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Abstract. In the present paper, we consider an approximate system of one-dimensional simpli-
fied tumor invasion model, which was originally proposed by Chaplain and Anderson in [1]. The
simplified tumor invasion model is composed of PDE and ODE. Actually, the PDE is the balance
equation of the density of tumor cells and the ODE describes the dynamics of concentration of
extracellular matrix. In this model, we take into account that the random motility of the density
of tumor cells is given by a function of space and time, that is, it is not a positive constant.
Moreover, the PDE contains a (nonlinear) function which describes the proliferation as well as
the apoptosis of tumor cells. Our main objective is to give the local existence and uniqueness of
the solutions to the approximate system.
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1. Introduction. We propose the following one-dimensional tumor invasion model de-
noted by (P):={(1)—(5)} throughout this paper:

(1) ny = Lp(x,t)nm - n(@(v))x}m + F(x,t,n,’u) a.e. in Qr = (7L7L) X (O’T)v

2) ve=vn ae inQr,
(3) [prs — n(p(0)))(£L,t) = 0 ae. t € (0,T),
(4) n(2,0) = no(x) ae. z € (~L,L),
(5) v(z,0) = vo(z) ae. z € (—L, L),

where p is a non-negative and bounded function from (—L,L) x (0,T); ¢ is a function
from R into itself; F' is a function from (=L, L) x (0,7) x R x R; T, L and v are given
positive and finite numbers; ng and vy are the prescribed initial data.
Phenomenologically, n and v reflect the density of tumor cells and some quantity
concerned with the concentration of extracellular matrix, respectively.
This system comes from the following one-dimensional tumor invasion models, which
is one of the simplified models proposed by Chaplain and Anderson in [1]:

(6) ne = [Dypng —nx(f)fele a.e. in Qr,

(7) fo=—vmf ae. inQr,

(8)

9) wp = Dymgg + 0(m, ) — k(m,u) —eu a.e. in Qr,

my = DMy, + g(?’l, m) - ]’L(’I’L, m, f) - k(mv U) a.e. in QTv

where f, m and u are the densities of extracellular matrix, enzyme denatured extracellular
matrix and endogenous inhibitor, respectively. D,,, D,,, D, and € are positive constants
and g, h, k and £ are non-negative functions.

Now, we do not consider the existence of endogenous inhibitor, namely, v = 0. More-
over, we assume that tumor cells directly denature extracellular matrix. Roughly speak-
ing, we identify the behavior of enzyme denatured extracellular matrix as that of tu-
mor cells. Then, we derive the following simplified tumor invasion model denoted by

(SP) = {(10), (11)}:
(10) ng = [Dpng —nx(f)fe]: a.e in Qr,

(11) fi=-vnf ae.in Qr,

There are several papers, for example [2, 3, 4, 5], in which the authors treated (SP).
In the present paper, we propose the following one-dimensional tumor invasion model
of Chaplain-Anderson type:

(12) ng = [p(x,t)nx—x(f)nfx}x+F(z,t,n, f)
with (11). The differences between (6) and (12) are the following two facts:

1. The random motility of n, denoted by p in (12), is given by a function of space and
time in (12), but in (6) it is a positive constant D,,.
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2. (12) contains a (nonlinear) function F, which describes the proliferation and the

apoptosis of tumor cells.

By putting v = —log f, o(r) = x(e™") (Vr € R), where x is a primitive of x,
and F(x,t,n,v) = F(z,t,n,e""), we can easily derive (1) and (2) from (12) and (7),
respectively. Namely, we can consider {(7), (12)} as one of the special cases of the form
{1V, @}

Next, we give the notation and the mathematical assumptions on the prescribed data.

We denote by H := L?(—L, L) a Hilbert space with the usual L?-inner product (-, -) g
and the norm || - ||z, and by V := H'(—L, L) a Hilbert space with the inner product
(+,-)v given by

(21,22)v = (21,22) 1 + K((21) 2, (22)2) 1, V21,22 € V.
Moreover, we denote by || - ||y, V* and (-, )y~ v the norm of V induced by (-,-)v, the
dual space of V' and the duality pairing between V* and V, respectively.

We suppose that the functions p, ¢, F' and the initial data ng, vy satisfy the following
conditions:

(A1) p is a bounded function from (—L, L) x (0,T) into [0,400), that is, there exists a
positive constant ¢; such that
0 < p(x,t) < e, a.e. (x,t) € (—L,L) x (0,T).

(A2) ¢ is a Lipschitz continuous C! function from R into itself whose Lipschitz constant
is denoted by L(yp). Moreover, we assume that the derivative of ¢, denoted by ¢,
is also a Lipschitz continuous function whose Lipschitz constant is L(¢’).

(A3) F is a continuous function from [-L,L] x [0,7] x R x R into R. Moreover, we
assume that

F(x,t,0,r) =0, V(z,t,r) € [-L, L] x [0,T] xR
and there exists a positive constant co such that
|F(z,t,m1,81) — Fa,t,re,89)| < ea(|r1 — 1o + |81 — s2|) s
Ve € [-L,L], Yt € [0,T], Vri,s; e R (i=1,2).

(A4) ng € V.
(A5) vg € V.

From (A1), it is difficult to show the existence and uniqueness of solutions to (P). So,
in the present paper, for each x > 0 we consider the following approximate system of (P),
denoted by (P),:={(13)-(17)}:

(13) i = [Fng + p(@, )ne —n(0(0)ale + F(z,t,n,0)  ae in Qr,

vy =vn  a.e. in Qr,

)

15) [kntg +png —n(p(v))z](£L,1) =0 ae. t € (0,7),
) n(x,0) = no(z) ae. z € (—L,L),
)

v(z,0) =vo(z) ae. z€(—L,L),
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By adding the term kni,, we make the solution [n,v] regularized in a suitable function
space (cf. Definition 1.1 below).

DEFINITION 1.1. A pair [n,v] of functions n : [0,7] — V and v : [0,7] — V is called a
solution to (P) on [0, 7] iff the following conditions (i)—(iv) are fulfilled:

(i) [n,v] € WHe(0,T; V) x W2°°(0,T; V).
(ii) For any z € V and a.e. t € (0,T) the following equality holds:

L L

L
(ne(t), Z)V+/ n(t)(e(v))z(t) zedx = [L F(x,t,n(t),v(t))zdx.

—L

p(z, t)nz(t)zwdx—/

-L
(iii) (2) is satisfied.
(iv) n(0) =ng and v(0) = vy in V.

2. Uniqueness of solutions. We devote this section to showing the uniqueness of
solutions to (P) on [0,7]. Since the space dimension is 1, we note that the following
imbedding holds: there exists a positive constnat cg such that

(18) lzllci=z,0) < esllzllv, VzeV,

which plays a crucial role throughout this paper.
The main theorem in this section is given below.

THEOREM 2.1. Assume that (A1)-(A5) hold. Then, (P) has at most one solution [n,v]
on [0,T].

Proof. Let [n;,v;] (i = 1,2) be two solutions to (P) on [0,7] and put N = n; —ns. Then,
N satisfies the following equality:
L

L
(19) (Nt(t),z)v—F/L p(x, )N, (t )zde—/ ny ()¢ (v1 (1)) (1) (t) 2o dz

—L

L
+/_L na(t)¢’ (v2(t)) (v2)a () 2o da

L
= [L {F(,t,n1(t), v1(2) — F(2,t,n2(t), va(t)) } zda,
VzeV, ae. te(0,T).

We substitute z = N(t) in (19) and use (A1) to derive
4

(20) %jt @)% gz ), ae te (0,T),
where
L
L(t) = /_L |F(z,t,n1(t),v1(t)) — F(x,t, na(t), va(t))| | N(t)|de,
L
L(t) = / ¢ OOV IV (O],
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L
I3(t) = /& [na(t)]]@" (01(£)) = ¢ (v2(0)) || (v1)x ()| Nas(t) |,

L
= [L 2 ()] (w2 ()l (V1) () = (v2)2(t)]|Na(t)|d.

We estimate the integrals I; (1 < i < 4) in the following way:
(i) It follows from (A3), (2) and (18) that

B e [ NGO+ ) = 0D [NOlda

< N+ ves [ (/ t N (s)lds ) N0l

¢
< alNOI +ver ([ INGIvas ) INO]-
(ii) It follows from (A2) with (2) and (18) again that

IN@Olv 1)z @l a [ Ne (01|22
C3L(

2)
] 12( ) < CgL( )
< =Ly v INoI

C3L(90)HU1||L°° 0,T;V
< SELID N @)

. Lt) <vilo / na®) (/ N (S)lds ) [0 (1N (0

< vB L) ma(t) v ( / ||N(8)||vd8) 1 00)a ()11 Na (0) 11

VCBL((/D/)”TLQ(t)||V||U1(t)||v </0 ||N($)|Vd8) ||N(t)HV

K

K

. L) <L / s (t) (/ V(s |ds)|N<>|da:
< vesL(g)Ina(t) v ( / ||Nm<s>||Hds> INL(8) 1
<

vesL(p)|[na(t)|lv (/0 ||N(s)|vd8> [N (8)]lv

K

vesL 12| Le=(0,T; '
otz (Fyniolvas) IN@ly-

K

2L / oo . oo . t
e CA LU R
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By substituting the estimates obtained in (i) and (ii) into (20), we have:
2

o) GINOE < UN©R + G ([ INGlIvas) L aere 01)

where
2¢3L(p)||v1ll Lo (0,7;v)
K

C1=2c¢y +

and

203 L(¢" ) |n2|| oo (0,75 101 || oo (0,751 n 2ves L(p)||In2llLe<0,1;v)
K K '
Now, we integrate (21) on [0,¢](C [0,7]) and obtain

Cy =2ucey +

t + 2
INOIE < [ NI+ ( / |N<s>||vds) . vie0.],

that is,
t

(22) IN@T < (Ch +02T)/ IN(s)|[ids, ¥t e[0,T].
0

At last, by applying the Gronwall lemma to (22), we have n; = nz in V on [0,7], so,
vy = v in V on [0,T]. This implies the uniqueness of solutions to (P) on [0,7]. m

3. Auxiliary problem. Throughout this section, we fix any function £ € W1°°(0,T; V)
with £(0) = ng. And we see from (A5) that the following lemma holds.

LEMMA 3.1. We put
t
ne(x,t) = vo(x) + 1// Uz, s)ds, ¥(x,t) € [-L,L] x[0,T].
0

Then, we have n, € W2°°(0,T;V).

Now, we consider the following auxiliary problem (AP),: find a function w €
W1e2(0,T; V) satisfying

L L

p(x,t)wm(t)zzdxf[L(w(vo))zw(t)zrdz

(23) (wi(t),2)v + /

-L

L

= / F(z,t,ng,v0)zdx + (F;(t),z)y~yv, VzeV, ae te(0,T)
-L
with the initial condition:

(24) w(x,0) =no(z) ae. ze(—L,L),
where for each t € [0,T] F/(t) € V* is defined by
L
<FZ*(t)vZ>V*,V = / {F(xvtvg(t)vnﬁ(t)) - F(x7t7n07v0)}2d‘r
-L

L
+ / (0 (1)) — o(t0))zadl.
L

Then, we have the following proposition.
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PROPOSITION 3.1. (AP), has a unique solution w € W1>°(0,T;V). Moreover, there
exists a strictly increasing and locally bounded function hy : [0,4+00) — (3,4+00) such that

(25) [wliwo.6v) < ha(®) (Inollv + llvollv + I1F7 llzo,v+)) - ¥t € [0,T].

Proof. By using the Galerkin method, we can easily show that (AP), has a solution w
and we omit it in this proof because it is a quite standard argument.

In order to show the uniqueness of the solutions to (AP),, let w; (i = 1,2) be two
solutions to (AP), on [0,T]. Then, we see that W = w; — w, satisfies

L L
(26) (We(t),2)v + /_Lp(%t)Wx(t)zzdx — /_L(gp(vo))mW(t)zzdm =0,
VzeV, ae te(0,T),
with the initial condition:
(27) W(z,0)=0 a.e. x€(-L,L).

We substitute z = W (t) in (26) and use (A1) with (18) to obtain
d 2¢c3L(@)||vollv
Tiw < 22l i ae e ©.m)

By applying the Gronwall lemma to the above inequality with (27), we see wy = ws in
V oon [0,T].

In the rest of this proof, we show the existence of a function h; satisfying (25). For
this, we substitute z = w(t) in (23) to obtain

L L
sl + [ et 0Pde— [ o)) awbu. s

L
= /_L F(z,t,n0,v0)w(t)dx + (Fy (), w(t))v+y, ae. te(0,T).

We see from (A1)-(A5) that the following estimates hold:

L
0/ p(x,t)|wm(t)\2dac >0;
L
L C [
o [ @l o @ld < SR

L
'/ |F'(,t,n0,v0)|[w(t)|dr < c2 ([[nollv + [[vollv) [lw(#)[lv-
-L

By using these estimates, we see that there exist constants C; > 0 (i = 3,4) such that

d x
W@ < Callw®3 + Ca (lInoll¥, + llvolls + 1F7 (DIF-),  ae. t € (0,T).

By applying the Gronwall lemma to the above inequality, we have:

(28)  lwllz(o,v) < /(1 + Cat)e (|Inollv + llvollv + I1F7 |z (0,6v-)) »  VE € [0, T].



52 M. CYTOWSKI ET AL.

Next, we substitute z = wy(¢) in (23) to obtain

L

L
lwe(®)]2 + / e (O (1)~ / o))ty (s
(20) o -
_ [ Fla, t,n0, vo)w: (t)dz + (F7 (£),we () v-vs  ae. t € (0,T).
)

L
Here, we use (A1)-(A5) again and obtain the following estimates:

L 02
o [ bl Ol Olde < S0l + 7o Ol
—L
L 2 v
o [ 1wl Olds < S0l + ALl 1y

L 2
‘/L | (2, t, 1m0, v0) [Jwe (t)|de < 8llwe ()|} + S5 2 < (IInoll3 + llwoll?) -

By substituting the above estimates in (29) and taking § = %, we see that there exist
constants Cs5 > 0 and Cg > 2 such that

(30)  lwe(®)llv < Csllw®)llv + Cs (IInollv + llvollv + [1F7 (B)llv=), ae. t € (0,T).
Finally, by putting

hi(t) = (1 + C5)y/ (1 + Cyt)eCst + Cq,  Vt > 0,

we see from (28) and (30) that (25) holds. =

4. Local existence of solutions. The argument carried out in this section is essentially
the same as in [6]. First of all, we show the following lemma.

LEMMA 4.1. For any ¢ > 0 there exists T. € (0,T] such that for any t € (0,T]
[€llwr.e0,65v) < e(lnollv + [lvollv) = [[F (e o,6v+) < lInollv-

Proof. Let t € [0,T] and s € [0,¢]. First, we see from (A3) that

|/ {F(2,s,0(s),m0(s)) = F(z,s,n0,v0) }2dx

<2 ([[€(s) —nollm + |1me(s) — volla) |2l

<a([|(F) @] a+v [ 1) 121

< (L +)tlllwre o) 12llv -
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Second, we see from (A2) and (18) that

L
|t etnts)) — plun))azads

—L

L
S/ [£(s) 1[0 (1e(5)) () () — ¢ (v0) (v0) || 22| da
-L
L L
< L(w)/ IL’(S)II(m)x(S)—(vo)zl\zzIderL(so’)/_L 1€(s)lIme(s) = vol[(vo)e || 2z |d

< vesL(g) | (s ||V// )|z |dwdr

+vesL(o")||6(s ||V// ) [(v0) 2|2z |dxdr

ves{L(p) + csL(p )”’UO”V}Hg (/ le(r ||Vd7> 1llv

K

ves{ L(p) + caL(¢")|lvollv }
< - 700 0,60 1211 V-

Hence, we derive

(31) 1 F5 1 oo 0,450y < Crlllllwreeo,evy (L4 1llwree o)t VE€[0,T],
where

ves{L(p) + esL(@)[Jvollv

C7=Cg(1—|—ll)+ -

Finally, we put

1
T, = min {T, } .
Cre(llnollv + llvollv) {1 + e(llnollv + llvollv }
Then, it is easily seen from (31) that the inequality
IE7 | oo 0,6v%) < llnollv

holds for any ¢ € (0,T.] and ¢ satisfying ||£|lw 1.0 (0,¢;v) < €(|[n0]|v + [[vollv). Hence, this
lemma is completely proved. m

Next, for each ¢ € (0,7 we consider a closed subset X; of W1>°(0,t; V) given by
Xp:={e WH(0,1;V) | £(0) = ng and ||€]lw1.(0,6:v) < 2ha(T)([[nollv + [[vollv)},

where hi is the same function as obtained in Proposition 3.1. It is clear that X; # ) for
any t € [0, 7] since ng € X;.
By applying Lemma 4.1, we see that the following property () is satisfied:
" ( there exists Ty € (0,T)] such that for any ¢ € (0,7}]
*

I Ef Lo 0,65v+) < llnollv, V€ Xi.
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Moreover, it follows from Proposition 3.1 with (x) that for any ¢ € (0, 73]

l[wellwr.0,6v) < Pa(@)(lInollv + llvollv + 1 F7 | 0,65+))
< 2h (T)(lInollv + [vollv),

where wy is a unique solution to (AP), on [0, ], which implies w, € X;. That is, for each
t € (0,T1] we can define a solution operator S; from X; into itself by

Sl :=wy, WYIeE X;.

Then, we derive the following lemma.

LEMMA 4.2. There exists Ty € (0,T1] such that for any t € (0,T3) the operator Sy is a
contraction mapping on X;.

Proof. Let t € (0,T1] ,¢; € X and w; = Sil; (i = 1,2). Then, we see that W = wy — wo
satisfies the following equality:

L L

p(x,s)Wz(s)zmdx—/_L(go(vo))mW(s)zxdx

(We(s), 2)v + /

(32) -L

= (F} (s) = F},(s),2)v=v, VzeV, ae se(0,t).

In order to get some estimate of Fy — Fy , we carry out the following argument. First,
by repeating the similar argument as in the first half of Lemma 4.1, we have:

L
(33) /_L {F(z,5,01(5),m0,(5)) — F(x,5,€2(5),m0,(5))} zdx

<o+ vt — Lllwisosvlzllv, ae s (0,1).

Second, we have:

L L
’ / 02() (06, (5)) — 9(v0)) s zndlr — / 02(5) (0163 () — 9(v0)) a7l
L —L
L
< / 1 (s (D110 () 1E1(5) — £2(5)] 2l
L

L
+/ [€2(3)]|(ne, )= ()16 (e, (5)) — ' (s (9)) |22 | dax
L

L
+/ [£2(5) 1" (mex ()1 (Me1 ) (5) = (1e3)(8)] |20 |de
-L

L
+[L [ (vo)l|(vo)x|[1(5) — La(5)l|2|dax
=: I1(s) + I2(s) + I5(s) + I4(s).

We estimate the integrals I; (1 < ¢ < 4) below. By using (A2), (A5) and (18), we derive
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the following estimates:

L[] 11(8) S

<

<

<

[ IQ(S) <

L

vesL(p)|[4a(s) — 52(5)”‘//

—L

vesL(p) |16 (s)

ves L()[[41 ]| Lo 0,61
K

2ves L(@)ha (T) (||nollv + [lvollv)

L@l [

/OS(El)x(T)dT
=B ([ eslvar ) el

tllx

/S{fl (1) = La(7)}dr

tller — La|lwro 0,y |1 2]l v

- €2||W1v°°(0,t;V) 2[lv;

|(ner ) (8) ] 22| e

< esL()|Ea(s ||v// 102(7) — (7| (v0) | 2o

s L) (9l / ([ 160~ eatoyar) ([ e

AL ol < / o) 42<T>||vdf) I2llv

L GUENEON ()~ tavar ) ([ 16l ) el

AL 2l = (0.6v) (lvollv + vI1€1ll o= (0,6:1))

IN

VAN

IN

[ 13(8) <

IN

IA

IN

K

Xt(14t)[[l1 — Lo Loo (0,650 |1 2l v

263 L() I (T){1 + 2vhy (T)} ([nollv + Ilwollv)®

K

xt(1 4 8)|[e1 — La|| oo 0.0:v)|| 2] 3

[

L@l

(l2)z(7)} dr

|z |dx

LA ([ WW) el

K

vesL(o) || l2] Lo (0,v)

2ves (@) (T) (lnollv + [lvollv)

1%}

ther = Lol Lo 0,60 |1 2]lv

- £2||L°°(o,t;V)||Z||V§

) |2 |da

55
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L
o Iy(s) < esL(p)[|ta(s) *fz(S)IIV/% |(v0)zl22|dx

chK(sD) (/os (i(zl — &)) (s)

< Mt H;(gl — )
S

- K

IN

ds) lwollv l2llv
Vv

[Illv-
L= (0,t;V)

We see from the above estimates that there exists a constant Cg(7') > 0 such that

(34) ‘ / (5) (P 5)) = plo0)) 2 = / a(5) (9013 ()) o020

S Cg(T)t(]. + t)HEl — £2||W1,oo(0,t;v)|‘z||v a.e. s € (O,t)
Hence, it follows from (33) and (34) that there exists a constnat Co(T") > 0 such that
(35) 1E7, = Fiylleeo,6ve) < Co(T)E(1 + 8)[[61 = Lallwr(0,6v)-

Next, we substitute z = W (s) in (32). By repeating the similar argument as in the
proof of Proposition 3.1 and using (35), we see that there exists a constant Cjg > 0 such
that

(36) Wl (0,6:v) < Co(T)E2 (1 + )10 €y — Ll (0,417

Moreover, by substituting z = W(s) in (32) and repeating the similar argument as in
the latter half of the proof of Proposition 3.1 again, we see that there exists a constant
C11 > 0 such that

(37) Wil 0,6y < Crr (W llLos0,6v) + I1F7, = Fiy e o,6v)) -
Hence, we see from (35)—(37) that
(38) W llwi0,6v) < (14 C11)Co(T)ha(t)[[€1 — Lallwr.oo(0,6,v)-

where hs is a function given by
hao(t) = (Vte©or - 1)t(1 +t), Vit € [0, +o0).

Since the function hy is a strictly increasing and continuous function satisfying ho(0) =0
and limy_, 4 o ha(t) = 400, we see that there exists a unique Ty € (0, +00) such that
~ 1
ho(T) = —————.
(T2) (1+ Ca)As(T)

Finally, we put To = min{Tl,Tg}. Then, we see from (38) that for any ¢ € (0,7%)
there exists a constant h; € (0,1) such that

|S¢l1 — Silallwr.oo0,6;v) < hellly — Lollwreo,65v), Vi, Lo € Xy,
which implies that S; is a contraction mapping on X;. m
Now, we give the main theorem of this section.

THEOREM 4.1. Let Ty be the same number as obtained in Lemma 4.2. Then, for each
t € (0,T2) (P) has at least one solution [n,v] on [0,t].
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Proof. By applying the Banach fixed point theorem to S, we see that S; has a unique
fixed point n € Xy, i.e., Syn = n. And we put

v(z,s) = vo(z) + V/OS n(z,7)dr, Y(z,s) € [-L,L] x[0,t].

Then, it is easily checked that [n,v] is a solution to (P) on [0,t]. =

5. Iteration scheme. In this section, we give one of the methods to approximate the
solutions to (P). Actually, this is a direct consequence of Sections 2 and 4. For this, we fix
Ty € (0,T3) throughout this section, where T5 is the same number as obtained in Lemma
4.2.

Now, we define a sequence {[n*,v*]}rc(0yun by the following way:

n%(z,t) = no(x),

¢ V(x,t) € [-L,L] x [0,T]
00(z,t) = vo(x) —|—/ n°(x, s)ds,

0

and for any k € N

nFH(z,t) = [Sp,n*](z,1),

t V(z,t) € [=L, L 0,7].
vk+1(g;,t) = vg(x) +/0 nkH(aﬁ,s)dS, (z,1) €[ ] x [0,T]

Since ng € Xr, and Ty € (0,7%), it is clear that n* € X, for any k € {0} UN. Moreover,
we see that the following theorem holds.

THEOREM 5.1. The sequence [n¥,v*] converges to [n,v] strongly in W1>(0, Ty, V) x
W222(0,Tp; V) as k — oo, where [n,v] is a unique solution to (P) on [0, Ty].

Proof. From Lemma 4.2, we see that n* converges to n, which is a unique fixed point
of St,, strongly in W1°°(0,Ty; V) as k — oo. Hence, it is also easily obtained from the
definition of v* that it converges to v strongly in W2>°(0,Ty; V) as k — oo. At last, we
see from Theorems 2.1 and 4.1 that [u,v] is a unique solution to (P) on [0, 7;]. =
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