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Abstract. We derive the asymptotic spectral distribution of the distance k-graph of
N-dimensional hypercube as N — oo.

1. Introduction. For a given graph G = (V, E) and a positive integer k the distance
k-graph is defined to be a graph GI¥l = (V, E[F) with
E[k] = {{xvy} X,y € Va 8G($,y) = k}v
where dg(x,y) is the graph distance. In this paper we focus on the asymptotic spectral
distribution of the distance k-graphs of the N-dimensional hypercube as N — oo. The re-
sults are viewed as concrete examples of limit distributions obtained along with quantum
probability theory [5].
The N-dimensional hypercube is a graph G(N) = (V) E(N)) where

V(N) = {Z‘ = (5175% R 7§N) : gl € {Oa 1}}7

E™ = {{z,y} : 8(x,y) = 1},
and J(z,y) is the Hamming distance defined by

dz,y)=[{1<i<N:&#ni},
xz(flv&?a”'aﬁN)a y:(77177727'~-;77N)€V(N)~

The N-dimensional hypercube is also called the Hamming graph H(N,2). For 1 < k < N,
let GIVF) = (VIV) E(VE)Y he the distance k-graph of the N-dimensional hyper-
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cube G(N). We see easily that GVF) is a regular graph with degree (JZ) Note also
that G(VF) is not necessarily connected.

Let A%) denote the adjacency matrix of GVF) = (V(N) EN:K)) We are interested
in the spectral distribution (eigenvalue distribution) of the normalized adjacency matrix:

—1/2
NY T g
k

and its limit distributions as N — oo. The main result of this paper is the following

THEOREM 1.1. For k = 1,2,... let ux be the probability distribution of the random
variable defined by

VoRRL T \V2
where Hy(x) is the k-th Hermite polynomial and X is a random wvariable obeying the
standard normal distribution N(0,1). Then

—m/2 400
lim (k,) gptr((A(N’k))m) = / ‘Tm,u‘k(dx)v k’m: 1a25"'a

N—oo s

where @y, is the normalized trace.
Setting k = 2, we obtain the following

COROLLARY 1.2. The normalized asymptotic spectral distribution of the distance 2-graph
of the N-dimensional hypercube as N — oo is given by

1 V2z +1
S — exp(—T> L1 /5 100 (@) d,
T(vV2z +1)

i.e., the normalized x3-distribution.

p2(dx) =

The result in Corollary Was shown first by Kurihara—Hibino [6] by means of quan-
tum decomposition but the result for an arbitrary k& > 3 has not been yet obtained. The-
orem answers this question. Our proof is based on direct computation of the spectral
distribution of the N-dimensional hypercube. It was also shown in [6] that the asymptotic
spectral distribution of ANN=1 as N — oo is the Gaussian distribution. This type of
asymptotics is different from that of Theorem In this connection it seems interesting
to investigate the asymptotic spectral distribution of AXN5) as N — oo, k — oo with
kE/N — A\

2. Adjacency matrices. The N-dimensional hypercube GV is isomorphic to the
N-fold direct product of the complete graph with two vertices:

GN) = Ky x ... x Ky (N-times).

Since the adjacency matrix of K» is given by

0 1
el
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the adjacency matrix of G(N) is expressed as

N
A=Y"TI®..@l9RoI®...®l (1)
where R sits at the i-th position and I denotes the identity matrix. Similarly, for k£ =
1,2,..., N the adjacency matrix of GS\],C) is expressed as
AWNE) — Z I®..9l3R®I®..I9R®I®...Q1,

1<i1<i2<...<ip, <N

where R appears k times and sits at the ¢;-th, is-th, ... ¢5x-th positions. Whenever there
is no confusion, we write for simplicity

AF) = AR g = gD = AN 7= 40) = 4(NV.0),
LEMMA 2.1. For a fited N > 1
A =1 AD = 4,
AA® = (k4 1D)A*H) L (N —k+1)A® Y k=12, N-1
Proof. By direct computation. We need only to note that R2 = 1. m

3. Krawtchouk polynomials. Following the standard notation [2, B], for an integer
N >1and 0 < p < 1 we define the Krawtchouk polynomials ng’p)(a:) by

k%N,P) (I‘) — Z ( N)" k(‘r —k+ ]‘)k pnfk(l 7p)k

= (n—k)k!
:(—p)n<]7\z>zW}?_k:;x"—i—(lower), n=20,1,2,...,N.
= ! !

It is known that {k,(lN’p) (£) :n =0,1,2,..., N} are the orthogonal polynomials with
respect to the binomial distribution B(N, p), i.e.,

N o _ (N n
Zk(N,p) k(NJ))( )( >pw(1_p)N = ( )p (1 =p)"0mn -
x n
Moreover, the three-term recurrence relation holds:
KV (2) = 1,
k%N’p) (r) =z —pN
N,
kNP (2) = (n+ DESP ()
+ (pN +n = 2pn)k{NP) () + p(1 = p)(N = n + DELD (2).
Now we set

N
KN (z) = 27l k(N2 (L) n=012,. N

2

)
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The first five are given by

K (@) =1,
KV (@) =z,
KéN)(LE) =22 — N,
KN(2) = 2® — (3N — 2)a,
KM (2) = 2% — (6N — 8)2% + 3N (N — 2).
LEMMA 3.1. {Kr(LN)(x)} are the orthogonal polynomials with respect to
N
=y () g o @)

Here mean(fy) =0 and var(Sy) = N.
Proof. Straightforward by variable change. m
LEMMA 3.2. {K»ELN)(.’L')} fulfil the three-term recurrence relation:
K@) =1, KV @) =,
KM (@) = K3 () + (N =0+ DK, ().

Therefore, the Jacobi parameters of {K,(lN)(:r)}, or equivalently, of BN are given by

wp = (N —=n+1)n, 1<n<N,

an =0, I1<n<N+1.
Proof. Straightforward from the three-term recurrence relations of A )(x) mentioned
above. m

LEMMA 3.3. The adjacency matriz of the distance k-graph of the N -dimensional hyper-
cube GWN) s given by
1
AWR) — EK,(CN)(A), k=0,1,2,...,N,

where A in the right-hand side is the adjacency matriz of GIN).
Proof. Straightforward from Lemmas and "

4. Proof of the main result. We start with

LEMMA 4.1. Let N > 1 be a natural number. Let A = A = AN e the adjacency
matriz of the N-dimensional hypercube GN). Then the eigenvalue distribution of A co-

incides with By . Therefore,
+oo

pi(A™) :[ 2™ B (dx), m=12,.... (3)

0 1
Proof. Since the eigenvalues of R = L O] are £1, we see from that —N + 2j is an

eigenvalue of A with multiplicity (]]V ). The assertion is then obvious. m
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Combining Lemmas [3.3] and we obtain

+o0 m
pula™0y) = [T EO@) v, w2 @

Let By be the normalization of By, i.e.,
N
~ N\ 1
By =3 <j)21v5¢mzj/m~
=0
Note that mean((y) = 0 and var(Gy) = 1. Then, after the change of variable (@) becomes
N —m/2
(k) e ((A)™)
+oo

:{k!N(N_1)...(N—k+1)}*m/2/ (K ()} B (da)

= {kIN(N —1)... (N — k+ 1)} ™/2 /%O{K,SN)(\/NJU)}WL B (da). (5)

Our task is now to compute the limit as N — oo.
As usual [2, B], let {H,,(z)} be the Hermite polynomials defined by the three-term
recurrence relation:

Hy(x) =1, Hi(x) =2z,
20H,(x) = Hp1(x) + 2nH, -1 ().
For normalization we set

Hy(z) = 2‘”/2Hn(%), n=0,1,2,....

LEMMA 4.2. {H,(z)} are the orthogonal polynomials with respect to the standard Gaus-
sian distribution N(0,1) and are normalized as H,(x) = z™ + (lower). Moreover, the
Jacobi parameters are given by w, =n and a, =0, n=1,2,....

Proof. Easy. In fact, we have
Ho(z) =1, H(x) =2z,
cHy(z) = Hyir(z) + nH,_1(x),
from which the assertions are obvious. m
LEMMA 4.3. For each k=10,1,2,...
Hy(x) = lim_ NF*2KN (VN ).
Proof. Straightforward by comparison of the three-term recurrence relations satisfied by
{Ay()} and (K" (x)}. =

LEMMA 4.4.

+o0 " 1 +o0 2/
lim ™ de) = — zMe " /4 dx, m=1,2,....
N / A (dz) V2T 10@

—
00700

Proof. This is a variant of the de Moivre-Laplace theorem (central limit theorem). m
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We are now in a position to compute the limit of . By virtue of Lemmas and
[£.4 we obtain

—m/2
im () eea®9m)

N—oo
400
= Jlim {KIN(N ~1)...(N —k+ 1)}*"1/2/

— 00

(K WN )} ()

+oo 5

Therefore, the probability distribution gy in the main theorem (Theorem coincides
with the distribution of

. X
ENY2 (X)) = (28K V2 H, (7)
(k) K(X) = (27K!) W5
where X is a random variable obeying N(0,1). Thus the proof of Theorem is com-

pleted.

REMARK 4.5. The probability distributions uy were obtained by Hora [4] in the study
of asymptotic spectral distributions of the adjacency operators related to the infinite
symmetric group. It is plausible that our result is generalized in terms of quotient spaces
of the symmetric groups.

REMARK 4.6. It is well known that the k-th distance matrix A®*) of a distance-regular
graph is a polynomial of its adjacency matrix A = AM see e.g., [1]. In fact, the
N-dimensional hypercube is a Hamming graph H(N,2) so is distance-regular, and the
polynomials are explicitly obtained in Lemma |3.3] From this aspect our argument in this
paper is apparently applicable to a more general class of distance-regular graphs.
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