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Abstract. We consider a model for the viscoelastic fluid which has recently been studied in [4]
and [1]. We show the local-in-time existence of a strong solution to the corresponding system
of partial differential equations under less regularity assumptions on the initial data than in the
above mentioned papers. The main difference in our approach is the use of the LP theory for the
Stokes system.

1. Introduction. Biological fluids (blood, synovial fluid), asphalt and some geomateri-
als (sand, clay) are materials with complicated structure consisting of many components.
None the less we can still model them as a continuum if we are interested in the behavior
of this material as a whole body. Since these materials consist of many components they
have some non-newtonian characteristics such as shear thinning or thickening, stress re-
laxation and so on. We can describe these properties using models of viscoelastic fluids
of the rate type.

We assume that the fluid is incompressible which is for many flow regimes in a good
agreement with experimental data. Thus we consider the following system of partial

differential equations:!

ov .
E'FV'VV—dIVT—f in (0,T) x O, (1)

divv=20

where v is the velocity field, T the stress tensor and f the vector of external forces. Note
that the constant density is for the sake of simplicity assumed to be equal to one. We
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consider the stress tensor T in the form
T = —pl +2pD(v) 4+ Tg,

where p is the pressure, D(v) is the symmetric part of the velocity gradient, ;1 > 0 the
viscosity and for the elastic part of the stress tensor T g we assume

_ 0S(F)
- OF
where S(F) is the density of the elastic energy of the material and F(¢,x) denotes the
deformation gradient. We will consider only the simplest reasonable case of elasticity,
namely S(F) = |F|? = tr (FFT) and thus T = FFT. Note that even in this case the
elastic part of the stress is a nonlinear function of the deformation gradient. Moreover,
by simple calculation, one easily sees that the tensor F satisfies the following transport
equation

Ty FT,

F
%—t + (v V)F = VvF.
Therefore the elastic stress tensor T g fulfills
oT
TtE +(v-V)Tp — VvTg — Tp(Vv)T =0

and we recover the upper convected Oldroyd model with some zero coefficients.

Inserting the form of the stress tensor into (1) we get the following system of partial
differential equations:

%+V.Vv—uAv+Vp:diV(FFT)+f
divv=0 in (0,7) x €,
6—F+V-VF:VVF 2)

ot
v(0,x) = vo(x) in Q,

F(0,x) = Fo(x) in Q,

where vo(x) and Fo(x) are the initial conditions. Note that we use the convention
divH), = S°_ 2Hy;
(div )] = Zi:l dz; °

For more details about obtaining this system and its relation to Oldroyd models see [6]
and [4].

Taking divergence of (2)3 yields
O(divF)

ot
and therefore assuming div Fo = 0 we have divF(¢) = 0 for ¢ > 0.

+ (v V)(divF) =0,

In two space dimensions we can use this divergence-free condition to rewrite our
system. There exists ¢ = (¢1, ¢2) such that

_ 041 _0¢2

Oxq oxq
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System (2) can be transformed into

ov N
E—&-V-VV—MAV—FV;D——;A@V@—i—f |
divv=0 in (0,7) x Q,
D¢ (3)
T‘FV'VQZ):O

v(0,x) = vo(x) in Q,

$(0,%) = do(x)  in Q.
This system was studied by Lin, Liu and Zhang [4]. The authors proved the existence
of smooth solutions on short time intervals and global existence of smooth solutions
provided the initial data are sufficiently close to the equilibrium state. The main difficulty
to prove these results lies in the free transport equation of ¢, which does not show any
dissipative mechanism. However, in [4] quite high regularity of the initial conditions, at
least vo € W22(Q) and ¢, € W32(Q), was required. The authors use the standard
technique of L? energy estimates for v, ¢ and their derivatives. Our approach is different,
we use the LP theory of the Stokes system to achieve the existence of smooth solutions
on short time intervals under less regular initial conditions, namely V¢, € WP(€) for
p>2and vy € W,;2(Q).

In three space dimensions the situation is different. In this case the restriction divF =
0 does not yield a system like (3). Actually one may obtain a much more complex system
if one persists to find such kind of equivalent form. Nevertheless, similar results as in [4]
were obtained by Chen and Zhang in [1] for system (2); however, they required at least
the same regularity of the initial data as in [4]. Again, the authors use the technique of
L? energy estimates for v, F and their derivatives. Our approach is the same as in two
space dimensions, we use the LP theory of the Stokes system to achieve the existence of
smooth solutions on short time intervals under similar initial conditions as in 2D, namely
Fo € WhP(Q) for p > 3 and v € W,22().

Oldroyd models and models related to them are of great interest. P.-L. Lions and N.
Masmoudi [5] obtained global existence of weak solutions to the Oldroyd model with
the corotational time derivative. Recently, a more complex system (the FENE dumbbell
model for polymeric flow) was studied by N. Masmoudi [7], where the Navier-Stokes equa-
tion is coupled with a nonlinear Fokker-Planck equation which describes the evolution of
the polymer density. The author proves similar statements as in [4] and [1].

In the following text we will use standard notation for Lebesgue, Sobolev and Bochner
spaces. We will also use the standard notation for weak (—) and strong (—) convergence.
For X (£2) a Banach space, we will write X instead of X () if no confusion can arise.

2. Preliminaries. We recall several results concerning the solvability and estimates for
Stokes and Navier-Stokes system. First, let us consider the Stokes problem
ov

gr ~HrAvEVe=£ Lo 01 <0,

divv =0 (4)
v(0,x) = vo(x) in Q,
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with either Q2 = RY (we denote this problem Cs), Q = (0,L)" and periodic bound-
ary conditions (we denote this problem Pg) or € smooth with homogeneous Dirichlet
boundary conditions (we denote it Dg).

1
Let D; =7 (£2) be the space obtained by real interpolation
1-1s ,
Dy~ () = (Lf;, (), Wgt ()11

— 5,8

where .
L4,(2) = Tue G (@), diva =0} """ for Dg and Cs,
or
— Il
LZW(Q): {UGCSET(Q%diVUZO,/udx:O} for Pg,
Q

and

W24(Q) = {u e W29(Q) N Wh(Q), divu =0}  for Dg and Cs,
or

leZ(Q) = {u € ng’f,(Q),divu = 0,/Qu dx = O} for Ps.

‘We have

LeEMMA 2.1 (Giga, Sohr). Let vo € Dy /%%Q), Q € C2* for A > 0 (for Dg), f €
Li(0,T,LP(Q)), 1 < p,q < co. Then there exists unique solution to Cg, Ps or Dg and
the solution satisfies

av
ot

IV°V o020 + IVl ooz + \
L9(0,T,LP)

< CIfllzao.r.Ley + [IVoll pr-1ra.a)-
The constant C' does not depend on T.
Proof. See [3]. m

Next we assume f = divF in (4) with vy = 0. The nonzero initial condition may also
be treated, however, it is more complicated and we do not need it here. We have

LeEMMA 2.2 (Giga, Giga, Sohr). Let Q € C**, X\ > 0 for the problem Ds, 1 < p,q < o0
and F € L9(0,T,L*(QY)). Then there exists a unique weak solution to (4) (either Cg or
Dg or Pg) with £ = divF and vo = 0 and it satisfies

IVVllza,r,20) < ClIF| La(o,1,10)-
The constant C does not depend on T.
Proof. See [2]. m

Next we consider the Navier-Stokes problem
— +v-Vv—pAv+Vp=~f in (0,T) x O,

divv =0 (5)
v(0,x) = vo(x) in O,
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with the same "boundary” conditions as for the Stokes problem (we denote the corre-
sponding problems by Dyg, Pys or Cng as above). We also denote

W12(Q) = {u e W2(Q),divu = 0} for Dys and Cig,

div

W12(Q) = {u € WL2(Q),diva = 07/

i per A udr = O} for Pys.

Concerning the existence, we have the following classical results (see e.g. [8])

LEMMA 2.3 (N =2). Let Q € C? (for Dys), f € L*((0,T) x Q), [, fdxz =0 (for Pys)
Vo € Wdl“?(Q) Then there exists a unique global-in-time strong solution to the Nawvier-
Stokes system (5) such that

v € L0, T, W;2(Q) N L*(0,T, W*2(Q))

and 5

5 VP € L2((0.7) x Q).

ot
LEMMA 2.4 (N = 3). Let Q be an open set, f € L*((0,T) x Q), [,fdz =0 (for Pns),
vy € W;lg(Q) Then there exists a global-in-time weak solution to the Navier-Stokes

system (5) such that
v e L>(0,T, L*(Q)) N L*(0,T, W,;2())

and 5
S € L0, 1), w2 (@),
Moreover, if Q € C? (for Dns), there exists T* > 0 such that in (0,T*) this solution is

strong, unique in the class of all weak solutions satisfying the energy inequality, i.e.
v e L>(0,T%, W,;:2(Q)) N L*(0,T*, W??())

and
al

ot’

Finally, we need the following version of the Banach fixed-point theorem.

Vp € L*((0,T%) x Q).

LEMMA 2.5. Let X be a reflexive Banach space or let X have a separable pre-dual. Let
H be a convex, closed and bounded subset of X and let X — Y, where Y is a Banach
space. Let T : X — X map H into H and let

|1 Tu—Tolly <pllu—vlly Vu,veH, p<Ll
Then there exists a unique fixed point of T in H.

Proof. Let ug € H be an arbitrary element. Define u,, = 7u,_1 Vn € N. The operator 7
is contraction in Y, hence there exists v € Y such that w,, — u in Y. As u,, is bounded
in X, there exists w € X such that u,, — @ (or u, —=* W) in X. Evidently, u = @ due to
the continuous embedding and also u = u € H due to the fact that H is weakly (weakly*)
closed. The fact that u is a fixed point of 7 as well as its uniqueness follows exactly as
in the proof of the classical Banach fixed-point theorem. m
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3. Main results. We are going to formulate the main results here. Note that in com-
parison to the results proved in [4] or [1] we need less regular initial conditions. We use
similar notation for studied problems, namely Dy g denotes the problem with Dirichlet
boundary conditions, Py g denotes periodic boundary conditions and Cy g denotes the
Cauchy problem.

First, let us formulate the results for the system (2). For the problems Dy g and Py g
we have

THEOREM 3.1. Let N = 2,3, Q € C?* with A > 0 (for Dyg), f € L*(0,T,L*(Q)) N
L1(0,T,LP(2)) for certain p > N and q¢ > 1, [,fdz = O (for Dyg). Let Fy €
WP(Q), divFy = 0 and vo € Wdl“?(Q) Then there exists T* > 0 such that on (0,T*)
there exists a unique strong solution to the problem (2) with either Dirichlet or peri-
odic boundary conditions such that v € L2*(0,T*, W?22(Q)) N L>(0,T*, W%(Q)) and
F € L>=(0,T*,WhP(Q)).

An analogous result holds for (3):

THEOREM 3.2. Let N = 2,3, Q € C?* with A > 0 (for Dyg), f € L*>(0,T,L*(Q)) N
L9(0,T,LP(K2)) for certainp > N and g > 1, [, fdx =0 (for Pyg). Let Ve, € WHP(Q)
and vy € W(}ZS(Q) Then there exists T* > 0 such that on (0,T*) there ezists a unique

strong solution to the problem (8) with either Dirichlet or periodic boundary conditions
such that v € L*(0,T*,W22(Q)) N L>(0,T*, W12(Q)) and V¢ € L>=(0,T*, WHP(Q)).

Concerning the Cauchy problem, it is not possible to expect Fo (or V¢,) to be
integrable with any power. However, we may consider Hy = Fg — I and for H=F — I
we get the following problem (recall that divF = 0)

a@% +v - Vv — pAv + Vp = div(HH?) + divH" +f
divv=0 in (0,7) x RY,
%—I;I—FV-VH:VVH—FVV ©)
v(0,x) = vo(x) in RV,

H(0,x) = Hyp(x) in RN .
Similarly, defining ¥ (x) = ¢(x) — x we replace the problem (3) by

N
%+V~Vv—uAv+Vp:fZAwivwi—A@b+f
divy — Oizl in (0,7) x RV,
W ™
o VIV =Y
v(0,x) = vo(x) in RV,
(0,%) = Py(x) in RV,
We have

THEOREM 3.3. Let N = 2,3, f € L?(0,T,L*(RY)) N L4(0,T, LP(RY)) for certain p >
N and ¢ > 1. Let Hy € W'PRN) n WH2(RN), divHy = 0 and vy € W2 (RN).
Then there exists T* > 0 such that on (0,T*) there exists a unique strong solution to
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the problem (6) such that v € L2(0,T*, W22(RN)) n L>(0,T*, WL2(RN)) and H €
L0, T*, WHP(RY)).

Similarly for (7) we have

THEOREM 3.4. Let N =2,3, f € L2(0,T, L*(RY)) N L9(0, T, LP(RY)) for certain p > N
and q > 1. Let Vi, € WEP(RY) N WEZ(RY) and vy € W;i’i(RN). Then there exists
T* > 0 such that on (0, T*) there exists a unique strong solution to the problem (7) such
that v € L2(0,T*, W22(RN)) 1 L>(0, T*, W 2(RN)) and Vap € L(0, T*, W»(RN)).

4. Proofs. In this section we are going to present the proofs of the results presented in
the previous section. We start with Theorem 3.1.

Proof of Theorem 3.1. a) Let us consider first N = 2. We take 2 < p < 3 and we set
X = L=, T,Whr(Q)), Y = L>(0,T, LP()) and we will apply Lemma 2.5 on the
mapping 7 =T, 075 : F - F, where 75 : F — v and 7; : v — F are the following
mappings. 73(F) = v which is a solution of the problem

@+V~Vv—,uAv+Vp:div(FFT)+f

ot in (0,7) x Q,

divv =0 (8)
v(0,x) = vo(x) in

and v = 0 on 92 x (0,T) for Dy g, v space periodic for Py g (then also WP(Q) and
LP(Q) is replaced by W:2(Q) and L?,,.(Q)). Further 7;(v) = F which is a solution of the
following problem

OF V. VF=WWF i (0,T)xQ,

ot
F(0,x) = Fo(x) in Q.
We show that 7" maps sufficiently large balls in L>°(0, T, W1?(£2)) into itself. Considering
problem (9), i.e. the transport equation, for v .€ L*(0, T, W2P?(Q)), p > 2 it is not difficult

to prove the existence of a unique solution to (9) and to verify the validity of the following
estimates

(9)

T
sy < oo [ I1vlmdt).  15a<o (0
0

T
IVF|l o2y < c(nwonm Pl or [ ||V2V|Lpdt>
0

X exp(/OT Vvllmdt). (11)

Note that these estimates do not depend on the studied boundary value problems (Cy g,
Dy g, Pyg). The proof is based on multiplying the equations for F and VF by |F|?72F
and |VF|P~2VF, respectively, and integrating over €2, together with application of inte-
gration by parts and passing with ¢ to oo.

Next, we need estimates of v in L(0, T, W?P(Q)). As F € L>(0, T, W'?(Q)), due to
Lemma 2.3, there exists a unique solution to problem (8). Moreover, applying Lemma 2.1
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we have
19V lzo0.,0) < OVl -1/ + i (FF) = v -9 4 flzaorie). (12)
Note that we may take ¢ sufficiently close to 1 and p sufficiently close to 2 so that
Vol pi-1/0.0 < Clivollwr.2. (13)
Asp> 2
[|div (FFT)HLq(O,T,Lp) < Tl/q||F||Loo(o’T,Loo)HVFHL\%(O’T’L” <TVi.R?, (14)

where we denoted by R the diameter of the ball H in L>(0,T, WP()).
Finally, for p < 3

1/3 5/3
v Vvller < I9lmalvl e < CIVVIR IV
and thus
6—q 1/3 5/3
[V - VVllLarLry < CT 5 HVV”L/Z(O,T,WLZ)HV”L/‘X’(O,T,WLQ)' (15)

We have to apply the energy method to estimate these two terms. First, multiplying
(8) by v yields after standard operations

1d —
5&”"”2” + p|| Vv |2e S/ \F|2|Vv|dx+/ If - v|dx
Q Q
which leads to
1Vl Lo 0,7,22) + #IV VI L20,7,02) < C(TV2R? + ||f]| 12(0,7,22) + | Vollz2)- (16)

Finally, we test the same equation with —PAv, where P is the Leray projection (thus
PAu = Au in the case of periodic boundary conditions):

1d

5&HV"H%2 + pl| V3|7

g/|div(FFT)PAv|dx+/ |(v-Vv)~PAv|dx+/ If - PAV|dx.
Q Q Q

Note that we used that ||V2v|z2 < |[PAv|z: and in the case of periodic boundary
conditions, the second term on the right hand side is zero. Using standard tools as Holder’s
inequality and Sobolev imbedding theorem, we end up with

d _
3| VVIE: + plVEVIGe < C) (L + TRY([F s + 1172 + [VVIZ2)- (17)
Thus
VYl o,1,2) + 1l V2V 20,7, 22)
T 2 J—
<C(+ T%RQ)@[” va””dt(Tl/QHFH%M(O,T,WLP) + Ifllz2(0,7,22) + I Vvollz2). (18)
Plugging in estimates (18) and (16) into (15) and together with (13) and (14) we have
IVVliLaomwiry < C([Vollwrz + TR + |1f] Laor ey
+OT [TR 4 (]2 1,2) + Vol + (1 + TR

4 2 2 J—
x T2 p 2y HIVOlliz (TR 0 2y + 1122022y + VV0l22)]). (19)
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Therefore, as ¢ > 1, we easily conclude from (10) and (11) that taking R sufficiently
large with respect to |Fol|lw1.» there exists T* = T*(q,p, R, ||[vollw.2, [|Follwir, Q,f)
such that

¥ Lo~ 0,0+ wiry < R.
The first part of Lemma 2.5 is satisfied.

Next, we have to verify that the mapping 7 is in fact a contraction on L*°(0, T, LP(Q2)).
To this end let us denote vi = T3(F'), i = 1,2 and F' = T;(v?), thus F = T(F).
Moreover we denote F12 = F! — F2 v!2 =v! —v2 and FP—F —F. We have

OF'?
ot

+ v VF2 4 v12 . VF2 = V' F2 + Uv2F? in (0,7) x Q,

(20)
F2(0,x)=0 inQ.

Similarly as in estimate (10) we get
1d
- F12 p
sarl® I
g/ \v12||VF2\|F12|p’1dx+/ |vv1||F12\de+/ |VvE2||F?||F2 P~ tdx
Q Q Q

< B2 V2 o IVE 2o+ V9 o [[E 2 2o+ B2 o [ VY2 20),

hence
IF"2]| o< 0,7, Lr)

T
T 1
< Celo IVY ”“’"dt/ (V2N [VE? Lo + [F?[[poe [ V2| Lo )dt
0

T
gClR/ V2|l wredt.  (21)
0

It remains to estimate the difference v'2 in LP(0, T, W17 (Q2)). We have (denoting by p!?
the difference of corresponding pressures)

o 12 1o 5
;t LAV £ T = div (F12F1T n F2F12T)_
v Uvi2 _ y12 . py2 in (0,7) x Q, (22)
divv!2 =0

vi2(0,x) =0 in

together with corresponding boundary conditions (Dirichlet or periodic ones). Applying
Lemma 2.2 we immediately see that

—12—=1T —2—=12T
IVV P ooy <CIFF - +FF - —=v'v? —=v?|1o0.1,10))

2 2
i —i=—12T
< Cl(z Vv 2leozin) + Y IFF ||LP(07T,LP>>~ (23)

i=1 i=1
Evidently

—1—=12T —1 —12 —12
IFF " lroorrny < TYPIF | peor ) IF omey < RTYPF | oo (0,7,10)-
(24)
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In the other term we must be more careful:

p? p(5p—6)

T 1/p
V2o zr) < CIV o [ 199217 V21 ar)
0

5p—61 i
< CTo=e 7 ||V oo 0. rwr2) (VY2 Loo.r Loy + IV Lo (0,0,22))- (25)

Taking T sufficiently small, the first term can be absorbed into the left-hand side of (23),
while for the second term we use the energy method. We multiply (22) by v!Z and
integrate over ):

1d =12, =1 =2
S VeI + kI < [ RO [ (EROE ) v ex <
Q Q
=12 =1 =2
< V2 19V 2932 s + 19252 F 2 O s + [ )
Therefore

d —12
Ellvmlliz +ul Vv 3e < Cu) (V2172 lVVv2 72 + 2R [F 7)17,)

which implies

2H2

T =12
HVlQHLoo(O’T’Lz) + MHVV12||L2(O,T,L2) < CRT1/26f0 v L2dt||F ||L:>o(07T7Lp). (26)

Thus, estimates (23)—(26) imply
HVV12||LP(O,T,LP) <
—12 15p—6 1 —12
< C1RT/?||F | Lo 0,7,y + Cao(Fo, R, f,vo)T'> o= T3 ||F o0, 1,Lry-  (27)
From (27) and (21) we get
—12
||F12||L°°(O,T,LP) < C(Ra fvua FQ,Vo)THF ||L°°(0,T,LP)

which yields for T sufficiently small that 7 is a contraction in L°°(0,T,LP(2)). The
theorem for N = 2 is proved.

b) The case N = 3. The proof works basically similarly, with p > 3. There is one main
difference which reflects the fundamental difference between the regularity of solutions
to the two- and three dimensional Navier—Stokes equations, see below. Except for this,
there are only a few changes connected with interpolation inequalities. For p < 6,

2p—3 3

3
vVl < [VVlielvlize < ClIVVlyAlVVIz.

and the estimate (15) is replaced by

2p—q(2p—3 2p=3 3

) 2p—3 3
1V VVliLa,r,eey < CT 205 {IVV L2l 1w 2y [Vl oo (0, 1w 2)-

2p
2p—3
difference is in estimate (18). While in the 2D case we were able to get the estimates

Note that we may always take 1 < ¢ < and the power at T is positive. The main

immediately (note that we have global-in-time existence of strong solutions to the Navier—
Stokes equations), we have now instead of (17)

d _
ZIVVlZe + ullV2vize < CuFl . + 117 + [IVVii2) (28)
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from which one can only deduce that there is T* = T*(HFHLOO(O’T’WLP), f,vo) > 0 and
C* = C*(T™, ||F||LOO(O7T’W14))7 f,vo) such that there is a strong solution to (8) in 3D on
(0,7*) with

||VV||L<X>(O7T*,L2) + |\V2v||L2(07T*,L2) < C*. (29)
Estimate (25) is replaced by

o T pieze e 1/p
V2l o ozoimy < c( | Vv ) zzﬁdt)
0
< CT5 |V || L w2y (IVV 2 | oo 1oy + 1V 2 |Le0,122))- (30)
Instead of (26) we get

214
7

T —=12
V'2[| o 0,7,22) + I VV2 || 22(0,7,12) < CRTY?elo IV IL2dt R | o< 0,7, L)

and instead of (27) we have
—12 Sp—4 | =12
IVV* 2| oo, 10y < CLRTVPIF || oo 0,1, 10 + CoT =12 [F || oo 0,7, 0 -

Thus, provided T' < T* is sufficiently small and R sufficiently large, we get that the
mapping 7 maps balls in L®°(0,T, W1P(Q)) into itself and it is a contraction in the
space L>(0,T, LP(2)). This finishes the proof of Theorem 3.1 for N = 3. m

Proof of Theorem 3.2. First note that
0
§V¢+V~VV¢+VVV¢:0

and

o
av%z) +v - VV+V*vVe =0

thus, in the estimates we need, V¢ ~ F and V2¢ ~ VF. The proof works now more or
less in the same way as in Theorem 3.1, with only one exception. It is impossible to write
Z§:1 Vi A¢; as the divergence of some quantity which behaves like |V ¢|2. Therefore in
(23) the second term is replaced by (again, we denote ¢'? = ¢p' — ¢?)

I=|V¢' A" | om0y + |AG VS| Logo 7,010,

In 2D we have

I< % 12 v v 2 41 12 Y
< IV VO urioran) + IV2EVS

< CTYP|Vo*| e o,1,0) (IVH | L (0,7.L) + IV | Lo 0,7,12))
< CTY?|IV @™ || Lo (0,700 | VD' || Lo (0.7 w10
and in 3D

7 < i 12 2 i A12 .
<|Ve'No | iro,r,ir) + IV @'V ”Lp(o,T,Lﬁ)

< CTY?|V$"(| Lo 0.7,00) (IVP' | oo (0,7, 1) + V2D | L 0,7,19))
< TPV || L (01,10 V| Lov 0,0, w109

The rest follows exactly as in the proof of Theorem 3.1. »
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Proof of Theorems 3.3 and 3.4. Due to the presence of linear terms in the right-hand
side of (6) and (7) we have to replace the spaces. We set

X = L0, T, WHP(RYN) n WH2(RY)).
Y = L*>(0,T, LP(RY) N L3(RY)), p> N.

We additionally need estimates of H in L>(0,7, W12(RY)) and H'? = H! — H? in
L>(0,T, L*>(RY)), similarly for V4. However, these estimates can be easily deduced
from the corresponding estimates with p > N. These estimates are necessary as in (6)
and in (7) linear terms of the type divH? and A appear additionally. We can now
follow step by step the proof of Theorems 3.1 and 3.2.
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