on braided vector spaces (V, 3) are the following.
A linear map f: V&™ — VO ig called B-invariant, if

(f®id) o f1m = Pimo (id® f),
and accordingly 3~ !-invariant, if
(id® f) o Bm1 = fnao(f @id).
In case f fulfils both invariance conditions, we refer to f as (-compatible.

REMARK 2.1. One can easily see that the tensor product and the compositiorﬂ of
B-invariant (resp. 3~ !-invariant and 3-compatible) linear maps is again S-invariant (resp.
(B~ !-invariant and 3-compatible). For a 3-invariant linear map f : V™ — V&7 and a
(B~ l-invariant linear map g : V¥ — V! we get

(f X g) o ﬁk,m = ﬂl,n o (9 & f)

2If the composition is defined.
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As an example for a (trivial) braiding we get the flip-operator 7(v®@w) = w®wv. Obviously,
all linear maps are 7-compatible.

To switch between two braided vector spaces (V1,31) and (Va, 32), we use the notion
of a braided morphism. A linear map f : Vi — V5 will be called braided morphism, if

(fef)opr=P2o(f®f)
Expressed by braid diagrams, this equation looks like

ERE

| [
fof LE J
I
A braided algebra (A, p, 1, 8) is a unital associative algebraﬁ (A, i, 1) and a braided vector
space (A, 3), such that 4 and 1 are -compatible, i.e.
(n®id)ofip=Po(id®@p), (d®u)ofey=po(p®id),
I®id)=pFoc(id®1), (Id®1)=pF0(1®id).

We can visualize these four conditions by

-4 -0 -l [y

The multiplication p(™ : A®" — A of n factors is denoted by p(™ (a1 ® ... ® ay,) =
ai - Qp.

Furthermore, we define M; := y and M,, for n > 2 inductively via
M, = (,UJ & Mn—l) © (ld ® ﬁn—l,l X id®(n_l))-

Then (A®”, M, 197, ﬂn,n) becomes a braided algebra.
In particular,
(A0 A M 121, 0,)

is a braided algebra, whereby M := My = (1 ® p) o (id ® 8 ® id). Note that the usual
multiplication map on A ® A has changed: We get the braiding [ instead of the flip
operator.
Dually a braided coalgebra (C,A,d,3) is a coalgebra (C,A,d) and a braided vector
space (C, 3), such that A and § are 8-compatible, i.e.
(A®Rid)of=F120(1d®A), (d®A)ofB =210 (A®id),
((@id)of=(id®6), ([d®d)ops=(d®id).

The corresponding diagrams are:

5H oM 81 b

3Note that in the following all algebra homomorphisms are unital.
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The comultiplication A(™ : C — C®™ into n factors is A (c) := (cy® ... @ cmy)-
Analogously to the multiplication map in the algebra case, we define A; := A and for
n > 2 inductively

Ap = (id ® B11 @1d®" D) o (A® Ayoy).
Then (C®™, A,,,6%™, B,,,) becomes a braided coalgebra. In particular,
(C o2y Ca Av o @ 57 62,2)
is a braided coalgebra, whereby A := A = (id® f®id) o (A ® A).
REMARK 2.2. Given a braided algebra A and a braided coalgebra C, it can be easily
shown that the opposite algebra A°P := (A,po 3,1,3) is a braided algebra and the
coopposite coalgebra C°°P := (C, B0 A, 4, ) is also a braided coalgebra. The algebra A is

said to be commutative, if 4 = p o B and the coalgebra C is referred to as cocommutative
in case o A = A.

A braided bialgebra (B, A,0,u,1,5) is a braided algebra (B, u,1,0) and a braided
coalgebra (B, A, 4, 3), such that 4, A are braided algebra homomorphisms, i.e.

Aop=peu)o(id®p®id)o (A®A) (1)
dopu=0Q®9

is fulfilled. Equation is called braided bialgebra condition and differs from the usual
bialgebra condition. In the used graphical calculus the picture

represents this equation.

A homomorphism f : (By, 1) — (B2, (2) of braided bialgebras is defined as a homo-
morphism of algebras and coalgebras such that (f ® f)o 81 = G20 (f ® f).

Let (C,A,d) be a coalgebra and let (A, u,1) be an algebra. Then for linear maps
f,9:C — A the convolution is declared by

frg=po(f®g)oA. (2)

This product gives the vector space of all linear maps from C to A the structure of a
unital algebra with unit 14. If u, A, f and g are [-invariant, this also holds for f x g,
which follows directly from Remark

If B is a braided bialgebra, B®" is a coalgebra and B®™ is an algebra for all n,m € IN,
so convolution is defined for maps R, T : B®" — B®™,

Of course C is an algebra, so there is also convolution for linear functionals on a
coalgebra. Now we get the formula

pxh = (p@yP)oA

for p,9 : C — C, since C ® C can be identified with C. For every linear functional ¢ on



180 M. GERHOLD ET AL.

a coalgebra C and every ¢ € C the convolution exponential

eiw(c) — Z Y (c)

n!

n=0

converges as a consequence of the fundamental theorem for coalgebras (see [Swe69] and
[Sch93]). Writing ¢, := e¥ for t > 0, the ¢, constitute a pointwise continuous convolution
semigroup, i.e.

Prxps = prps and  lim pi(c) = polc) = d(c)

for all ¢ € C. On the other hand every pointwise continuous convolution semigroup (¢ )¢>o0

has a generator ¢ such that ¢, := e and 1 can be recovered from the convolution
semigroup via
d o1
Y(c) = &%( ) = tli%%r 7 (¢t —0) (o)

which is defined for every ¢ € C.

A braided bialgebra H is called braided Hopf algebra, if the identity map is invertible
with respect to the convolution , i.e. there exists a linear map S : H — H called
antipode with

po(S®id)oA=15=po(id® S) o A,

REMARK 2.3. For a braided Hopf algebra (H, A, J, i, 1, S, 3) the following properties are
fulfilled.

expressed by

e The antipode S is unique and a braided algebra and coalgebra anti-homomorphism,
i.e.

Sou=pofo(S®S), Sol=1, AoS=0p0(S®S)oA, doS5S=9

are satisfied [q
e The antipode S is S-compatible, i.e.

(S@id)of=p0o(id®S), (d®S)ef=7po(S®id).

This can be visualized by

4The first equation follows from the fact that both sides of this equation are convolution
inverses of p. The third equation follows analogously to the first. The second and fourth equation
can be shown as in the non-braided case.
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e Suppose in addition that H is commutative as an algebra or cocommutative as a
coalgebra, then S? = id holds. This fact can be seen out of the following diagramsﬂ

e It can be easily seen that the braiding § is determined by the formula
f=pepo(Se(Aou)®S)o(AxA).

Now we want to define involutions on braided algebraic structures. We follow the
definition of an involutive braided bialgebra given by U. Franz and R. Schott (see [FSS03]
or [ES99), Section 3.8), which differs from that in [Maj95].

A braided *-bialgebra (B, A, S, u, 1,3, %) is a braided bialgebra (B, A,d, u, 1, 8) with
an anti-linear map * : B — B, such that (B, u,1,x) is a *-algebra and B ® B respects
the involution in such a way that the canonical embeddings B — B® B « B and A are
x-algebra homomorphisms.

REMARK 2.4. From the definition above we get the following properties concerning
braided *-bialgebras:

e If the canonical embeddings a — a®1 and a — 1®a are *-algebra homomorphisms,
we have (a ® 1)* = a* ® 1 and (1 ® a)* = 1 ® a*. Since the involution on B® B
shall be an anti-algebra homomorphism we get

(@@b)*=(a@D)(1®b) =1xb) (@x1) =1ab")(« ®1)
=pepo(idefeid)(1®b" ®a" ®1)
=B ®a")=PFo(x@x)oT(a®D).

(Note that we used the S-compatible multiplication M = (p® p) o (id ® S ® id) on
B ® B instead of the usual one.) It follows that the involution on B ® B is given by

Bo(x®x*)oT =:*pga,

where 7 is the usual flip operator 7(a ® b) = b ® a.
e Summarizing, we get an equivalent definition for braided x-bialgebras: A braided
x-bialgebra B is a braided bialgebra B with an involution *, such that

2,
(*B®8)2 = (ﬁ o(x®%*)o 7') = idggs-
The involution * is, in general, not B-compatible, but fulfils

Bo(x@%)oT=(x®@%)oToB L

SHere we use the cocommutativity o A = A. The case of commutativity o 8 = p can be
seen analogously.
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This condition contains the flip operator and the braiding. To avoid confusion, we
did not use braid diagrams in calculation with .
e Note that the multiplication x and the comultiplication A fulfil
kop=po(x®@=*)or1, Aokx=sxpgpoA.

Now we want to show a central but not obvious property of Hermitian, bilinear func-
tionals on a braided coalgebra. We call a bilinear functional K : C ® C — C on a braided
coalgebra C Hermitian, if K(a*®@b*) = K(b® a) for all a,b € C. Note that this condition
differs from K ((a ® b)*5¢8) = K(a ® b).

PROPOSITION 2.1. Suppose we have two Hermitian, linear functionals K, L on C®C on a
braided -coalgebra (C, A, 8, 3). If K is B-invariant or L is 3~ -invariant, the convolution
K x L is Hermitian, too.

Proof. That K and L are Hermitian means K = Ko (* @ *)oT and L = Lo (*® ) o T.
(KxL)o(x®@x)oT
=(K®@L)oAo(x®%*)oT
=(K®L)o(x®*®@*®@*x)o(1®@7)o(ld®®id)o (AR A)o (x@x*)oT
=(K®L)o(*x@*@+®@%*)o(T®7)o (ld®®id)o (B® )0 (x®* ® * ® *)
o(T®7)o(A®A)oT
=(K®L)o(*x@*@*Q@x)o(T®T
o(f @B Nomao(ARA
=(KQL)o(x0+x0*R*)o(TRT
omao(fl@B Ho(A®A
=(K®L)o(x®+*x®%)o(7®7)o(ild®A®id)o (*®@+x@*®x)o (id® 7T ®1id)
oty o (Br@B o (A®A)
=(K®L)o(TR®T)o (*@+xQ@+®%*) o (*xQ*R*®x)o (id®T® id)
o(id®@ ' @id)orua o (B ®B ) o (AR A)
=(K®L)o(r®7)o(id®T®id)orrgo(id®B ' ®@id)o (37 '@ B ) o (A®A)
:(K@L)OTQ,QOQQ_EOA
:(L®K)oﬁ£%oA:(K@L)OA:K*L,

o(id®BRid)o(x@*®*®*) o (TRT)

o(id®BRid)o(*@*®* Q%) o (TRT)

wherein 7(14) is defined by a @ b® c®@d — d ® b ® ¢ ® a. We used the f-invariance of K
(resp. 3~ l-invariance of L) twice at the last step. m

It follows directly from this proposition that, for a Hermitian, S-compatible, linear
functional L : B ® B — C, the convolution exponential e!* is Hermitian for every t € R,
too. We will need this in the following section.

3. The generator of an additive deformation. Let (B, A,d, u,1,3) be a braided
bialgebra. Then we call a family (u;)ier of B-compatible maps u; : B® B — B an
additive deformation, if
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Ho = K,

B: = (B, 1,1, 8) is a braided unital algebra for all ¢t € R,

Ao pipys = (@ ps)o(id®f®id) o (A®A) for all ¢, s € R,
00y " doug =46 ®J pointwise.

Assume B is a braided x-bialgebra. Then we call (ut):cr an additive x-deformation, if in
addition

o t(a*@b*) = (b®a)* forallt € R,
ie ko =po(x®@%)or.

REMARK 3.1. The third condition states that the comultiplication A is a x-algebra ho-

momorphism from B, into B; ® B, as the comultiplication on the bialgebra B ® B is
defined by A = (id® B ®id) o (A ® A).

THEOREM 3.1. Suppose that B is a braided bialgebra and (u:)ier an additive deformation.
Then there exists a B-compatible linear functional L : B® B — C given by

d 1
L=—-§ = lim —(J —0®0
ar’ o1 t=0 t—l»%l+ t< °He ®9)
pointwise. Furthermore, L fulfils
(l) Mt = :u*eiL7

(ii) L*pu=p*L,
(iii) L(1®1) =0,
(iv) L =0® L~ Lo (u®id) + Lo (id®u) — L®dJ = 0[]

If B is even a braided x-bialgebra and (pt)ier an additive x-deformation, then we have
additionally

(v) L(a®b) = L(b* @ a*).

Conversely, suppose that the [B-compatible linear functional L : B B — C on a
braided bialgebra B fulfils conditions (ii) to (iv), then (i) defines an additive deformation.
If B is a braided x-bialgebra and L satisfies additionally (v), then (i) defines an additive
x-deformation.

Proof (in the non-braided case due to J. Wirth, see [Wir02]). Let (ut):cr be an additive
deformation. It follows that

(6o p)*(0ops)=(6®0d)o (e ®ps)o A= (5®0)0Aopys =00 piss.
Thus (0 o pt)ter is a continuous convolution semigroupm which implies that there exists

a generator L = lim; g % (s — 6 ® 6) with 6 o py = etl. Moreover,

px(dop)=(p®@@om))oA=>1(d®8)o(n@u)oA=_>1d® ) oAou = .

5Condition (iv) is called cocycle property. The operator 9 is the coboundary operator in the
Hochschild cohomology associated to the C-C-bimodule structure on B, defined by «.b.3 := b
for a, 8 € C and b € B, see [Wir02].

"The continuity is just the last condition in the definition of an additive deformation.
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Analogously, (6 o ) * 4 = p¢ holds. The differentiation of
e ap=pxell, plol)=1, po(u@id) = pu o (id@ pu)

and oy = 1y 0 (* ® %) o 7 (in the x-case) at ¢t = 0 gives the properties (ii) to (v). The
[-compatibility of u; implies the S-compatibility of L.

Conversely, assume L : B®B — C fulfils (ii) to (iv). We want to show the associativity
of iy = p* et*Lﬁ First observe thaﬂ

(eiL o(id® u)) *(0® eiL) = (eiL o(u® id)) * (eiL ®9). (3)

Now we calculate iy o (id ® ji;) with braid diagrams, where  means e‘*. We get

N

The last diagram is equal to ) % (e o(id® ﬂ)) * (5 ® eiL). In the same manner, we get
e o (p ®@id) = p) ( o(p®id) ) * (eiL ® 6). Now associativity of u; follows from .
We also have
— tL (11®1) -
p(lel)=pxel*(1e1l) = plel)=1
for all ¢ € R and, obviously, pg = p is fulfilled. Now we prove that A : Byys — B: ® B; is
an algebra homomorphism

(@ ps)o A= (e @uepueel)o AW
=(rouepeel)o(idid®A®id®id) o A®
=Ao(P@ueel)oA®) = Ao (p@ef @ett)oA®)

(t+s)L

=Ao(u®es JoA = Ao gy

At last we need the implication: If L is Hermitian, B; becomes a x-algebra, i.e. us(a®b) =
1 (b* @ a*)*:
*x 0y 0 (k® %) o
—*o(u*etL) o(*®x*)oT
=sxo(u®el)o(idof®id) o (A®A)o(x®@%)oT
=(pee)o(x@*@+*)o(T@7)o(Id® F®id) o (A@A)o (*@*)oT

8Obviously, the multiplication p; is 3-compatible due to Remark

9Equation results firstly from the fact that Lo (id®Q u) + 0 ® L = Lo (u®id)+ L ® 4§
since the terms on the left and on the right side commute under the convolution, secondly from
the fact that (id ® p) and (1 ® id) are coalgebra homomorphisms and finally from the fact that
(5®K1)*(5®K2) = 5@ (K1 *KQ).
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This last expression is the same as line three in the proof of Proposition with K
replaced by p and L replaced by et. The same manipulations can be performed and we
arrive at

(n@eF)omaofyy0h=(eff@u)ofizoh=(p@el)oA=p,

using the B~ !-invariance of L. m

4. Hopf-deformations. In this section, we want to show the existence of deformed
antipodes on braided Hopf (#-)algebras and explore their properties.

Let (H, Ao, u, 1,8, 5, (*)) be a Hopf (x-)algebra. If we have an additive deformation
(1t)ter with generator L, the equation

Lo(id®S)oA=Lo(S®id)o A 4)
holds because of
0=0L (ag) ® S(aw)) @ ag))
=L (S(aq)) ®a@) — LA ®a)+La® 1) —L (apq) ® S(ag)) -
\_;6_/ T
LEMMA 4.1. Let K be a B-invariant linear functional on H@H and K := Ko(S®id)oA.
Then ~ ~
Kxpu=p*xK implies Kxid=1idx K.
Proof. First we use Ao S =0 (S®5S5)oA in order to get
Ao(S®id)ocA=(ld®A®id)o (ARA)o (S®id)o A
=([d®A®id) o (Beid®id)o (S®S®id®id) o AW
=(A2®id)o(S®S®id®id) o AW,

This allows us to calculate
(Kxp)o(S®id)oA=(K®p)o(Bo®id)o(S®S®id®id)o AW
=po(S®K®id)o A®

using (-invariance of K. Next we get
(hx K)o (S®id)o A= (n@ K)o (fa®id)o(S®S@id®id) o AW
=(id® K)o (B®id)o(id@pu®id)o (S ®S®id®id) o AW
= ([d®K)o(B®id)o(S®1®id)oA=10K
using [-invariance of p and 1 as well as the antipode equation. By combining these two
equations, it follows from K x u = pu+ K that
1oK=(urxK)o(S®id)oA=(K+p)o(S®id)oA=po(S®K®id) oA,

or in Sweedler notation (suppressing the unit)

K(a) = S(any) K (a@))ag).-
Now it follows easily that

(id* K)(a) = ay K (ac2)) = aq) (S(ae) K (ag)aw) = K(aq))ae) = (K *id)(a)
foralla e H. m
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COROLLARY 4.1. The family F; := etl'o(S®id)oA is a continuous convolution semigroup
and

Lo(S@id)oA=efo(id®S)oA =cel"
with 0 := Lo (S ®id) o A.
Proof. The continuous convolution semigroup el fulfils e!* x y = p x et. Because of
Lemma [£.1] we have F; xid = id x F}, so we get
FixFo=(F,@F)oA=clo(S®id® F,)o A® =ctf o (S® F, ®id) 0 A®
el o(idoetl ®id)o (S® S ®id®id) o AW
=elfo(idoeil ®id)o (B! ®@id®@id) o (A®A) o (S®id)o A
—ello(eff @id®id)o (f12®id)o (! ®id®id) o (A®A)o (S®id)o A
=ello(eff ®@id®id)o ([d®A®id) o (A®A)o (S®id)o A
=L @eMoAo(S®id) o A=e"0o(S®id)o A= F,,,.

The continuity of F; follows from the continuity of el and differentiating gives us the
generator 0 = Lo (S ®1id) o A.

Analogously one concludes that the functionals el o(id®S)oA constitute a continuous
convolution semigroup with generator L o (id ® S) o A. But this equals o due to (4). =

THEOREM 4.1. Every additive deformation on a braided Hopf algebra provides a family
of deformed antipodes (St)ier with

Sp=Sxe t?
where 0 = Lo (id® S) o A.
Proof. For Fy = el o (id® S) o A, we get
o (id® (Sx F_y)) o A
= (e @u)oho(id®S®F_y)oA®
— (L @p)o(idof®id)o(A®A)o(ild®S®F 4)oA®
= (@) o(idefeid)o(ideid®f)o(id®id®S®S® F_;)oA®
= (ef ®@id)o(id® ) o (i[d®T®id) o (Id® S ® F_;) 0o A®
= (e ®1)o(id®S®F_)oA®) =10 (F,®F_)oA=16.u

COROLLARY 4.2. The deformed antipodes S; of a braided Hopf algebra with additive
deformation u; and generator L have the properties

(i) Si(1) =1
(if) Spop—t =pro (St ® St)of,
(ill) Ao Sitr =(S:®S,)0foA,
(iv) if B is commutative or cocommutative, we get Sy o S_; = id,
(v) if we have a braided Hopf x-algebra, S_; o x o Sy o x = id is fulfilled.

The proof of this corollary is quite similar to the proof in the trivially braided case,
see [Gerl]].
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5. Schoenberg correspondence on braided *-bialgebras. In this section we prove
the following theorem, which generalizes Theorem 2.1.11 of [Wir(2] and Theorem 2.1 of
[ESS03].

THEOREM 5.1 (Schoenberg correspondence for additive deformations). Let B be a braided
x-bialgebra with an additive deformation (ui)ier and let ¢ : B — C be a Hermitian,
B-invariant linear functional with ¥(1) = 0. Then the following two statements are equiv-
alent:

(i) @1 :=el¥ is a state on By for allb € B,t >0, i.e. o,(1) = 1 and @y oy (b* @b) >0,
(ii) (You—+L)b*®@b) >0 forallbe kerém

Proof of ()=-(ii). The function ¢ — ¢ oy (¢* ® ¢) is positive for ¢ > 0. For ¢ € ker § this
function vanishes at 0, since

200 pio (" @ ) = (5@ 8)(c" @) = [3(0)]* = 0.
So the derivative %(g@t o i (b* @ b)) |t:0 = (Y opu+ L)(b* ®b) must be positive in this

case. m

The aim of the remainder of this short section is to prove the converse implication.
For a vector space V turn the set V := {v:v € V} into a vector space by defining

T+ AW = v+ Aw.
Now let (C, A, ¢) be a S-braided *—coalgebraﬂ Then * can be interpreted as a linear
map from C to C and from C to C. We define ¢ ® b := @ ® b and set

=(x®@%*)oTof oAox, ie. A(©) =A(c),
§:=0do0x, ie. d(e) =
B:=(x®x)oTof lo(x@%)oT, ie.

B

Then (C, A, ) is a B-braided #-coalgebra and (C ® C, (id® 7 ®id) o (A® A),0 ®6) is a
usual *-coalgebra, i.e. T o-braided *-coalgebra.

We call a linear mapping C®C — C bilinear form on C and a linear mapping C®C — C
sesquilinear form on C. For a bilinear form K we define the corresponding sesquilinear
form K := K o (*+ ®id). This is a bijection of bilinear forms and sesquilinear forms on C.

LEMMA 5.1. Let x be the convolution of bilinear forms with respect to the comultiplication
A=(d®f®id)o (AR A) on C®C and let ® be the convolution of sesquilinear forms
with respect to the comultiplication (id®@7®id)o (A®A) on C®C. For two bilinear forms
M and K on the B-braided x-coalgebra C the following is fulfilled. If M is (B-invariant,
we have

10We say that 1) is L-conditionally positive in this case.
"Here we say (-braided coalgebra and mean (C, A, 6, 3) is a braided coalgebra, since we have
to distinguish different braidings on the same coalgebra.



188 M. GERHOLD ET AL.

Proof.
MxK =(MxK)o (+®id)
=(MeK)o(ld®f®id) o (A® A)o (x®id)
=(M®K)o(id®3®id)o (Rid®id)o (* ®* ®id ®id) o (T ®id ® id) 0o (A ® A)
=Ko(id®M®id)o (*®*®id®id) o (T®id ®id) o (A ® A)
=(M®K)o(id®T®id)o (T®id®id)o (*®*®id®id) o (T ®id ®id) o (A® A)
=(MeK)o(x®ide*®id)o (id® 1 ®id) o (A® A)
= M@ I? ]
With this lemma we get for a S-invariant bilinear form K on C
K@) = eg{ (c®c)
so the following is now a direct consequence of the Schoenberg correspondence for sesqui-
linear forms on coalgebras due to Schiirmann [Sch85].

LEMMA 5.2. Let K be a B-invariant, Hermitian bilinear form on the B-braided x-coalgebra
C. Then the following two statements are equivalent:

o e!®(c*®c)>0 forallceC,t>0,
o K(c*®c) >0 for all ¢ € ker .

With this we are able to prove the Schoenberg correspondence.

Proof of Theorem [5.1], (ii) = (i). Let L be the generator of the additive deformation
(11)ter and define K := 1 o pu + L, which is a Hermitian, conditionally positive bilinear
form on the [-braided x-bialgebra B. With the previous lemma we conclude

0<eB(c"@c)=erHl (e @) = el xell (¢ @c) = el o (uxell)(c* @ ¢)
= o (" ® ),

since (popu)*L = o (Lkp) = po(uxL) = Lx(thou) and p is a coalgebra homomorphism.
From (1) = 0 it follows directly that et (1) = e/*() = ¢ = 1, since A(1) = 1@ 1. m

6. Examples. Let C be a coalgebra. An element ¢ € C is called primitive, if
Alc)=cl1+1Rec
It follows directly that §(c) = 0 for every primitive element c.

PROPOSITION 6.1. Let B be a (3-braided bialgebra with additive deformation p; = px el
and a,b € B. If a and b are primitive, we have

pi(a®@b) = ab+ tL(a ® b)1.
Proof. First let us calculate the coproduct.
Ala®b) = (id® B®id)(A(a) @ A(b))
([doA®id)(e®@l+1®a)® (bR1L+1®Db))
([doA®id)(elebel+e21l1lb+10a40b@1+1Ra®1®Db)
=ab101+a®101b+10[@b)R1+1®1R0a®b.
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Since L1 ®¢) = L(c®1) =0 for all ¢ € B and §(b) = d6(a) = 0, we get
ela@b) =@ +tL+t?/2LxL+..)(a®b) =tL(a®b)
ela@l)=el(1ob)=0
llel)=(Fod)lel)=1.

It follows that

pi(a@b) = (uxetl) (a@b) =ab+tL(a®b)1. u

Consider the polynomial algebra B:= C(x, ™) in two non-commuting adjoint indeter-
minates. For a monomial M we define the grade g(M) as the degree of the monomial M.
Then

B(M @ N) := (=1)9MIMNI N @ M

for monomials M, N defines a braiding on C(x, z*), which is a symmetry, i.e. 4 = id®id.
So f-invariance of a map is equivalent to S~ !-invariance. It is easily checked that the
multiplication is G-invariant. This is turned into a 8-braided Hopf *-bialgebra by defining
comultiplication, counit and antipode on the generators as

A(x(*)) =M el+10s™, 5(:5(*)) =0, S(z™)=—-z®
and extending them as algebra homomorphisms, resp. anti-homomorphism in the case

of S. The ideal I generated by elements of the for~m zz* + 2"z is a coideal. One has to
show 0(I) = 0, which is obvious, and A(I) C I ® B+ B ® I. Therefore we calculate

Alzz®) = A@)Al") =z2" @1 +2@z" + 8z @2") + 1 ® zz*
=" @l+zz" —2*@r+1@ax*
and analogously A(z*z) = 2"z @1+ 2* @z — 2 ® 2* + 1 ® z*2. Combining these two
equations, we get
Alwa* +2*z) = (z2* +2"2) 91 + 1@ (22" +2*2) e [9 B+ B® 1.
Furthermore, we have S(I @ B4+ B® 1) C 1@ B+ B® 1, so B := B/I is also a braided
Hopf *-algebra. A Hermitian 2-cocycle on B is given by L(z*®z) =1 and LM QN) =0
for all other monomials. We want to show that it is commuting and (-compatible.
We use the following general proposition.

PROPOSITION 6.2. Let B be a braided bialgebra and 3 be a symmetry, i.e. o3 =id®id.
The equations

BoA(a)=A(a) and BoA(b)=A(b) imply [oA(ab) = A(ab)
for all a,b € B. In particular, B is cocommutative, if B is generated by primitive elements.
Proof.
BoAoua®b) = Fo(u®u)o(deAeid)o(dsA) o)
=(uepoidepeid)o(Bef)o(id®f®id)o(id® A®id) o (A® A)(a®b)
B2,2

=(uepo(idep®id)o (3@ B)(Ala) @ A(D))
=pouo(id®feid)o(A®A)(a®b) =Aopula®b).
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The second statement is a direct consequence of the first, since for a primitive element
a€ebB

BoAla)=0(a®@1+1®a)=1®a+a®1=A(a)
and finite products of generators span B. =

In our example (3 is a symmetry and B is generated by primitive elements, so B is
cocommutative. Then also B ® B is cocommutative, as

fazoA=(deA®id)o (B F)o(id®A2@id) o (A®A) = A.
So L x p = p* L is fulfilled. To see that L is g-invariant, we only need to calculate
(Leid)o(id® ) o (Bid)(M @z* @z) = (~1)¥MM = M = (id® L) (M @ z* ® z)

for all monomials M, as L vanishes for other terms. L is obviously Hermitian. We have
now completed showing that L is the generator of an additive x-deformation.
We calculate p; = (1 ® e'F) o A. First we know from Proposition that

(" @x) =plr* @x) +tlz* @2)l = —z2* +tl = — (v @ ™) + 1, (5)

since x and z* are primitive. Next notice that p,(M ®N) can only differ from p(MQN) =
MN, when M contains a factor x* and N contains a factor x. With these two facts
we know f, because of associativity. Let M = z™(2*)™2 and N = z™ (z*)"2 with
my, ma,ny,ng € IN be two monomials. Write m = mq + ms and n = ny + no. Then

(M © N) = o () @ p™) (2™ ® (2¥)22) © (2™ @ (z%)%72))
= o (™ @ p™) (%™ @ (¢)¥2) @ (2®™ @ (z*)%"2))
_ Mgmﬂl) (x®m1 ® (x*)®m2 Q&M (x*)®nz).

Now one can use to calculate this. The x-algebra B; = (B, u¢) is isomorphic to the
x-algebra A; generated by a,a* and 1 with the relation aa* + a*a = t1. The map a — =z,
a* — z* can be extended as an algebra homomorphism ®; : C(a,a*) — B;. Since the
relation is respected, i.e.
Py(aa* 4 a*a) =z @ a* + 2* @ x) =t = By(t1),

we get an algebra homomorphism ®; : A; — B;. It is clear from our considerations on
that this is an isomorphism as it maps the vector space basis {ak (a*)' |kl € ]N} of A;
to the vector space basis {z*(2*)" | k,l € N} of B,.

Since 0 is a Hermitian, L-conditionally positive linear functional vanishing at 1, the
exponential e = § is a state on every B;. Note that this is less trivial than it seems at
a first glance because e.g. 0(p(z* ® z)) = §(—za* + 1) =t.

For every ¢ # 0 there is a unique braiding 8, on the algebra C (z,z*) of two non-
commuting, adjoint indeterminates such that

o C(x,z*) is a B4-braided *-algebra

® [3, is defined on the generators in the following way:
Byz@x)=qrex Bylz@a*)=qa* @
Byr*@z)=q¢ ' r®@a* By(r* @a*)=q ! 2" @a*.
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These equations determine 3, on all pairs of monomials due to the compatibility of the
unit and the multiplication. There exists a compatible Hopf *-algebra structure such that
A(a:( ) =20 @1+1®z™ and the ideal 1, generated by elements of the form xx* —qz*x
is a coideal with 3,(I ® B+B® IcIw® B + B ® I. Dividing by this biideal yields a
Bq-braided Hopf x-algebra B, with two g-commuting, primitive, adjoint generators. Note
that for ¢ = —1 the previous example is obtained. But for ¢ # +1 a multiplication pu;
on B, such that
wra* —gr* @x) =tl
cannot be 3,-compatible, as it would follow that
(e ®id) o (id® By) o (B ®id)(z® (z®@2* —ga* ®2)) =¢* tl ®x,

(Bg)1,2

but
Beo(id@m)(z@(z@a" —qa* ®r)) =tl Q.

So this can only work for the considered cases ¢ = +1. Stgl our version of the Schoenberg
correspondence applies to the braided Hopf -algebras (B, 8,) and (B, 5q)-
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