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Abstract. In this paper we present an entropic description of quantum state obtained by inter-
action of one mode of quantized electromagnetic field with two two-level atoms inside a cavity,
known as Tavis—Cumming model. Wehrl entropy has been calculated analytically and investi-
gated as a function of the average value of the photon number operator. Husimi’s @) function
has been calculated and compared with the behaviour of the field entropy.

1. Introduction. An interesting fundamental theoretical model of the interaction be-
tween two quantum systems is Tavis—Cummings model (TCM) |21] which describes the
interaction of a single mode of quantized electromagnetic field with an ensemble consist-
ing of two two-level atoms. Within the rotating wave approximation and under certain
initial conditions this is an exactly solvable model and the understanding of the dynamical
evolution of the TCM may throw some light on the performance of quantum informa-
tion processing which in its turn may help the understanding of fundamental quantum
mechanics. The one atom case which is the well known Jaynes—Cummings model and
can be considered as a bipartite entanglement system has been widely investigated for
initial pure states and mixed states of the field. The correlation that develops between
the atom and the field during the interaction in the Jaynes—Cummings model is responsi-
ble for interesting properties in the evolution of the micromaser where measuring atomic
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properties one can infer information concerning the field. Such an analysis is also possible
for TCM which can be considered as a tripartite quantum system. Quantum correlations
have been studied in this entangled tripartite quantum system by Coffman et al. [7].

Ever since the mathematical formulation of Heisenberg uncertainty relation the stan-
dard deviation was considered to be the natural measure of uncertainty related to quan-
tum fluctuations. Important effects in quantum optics such as squeezing and antibunching
have been defined in terms of standard deviation. One can also formulate with the help
of standard deviation measures of quantum uncertainty such as total noise or uncertainty
radius, surface and volume. However, it has been observed that the entropy rather than
the standard deviation is more reliable parameter to characterize the fluctuation of the
field and nowadays this alternative approach based on the concept of entropy is studied
extensively.

A good measure of purity of states is governed by Von Neumann quantum-mechanical
entropy [142(3}(81/9,/10,/11L[12}[15,/16}17.[18]191/23,/24] as it gives zero for all pure states and
does not distinguish different types of pure states. On the other hand Wehrl defined a
classical analogue of the Von Neumann entropy associated with a quantum state of the
system which in terms of the Husimi (@) function can be written as

S = f%/Q(a) InQ(a) d*a.

The definition above is justified as we know that Husimi (@) function does not take
negative values for any «. The definition of Wehrl entropy [4,5}/6/13}[14120,/22] shows the
unique role played by coherent states |a) as the @) representation of the density operator
is defined by

Q) = {alpla)

with the normalization condition
1
- /Q(a) d*a = 1.
T

In this paper we shall investigate the Wehrl entropy of the state generated by the
interaction of the single mode of radiation field in a cavity which contains two two-level
atoms (TCM) to understand the dynamical nature of the evolved TCM state. In the
process we calculate analytically explicit value of the Wehrl entropy of the evolved state.

2. The state vector. We consider a single mode of quantized electromagnetic field
interacting with an ensemble consisting of two two-level atoms. This model is known
as Tavis—Cumming model or Dicke model. In rotating wave approximation the total
Hamiltonian (assuming % = 1) describing the atom-field system is given by

H = Hy + Hy, (1)
where
Ho = we, le1){e1] + wg, |91)(g1] + we, le2) (e2] + wy, |g2) (g2 +vala (R =1), (2)

and
Hy = X (alen)(g1| + a¥|gr)(er]) + A2 (ale2)(g2] + a™]g2)(e2) (3)
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Fig. 1. Interaction of one mode field with two two-level atoms

Here a' and a are, respectively, the creation and annihilation operators for the field of
frequency 7. |m)(m = ey, g1, €2, g2) are the eigenstates of the atom with eigenfrequencies
wm(m = e1,g1,ea,92), and A\.(r = 1,2) are the corresponding coupling constants. We
assume the coupling constants A; and Ay to be same and real throughout the paper.
Then interaction Hamiltonian H; takes the form

Hy = Xa(lex){g1] + le2)(g2]) + Aa™ (lg1) (ex] + |g2) (e2]) (4)

The state vector of this atom-field coupling system at time ¢ can be described by

|¢(t)> = Z(Ce1ezn|ela €2, n>+C€1g2"|617927 n>+Cg1€2"‘glv €2, n>+09192n|gla 92, n>) (5)

n

Substituting equation in the Schrédinger equation we get

d
J g [@) = Hi[(1)). (6)
Substituting in @ we get

iCerean = Wn+1(Ceyganit + Coreant1) (7)
iCerganit = AW+ 1Ce epn + AW +2Cygunio 8)
iCgresntt = Wn+1Ceiemn +MWn+2Cy gonta 9)
ZCV.ngszrl =AWn+1 (Cglew + Ce1gzn) (10)
From @, , @D and we now have

Celgszrl = Cgl€2n+1 = dlei)\ 22n+3)t + dZe_M 2@+t (11)

If the atoms are initially in the state |1)4(0)),
1
[14(0)) = ﬁ(|€192> + |g1e2)) (12)

which means that the atoms are in the coherent superposition state of their eigenkets
lerg2) and |gres), and the field is in the superposition of the photon number states at
time t =0

[0 (0)) =Y Faln), (13)
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where > |F,|* = 1, then the state vector of the total system at ¢ = 0 can be described
as

00 = X [ Fuler, ga.m) + = Fulgnseam)]- (1)

n

Finally we get

Corern(®) = 1/ 2L (1~ cos(MVAT T 6)) F, (15)

2n+3

Cergant1(t) = Corepnia (1) = % sin(Atv/An + 6)F, (16)
n—+2

Cyrgont2(t) = T3 (1= cos(\tvVAn + 6)) F, (17)

where F,, = ¢~1o%/2 - //n! for coherent field.

Substituting the values of Ce,eyn(t), Ceygon(t), Corean(t) and Cyy g,y from (I5),
and respectively in equation we can obtain the state vector of the system at
time t.

Now after the interaction with the field if we detect the atoms in the ground state
|g1g2) after time ¢; then effectively atoms absorb no photons but project the cavity field
into the state

1 oo
[P(t1)) = 5 Z Corgan+2(t1)|n + 2)
n=0

) (18)
= 121/ nt2 (1 = cos(At1vV4n + 6)) Fy[n + 2)
) = 2n+3 ! "
The atom collapses in the ground state |g1g2) with maximum fidelity
o0 mtZ (1 — cos(Mtv/4n + F,|?
Fidelity = Lo Fs ( ©)"IF% 19)

E;O:O{(l—cos()\t\/éln—i—ﬁ)) + 2sin? (\t\/4n + )}|F |2

and we assume that the maximum fidelity occurs at ¢t = ¢;.

3. Husimi distribution and Wehrl entropy. To describe Wehrl entropy we need to
first calculate Husimi @) function

2
v)= | (v|v(t1) |
—laf *IVIQ 2y 2 (20)
e n+2
= 1 — cos(At1v4n + 6 ‘
‘Z\/Qn-i-fi ! ))«/n'(n+2)

o
where 7? = Zo |Cg1gan+2(t1)]?.
=
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Now
1 2,02 > |V|n+2|a|n 2
~ = —lal=lvl ( —)
v e a,
Qv) p 2 o) fla,m)
_ ie—\alz—lll\2{i i (21)
o0
|V‘m+n+4|a|n+m
+2 } a, .
Now we have
! i L& o ot
1 W d2 = = fla,my)e F( ) 22
7T/Q( ) gz J(asm) H;O Jrtml(n + 2)/(m + 2)] 2 22

Let us now choose f(a,n1) such that L [ Q(v)d?v =1.
From we now have

_ o jer| v |t n+m+6y] "
flaom) = el L;O \/n!m!(n+2)!(m+2)!r( 2 ﬂ (23)

Substituting the value of f(«, 1) in we get

|V|n+m+4|a|n+m

Q) =x-e I > Vlml(n +2)(m + 2)!

n,m=0
where
= { i |a|n+m 1ﬂ(n—l—m—i-6)}—1
! wZ o V/ntml(n 4 2)!(m + 2)! 2 :

We now plot Husimi @ distribution for different values of square root of mean photon
numbers |a| = 1,3,5,7 and observe the rapid change of the shape of the distribution as
|| changes.

Fig. 2. Plot of @ distribution for |a| =1 Fig. 3. Plot of @ distribution for |a| =3
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Fig. 4. Plot of @ distribution for || =5 Fig. 5. Plot of @ distribution for || =7

Then
|V|n+m+4|a|n+m

Vnlml(n +2)(m + 2)!

Q) =lny—v>+mn »_

n,m=0

(25)

Now
|V|n+m+4|a|n+m
Vnlml(n + 2)!(m + 2)!

|V|n+m+4|a|n+m

QW) mQ(v) = xIny-e M 37

n,m=0

2,- vl

St ) Jalml(n 1 2)1(m 1 2)!

n,m=0

(26)
e |V|n+m+4|a|n+m e |V|n+m+4|a|n+m

e -In .
X 2 N CEICES 2 Jalml(n £ 2)1(m + 2)!

n,m=0 n,m=0

We now calculate Wehrl entropy of the field as follows:
From we substitute the value of Q(v)InQ(v) in the formula

S = —%/Q(V) InQ(v)d*v

_ooxInx ey
S AP

n,m=0

X —|v|?
+ /1/ e E

n,m=0

© n+m+4| ., |n+m
_K/e—lvf 3 v |af
™ Valml(n + 2)!(m + 2)!

n,m=0

|V|n+m+4|a|n+m
V/nlml(n +2)!(m + 2)!
|V|n+m+4|a|n+m

\/n!m!(n + 2)!(m + 2)!

2y

2y

|V|n+m+4|a|n+m

> Jrlml(n 1 2))(m + 2)!

n,m=0

2y

=L+ I+ Is.
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Now, we put v = re? and d?v = rdrdf to get

n+m+4 n+m
I =— m/ d9/ o rdr
Syt 0 Vnlml(n +2)!(m +2)!
= iy Y A p(rimt)
Vo= o/ nlml(n 4 2)1(m + 2)! ’ 2
Similarly
(Y (i)
nmo\/n'm'n—i—?)(m—&—Q) 2 .
Again

|y|n+m,+4|a|n+m
Vnlm!(n +2)I(m + 2)!

|V|n+m+4‘a|n+m

:_7/ 2 Z

n,m=0

x In 2y
an—O Vnlml(n +2)1(m + 2)!
n+m
N Z || F(n+m+6>‘y<n+m+6)
nmo\/n'm'n+2)(m+2) 2 2
n+m 6
—2a0X Z |Oé| F<n+m+ )
Wyl Vnlml(n +2)!(m + 2)! 2
o0 n+m+1
0 Vnlml(n +2)!(m + 2)! 2
s n+m+2 8
wZo V/nlml(n +2)!(m + 2)! 2

where the function ¥(z) is defined by

and the values of the coefficients a; are given in the following table:

Coefficient | Numerical Value Coefficient | Numerical Value
ag —0.346574 ar —4.02432 x 10~7
ay 0.57735 as —3.0295 x 10~8
az 0.0374575 agy 8.10708 x 10~
as —0.000996473 aio 2.46262 x 10710
a4 —0.000240473 ai —1.58362 x 10~ 10
as 0.0000196618 ai2 1.29067 x 10712
ag 2.68953 x 1076 : :
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(29)

(30)

(31)
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From , , and we get

o0
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n+m
s=m( 'y o p(ttm oY)
wo V/nlml(n 4 2)!(m + 2)! 2
> ||t n+m+38

+X

woo V/nimli(n +2)!(m + 2)!

it

)

oy Z ||t n+m+6)w(n+m+6)
o i 2 m Dl 2 2 (32)
72a0
n+m-+1
~2ay Z || F(n—l—m—l—?)
n,m= 0\/n'm'n+2) (m+2) 2
n+m+2
im0 V/niml(n + 2)I(m + 2)! 2

We shall now plot Wehrl entropy with respect to the square root of mean photon

number |« of the initial field.

70

Wehi's entropy

Wenit's entropy

o 10 20 30 40 50 60 70 80

lee|

Fig. 6. Plot of Wehrl entropy

neglecting the smaller coefficients of a;

Fig. 7. Plot of Wehrl entropy
for short range of |«|

4. Conclusion. We have thus studied the dynamical evolution of Tavis—Cumming state
and studied the fluctuation of the evolved state. Using the coherent states we have ob-
tained different forms of Husimi distribution functions of the evolved TCM state explicitly
for the values |o| = 1,3,5,7 and observe the rapid changes of the shape of the distri-
bution as || increases. We have calculated Wehrl entropy analytically and plotted by
neglecting smaller coefficients as well as for short range of square root of mean photon
number. In the limit || — 0, the Wehrl entropy goes to 1.8475. Wehrl entropy is useful
to understand the intrinsic state fluctuation which in its turn generate some information

theoretic measurement.
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