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Abstract. A class of quasi-variational inequalities (QVI) of elliptic type is studied in reflexive
Banach spaces. The concept of QVI was earlier introduced by A. Bensoussan and J.-L. Lions
[2] and its general theory has been developed by many mathematicians, for instance, see [6,
7, 9, 13] and a monograph [1]. In this paper we give a generalization of the existence theorem
established in [14]. In our treatment we employ the compactness method along with a concept
of convergence of nonlinear multivalued operators of monotone type (cf. [11]). We shall prove an
abstract existence result for our class of QVI’s, and moreover, give some applications to QVI’s
for elliptic partial differential operators.

1. Introduction. Let X be a real reflexive Banach space and X* be its dual. We assume
that X and X* are strictly convex and denote by (-,-) the duality pairing between X*
and X. Given a nonlinear operator A from X into X*, an element g* € X* and a closed
convex subset K of X, the variational inequality is formulated as a problem to find u in

X such that
e K,
. (1)
(Au—g*,u—w) <0, Ywe K.

This has been studied by many mathematicians, for instance see [4, 5, 10] and their
references.

The concept of quasi-variational inequality was introduced by A. Bensoussan and
J. L. Lions [2] in order to solve some problems in the control theory. Given an operator
A: X — X* an element g* € X* and a family {K(v);v € X} of closed convex subsets
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of X, the quasi-variational inequality is a problem to find w in X such that

{u € K(u),

) (2)
(Au— g*,u—w) <0, Yw e K(u).

The constraint K (u) for the quasi-variational inequality depends upon the unknown w,
which causes one of main difficulties in the mathematical treatment of quasi-variational
inequalities.

The theory of quasi-variational inequalities has been developed for various classes of
mappings v — K (v) and linear or nonlinear operators A : X — X*; see for instance
[6,7,13], in which two approaches to quasi-variational inequalities were proposed. One of
them is the so-called monotonicity method in Banach lattices X (cf. [13]), and for the
mapping v — K (v) the monotonicity condition

min{wy,we} € K(vy), max{wi,wy} € K(vg), if v1,vs € X with vy <wy,  (3)

is required, and an existence result for (2) is proved with the help of a fixed point the-
orem in Banach lattices. Another is the so-called compactness method in which some
compactness properties are required for the mapping v — K (v) such as K (v, ) converges
to K (v) in the Mosco sense, if v,, — v weakly in X as n — oo. In the latter framework,
an existence result for (2) was shown in [7].

However, these results seem to be insufficient for application from some point of wiew.
Therefore their generalizations were established in [14]. In that paper, it is assumed
that A : X — X™ is a pseudo-monotone operator, Au = fl(u, u), generated by a semi-
monotone operator A : X x X — X*. In such a case our quasi-variational inequality is

of the form: Find v € X and
u € K(u), u* € Au, (4)
(u* —g*u—w) <0, Ywe K(u).

In this paper, we discuss the following quasi-variational inequality which is a further
generalization of the case treated in [14]. For a given function ¢ : X x X — R, our
quasi-variational inequality is written as

o(u,u) < 0o, u* € Au;
(= g"u—v) +o(u,u) < pu,v), Vv e X.

(5)

The above abstract result is applied to a quasi-variational inequality arising in the
elastic-plastic torsion problem for visco-elastic materials: Find u € H} () and @ € L?(2)
satisfying

|[Vu| < ko(u) a.e.on Q, @€ B(u) a.e. on {2,

ZN: /Qaij(au)g;a(%;ijlir/ ~(“—w)d$§/9f(u—w)d:c,

U
i,j=1 Q

Vw € H(Q) with |Vw| <k.(u) a.e. on

where Q is a bounded smooth domain in RY, f is given in L?(Q), k.(-) is a positive,
smooth and bounded function on R and ((-) is a maximal monotone graph in R x R. In
this case our abstract result is applied to
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<p(v,u)=/QIK(U)(u)dx+ﬁA(u)

with K (v) := {w € Hj(Q); |[Vw| < kc(u) a.e. on Q} and indicator function Ik (. of K (v),
where £3 is the primitive of 3, i.e. 83 = 3, and to

Y9 9
Ay = — Z 9, (aij(%u)a;) + B(u).

3,j=1

It should be noted that the family {K (v);v € H(Q)} does not satisfy the monotonicity
condition (3), and that the term ((u) is in general multivalued.

2. Main results. Let X be a real Banach space and X* be its dual space, and assume
that X and X* are strictly convex. We denote by (-,-) the duality pairing between X*
and X, and by |- |x and |- |x~ the norms of X and X*, respectively. For various general
concepts on nonlinear multivalued operators from X into X*, for instance, monotonicity
and maximal monotonicity of operators, we refer to the monograph [1,4]. In this paper,
operators are multivalued, in general. Given a general nonlinear operator A from X into
X*, we use the notations D(A), R(A) and G(A) to denote its domain, range and graph.
Now we formulate quasi-variational inequalities for a class of nonlinear operators, called
semi-monotone, from X x X into X*.

DEFINITION 2.1. An operator A(-,-) : X x X — X* is called semi-monotone if D(A) =
X x X and the following conditions (SM1) and (SM2) are satisfied:

(SM1) A(v,-): X — X* is maximal monotone, and D(A(v,-)) = X for every v € X.
(SM2) {v,} C X and v, — v weakly in X as n — o0
up* € ;{(vn,u), Vn €N,

Uy — u*in X*.

= Vu* € A(v,u), Hu,*} C X* such that {

DEFINITION 2.2. If a sequence {p,} of proper l.s.c. convex functions on X satisfies the
following (MC1) and (MC2), then we say that ¢, converges to a proper lLs.c. convex
function ¢ on X in the sense of Mosco [11].

(MC1) Vz € D(¢), I{zn} C X such that z, — zin X and p,(z,) — ¢(2).
(MC2) If {pn, } C {¥n} and {2} C X such that z; — z weakly in X,
then liminfy oo ¢on, (21) > @(2).

Let A: D(A) := X x X — X* be a semi-monotone operator. Then we define A :
D(A) = X — X* by putting Au := A(u,u) for all u € X, which is called the operator
generated by A.

Now, for an operator A generated by a semi-monotone operator ﬁ, any g* € X* and
a mapping v — K (v) we consider a quasi-variational inequality, denoted by P(g*,¢), to
find v € X and u* € X™* such that
{ olu,u) < oo, u* € Au;

Pla*
(g ’90) <u*_g*7u_v>+@(u,u)ggp(’uq’l)), Yv € X.

(6)

Our main results are as follows.
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THEOREM 2.1. Let A : D(ﬁ) =X x X — X* be a bounded semi-monotone operator,
A: X — X* be the operator generated by A, Ky be a bounded closed conver subset of
X, and g* € X*. Assume that ¢ : X x X — R U {oo} is such that ¢(v,-) is proper
l.s.c. convex on X for each v € Ky, and Ky contains effective domains D(p(v,-)) for all
v € Ko. Moreover, assume the following condition (K):
(K) A{v,} C Ko and v, — v weakly in X

= (v, ) — ©(v,-) on X in the sense of Mosco.
Then, the quasi-variational inequality P(g*,0) has at least one solution u.

The following theorem is a slightly more general version of Theorem 2.1.

THEOREM 2.2. Let A: D(A) = X x X — X* be bounded and semi-monotone, A : X —
X* be the operator generated by A. Assume that ©: X xX — RU{oo} is a function such
that o(v,-) is a proper l.s.c. convex function for each v € X, and there exists a bounded
set Go C X such that D(p(v,)) N Go # O for all v € X, and the following boundedness
and coerciveness conditions are satisfied:

AR >0 such that incg o(v,z) < R(Jvjx + 1), YveX, (7)
z€Go
: (w*,w —v) + p(w, w) , ,
inf — 00 as |w|lx — oo uniformly inv € Gg. (8)
w*€eAw |w|X

Moreover, assume the following condition (K’):
(K’) A{v,} CX, v, — v weakly in X

= p(vn,") = ¢(v,-) on X in the sense of Mosco.
Then, the problem P(g*,p) has at least one solution u.

In our proof of Theorems 2.1 and 2.2 we use some results on nonlinear operators of
monotone type, which are mentioned below.

PROPOSITION 2.1. Let A: D(A) = X x X — X* be a semi-monotone operator and let

A: X — X* be the operator generated by A. Then, the following two properties (a) and
(b) hold:

(a) For any v,u € X, A(v,u) is a non-empty, closed, bounded and conver subset of X*.
(b) Let {un} and {v,} be sequences in X such that u, — u weakly in X and v, —
v weakly in X (as n — o). If ut € A(vy,un), ul
limsup,, . (u®, u,) < (g,u), then g € A(v,u) and lim,, o (u’, u,) = (g,u).

— g weakly in X* and

For a proof of Proposition 2.1, see [14].
PROPOSITION 2.2. Let Ay : D(A1) C X — X* be a mazximal monotone operator and
As : D(Ay) = X — X* be a mazimal monotone operator. Suppose that

in <U1 +U27U_U0>
vy €Av, v3E€EAV |U|X

Then R(Al + AQ) = X"

— 00 as |v|x — 00, v € D(4y).

For a proof of Proposition 2.2, see [4, 5, 8].
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3. Proof of main theorems. We begin with the proof of Theorem 2.1.

Proof of Theorem 2.1. The theorem is proved in the following two steps. In the first step
(A), we prove the case when A(v, ) is strictly monotone from X into X* for every v € X,
and the second step (B) is the general case as in the statement of Theorem 2.1.

Case (A). First, we solve the following problem for each v € K.

(v, u) < 0o, u* € A(v,u); )
(u* — g*,u —w) + p(v,u) < v,w), Yw € X.

Now A(v, -) is maximal monotone with D(A(v,-)) = X, and the operator dg(v, -), which is

the subdifferential of (v, -), is maximal monotone. Furthermore, for each v € D(¢(v,)),
inf - <wT +’UJ;,’LU 7w0>
wi€0p(v,w), wiEA(v,w) |w|X

— 00 as |w|lx — oo, we€ D(0p(v,-)) (10)

is trivially satisfied because D(dg(v,-)) C Ko. From Proposition 2.2, R(dp(v, )+ A(v, -))
= X*, so that

Ju e D(p(v,-), Ju* € A(v,u) st. g* —u* € dp(v,u). (11)

Therefore,
<U**g*,’UJ7’w>+gﬁ(1},U) S@(an)v VwGXv (12)

and the problem (9) has a solution u. By the strict monotonicity, this solution is unique.

Now we consider the operator S : Ky — Ky which assigns to each v € K the solution
u € Ky of (9). We shall show that S is weakly continuous in K. Assume that {v,} C Ko,
v, — v weakly in X, and Sv, = u,. Then, since Ky is weakly compact in X, there exist
a subsequence {uy, } of {u,} and u € Ky such that u,, — u weakly in X (k — c0). For
each k, we have

; (13)

©(Uny, Uny,) <00, Uy, € A(vnk,unk);
<unk - g*aunk - w> + @(Unkaunk) < CP('Unk,’LU), Vw € X.

This means u € D(p(v,-)) by (MC2). By (MC1), we can see that there exists a sequence

*
ng?

(9%, Un, —Uk)—@(Vn, , Un,, ) +@(Un,,, ) for all kEN by (13), and lim sup,_, oo (—@(Vn,, s Un,,))
< —p(v,u) by (MC2), so that

{ur} C Ko such that p(v,, ,ur) — ¢(v,u) and @ — w in X. Moreover, (u) ,un,, —Ug) <

lim sup(uy,, , Un, ) = Hmsup((uy, , Un, — Ux) + (U, , Uk))
k—o0 k—o0
< liinsup(<g*, Up,, — Up) + (Up, , Uk)
— 00

= ©(Uny, Un,,) + @(vn,,, Uk))
< {u*,u). (14)
Next, by (SM2), for any w € X and any w* € A(v, w), there exists some sequence {w;}
in X*, such that w}; € A(vp,,w) and wy — w* in X*. In addition, (u;, —w},un, —w) >0
for all k € N, because A(vy,,-) is monotone. Hence

0 < limsup(u;,, —wg,Un, —w) < (U —w*, u—w) (15)
k—oo
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and Z(v, -) is maximal monotone, which implies that u* € g(v7 u). For these u and u*, we
use (SM2) to get a sequence {@;} C X* which satisfies that @} € A(v,,,u) and @} — u*
in X*. Furthermore, since () ,un,) > (uy,, ,u) 4+ (W}, un, — u) by the monotonicity of
A(vn, ,-), we see that

lim inf(uy, , wn, ) > liminf((u;,, ,u) + (0F, up, —u))
k—o0 k—o0

= (u*,u). (16)

Combining this with (14), we get limy oo (uy,, , Un, ) = (u*, u).

For any w € D(p(v,-)), by (MC1) we are able to find a sequence {wj} such that
wy, — w in X and o(vy,, wr) — @(v,w). Moreover, note from (13) that (uy, — g%, un, —
wi) + (Vs Un, ) < @(Vn,, wi). Therefore,

pv,w) = likm inf o(vy, , wk)

*

> i inf (s, tn, ) — (5, 04) = (9"t = 08) + 90y )
= (0" — g u—w) + p(v,u). a7

This shows that Sv = u and S is weakly continuous. By the fixed point theorem for
compact operators (Leray-Schauder type), S has at least one fixed point u in Ky, namely
Su = u, which is a solution of P(g*,¢).

Case (B). We approximate A by A.(v,u) = A(v,u)+¢cJ(u) for every u,v € X, ¢ € (0,1],
and the duality mapping J from X into X*. Then A, is semi-monotone and A (v,-) is
strictly monotone. Applying the case (A) for the operator A, generated by A., we see
that

ue € D(p(ue,)), ug € Ac(ue);
(ue + & Jue — g%, ue — w) + p(ue, ue) < p(ue, w), Yw € X.

HUE € KQ s.t. { (18)

Now choose a sequence {e,} and a subsequence {uc, } of {u.} such that e, converges
to 0, and u., converges to some u weakly in X. Then ¢(u,u) < oo by condition (K’).

According to (MC1), there exists a sequence {u,} which satisfies p(u.,,U,) — ©(u,u)
and i, — w in X. For this sequence, we can choose a subsequence {uf } of {uf } such

that {u;‘nk} converges to some u* weakly in X, because A is bounded. We now observe

by using (MC2) and (18) that

limsup(u’ ,u., —u)
k—oo i k
= lim Sup((u:w +Eny - S, Ue,, — Un,, ) + <u:nk +Eny, + JUe, Uny — u))
k—o0
< limsup((g”, Uer,, — Un,,) — So(usnk ) usnk) + 90(“67%  Uny)

k—oo

+ <’u’;nk + Eng * Jufnk ) ank - u))

<0. (19)

From Proposition 2.1-(b) and this inequality, we get limk_>oo<u;nk (e, ) = (u*,u). More-
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over, as is seen from (MC1), for each w € X
p(ue,, , wr) = (u,w),
3 CX st "
{wn} i { wp —w in X.
With these sequences and (18), we have
o(u,w) = kli_)n;(] p(ue,, s wy)

> kli_?go(@nk +en, - Jue,, — g Uep,, — w) + ‘P(usnkvusnk))

Y

(u” =g, u —w) + ¢(u,u)
for all w € X, so u is a solution of P(g*,¢). m
Next, we show Theorem 2.2 using the result of Theorem 2.1.

Proof of Theorem 2.2. First, we put

dy == sup |w|x,
weGo
dy := sup{|w|X'w € X, inf ((w W= o)+ @(w,w)) <|g*|.(1+d1), Vv e Go}v
w*€Aw \w|X

and My =dy +da+1,and By ={w € X | |w|x < M} for M > My. Now we define the
function ¢ on X x X by
_ [ e(v,u) if |ulx <M,
onr (v, ) = { 00 otherwise.
Then ¢ (v, +) is a proper Ls.c. convex function on X for each v € X.

Next we show that {pp(vn, )} converges to ¢pr(v,-) on X in the sense of Mosco. In
fact, for any w € D(pp(v,+)), we use (MC1) to find a sequence {w,} such that w, — w
in X and o(vp, wy) — e(v,w). If |w|x < M, then |w,|x < M is satisfied for all large
n > Ny for a certain Ny € N. Now putting

G -] awy we D(pn(vn,-)) (n < Np),
" W (n > No),
we can see that (MC1) holds for {w,}. If |w|x = M, we approximate w by
1 1
w™ = <1 - )w + —wo (m=1,2,---), vy € D(p(v,-)) N Go.
m m

It is clear that w(™) — w as m — oo, w™ € D(p(v,-)), and |w™|x < M for all m € N.
By the above result with |w|x < M, we see that

(m)

wy” — w™ in X,

20
o1 (U wi™) = ar(v, w™). (20)

vm e N, FHw™} st. {

Furthermore, for each m € N, there exists n(m) € N such that

1 1
(m) _ oy(m) (m)y _ MmN, < — > .
|w,)] w'™|x < v and | (vn, w ™) — o (v, w'™)| x < 5y’ Vn > n(m)

We choose a sequence {n/(m)} which satisfies n’(m) < n’(m + 1), n(m) < n’(m), and
m < n/(m) for every m € N. Then for all n € N there exists ¢ € N such that n'(i) <n <
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n'(i + 1). We choose w$) as @,. Then,

W — w]x < [ —w®|x 4+ |w® —w|x — 0.

Moreover, we easily see (v, w(™) — (v, w) and <pM(vn,w§Lm)) — (v, w™), so
that
loat (vn, Wn) — @ (v, w)| < |<PM(Umw7(f)) - @M(an(i))l + |90M<'va(i)) — (v, w)|

— 0

From these results, we can see that {¢ns(vy, )} has property (MC1). The verification of
(MC2) is easy. We are now in a position to apply Theorem 2.1 for By and ¢js for all
M, and we see that

onm(un, upr) < oo, uy, € Aun,

21
(Wl — g% uns — w) + s (unrs unr) < pluarsw), Vw e X; 2D

Jupy € X s.t. {
note that condition (K) for Ky = Bjs and ¢ = ¢ follows from (K’). From (7), it follows
that

VM = Mo, Jwr € D(pnm(un, ) NGo st p(unr, war) < Rlun|x +2).
Now, we obtain from (21) that

(Uhr, uns — war) + @(unr, unr)
[unr|x

*|x+ + 2R
< |g*|X* + R+ M

lunr|x
Hence, our coerciveness assumption (8) implies that {uas}ar> s, is bounded in X. There-
fore,

up, — u weakly in X

H{Mn} C {M}MZMO s.t. { (22)

uyy, — u* weakly in X,

and u € D(p(u,-)) by (MC2). On account of (MC1), for the weak limit u and any element

w of D(e(u, ),
Up — U, Wy, —w in X,

Hu,}t, Hw,} st. . —~
(@ 3tmn) s { . ) o)
Using (21), we see that limsup,,_, . (u}, ,unr,) < (u*,u) in the same way as in Theorem

2.1. Now by Proposition 2.1-(b), we have (u}, ,unr,) — (u*,u), and hence

(23)

o(u, w) = iminf p(un, , Wy,)
> lim inf({uay,  unr, ) = (U, , Wn) = (97, un, = Wn) + (unr,, uar,))

> <u* _g*vu_w> +@(u7u)

This means that u is a solution of P(g*,). m

4. Applications. Let Q C RY be a bounded domain with smooth boundary, ag : Q x

R — R and a;(-,-) : Q@ xRxRY = R (i = 1,2,---,N). We assume the following

conditions hold.

(al) ao(-,n), ai(-,n,€) are measurable on Q, ¥n € R, V¢ € RN, i=1,2,---  N.

(a2) ag(z,-) is continuous on R for a.e. x € Q and a;(z, -, -) is continuous on R x RV for
aexei=12,--- N.
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(a3) There exist positive constants ¢y and ¢; such that
{CO<§|”—1 —1) < ai(@,m,€) < e ([P +1),

co([nfP~t = 1) < ao(z,n) < er(InfP~" + 1),

fori=1,2,---,N, n€R, £€RY, and a.e. z € Q.
N

(a4) Z(ai(lﬂ%ﬁ) - ai(xﬂ%g))(fi _E) 2 0

i=1
for a.e. erv neRa 5: (517627"' 7£N)7 g: (67175727 7§N)

Our applications are formulated with these functions.

4.1. Application 1 (Gradient obstacle problem). Let X = WP (€) with 1 < p < oc. For
any u,v, and w € X, let us define the operator A by

ow

N
(A(v,u), w) = Z/Qai(x,v,Vu)axidx+/an(x,v)wd$

and write simply A(u) = A(u,u) for each u € X. We put K(v) = {w € X | |[Vuw| <
k.(v) a.e. on Q}. Let k.(-) : R — R be a positive function which is Lipschitz continuous
and bounded with upper bound k£, and ¢ be defined by

o(v,u) = / Ig@y(u)dr  (v,u e X).
Q
LEMMA 4.1.

(i) The operator A: X — X* is bounded and semi-monotone.
(i) ¢(-,+) and Ko = {w € X | |Vw| < k} a.e. on Q} satisfies the assumptions of

Theorem 2.1.

This lemma is proved in [14].

By Lemma 4.1, all the assumptions of Theorem 2.1 are checked. Applying Theo-
rem 2.1, we can get a solution u of the following quasi-variational inequality for any
f e LyQ):

u € X,
|[Vu| < ke(u) ae.on €,

N
Z/ a;(z,u, Vu) u _ Ov dz +/ ao(z,u)(u —v)dr < / flu—wv)de,
=1
Yo e X, |Vu| < ke(u) ae. on €.
This gradient obstacle problem is a mathematical model of vibration of a string in R,
vibration of a membrane in R?, and elastic-plastic torsion problem for visco-elastic ma-

terials in R?. In our model we treat the case when the threshold value of |Vu| depends
upon the displacement w.

4.2. Application 2 (Non-local constraints in the interior). Let X = WLP(Q) with 1 <
p < oo, f € L4(Q) when g is the conjugate exponent of p, k. € C*(R) with upper bound
k: >0, p be a Cl-class function on RY x RY. We define an integral operator A as

Av(z) = / plxz,y)v(y)dy, Yve X and VreQ.
Q
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Let us consider the same operator Z(’ ): X x X — X* as in Application 1, and A be

the pseudo-monotone operator generated by A which is semi-monotone on X by Lemma
4.1. Moreover, we define a proper l.s.c. convex function ¢,

go(u,v):/QI[OM)(U—kC(Av))dm—i—/QﬁA(v)dx

where 3 is a proper ls.c. convex function on R such that kX € D(ﬁ) and D(B) has
no-empty interior.

LEMMA 4.2. ¢(-,-) and Go = {k}} satisfy all the assumptions of Theorem 2.2.

Proof. We show that the Mosco convergence property is satisfied. For every w € D(¢(v, -)),
we see

w > k.(Av) ae.on €, / B(w)dz < co.
Q

Now, there exists numbers a and b such that D(3) = [a, b] with a < b. Next choose small

constant € > 0 such that a + & < b — €. Since k.(Av,) — k.(Av) in C(Q),
Ine st |ke(Avy) — ke(Av)| <e on Q, n>ne.. (24)

We define w,(x) = min{max{a + ¢, w(x)},b — e} for a.e. € Q. Then w, € [a +£,b — ¢]
on , w, — win X as ¢ \, 0, and hence w. € D(p(v,-)) for any € € (0,€). Moreover, we
see

/Q Blwe)dz — /Q Bw)dz as &\, 0, (25)

because |B(w.)| < |B(w)| 4+ Bo on Q, where 3 is a positive constant independent, of e.
Next, we define we , = we — kc.(Av) + kc(Avy,) for each € € (0,€) and n = 1,2,---. On
account of (24) we have for each € € (0,2),

Wep — We in X (n— 00),

/ B(w&n)dx — / ﬁ(we)dx (n — 00), (26)
Q 0

We ,n € D(Sﬁ(vm ))7 vn > MNe.

Making use of (24) to (26), by the diagonal argument we easily construct a sequence
{@W,} such that

Wy, —w in X, /QB({Dn)dxH/QB(w)dx

Hence (MC1) holds for ¢(v, ). Also, (MC2) is shown by

lim inf (v, wy,) = lim inf </ I (v, (wp)dz —|—/ B(Un)dx)
Q Q

n—oo n—o0

>0 —|—/ lim inf B(v,)dz = o(v,w). =
Q

n—oo

By Lemmas 4.1, 4.2, and Theorem 2.2, we are able to find a solution u of the following
quasi-variational inequality for every f € LI(Q):
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ue X, u>ke(Au) ae. on Q,

a ou  Ov

Z/ai(m,u,VU)( )d:E—I—/ao(:v u)(u—v) d;v—l—/ﬁ
—~ Jo dx; Ox

/fu—vdx-l—/ﬂ

Vve X, v>ke(Au) a.e. on Q.

4.3. Application 8 (Non-local constraints on the boundary). Let X = W1P(Q) with 1 <
p < 0o, I' = 09, k.(-) be the same function as in Application 2, p(-,-) : RN x RN — R,
be of class Ct, Go = {k}}, and K(v) = {w € X | w > k.(Av) a.e. on T'}, where

Av(x) = /Fp(x,y)v(y)dl“y, Ve el,
o(v,u) = AI[O7M)(u — ke(Av))dD

It is easy to see that all the assumptions of Theorem 2.2 are satisfied in the same
way as in Section 4.1 and 4.2. Now applying Theorem 2.2, we see that the following
quasi-variational inequality has at least one solution u:

ueX, u>k.(Au) ae on T,

N
;/Qai(%u,vu)(g;i - g;ji)dx—l—/ﬂao(x,u)(u—p)dx</Qf(u_v)dx,

Yoe X, v>k.(Au) a.e. on T.
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