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Abstract. We study the motion of a viscous incompressible fluid filling the whole three-
dimensional space exterior to a rigid body, that is rotating with constant angular velocity w,
under the action of external force f. By using a frame attached to the body, the equations are re-
duced to (1.1) in a fixed exterior domain D. Given f = div F with F' € BUC(R; L3/2,06(D)), we
consider this problem in D xR and prove that there exists a unique solution u € BUC(R; L3, o (D))
when F and |w| are sufficiently small. If, in particular, the external force for the original problem
is independent of ¢, then f is periodic with period 27/|w|. In this situation, as a corollary of
our result, we obtain a periodic solution with the same period. Stability of our solution is also
discussed.

1. Introduction. This note is a continuation of the recent studies [5], [19] on the Navier-
Stokes fluid around a obstacle (rigid body) R\ D, where D is an exterior domain with
smooth boundary 0D. We are particularly interested in the situation that the obstacle
is rotating about the z3-axis with constant angular velocity w = (0,0,a)”, a # 0. In
the reference frame attached to the obstacle, the unknown velocity u = (u1, us, ug)Tand
pressure p should obey ([2], [10], [17])

outu-Vu=Au+ (wxz) Vu—wxu—Vp+ f
divu =0

subject to the boundary conditions

(1.1)

ulop=wxz, u—0 as|z]— o0 (1.2)
where x denotes the usual exterior product in R3. In [5] Farwig and the present author

constructed a unique steady solution u € L3 (D), weak-Lz space, provided that the
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body force f(x) = divF(x) is independent of ¢ and that both F' € Lg/s o (D) and
|w| are small enough. This class of solution is consistent with the pointwise estimate
|u(z)| < C/|z| derived first by Galdi [11] when f = 0 (or f satisfies some pointwise decay
estimates). In [19] Shibata and the present author have recently proved the stability of the
small steady solution obtained above with respect to small initial disturbance in L3 o (D)
together with some definite decay rates of the disturbance as t — oco. Another stability
theorem was established by Galdi and Silvestre [12] within the framework of Lo theory.

In this paper we continue to study the rotating body problem; to be precise, we
discuss the existence and stability of the solution u € BUC(R; L3 (D)) to (1.1) in
D x R with time-dependent body force f(z,t) = div F'(z,t) subject to (1.2) when both
F € BUC(R; Lg/3,00(D)) and |w| are small enough, where BUC' denotes the class of
bounded and uniformly continuous functions. Since the steady solution may be regarded
as a time-independent case of our solution, the theorems in this paper cover the previous
results [5], [19] mentioned above as a special case. In particular, another proof of the
existence of the steady solution in the class L3 o (D) via semigroup is provided, while the
proof of [5] relied upon some tools from harmonic analysis (see [6], [18]) together with
the method (construction of parametrix) developed by [23]. And also, as a corollary of
our existence theorem, we obtain a time-periodic solution on account of the uniqueness
of the solution in the class BUC(R; L3 o (D)); that is, when f(z,t) is periodic, so is our
solution u(z,t) with the same period. As a simple example, f(z,t) is actually periodic
with period 27/|a| when the body force g(y) in the original frame is independent of ¢,
since f and g must satisfy the relation f(z,t) = O(at)Tg(O(at)z) with

cost —sint 0
O(t)=|[ sint cost 0
0 0 1

Galdi and Silvestre [13] constructed a time-periodic solution in much more difficult situ-
ation that, for instance, the rotating axis is oscillating periodically. But the uniqueness
and stability of their solutions are not clear, differently from the solution in this paper,
because the solution in [13] does not possess good summability at infinity. The stability
problem in their physically interesting setting will be the focus in the future.

One should emphasize that the drift term (w x z) - Vu causes some difficulties due to
its hyperbolic effect. In fact, Farwig and Neustupa [8] proved that the essential spectrum
of the operator Au+ (wxz)-Vu—wxu—Vpin Ly is given by {\ = p+ika;u < 0,k € Z};
it is the same in the L,-setting as well, see [7]. Hence the semigroup {7T'(¢)};>0 generated
by the operator above ([16] in Lo, [14] in L,) is no longer analytic unlike the usual
Stokes semigroup ([15], [25]). Nevertheless, our semigroup 7'(¢) enjoys some remarkable
smoothing actions, see [17], [14], and that is the point for the construction of a local
solution. Furthermore, in [19] decay estimates of parabolic type, so-called L,-L, estimates,
of the semigroup

IVIT(t) fllg < CEI/2= =312 f|, (> 0) (1.3)
have been deduced, where

l<p<g<oo(p#oo) forj=0; 1<p<qg<3 forj=1, (1.4)
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and | - ||, denotes the norm of L,(D). The main tool in this paper is the similar esti-
mate to (1.3) in the Lorentz space Ly 1(D), whose dual is Lg/(q—1),00(D), and we follow
in principle the argument developed by Yamazaki [26]. In particular, his interpolation
technique implies a sharp estimate of the integral form, see (3.2), which is crucial in this
paper.

This paper is organized as follows. In section 2, after introducing notation, we state
our main theorems. Section 3 is devoted to the proof.

2. Results. Before stating our results, we introduce notation. By BUC(R; E) we denote
the class of bounded and uniformly continuous functions with values in a Banach space F.
For 1 < ¢ <ooand 1 <7 < oo, let L,,(D) be the Lorentz space with norm || - ||4,,-
We especially need L, 1(D), Ly 4(D) = Ly(D) with norm || - |4 and Lg oo (D). The last
one is well known as weak-L, space, and a measurable function f is in Ly (D) if and
only if

su% ol{z € D;|f(z)| > o}V < o0,

o>

where | - | denotes the Lebesgue measure. Note Lg 1(D)* = Lg/(q—1),00(D) and
Lgr(D) = (Lgy (D), Lg, (D))o,r

with
1 1-6 6
Il<qgp<qg<q <o, -= 4+ —, 1<r <o, (2.1)
q q0 q1
where (-, -)g,, is the real interpolation functor. For more details about the Lorentz space,

see [1]. In this paper we use the same symbols for denoting the spaces of vector and scalar

functions as long as there is no confusion.

Let Cg%, (D) be the class of all vector fields u which are of class C'>° and have compact
supports as well as dive = 0. For 1 < ¢ < oo, the solenoidal space Jy (D) is defined by the
completion of C§%, (D) in the norm || - [|4. Then the space L,(D) of vector fields admits
the Helmholtz decomposition ([9], [22], [24])

L,(D)=Jy(D)®{Vpe Ly(D);p € Lq 10c(D)}
Using the projection P from Lq(D) onto Ju(D), we define the Stokes operator
Dy(A) = {u € W}(D) N Jy(D);ulopp =0}, Au= —PAu, (2.2)

where W;"(D) is the usual Lg-Sobolev space of m-th order (m > 0). Then —A is the
generator of a bounded analytic semigroup of class (Cp) on Jy(D) for each ¢ € (1,00)
([15], [25], [4]), so that the fractional powers A* are well defined, see (3) of Theorem 2.1.
The Stokes operator with rotation effect that plays an important role here is given by
Dy(L,) ={u € Dy(A); (w x x) - Vu € Ly(D)}, (2.3)
Lou=—P[Au+ (wx z)-Vu—w X u, .
where w = (0,0,a)”. Geissert, Heck and Hieber [14] first proved that —L, generates
a (Cy)-semigroup {T,(t)}i>0 on Jy(D) for each ¢ € (1,00). The uniform boundedness
of this semigroup in ¢ has been shown by [19] as a part of (1.3): j = 0, p = ¢. By real
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interpolation, T, (t) can be extended as the semigroup in various solenoidal Lorentz spaces
JQJ‘(D) = (JQ(J (D), Ja: (D))Qﬂ"

where ¢ and r satisfy (2.1). Note that it is not of class (Cp) in the space

Ja,00(D) = Jo/(g-1)1(D)"
since the domain of the generator is not dense in this space, while for r < oo the class
6%, (D) is dense in J, (D) and, therefore, T,(t) is a (Cp)-semigroup in those spaces.

Let us rewrite the problem (1.1)—(1.2) with f = div F' in terms of the semigroup. To
do so, one needs an auxiliary function
—1

b(a) = 5+ 1ot () af?)
where ¢ € C§°(R?;[0,1]) is a cut-off function that fulfills ¢ = 1 near the boundary dD.
Then we have div b =0, b|lspp = w X = and
[1b]lg,00 = crg|w] (2.4)

for some oy > 0, where 1 < ¢ < 00. Set © = u— b, which together with pressure p satisfies

u+u-Vau+b-Vu+u-Vb=Au+ (wxz) - Vi—wxu—Vp+divF +divH,

divu = 0,
(2.5)
in D x R subject to
uop =0, uw—0 as]|z]— oo, (2.6)
where
H(z)=-b@b+Vb+b® (wx2z)— (wxz)®b
so that
divH =-b-Vb+ Ab+ (wxx) - Vb—wxb
and
1H [lg,00 = Ba(lw]* + |w]) (2.7)

for some 3, > 0, where 1 < ¢ < oo. The boundary value problem (2.5)—(2.6) is then
reduced to
o+ Lou=—Pdiv(Gu,F]— H) (t€R) (2.8)

in a suitable function space, where

Glu, F(t) == u(t) @ u(t) + u(t) @ b+ b@u(t) — F(t). (2.9)
Following Kozono and Nakao [20], we will convert (2.8) into an integral equation. Let @
be the solution of (2.8) and let —oco < s < t < co. Then we have (at least formally)

OAT(t —Tu(r)} = To(t — T){0-u(r) + Lou(T)}

= -T,(t—7)Pdiv(G[u, F](r) — H)

for s < 7 < t. Integrating this from 7 = s to 7 = t, we get

U(t) = Ta(t — s)a(s) — / T,(t — 7)P div (G[d, F|(r) — H) dr. (2.10)
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We now intend to find a solution u(¢) which remains bounded as ¢ — —oo in a suitable
norm. Combining this with L,-L, estimates (1.3) and letting s — —oo, see (3.18), we
obtain

i) = — /t T.(t — 7)Pdiv (G[i, F](r) — H)dr  (t € R). (2.11)

We seek a solution of (2.11) in the class & € BUC(R; L3 oo (D)) as in [5]. The term
div (u ® u — F'), however, prevents us from direct analysis of (2.11). So, we employ a
duality argument within a framework of Lorentz spaces developed by [26] with the aid
of T,(t) = T_.(t)*; here, note the skew-symmetry of (w x z) -V — wx. Instead of (2.11),
we thus consider the following equation:

¢
(@lt).0) = | (Gla.F)ir) ~ H,VT-(t = 7)o} dr (212)
for all ¢ € C§%, (D).
THEOREM 2.1. Let f = div F' with ' € BUC(R; L3/2,5(D)).

(1) There exists a constant 6 > 0 such that if

|w| +sup [[F(t)l3/2,00 <6, (2.13)
teR
then (2.12) admits a unique solution & € BUC(R; J3 (D)) subject to
sup [|u(t)ls,c0 < co(Jw| 4 sup [|F(t)]l3/2,00) (2.14)
teR tER

with some constant cy > 0 independent of w and F.
(2) Let 3/2 < q < 3 and suppose in addition that F € BUC(R; Lq,0(D)). There
exists a constant 6 = 6(q) € (0,0] such that if

| +sup | F(t) 132,00 < 3, (2.15)
teR

then the solution U obtained in (1) belongs to BUC(R; J,.(D)) subject to

sup [[u(t)[|r < e (|w[ 4 sup [[F(t)]|5/2,00 + sup [|F(£)]]g,00) (2.16)
teR teR teR

with some constant ¢, > 0 independent of w and F for all r € (3,q.), where 1/q, =
1/q—1/3.

(8) In addition to the assumptions of (2), suppose that f € C(R; Ly(D)) for the same
q as in (2). Then the solution T obtained in (2) belongs to C(R; D,(A'Y?)) and satisfies
(2.11) in J.(D) for all v € (3,q.), where A is the Stokes operator defined by (2.2).

REMARK 2.1. Even if f is Holder continuous with values in Ly (D) in (3) of Theorem 2.1,
the solution  is in general never of class C* with values in J,.(D) because the semigroup
T,(t) is not analytic.

COROLLARY 2.1. Let f = divF with F' € BUC(R; L3/3 c(D)). In addition to (2.13),
suppose that F is periodic with period | > 0, i.e., F'(t +1) = F(t) in L3/ (D) for all
t € R. Then the unique solution & obtained in (1) of Theorem 2.1 is also periodic with
the same period.
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In particular, when F' is independent of ¢, it can be regarded as a periodic function
with arbitrary period. Thus the solution obtained in (1) of Theorem 2.1 is a steady flow
in L3 o (D). The steady flow in this class has been already constructed by [5], [11]. We
note, as observed in [18], that the class u € L3(D) with Vu € Lg/5(D) is too restrictive;
in fact, the Stokes flow does not belong to L3(D) in general even if F € C5°(D). We
essentially need the slightly larger space Ls (D), where the exponent 3 comes from
the nonlinearity. We thus find that the right space to be used for our problem (2.12) is
BUC(R; L3 (D)) as in [26]. Another candidate may be BC'(R; L3 o (D)), but this does
not seem to work well in showing the continuity with respect to t.

Let u(= u+b) € BUC(R; L3 (D)) be the solution of (1.1)—(1.2). Consider the
evolution of perturbation from this solution u and the associated pressure p when the
initial perturbation vg is prescribed. By (v, 7) we denote the perturbation from (u,p);
then (v, m) should obey

ov+v-Vot+u-Vo+v-Vu=Av+ (wxz) - Vo—wxv—Vm,

2.17
dive =0, ( )
in D x (0,00) subject to the boundary and initial conditions
vlopp =0, ©v—0 as|z|—o00, wv(-0)=uvp. (2.18)
The problem (2.17)—(2.18) is reduced to
¢
v(t) = To(t)vo — / T,(t—7)Pdiviv@v+v®@u+u®v)(r)dr (2.19)
0

and, further, to

¢
(v(t), ) = (vo, T—o(t)P) + / (v@v+v@u+u®v)(r),VI_,(t —7)p)dr  (2.20)
0
for all ¢ € C§%, (D). Our stability theorem is as follows.
THEOREM 2.2. Let u € BUC(R; L3 oo (D)) with divu = 0 and let vy € J3 o0(D).
(1) There exists a constant n > 0 such that if
sup [|u(t)[[3,00 + [[voll3,00 <,
t>0
then (2.20) admits a unique solution v € BC((0,00); J3,00(D)) subject to
3,00 + [[v0]l3,00) (2.21)

sup [[v(t)[[3,00 < e1(sup [lu()]
t>0 >0

with some constant ¢c; > 0 independent of v and vy, and v(t) — vy weakly™® in J3 (D)
ast — 0. Here, BC' denotes the class of bounded continuous functions.
(2) Given q € (3,00), there exists a constant 77 = 17(q) € (0,m] such that if

Sup [u(®)lls.00 + [volls,c0 < 7
then the solution v obtained in (1) belongs to C((0,00); J.(D)) and satisfies
lv(®)|l, = O Y2432y st — oo (2.22)
for allr € (3,q).
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(3) Suppose in addition that u € C(R; WX(D)) for some s € (3,00). Then the solution
v obtained in (2) belongs to C((0,00); D,.(AY?)) and satisfies (2.19) in J.(D) for all
re(3,q).

Theorem 2.2 can be proved along the same lines as in [19]; so, we may omit the proof.
Also, the idea of the proof of (3) is essentially the same as that of (3) of Theorem 2.1,
which will be given in the next section.

3. Proof. In this section we prove Theorem 2.1. We begin with decay estimates of the
semigroup in the Lorentz space, which have been shown in [19].

LEMMA 3.1. Let p and q satisfy (1.4) for j = 0,1, but ¢ # co. Given ag > 0, there exists
a constant C' = C(ao,p,q) > 0 such that

IV Tl llga < CL9/2- G302 £l (1 0) (3.1)
for f € Jp1(D) provided |w| = |a| < ap.

When j =1 and 1/p — 1/q = 1/3, the rate of (3.1) is just 1/t. For this case one can
apply the method of Yamazaki [26] to obtain

LEMMA 3.2. Let 1 < p < q < 3 with 1/p—1/q = 1/3. Given ag > 0, there exists a
constant k, = ky(ag) > 0 such that

A|wnmmmwémm

for f € Jp1(D) provided |w| = |a| < ap.

pl (3.2)

Proof. Following [26], we give the proof for completeness. Fix ¢ € (1, 3] and consider the
sublinear operator

[ HVTa(')f”q,l : Jp,l(D) - LT,OO(R+)

where p € (1,¢) and 1/r = 1/2+(3/p—3/¢)/2. This is actually bounded for all p € (1, q)
on account of (3.1). We now suppose that 1/p —1/qg = 1/3. We take pg, p1 in such a way

that
1 1-6 0
I<po<p<pi<gqg, -—-= +—.
p Do p1

Now, applying the real interpolation (-,-)g 1 leads us to the conclusion. =

We first show the uniqueness part of Theorem 2.1.

PROPOSITION 3.1. There are constants §; > 0 and 62 > 0 so that the solution of (2.12)
in the class w € BUC(R; J3 00(D)) with

sup [[u(t)[3,00 < M (3.3)
teR

is unique if |w| < 61 and if M € (0,02).
Proof. Let uy, uz be the solution of (2.12) with (3.3). Set v = uy3 — ug, which fulfills

(u(t),¢>:/ (u@ui+u@u+u®b+bu)(r),VI_.(t —7)¢)dr

—00
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for all ¢ € C§%, (D). By (3.2) together with (2.4) we find

t
1o / VTt — 7)@lla1 dr

— 0o

[(u(t), 9} < 2(M + ||b||3,oo)§1elﬂlg [[u(t)
< 2k5/2(M + aslw|) sup l[u(®)l|3,00|9ll3/2,1-
€
By duality we get

sup [|u(t)[[3,00 < 2ks/2(M + azlw]) sup [[u()]3,c0-
teR teR

We set, say,
1 1

01 1= ————, Oz:= .
! 4@3}{?3/2 ’ 2 4]{73/2

Then |w| < d; together with M < dy implies u = 0. m
Proof of (1) of Theorem 2.1. Set
Ey = {u € BUC(R; J3,00(D)); su}g la(t)|l3,00 < M},
te

where M will be determined later, see (3.6). Given u € Ejy, we define ¥4 by the relation
((Pu)(t), ¢) = the RHD of (2.12), V¢ € C5%, (D).

Similarly to the proof of Proposition 3.1, it follows from (3.2), (2.4) and (2.7) that
{OU(1). )] < ko {stp [ (D)l + Bajafl? + ) + 205/ M + M2} ]2
for all ¢ € CF, (D). When |w| < 61 = 1/(4azks)s), see (3.4), the duality gives (Vu)(t) €

J3 00 (D) with
sup (V1) 300 < b2 + S 4 kg M

where
N = sup I1F()|l3/2,00 + B3/2(61 + 1)|w].
€
Suppose
1
N<_—— (3.5)
16k,
and set
1—,/1— 16k§/2N 1
4k‘3/2 3/2 4k3/2 ? ( )

see (3.4); then we have k3o M? — LM + k3 /5N = 0 which yields
sup || (W) (t)[3,00 < M.
teR

We also have

((TT)(t + h) — (Yu)(t), o) = /OOO<GW, Flt+h—1)—Glu, F|(t —7),VT_o(7)¢) dT
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where G[u, F|(t) given by (2.9) is uniformly continuous with values in L35 o (D); given
arbitrary € > 0 there is a constant 7 = n(e) > 0 such that whenever |h| <7,

sup |Glu, F(t + h) = Gla, F](t)|l3/2,00 <&
te

This together with (3.2) implies
[((Pa)(t + h) — (Yu)(t), ¢)| < ksj2el[dll3/2,1-

As a consequence,

sup [(Wa)(t 4 h) = (V) (t)l3,00 < k3/2€

holds provided that |h| < 7. We thus obtain Yu € Ej;. Let uy, us € E)ps. Following
exactly the same line as in the proof of Proposition 3.1, we get

sup [ (W) (1) — (Wu2) (Dlls.00 < 2ks/2(M + aslw]) sup flur (t) = ua() 5,00
te te

In view of (3.6), the condition |w| < §; = 1/(4asks/s) yields 2ks/o(M + aslw|) < 1.
Hence, the mapping ¥ has a unique fixed point @ € Ej; with (3.6) if both |w| < §; and
(3.5) hold. This completes the proof. m

Proof of Corollary 2.1. Let @ be the solution obtained in (1) of Theorem 2.1 and set
v(t) := u(t + 1), where [ > 0 is the period of F'. We then have
t+1

(w(#), ) :/ (Glii, FI(7) — H, VT o(t +1 — 7)6) dr

= /_ (Glv, F|(1) — HVT_,(t — 7)) dr.

By Proposition 3.1 we obtain v = w, which proves the assertion. m
Proof of (2) of Theorem 2.1. Fix q € (3/2,3) and assume that F' belongs to
BUO(R, LB/Z,OO(D) N Lq,oo(D))

and satisfies (2.13). Let @ € BUC(R; J3,0(D)) be the solution obtained in (1) of The-
orem 2.1. We define an auxiliary mapping Q3 by the relation
t

(Qulv](1), &) = / (i(r) ® v(7) + W(r) @ b+ b@TU(r) — F(r) — H,VT_o(t — 7)¢) dr

— 00

for all ¢ € C§%, (D). Given v € BUC(R; J3,00(D) N Jg, oo (D)), we see from (3.2) that
[(Qalv](2), 9)| < (sup || F'(t)]
teR

roo [ Hllr.00 4 2[|llr. 0o sup [[@(t)]]3,00
teR

+sup [[u(t)[[3,00 SUp [[V(E) I, .00 or, /e —1) 1Bl s (r—1) 1
teR teR

for r = 3/2 and r = ¢, where 1/r, = 1/r — 1/3. In particular, when r = ¢, we have

sup [|Qa[v] () llg..00 < k. /(. 1) {8UP | F()llg.00 + Ba(lw]” + [w])
teR teR

(3.7)

+ 2aq, [w|sup [[a(t)|3,00 + sup [[u(t)]]3,00 sup [[0(¢)[l 4,00 }
teR teR teR

by (2.4) and (2.7). As in the proof of (1) of Theorem 2.1, Qz[v](¢) is uniformly contin-
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uous with values in Jy, (D) as well as in J3 o (D); thus, Qz[v] € BUC(R; J3 (D) N
Jg..00(D)). Furthermore, for vy, vo € BUC(R; J3,00(D) N Jy, oo (D)) we find
)

sup [|Quv1](¢) — Qulva](t)
teR

reco < Kpy(r.—1) SUp [[u(t) 13,00 sUP [[01.() = 02(8) [l 00 (3-8)
teR teR

for r =3/2 and r = ¢q. Set

~ o~ 1
6= ;= min < 9,
(@) { 2C0(]‘33/2 + kq*/(q*—l)) }

where 0 and ¢ are as in (1). Then, in view of (2.14), still smaller condition (2.15) yields
1
<
2(k3/2 + kq*/(q*fl))

sup [[u(t)][3,00 < co(|w| +sup [ F'(?)][3/2,00) (3.9)
teR teR

which implies that the equation
Qulv] = v (3.10)

possesses a unique solution v € BUC(R; J3 (D) N Jy. .00(D)). By (3.7) together with
(3.9) this solution v enjoys

sup [[v(t)lg. 00 < 2kq. /(g 1) {8UP | F (1) llg.00 + By (lw]® + [w)} + 20, |w].  (3.11)
teR teR

Estimate (3.8) for » = 3/2 tells us, however, that the solution of (3.10) is unique only
within BUC(R; J3,(D)). Since @ itself satisfies Qx[u] = u, we see that v must coincide
with @. We thus conclude from (3.11), (2.14) and interpolation inequality that @ belongs
to BUC(R; J3,00(D) N Jq. .00 (D)) C BUC(R; J,(D)) with (2.16) for all » € (3, ¢.). This

completes the proof. m

We finally show (3) of Theorem 2.1. The strategy is similar to that of Kozono and
Yamazaki [21]. Let @ be the solution obtained in (2) of this theorem. Fix 7y € R arbitrarily.
Our task is to find an open interval I, 5 7y so that @ can be identified with a solution
which enjoys further regularity on I,,. In order to do so, one needs some auxiliary results
on the local existence and uniqueness of solutions to the following initial value problems
associated with (2.11) and (2.12), respectively:

v(t) = To(t — to)vo — /t To(t—7)P{(v-Vu+b-Vo+v-Vb— f)(r) —divH} dr (3.12)

and its weak form
(v(t), ) = (vo, T—a(t — o)) +/t (Glv, F|(1) = H,VT_o(t — 7)) dT (3.13)

for all ¢ € CF5, (D). Let r € (3,¢.). Since u satisfies (2.12) for all ¢ € J,,—1)(D) by
continuity, one can replace ¢ by T_,(t — tg)¢ in (2.12) with ¢ = ¢y to obtain a formula
of (u(tg), T—a(t — to)d). From this we find that u satisfies (3.13) with vg = u(tg) for all
—00 < tg <t <oo.

PROPOSITION 3.2. Assume that f € C(R;Ly(D)) for some q € (3/2,3). Let r € (3, gx)
and v € J.(D), where 1/q. = 1/q — 1/3. Fiz ty € R. Then there exist t1 € (tg,00) and
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a unique function

v e C([to, t1]; J» (D)) N C((to, t1]; D, (AY?)) (3.14)
which satisfies (3.12) for to <t <ty in J.(D). Furthermore,
t1 —to = v(Jlvoll-) (3.15)

with some continuous non-increasing function y(-) = v4.,(-) : (0,00) — (0,00).

The reason why DT(Al/ 2) is employed here is to take the boundary condition v|sp = 0
into account. We use the following estimate to show Proposition 3.2.

LEMMA 3.3. Let 1 <p<g<oo. Given ag >0, there exists a constant C = C(ag,p,q) >0
such that
|AY2 T, () fllg < CEVER=3D2) 1), (0 <t < 1) (3.16)

for f € Jp(D) provided |w| = |a|] < ay.

Proof. We first assume that f € C§%, (D) C Dy(L,). Then we have T, (t)f € Dy(L,) C
Dy(A) and
IAY2TL (0 f g < CIVTL()fllq

where we have used Theorem 4.4 of Borchers and Miyakawa [3]. Note that (1.3) with
j=1holds for 0 <t < 1aslongas1l < p < ¢q < oo, see [19]. This combined with
the above provides (3.16) for smooth f. Standard approximation procedure implies that
T.(t)f belongs to D,(A'/?) for general f € J,(D) together with (3.16). m

Proof of Proposition 3.2. The class in which the solution is constructed is (3.14) subject
to

sup [lu(t)lr + sup (t —to)"/?|| A 0(t)],
to<t<ti to<t<ty

< O(llvollr + |wf* +|w| +  sup  [IF(#)]l4)
to<t<to+1

with some constant C' = C(g,7) > 0, where ¢; is chosen such that (3.15) holds with (3.17)
below. The proof is done by the contraction mapping principle with the aid of (3.16).
Since it is standard, we may omit it. We note only that the condition 3 < r < ¢, ensures
the integrability in D,.(A'/2) of the term which contains f. Finally, the function (-) can
be taken as
Y(p) = min{Co(p + |w|* +|w[+ sup [[f()]o) >/, Culw| 2,1} (3.17)
to<t<to+1

with some constants Cyp = Cyp(q,r) >0, C; =C1(r) >0. m
The following lemma is concerned with the uniqueness for (3.13).

LEMMA 3.4. Let 3 < r < oo and vg € J.(D). Then the solution of (3.13) on [to,t1] is
unique within the class v € C([to,t1]; J-(D)).

Proof. Let both v1 and vy belong to C([tg,t1]; J-(D)) and satisfy (3.13). We put v =
v] — vy and

Ky = Ullr )llr)-
o toréltaél(llm()ﬂ + [lv2(®)]-)
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Suppose that v(t) = 0 for all ¢ € [tg, o] and set
K(t;0) = nax (7).
Since v obeys
(v(t),¢) = /t<(v QU +v2Rv+v®b+bRv)(T), VI_(t —7)0) dT,

we use (1.3) to get

(t _ 0.)1/2—3/27'

[(v(t), 9)| < Cr (Ko + 2Hb||r)w

K(t;o)ollr/(r—1)-

We set

L ( 1/2 —3/2r )QT/(’“?’)
T\ 20 (Ko + 2[|b]],)

to obtain K (o + t;0) = 0. We repeat this procedure for o = tg, tg + 4, to + 2ts,... to

accomplish the proof. m

We are now in a position to complete the proof of Theorem 2.1.

Proof of (3) of Theorem 2.1. Given q € (3/2,3), let u be the solution obtained in (2)
of Theorem 2.1. Fix r € (3,¢.) arbitrarily and set m := the RHS of (2.16). Given any
7o € R, we take tg := 179 — y(m)/2, where ~(-) is the function in Proposition 3.2. From
this time o we solve the equation (3.12) with vy = u(tg) € J.(D). By Proposition 3.2 we
have a solution

v € C(Tny; Jy(D)) N C(Ln; Dy(AV2))
with I, = (to,?1) for some t;. Since one can take ¢; so that

t1 —to > y(|[ulto)ll») = v(m),

we find 79 € I,. Note that v is the solution of (3.13) as well. It thus follows from
Lemma 3.4 that v must coincide with @ on I,,. As a consequence, t € C(I,,; D,.(AY/?)).
Since 7y € R is arbitrary, we are led to u € C(R; D,.(A/?)). Let —00 < s < t < co. From
the argument above it follows that for every o € [s, t] there is an open interval I, 3 o so
that w fulfills

¢
() = Ta(¢ — m)i(n) — / T, (¢ — 7)P div (G[@, F)() — H) dr

for all n, ¢ € I, with n < (. Since there are 01, -+, 0y, € [s,t] such that [s,t] C UJ_;I,,
we see that u satisfies (2.10) in J,.(D) for all s < t. We take 7 € (3,r) to show that (2.16)
together with (1.3) implies

ITa(t = s)a(s)ll» < Ot — )~ T>I2|a(s) [z — 0 (s — —o0). (3.18)
Thus @ satisfies (2.11) in J,.(D). We have completed the proof. =
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