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Abstract. We examine the Dirichlet problem for the Poisson equation and the heat equation
in weighted spaces of Kondrat’ev’s type on a dihedral domain. The weight is a power of the
distance from a distinguished axis and it depends on the order of the derivative. We also prove
a priori estimates.

1. Introduction. In this paper we consider the Dirichlet problem for the Poisson equa-
tion and the heat equation in weighted spaces on a dihedral domain. The weight is a
power of the distance from the z-axis and it depends on the order of the derivatives. This
kind of problems were examined in many books and articles (see, for instance, [3], [7],
[9], [10] and references therein). As far as the Dirichlet problem for the Poisson equa-
tion in a dihedral domain are concerned, the results presented here (except for a priori
estimates) may be found, for example, in [9] (see Prop. 11.1.4) or in [10]. However, the
proofs given there are rather complicated. We show here that the existence result can
be obtained from the Lax-Milgram theorem, which requires only a suitable bilinear form
satisfying the ellipticity condition. We want to stress that the argument of this type
works well in two or three dimensional domains, which may be bounded or unbounded.
Furthermore, this idea can be applied to other problems, for example to the operator

Ly = —A+0r~2 on R? for ¢ > 0 and gives the existence of solutions on the maximal
interval p € (1 —+/0,14 /o) of weight. The results for problems in the weighted spaces,
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which depend upon the Lax-Milgram theorem may be found in [6] and [7]. However (see
example 3.4 of [6]), they get the existence of solutions only on a smaller interval than the
maximal one. Applying the method presented here to the problem from example 3.4 of
[6] we get the existence on the maximal interval.

Now, we briefly describe the well-known approach in deriving the basic result!:

Aﬂ

,, 18 an isomorphism < p € (1 —n/9,1+7/9).

Namely, the following steps ought to be taken: (4) Az is an isomorphism < Bg is an
isomorphism (thm. 8.2.1 of [10]), (i) 5’3 is an isomorphism for pu € (41, f2) (thm. 1.3.18
of [9]), (éi) B} is not an isomorphism for 3 ¢ (1, 32) (prop. 8.2.9 of [10]).

The structure of our proof is as follows: we begin with the existence result (thm. 3.7)
and then we obtain an a priori estimate (thm. 4.2). Further, we need some technical
statements. Namely, we get a counterpart of (¢) (see prop. 5.5 and 5.6) and a modification
of (iit) (see. thm. 5.8). Finally, we get dim ICz = dim./\/;f,, where p/ =2 — p (thm. 5.10).
These results lead us to theorem 5.12, i.e. K, # {0} for p > 1+ /1. We notice that
the modification of (¢)-(ii¢) allows us to deal with problems which cannot be solved using

(¢)-(#i%) only, for instance, the Poisson equation in RS,

We also consider the heat equation in a bounded domain Dy ;. Here again we establish
ellipticity of our bilinear form and then we apply the Galerkin method. It is well-known
that this is the first step of the regularizer technique (see [8]), which leads us to the
solvability of other problems in domains with edges.

2. Notation. If N > 2 and z € RY, then r = r(z) equals \/2? + z3. Let ¥ € (0, 27)
and dy ={z € R?: 7 >0, p € (0,9)}, dyg,1 = {x € dy : 7 < 1} where (r, ) are the polar
coordinates in R?. We write v, = {z € R? : v > 0, ¢ = k¥}, o1 = {@ € 1 v < 1}
for k = O, 1, Dﬂ = d19 X R, Dlg,l = d&l X (71, 1), Fk = Yk X R, Fk71 = Yk,1 X (71, 1) If

UCRYN thenU =U\{z:7=0}and UT = U x(0,T). Let ¢ = (r) be a nondecreasing
smooth function such that suppy C (1,00) and @(r) =1 for r > V2. For z in RY we
set

() = @(27"r) — (27" 1r)  for n€Z. (1)

Then, the family of functions {7, }, ., has the following properties:
0<nu(z) <1 for 2 €RY,  no(27"z) = nu(x), (2)
suppn, € S, :={x € R? 2" <r < 2"+%}, (3)

suppn, N Dy C SY :={z € Dy; 2" <r < 2"+%}, shi={zxedy; 2"<r< 2"*3},
4
nn(z) =1 for 2"ts <p < ontt |77£Lk) (z)| < 27%"¢y for ne€Z and k=1,2, EE);
Znn(x)zl on H.%N, suppn, Nsuppme =0 < |n—k| > 1, (6)
nez
where cq is aeconstant independent of & and n. Furthermore, we need the following no-

tation: Nee := Y 0r o Mns oo = Noo —1o- We define xp,(2) := nn_1(x) + 75 (2) + Mps1(2).

1See the next section for the notation.
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Then Xp - 7n = M, SUPPXn C {z € RF 1 1 € (2”_1,2’LJF%)}7 xo(27"x) = xn(2),
L]

SnezXn(z) = 3 for z € RY, suppx, Nsuppxr = 0 < |n— k| > 2. We write

Xoo 1= D meo Xns Xoo := Xoo — Xo- Now, we assume that U C RY and we introduce the

function spaces: if f is defined on U, then f € Lo ,(U) < || fllz, @) = If 7" |le2@w) < o0,

DU) ={uec C=(U) :suppu is a compact subset of &},

HP (U)={u:ue H™(K) for each compact subset K of [}}

The space H"(U) (resp. Hy™™(UT)) is the completion of the set D(U) (resp. D(UT))
with respect to the norm

llrpr ={ S0 D%l o}

la|<m

resp. \|u||H5m,m(UT):{ 3 HDfDauH%Q,MizmHast(UT)}.
|| +2s<2m

N

[SE

If V is a space of functions defined on U (resp. UT), then V denotes the subspace of
V', which consists of functions u such that ujgy = 0 (resp. u(:,t)jpy = 0 for t € (0,T)).
If V is a space of functions defined on U7, then V is the subspace of V defined by

the condition uj;—g = 0. By Wy, (U) we denote the space of functions u € Lg ,(U
such that D*u € Lo ,(U) for |a| < m. The norm is given by the formula Hu||W2m W) =
o

{2 1a1<m ||D°‘u||2L27“(U)}%. Finally, we define the function space E}/*(U) as the completion
b 2
of D(U) with respect to the norm ||wHELn(U) ={>, ||w||HE(U)}1/2.

We define .Ag to be the Laplace operator on H,(Dy), i.e. .Ag : H%(Dy) — L2 u(Dy),
Azu = Au, and Bg to be A—1on EZ(dy), i.e. BZ D E2%(dy) — Lo u(dy), Bﬁu = (A—-1)u.
We consider the kernel and the co-kernel of Az,

ICZ = kerAZ, N;f ={f €Ly ,(Dy):(f, Agu)Lm(Dﬂ) =0 for ue HZ(D,&)},
where (-,-) 1, .(p,) denotes the inner product in Ly ,(Dy). Furthermore, we set
po=2-p (7)

Let Q1 := R and Q3 := R? and let s = s(q) be a function defined on Q; or Q- such that

s(q) = ¢® for ¢ € Q1 and s(q) = ¢} +iqo for ¢ = (q1, q2) € Q2.
We consider the following problems: the Poisson equation

(B) {Auf in Dy,,

u=0 on Iy k=01
and the heat equation
us—Au = f in D?;,u
(P) u on 1—‘5717 k=0,1,
Up—g = 0 on Dy .

I
o
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Concerning the problem (E) we prove the following result:

THEOREM 2.1. Assume that p # 1+ W% for k € Z\ {0}. Then

r T
Je>0 Yue Hi(Dy) Nullmzpy) < ellAfullL, ., & n <145, (8)
dimk? =40 for p<l+43, dimAY — {2 for p<1-1%, (©)
“ oo for p>1+7%, B 0 for p>1-73,
Ag is an isomorphism < p € (1 —n/9,1+7/9). (10)

Parts (9) and (10) are well-known, see for example proposition 11.1.4 and re-
mark 11.1.5 of [9]. The above theorem is a consequence of theorems 3.7, 4.2 and corol-
lary 5.14. The result concerning problem (P) is as follows:

THEOREM 2.2. Assume that pn # 1 —W% fork=1,2,...,and T > 0. Then for p <1+7%
we have

lullz g ) < ellue— Auly, oz, ue HZ(DEY). (11)
where ¢ = c(u, ). Furthermore, if p € (1 — 5,14 %), then for each f € ngﬂ(Dg)l) there

o
exists a unique solution u € éfi’l(Dgl) of (P).

3. Existence of solutions. First, we recall the well known propositions concerning
weighted spaces. Using the properties of functions 7,, and x, one can prove the following
proposition.

PROPOSITION 3.1. Assume that u € R. Then, there exists a constant ¢ = ¢(u) such that
for p:=mn or p:= x the following estimates hold:

e 1
Ml < (Y Ipeul)” <cllulx  for we X, X = H2(dy), H(Dy), (12)
n=—oo
S lpnulk < cllpuly  for we X, X =W, (dy), E3(dg). (13)

n=1
PROPOSITION 3.2. Assume that u € D(Dy). Then ||D*ul|12(p,) = || Aul|2(p,)-
Proof. Suppose that u € D(Dy). It is sufficient to show that

/ UpgUyy drdydz :/ |uwy|2 drdydz, / Ugsly, drdydz :/ |us.|? dedydz,
D19 9 D19 D19

“ (14)
where s = z or s = y. We begin with the first equality in (14). Integrating by parts twice
we obtain

1
/ UpgUyy dxdydz = / |umy|2 drdydz — Z/ Uz 07, Uy do,
Dﬂ D{) k=0 Fk

where n = (ng, ny,n,) is the outward normal vector to the boundary, 7 = (—ny, ns,0)
is a tangent vector and 0, u, denotes the derivative of u, in the direction of 71. The
function u vanishes on I'y and 7 is a tangent vector to I'y, hence 0, u = 0 on T,
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ie. —nyuy +nguy =0 onI'y. If ny, =0 on I'y, then u, = 0 on I'y, and the integral
over I'y vanishes. If n, # 0 on I'y, then u, = Z—”ugg on I'y, hence ka Uz Or, Uy do =

%% ka Or,u2 do = 0, because suppu is a compact subset of Dy. Therefore, we get the

first equality in (14). To obtain the second one, we integrate by parts twice and we have

1
/ Ugsly, drdydz = / lus.|? dedydz — g / Uy Ugy - Mg — Uy * Ugs - Ny dO.
Dy Dy k=0 YTk

The function u vanishes on T’y and (0,0,1) is a tangent to I'y, hence u, = 0 on T.
Therefore, the integrals over I'y, vanish and the proof is complete. m

Analogously, we can prove

PROPOSITION 3.3. Assume that u € D(dy). Then ||D*ul|r2(q,) = || Aul|12(ay)-

Using truncated functions and the convolution properties, we prove the following.

PROPOSITION 3.4. Assume that yu is real. Then the set D(dy) is dense in H(dy) and
E?(dy) and the set D(Dy) is dense in H2(Dy).

LEMMA 3.5. Assume that p is real and U = dy, dy1, Dy or Dy 1. Then there exists a
constant ¢ = c(u) such that for u € Hi (U) the following estimate holds:

loc
lellzs ) < ellAula @) + el a, ) (15)
REMARK 3.6. This lemma implies that if u € HZ .(U) and the r.h.s. of (15) is finite, then
u belongs to H.(U).

Proof. We show the estimate (15) only in the case of U = Dy, because in the remaining

cases we proceed analogously. Furthermore, it is sufficient to show (15) for u € D(Dy).
First, using proposition 3.2 and the Hardy inequality? we obtain

19l a2 s,y < ellAPl L, (s2)  for ¢ €D(Sy), neZ, (16)

where ¢ = c(u). If u € D(Dy), then we apply (16) with u,, = n,u € D(S?) and we
get HunH%{Z(Dﬁ) < c{HAuH%Q,“(Sﬁ) + Hu||fv{171(519)}, where ¢ = ¢(u1). Hence, adding these
inequalities for n € Z and utilizing (4) and (12) we obtain
lullzz(p,) < cl)fllAullL, 0oy + 1wl 0y} (17)
On the other hand, after integrating by parts we have HVuH%ZY“ﬂ(Dﬂ) < HAUH%z,H(Dﬂ) +
(4p — 12 + 1)”“”2@,“,2(&9)' Thus, from (17) we get (15) for u € D(Dy). =
Now, using the Lax-Milgram theorem, we prove the existence of solutions of the

problem (E).

2Tn the case of ;4 = 0 and p = 1 we cannot directly apply the Hardy inequality and we have
to modify the power of 7. Utilizing the assumption supp ) C SY we get the desired estimate.
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THEOREM 3.7. Assume that p € (1 — 5,14+ %). Then for each f € Lo, (Dy) there exists
a unique solution u € H(Dy) of the problem (D) and the following estimate holds:

lullzz(py) < cllfllLa,.Dy)s (18)
where ¢ depends only on ¥ and p.

Proof. We introduce the notation H := {u € Hi_l(Dﬂ) S upp, = 0}, L := Ly, (Dy)
and BJ-, ] is a bilinear form defined on H by

Blu, ¢] = Vu-Vo-r? =2 dr + (2p — 2) Vu-Vr-¢r2=? da.
Dy Dy
It is clear that B[, -] is continuous on H. We shall show that it is elliptic on H if [u—1| < 5.
Indeed, direct calculations give Blu, u] = HVUH%ZWI(DM —2|p — 1|2||u||2LM72(D§). From

the Hardy inequality (see th. 330 of [2]) we get || 2% H%Zu—l(Dﬂ) —|u—1|2Hu||2L27“72(D19) > 0.

2
Hence, if we denote by - the quantity %, then

(19)

[ = T T A L

La,,—1(Dy) Lo, —1(Dy)

On the other hand, the Poincaré inequality yields [lul|r, , ,(py) < ?”ﬁ”Lm&(Dﬂ)’
hence

Therefore estimates (19) and (20) give us Blu,u] > (1 — 7)|\VUHL2,H71(D19), where by
the assumption on y we have 1 —~ > 0. Applying again the Hardy inequality and
Poincaré inequality we obtain Blu,u] > c||u||§{1kl(D0) for a positive constant ¢ = ¢(9, u).
Therefore B, | is elliptic on H. Now, assurrfe that f belongs to Ly ,(Dy). Then, from
the Lax-Milgram theorem we get a unique u € H such that

(20)

— @ 1P, o > H

Ly, —2(Dy) Lo, —2(Dy)

Blu, ¢] = i for®=2de Vo€ H, lullz < el fllz, (21)

where the constant c depends only on ¥ and p. Using the standard argument, we deduce

that u € HZOC(Dﬁ) and Au = f in Dy. Thus, from lemma 3.5 and the estimate (21) we
get that u € H(Dy). Hence, u is a solution of (E) and the inequality (18) holds. =

4. A priori estimates. First, we recall a well-known result concerning the problem in
the angle dy (see [9] Theorem 1.2.1).

THEOREM 4.1. Assume that p # 1+ ﬂ% for k € Z\ {0}. Then for each f € Lo ,(dy)

there exists a unique u € H}(dy) such that Au= f in dy and the estimate lull 2 (ay) <
cl| fll L., (d5) holds, where ¢ depends on p and 9.

In this section we obtain a priori estimates for the problem in the dihedral domain:
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THEOREM 4.2. Assume that p < 1+ % and p # 1 — ﬂ% for k =1,2,.... Then there
exists a constant ¢ = c(u,¥) such that

lull 2,y < clAullz, gy for we Hy(Dy). (22)

First, we prove the estimates for solutions of the elliptic problem in dy with a param-
eter.

REMARK 4.3. In the following lemma and its proof all differential operators depend upon
x € R? variable and ¢ is a parameter. This Lemma is more general than we need here
and it allows one to estimate the solutions of the heat equation in weighted spaces.

LEMMA 4.4. Assume that p <1 and p # 1 — 7'('% for k=1,2,.... Suppose that i = 1,2

and v is a smooth function on dy X Q;. Assume that v(-,q) € D(dy) for each q € Q.
Then there exists a constant ¢ = c(u, ) such that if

g9(x,q) = —Av(z,q) + sv(x, q), (23)
then

> [ B, apda S e [ oGl wde 29

k+1<2

Proof. In the case of p # 0 we repeat the proof of lemma 2 of [5], where the problem in
R? should be replaced by the problem in dy with the Dirichlet homogeneous boundary
condition. Therefore, we only have to show (24) for u = 0. In order to do it, we multiply
both sides of (23) by (1 —iIm s)|s|v and we integrate over dy. After integrating by parts
we get

|S|1/2HDU('7Q)HLz,o(dﬁ) + |S|HU('7q)”L2,o(d¢9) = 2”9(‘;Q)||L2,0(d19) for g€ Qi (25)

On the other hand, applying theorem 4.1 to the function v(-,q) and using (23) we get

||’U(', q)HHg(d,9) < C”Q(? q) - S'U(-, q)||L2,0(d19) for qc in (26)

where ¢ = ¢(9). If we notice that the Schwarz inequality implies |s|'/2||v(-, Dl Lo _1(dy) <
|s[lv(-s D) Lo.o(d9) + V(5 DLy _s(ay), then (24) is a consequence of (25) and (26). m

Proof of Theorem 4.2. In the case of ;1 > 1 the estimate (22) is a consequence of theo-
rem 3.7. Therefore, we have to consider the case of u < 1. Due to proposition 3.4 it is
sufficient to show

o ()

Il ) < M0 for e DDY) (21)

with some ¢ = ¢(p, ). Thus, suppose that v € D(Dy) and denote by v(x q) the partial
Fourier transform of u(z, z) in the z variable, i.e. v(z,q) := m 75 u(z, 2)e”*9dz. Let
f:=—Auand g(z,q) := \/ﬂ f f(x,z)e~**%dz. Then, the functions v and g satisfy the
assumptions of lemma 4.4 in the case of i = 1. Therefore, we get (24) and applying the
Parseval identity to both sides of (24) we obtain (27). =
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5. The relations between AZ and Bz. The proof of the next statement is based on
the proof of Lemma 8.2.4 of [10].

PROPOSITION 5.1. Assume that p is real. Then, there exists a constant ¢ = c(u) such
o [ ]
that for u € C*(dy) and n € N the following estimate holds:

2 2 2
||77nu||E§(d,9) < c{[nn (A = 1)“||L2,“(d19) + ||XnU||E;71(d19)}- (28)
Proof. First, using proposition 3.3 and properties of 79 and xo we show that

ol reayy < ellno(A = Dl ) + Ix0ul s ay)} (29)

for u € C*°(dy). Next, substituting u,(z) := u(2"z) in (29) and changing the variables
y = 2"z we obtain

2 2 2
I ullz ) < elina (A = DullL, @, + el @+ ImulL, @0t (30)

for u € C*°(dy) and n € N and where ¢ = ¢(u). On the other hand, integrating by parts
gives us the inequality

2 2 2
Il agy < cllma( = Dl gy + Ixtll3, (31)

which holds for u € é'oo(c.ig) and n € N and ¢ = ¢(u). Therefore, from estimates (30) and
(31) we get (28). m

From this proposition we get?

COROLLARY 5.2. Assume that p < 3 and v € 8’”((}19) is such that (A — 1)v =0 in dy
and YooV € E}L(dﬁ). Then Neov € Eg(dg).

Proof. 1t is sufficient to consider the case 8 = pu + 1. If we apply proposition 5.1 with v
and n = 1,2,... and use (13), then we get

1 ~ (oo} oo _
§”77°°UH2E5+1(C119) < Z ||77n11|\2E5+1(dﬁ) < CZ HXnUH?;;(dO) < C||XOOU||2E3(d,g) <oo. m
n=1

n=1
Assume that = € dy, z € R and u = u(z, z) belongs to D(Dy). We define

w(n,€) =a(n/lg),€)  nedy R, (32)

where (z,§) = F,_[u(x,2)](§) stands for the partial Fourier transform with respect

to the z variable. Direct calculations give*

PROPOSITION 5.3. Ifu € D(Dy) and w is defined by formula (52), then

_ 2 2
1P e gy d = Il o, (33)
R

3See proposition 8.2.6 of [10].
“See Lemma 8.1.2 of [10].



DIRICHLET PROBLEM 215

COROLLARY 5.4. Formula (32) defines an operator from D(Dy) to Ly .(R; E-(dy)),
which is linear and continuous with respect to the norm of Hﬁ(Dg). Therefore, it can be
extended to the whole space H7(Dy) and then the equality (33) holds for eachu € H}(Dy).

Furthermore, if u € H2 *(Dy), then w(-,€) € Ei(dqg) for a.e. £ € R.

PROPOSITION 5.5. Assume that p <1+ % and p# 1 — W% fork=1,2,.... Then there
exists a constant ¢ = c(u, V) such that

[0l 22,y < (A =Dolly, @, for ve E2(dy). (34)
Proof. Due to density of D(dy) in E7(dy) it is enough to show (34) for v € D(dy). Let
X = x(t) # 0 be a smooth function Wlth compact support and [, |x(t) (t)|?dt = 1 and set®
un(z,2) = N~z exp(iz)x(zN " Yv(z), NeN.
It is clear that uy are in H}(Dy), hence from theorem 4.2 we get lunllzz(p,) <
cl|Aun||z, . (py) for a constant ¢ = c(u,?). Then, taking the limit N — oo we obtain
(34) for v € D(dy) with the same constant c. m

PROPOSITION 5.6. Assume that p <1 and p # 1— w% for k=1,2,.... Suppose that the
operator .Aﬁ is onto Lo ,(Dy). Then the operator Bﬁ is onto Lo ,(dy).

Proof. Let x = x(§) be a smooth cut off function such that 0 < xy < 1 and x(¢) =1 on

(12

3 5) and supp x C (0,1) and |[x||2®) = 1. For g = g(n) € D(dy) we define

folw,2) = F, [IE""X()g ()] (2),  z€dy, z€R. (35)
Then || fyllz,,.(Ds) = 9]l L2, (ds)- Furthermore, the function f; is smooth in bﬂ. By the

assumptions and theorem 4.2 there exists a unique u € H 2(Dy) which satisfies —Au = f.

A standard argument implies that u is smooth in D19. If we apply the partial Fourier
transform F, . (denoted also by a hat”), then we get

(= Ay + €2, &) = f(2,€) = | x(©)g(l€lx) for z € dy, ECR.
For £ € R we substitute n := ||z and we obtain

(=2, +1) [l a(le] " n,€)] = g(n) for nedy, €€ (1/3,2/3). (36)
The function u belongs to H 2(D§)7 thus from proposition 5.3 we derive the inequality

G
u(|§| 1-,€)HE2 (dg) < X for £ € (%,%) If we choose & € (%,%)

and set w(n) = |§0|1 *a(|€|~"n, &), then w belongs to E?(dy) and from (36) we get
(-A+1)w=g in dﬂ. Thus, for a given g € D(dy) we defined w € E}(dy) such

2
a (|g=t )HEﬁ(dﬂ) d§ < ||U||§15(D19) < 0.

In particular |£|*~

5We use the idea which comes from the proof of theorem 8.2.1 of [10].
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that (—A+ 1)w =g in dy. From proposition 5.5 we have the estimate ||w||E5(dﬂ) <
cllgll,,.(dy)- Therefore, we can extend this operator to the space Lz ,(dy). m

We recall a useful proposition 8.2.7 from [10]:

PROPOSITION 5.7. Assume that there is no number of the form 1+ % for k € Z\ {0}
between p and . Then if A}i is an isomorphism, then "42 is an isomorphism.

We use the following theorem instead of proposition 8.2.9 of [10].

THEOREM 5.8. Assume that k € N\ {0} and p, B satisfy
E+1

k
1—7 <p<l-m—<g. (37)

9
If the operator Ag is onto Ly ,(Dy), then the operator AZ is not injective.

Proof. Case of 1 + k% +p > 0. For xz € (.ig we set ¢ (x) == P sinw%g@ where 7, @ are
the polar coordinates in R?. Assume that n = n(r) is a smooth cut off function, which
is equal to 1 on By (B, denotes the ball with center at the origin and radius r) and
suppn C Ba. Then (A — 1)(nsx) belongs to Lo, (dy), because 1+ k% + p > 0. By the
assumption “42 is onto Ls ,(Dy), hence from proposition 5.6 we deduce that B}j is onto

Ly ,,(dy). Thus, there exists w € E‘i(dg) such that (A — 1w = (A — 1)(nsk) in dy. We
set

V=W — NSk (38)

First, we notice that v # 0. Indeed, in the opposite case we would have ng, = w € Eﬁ(dﬁ)
and then, in particular, 75 € Lo ,—2(dy), which is impossible since pp < 1 — ﬂ'%. Now, we

shall show that v belongs to E‘% (dy). First, we write v = (1 — oo )V + floov. Clearly, for

some ¢ we have |[(1 — ﬁoO)UHEg(dﬁ) <eXr, ||qu;||L2 oat(BY ) By definition of v we
? 2
have

! ! !
D ”HLM,M(B;/Z) <|p w||L2,5,2+1(3§3/2) +|D (77<k)||L2,5,2+l(B;93/2)'

By virtue of (37) we have u < 3, thus for I =0, 1,2 we get

||Dl < 95(B-mw ||Dl

w < 00
HL2,5—2+1(B§3/2) = ) ’

w||L2,“,2+l(B;93/2

because w € Ei(dﬂ). By assumption we have 1 — 71'% < f3, thus direct calculations give us
1 = 2

|D (77<"?)||L2,5,2+,(323/2) < oc. Hence, (1 — 7joo)v belongs to Ej(dy). In order to prove

that 7j.v belongs to E3(dy) we apply Corollary 5.2. Thus, v € Ej(dy). The functions w

and ng vanish on the boundary of dy, thus v is a nonzero function from E%(dﬁ) which
satisfies

(A-1)v=0 in dy. (39)
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We recall that v is smooth in dy. Now we set®

ue, z) = Fo [P L+ 1) o)) () for @ € dp,z € R, (40)

Therefore 0 # u € ﬁ[% (Dy) is well defined. Multiplying both sides of (39) by |¢[A+1(1 +
(€))7 we get (|€]7Ay — [€]%) [I€)77 (1 + [€) " u(n)] = 0 for (1,€) € dy x R. Now, substi-
tuting & := [¢|~1n we obtain (A, —[¢[2) [I€[7~1(1 + &)~ Tv(€]z)] = 0 for (2,€) € dy x R.
Therefore we have

(Az — [€M)a(e,€) =0 for zedy, EER, (41)
where the hat denotes the partial Fourier transform with respect to the z variable. The

function u belongs to I}%(Dﬁ), thus Au € Lg g(Dy), hence using the Parseval identity
and (41) we get Au =0 in Dy, i.e. ker A} # {0}.

Case of 1 + k% + pu < 0. We choose a number « such that 0 <1+ k% ++ < 2. Then
from the assumptions on AZ, theorem 4.2 and proposition 5.7 we get that Ag is onto
Ly, (Dy). Therefore, from the previous step we deduce ker Ag #{0}. =

THEOREM 5.9. Assume that p € R and | € N. Then, there exists a constant ¢ = c(u,1)
with the following property: if w € Lo ,(Dy) is harmonic in Dy and w = 0 on I'y, for
k=0,1, then

l
|D “HL“H(DM <cllullg,,(py) - (42)
In particular, if w € La ,,—2(Dy) is harmonic in Dy and uw =0 on I'y for k = 0,1, then
u < Hi(Dﬂ)

Proof. We need the following notation:

9 9
5min{4,ﬂ4}, Ug={reR¥: -6 <p<i9+4, re(0,00), z€R}, (43)

<gp<19+T, re (0,00), z€R

where (r, ¢, 2) are the cylindrical coordinates in R®. We define 7 as an extension of u

given in U, (resp. Uy ) by the odd reflection of u with respect to 'y (resp. I'1). Then,
U|p, = U, 4L, .y < 3llullz,,(py), @ is harmonicin Uy. (44)

First, we show that for some ¢ = ¢(u, 1) the following estimate holds:

1D s, (D9) < ellla ) (45)
For this purpose we define a suitable family of balls. For n € Z we set r, := %)n, R, =
%rn. Let K € N satisfy K > ———+ and for n,k € Z and i € [ := {0,1,...,K}

2
o e
5This formula is well-defined for v € D(dy) and proceeding similarly as in the proof of
proposition 5.3 it can be shown that ||U|‘E[23(dﬁ) = \/§||UHH§(D19)~ Furthermore, v = 0 on T,

because v = 0 on ;. Therefore, formula (40) can be extended to all v € E3(dy). Then the Lh.s.
of (40) belongs to ;I%(Dg).
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Y ; sind

we define points P ik = (7n, 4, ®3°kry) in cylindrical coordinates. Let B}, ; . (resp.
Bfm’k) denote the ball with center at P, ;; and radius R, (2R, resp.). The families

{B) i 1tnkezicr and { B} ; ; }n kez icr have the following properties:

Dy © U U Brlmk < U U B?z,i,k C Uy, (46)

n,ke€Ziel n,ke€Zicl

diam By, ; , = ¢(6) dist(B}, ; ., M), (47)

the order of the covering U U B?m-’k is finite, (48)
n,k€Z i€l

i.e. there exists a constant Ny such that any intersection of Ny + 1 elements from the

family {B?L,i,k}mkezﬂ'el is empty. The function u is harmonic in each ball B?m-’k, thus
applying theorem 8.2 of [1] we obtain a universal constant ¢y = ¢o(l) such that
~ —1=3 -
sup |D'| < coRy 2 [l p, 52 e (49)

Thus, using the Holder inequality and (49) we get
[r2g

aHL2,u+z(Bl

n,i, k

y < |B}L,i7k|1/2- sup . sup |D'uf?
ik By ik

< (4/3m)PeoR," sup it Il B2, )

n,i,k
1/2 . p—l l - ~
< (4/3m)2¢oR;" - sup . sup rR ||u||L2~H(B721,11,k).
By direct calculations we verify that R, supg: N ritlsupgs N r~# < ¢, where ¢ depends
only on p and [, thus we have o v

l~ ~
||D UHLQ,H‘Fl(B}L,i,k;) S C(H’ Z)HUHLQN(B?L”J
Therefore, utilizing (46) and (48) we get (45). Finally, using (44) we get the desired
inequality. m

THEOREM 5.10. Assume that u is real. Then, the transformation w — wr2 = is an
isometrical isomorphism from LQ,M,Q(Dﬁ) onto LQ’M/(Dﬁ) such that w € IC}i sSw e J\/;f,.
In particular, dim K} = dime,.

Proof. First, we notice that the above transformation is an isometry from Lg ,,—2(Dy)
onto Ly ,/(Dy). Indeed, because of p/ = 2 — u we have ||w||L2~M72(D19) = [[w'[|r, ., (Dy)-

Now, assume that w € IC}Z. Then w € HZ(Dy) and Aw = 0 in Dy. For u € D(Dy) we
have w € H?(suppu) and the Green formula holds for u and w, i.e.

1

Z/ wa—uda—/ a—wuda.
Tk 371 Tk 3n

/ w - Au dx — Aw-udr =
Dy Dy k=0

The function w is harmonic in Dy and w, w vanish on 'y, hence we get 0 = fDﬂ w-Au dr =

Ip, w'-Au-r? dz. The function w’ belongs to Ly ./ (Dy) and D(Dy) is dense in H3,(Dy),
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thus we get
/D w' - Au-r? dz =0 for ue H?/(Dy). (50)
9

By the definition this means that w’ € N;f,. Now, suppose that w’ € J\/';f,. Then w =

w'-r2 is harmonic in Dy. If K C Dy is compact with smooth boundary, then w € L2(K)

and Aw € L*(K). Therefore, the function w has the traces wjgx and 8—1‘“ o Which are
well defined functionals on Hz (OK) and H2(OK) respectively and the Green formula

holds:
/ w - Audr — / Aw -u dr = (w,0u/0n) 129Ky — (Ow/0n,u) 20K, (51)
K K

where u € H?(K). Let ¢, be smooth with the compact support in Ty, k = 0, 1. From
the trace theorem we obtain u € H?(Dy) such that upp, = 0, %IM =, k=0,1.
We may assume that suppu € K C Dy, where K is compact and v = 0 and g—z =0on
9K\ (IoUI'1). We put such u in (51). On the other hand [, w-Au dz = [, w-Au dz =0,

because u belongs to H},(Dy) and we use (50). Therefore (51) reduces to the equality

0= Zi=0<w,gﬂk>L2(r‘k). The functions ¢ were arbitrary and smooth with compact

supports in I'y, thus we deduce that wyr,nx = 0 for each compact set K C bg. The
function w is harmonic in Dy, hence it is smooth in Dy. If we extend w to the set
Uy (see (43)) by the odd reflection with respect to I'y (analogously as in the proof of
theorem 5.9), then the extension w in harmonic in Uy, thus @ in smooth in Uy, hence

L] [e] L]
W|p, = w is smooth in Dy, i.e. smooth up to the boundary. Therefore, w € C*°(dy) and
w € La,—2(Dy), hence the assumptions of Theorem 5.9 are satisfied. Then, we deduce

that w € H?(Dy) and Aw = 0 in Dy. By the definition this means that w € lCﬁ. .

REMARK 5.11. Now, we can give another proof of theorem 3.7, which is based on the

above theorem. Indeed, first we assume that u € D(Dy) and using the Poincaré inequality
and then integrating by parts we get

1 1
[, gy < @/ IVUIlL, o(py) < 50/M) AL, 5y + 51l - (0y)-

Therefore, with the help of lemma 3.5 we deduce that XY = {0} and the range of A7 is
closed in Ly 1(Dy). On the other hand, by using theorem 5.10 we get dim Ny = dim K?,
hence N = {0}. Therefore AY is an isomorphism and utilizing proposition 5.7 we deduce
that Aﬁ is an isomorphism for p € (1 — 7/9,1+ 7/9).

THEOREM 5.12. Assume that p > 1+% and p # 1+7% fork =1,2,.... Then ng # {0}.
Proof. Let us suppose K, = {0}. Then, from theorem 5.10 we get ./\f;f = {0}, i.e. the

range of Az, is dense in Ly, (Dy). We notice that ¢/ < 1 — 5 and p/ # 1 — 71% for
k = 1,2,.... Therefore y' satisfies the assumptions of theorem 4.2, hence we deduce
that the range of A7, is a closed subspace of Ly ,/(Dy). Thus AV, is onto Ly s (Dy).
Applying theorem 5.8 with y' and 3 = 1 we obtain that A is not injective, contrary to

theorem 3.7. m
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PROPOSITION 5.13. Assume that p is real and K, # {0}. Then dim K}, = occ.

Proof. If 0 # v € K}, then the functions v*(x,z) = v(z, z — k) for k € Z span an infinite
dimensional subspace of ng. n

From Theorems 4.2, 5.10, 5.12 and the above proposition we get:

COROLLARY 5.14. Assume that i # 1—7% for k € Z\{0}. If p < 1— 3, then dim Ko =0
and dim N} = oo. If p > 14 %, then dimK!) = oo and dim N} = 0.

Therefore, theorem 2.1 is a consequence of theorems 3.7, 4.2 and corollary 5.14.

6. The parabolic problem. In this section we give a proof of theorem 2.2. First, we
notice that from theorems 2.3.1 and 2.3.5 of [10] we get a priori estimates for the solution

of the Poisson equation in Hi(dﬂ_yl) ie.if u#1—kffork=1,2,...,and p <1+ 3,
then

||u||HfL(d19,1) < C”AUHLQ,;L(d'x?,l) for u € Hi(dﬂﬁl)’ (52)
where ¢ = ¢(u,¥). Thus, we get:
THEOREM 6.1. Assume that i #1— k%5 fork=1,2,..., u <1 and T > 0. Then there
exist constants c1, co such that

lullzrzp,.0) < 1l N DullL, ) for we Hy(Dya), (53)

lullz oz ) < 2,0, Dllu = Aully, oy, for we HX(DE,),  (54)

Proof. We proceed as in the proof of theorem 4.2, but first we have to extend periodically
functions from dy 1 % (—1,1) to dy1 x T, where T is the one dimensional torus. In the
next step, we repeat the proof of lemma 4.4 utilizing estimate (52). m

Now we define a bilinear form B,,[-,] on I(}/i_l(Dqu) by the formula
By [u, ¢] = Vu-Veé-r*=2 de 4+ (2u — 2) Vu - Vr-¢r2t=3 d.
Dy 1 Dy 1
It is clear that B[] is continuous on H;lhl(Dﬁ,l)- As in the proof of theorem 3.7, we
show that
it |jp—11< %7 then B[] is elliptic on H}hl(Dﬁ,l)' (55)

Therefore, using the Lax-Milgram theorem and lemma 3.5 we get

COROLLARY 6.2. Assume that p € (1 — 5,1+ 5). Then for each f € La,(Dy,1) there
<

o
exists a unique v € H?(Dy1) which satisfies Au = f in Dy and lullzz(py,) <

C(M7 ﬁ)Hf”LQ,H(Dﬁ,l)'

Now, we shall show existence of weak solutions of the parabolic problem (P). We need
the following notation:

V,={ue L2(0,T : H}L,l(Dﬁyl)) : ess[ostg) ||u||L21“,_1(D19,1) < oo},
telo,
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Po= {0 e PO.T: HL (Do) G0 € POT Lau(Dan). v.T) =0},

DEFINITION 6.3. The function u € V, is a weak solution of the problem (P) if

t t t
/ uhr?* 2 dx — / / )t 2 da dt —|—/ Blu, 9] dt = / / fapr?t=2 dx dt
Dy 1 0 JDy1 0 0 JDy1

(56)
for a.e. t € (0,T) and ¢ € P,,.
We shall show that if | —1| < 5, then there exists a weak solution of the problem (P).

For this purpose we apply the Galerkin method, but first we have to define a fundamental
system {¢y }nen in Ly ,—1(Dy,1). In order to do it, we set Blu, ] = 3(Blu, ] + Blp, u]),

thus B[-,-] is a bilinear, symmetric, continuous and elliptic form on H h1(Dyg1). We

define the operator T : Lo ;,—1(Dy,1) — H,1k1(Dz9,1) by the formula

Tf=us E[u,g@} = fer?#=2dz for ¢ € H}L71<D19,1).
Dy 1

It is linear, continuous, self-adjoint and compact in Lg,—1(Dy,1), since the imbedding
H,,_1(Dy1) C Ly, —1(Dy,) is compact. Therefore the set {¢,} of eigenfunctions of T
forms a fundamental system in L ,—1(Dy,1), which has the additional property {¢,} C
H}, 1(Dy,). Furthermore, we may assume that (on, &)1, 1 (Dg) = Onk-

We find the approximate solution of (P) in the form u®™ (z,t) = S-N_ N (1) - on(2),

n=1"n
N . . . . . .
. (t) are solutions of an appropriate system of ordinary differential equations.

Next, we obtain the estimate [|u™ ||y, < c(p, DN fllz,,. o7 ) and then using the standard

where ¢

argument we conclude that there exists a weak solution u € V,, of (P) and

v < el D a7 ), (57)

Further, utilizing the regularity argument we show that u € H>'(DJ , N {(x,t) : r > €})
for € > 0. Finally, proceeding as in the proof of lemma 3.5 we get the estimate

[[ul

||“HH§;1(D5,1) < C(M)(Hf”Lz,u(DL) + HUHL2(0,T;H}{,_1(Dﬂ,1)))~ (58)

Therefore, (57) and (58) give us the desired inequality and the proof of theorem 2.2 is
finished.

REMARK 6.4. The problem (P) is called the model problem and may be used in solving
other parabolic problems with variable coeflicients in domains with edges. This may be
done as an application of the regularizer technique (see, for example [8]).
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