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Abstract. The two-phase free boundary value problem for the Navier-Stokes system is consid-
ered in a situation where the initial interface is close to a halfplane. We extract the boundary
symbol which is crucial for the dynamics of the free boundary and present an analysis of this
symbol. Of particular interest are its singularities and zeros which lead to refined mapping
properties of the corresponding operator.

1. Introduction. In this paper we consider a free boundary problem that describes
the motion of two viscous, incompressible, capillary Newtonian fluids in R3. The fluids
are separated by an interface that is unknown and has to be determined as part of the
problem.

Let Ty C © be a given surface which bounds a region Q;(0) occupied by a viscous
incompressible fluid, fluid1, and let 5(0) be the complement of the closure of ©4(0)
in R3, corresponding to the region occupied by a second incompressible viscous fluid,
fluid 2. We assume that the two fluids are immiscible. Let I'(¢) denote the position of Ty
at time ¢. Thus, T'(¢) is a sharp interface which separates the fluids occupying the regions
Q4 (t) and Q4(t), respectively. We denote the normal field on I'(¢), pointing from Q; (¢)
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into Qa(t), by v(t,-). Moreover, we denote by V(t,-) and k(t,-) the normal velocity and
the mean curvature of T'(t) with respect to v(t,-), respectively. The motion of the fluids
is governed by the following system of equations for ¢ = 1,2:

Di (8tu + (u- V)u) —wAu+Vg=0 in
divu =0 in i
—[Sv] =okr on TI(¢)
[u] =0 on I'(¢), (1.1)
V=u-v on I(),
u(0) = ug in R3\
T'(0) = To.

Here, S is the stress tensor defined by
S = pi(Vu+ (Vu)") —ql in Q(t),
and
[[U]] = (U|§22(t) - Ulnl(t))|F(t)

denotes the jump of the quantity v, defined on the respective domains €2;(t), across the
interface T'(¢).

Given are the initial position 'y of the interface, and the initial velocity ug : R® \ Tg
— R3. The unknowns are the velocity field u(t,-) : R3 \ I'(t) — R?, the pressure field
q(t,-) : R3\I'(t) — R, and the free boundary I'(t). The constants p; > 0 and p; > 0
denote the densities and the viscosities of the respective fluids, and the constant o stands
for the surface tension. System (1.1) comprises the two-phase Navier-Stokes equations
with surface tension.

In order to economize our notation, we set

P = P1XQi(t) T P2XQa(t)s  H = HIXQy(t) T B2XQa(t)>

where xp denotes the indicator function of the set D. With this convention system (1.1)
can be recast as

p(Oru+ (u-V)u) — pAu+ Vg =0 in R3\T(t),
divu =0 in R3\T(t),
—[Sv] =okr on T(¢),
[u] =0 on T'(¢), (1.2)

V=u-v on I(),
u(0) = ug in R3\ Ty,
T'(0) = T.
Existence and uniqueness of solutions for the corresponding one-phase problem, which is
obtained from the two-phase problem by setting u = ¢ = 0 on Q2(¢) and discarding Qs (¢),
has been extensively studied in a long series of papers by Solonnikov, see for instance

[17, 18, 19, 20, 21, 15] for the case o > 0. The authors in [1, 2, 23, 24, 16] consider the
motion of a layer of heavy, viscous, incompressible fluid in an ocean of infinite extend that
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is bounded below by a solid surface and above by a free surface which includes the effects of
surface tension. The authors obtain local existence and uniqueness of solutions. Existence
and uniqueness of solutions for the two-phase problem (1.2) is studied in [4, 5, 6, 22].

Here we are interested in the situation where I is close to a plane, say R™ with n > 2,
i.e. Ty is a graph over R™ given by a function hy with |Vhg|s small. Then it is natural
to transform the problem to a flat fixed interface, and solve the resulting quasilinear
evolution problem. The general situation where Iy is a closed compact manifold can then
be treated by a localization procedure. This will be carried out in a forthcoming paper.
Our basic well-posedness and regularity result for the geometry considered in this paper
reads as follows.

THEOREM 1.1. Fix p > n+ 3 and let hy € W;”‘Q/”(R"), ug € I/Vz?_z/p(]R”le \To) be
giwen. Assume that the compatibility conditions

divug =0 on R"™\ Ty, [Dov— (v-Dov)v] =0, [uo] =0 on Ty,

are satisfied, where Dy = (Vug+(Vuo)"). Then there exists n > 0 such that for |Vho|s <
7 there is to = to(uo, ho) > 0 and a unique classical solution (u,q,T") of problem (1.2) on
(0,%0). In addition, I'(t) is a graph over R™ given by a function h(t),

M= J {3 xT(@)

te(0,to)
is a real analytic manifold, and with
Q:={(t,x,y): t€(0,tg), z € R",y # h(t,z)},
the function (u,q) : Q@ — R"2 is real analytic.
Due to the restriction p > n + 3, we obtain
h e C(J; BUC*[R™)), 8,;h € C(J;BUCR")),

where J = [0,to]. In particular, the normal of Q(¢), the normal velocity of I'(¢) and
the mean curvature of I'(t) are well-defined and continuous, so that (1.2) makes sense
pointwise. For u we obtain

we BUC(J xR™), Vue BUC(Q),

and (u, g, h) depend continuously on the data ug and hg. Also interesting is the fact that
the surface pressure jump satisfies [¢q] € BUC(M) and is real analytic as well.

In this paper we are interested in the boundary symbol s(\, €) of this problem, which
determines the linearized dynamics of the interface. Here A resp. £ denote the covariables
of time ¢ resp. z, the tangential variable on the flattened interface. We indicate how to
derive this symbol and present a detailed analysis of its properties.

The plan for this paper is as follows. Section 2 contains the transformation of the
problem to a half-space and the determination of the proper underlying linear problem.
In Section 3 we extract the boundary symbol, and we study its basic mapping properties in
Section 4. An analysis of the characteristic equation s(\,£) = 0 is given in Section 5, and
the refined mapping properties of the corresponding operator are presented in Sections 6
and 7.
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2. Reduction to a flat interface and linearization. Suppose that I'(t) is a graph
over R™, parametrized as

T@t) ={(z,h(t,x)): x€eR"}, teJ:=]0,al]
Then we introduce the transformed variables
up(t, x, h(t,x) +y)
v(t,z,y) = | ¢ :
un(t, x, h(t,z) +v)
w(t,2,y) = uns1(t, 2, h(t, ) + ),
w(t,z,y) = q(t, z, h(t,z) +y),
where t € J = [0,a], x € R", y € R, y # 0. By means of this coordinate transform
the interface I'(t) is R™, independently of ¢t. The two-phase Navier-Stokes problem with

surface tension then becomes the following quasilinear problem on the fixed domain
R = {(z,y) € R" x R: y # 0} for the new unknowns u := (v,w), 7 and h:

poiu — pAu+ Vr = F(u,m, h) in R
divu = Fy(u, h) in R
0] — [uVsu] = G [l h) on R,
—2[pdyw] + [7] — cAyh = Gy(u, h) on R", (2.1)
[u] =0 on R"
Orh — wly=o = H(u,h) on R",
u(0) = ug in R
h(0) = ho,

for all £ > 0. More details on this transformation, on the nonlinear right hand sides, as
well as for the proof of Theorem 1.1 can be found in the forthcoming paper [13].
Thus the linearization of (2.1) at h = 0 leads to the linear inhomogeneous problem

pOu — pAu + Vr = f in R",

divu = fy in R"H,
—[poy] - [pVew] =g,  on R,
—2[poyw] + [r] —ocAzh =g, on R",

[u] =0 on R", 22)
Oth —wly—o = fn ~on R",
u(0) =uy  in R
h(0) = hg.
We are interested in the regularity class
we Hy(J; Ly(R™™) N Ly (J; HZ(R™MY), 7€ L(J; Hy(R™T), (2.3)

where J = [0, a] means a finite time interval. In the following, W, denote as usual the
Sobolev spaces if m € Z. For non-integer s, W, are the Sobolev-Slobodeckii spaces, and
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Hj the Bessel-potential spaces. For K € {H,W}, by K; we mean the homogeneous
version of K. Note that H, = W for integer values of s, but that in general these
spaces are different.

If we assume a solution in the class (2.3), then for the right hand sides f and fq we
necessarily must have f € L,(J x R"*1) and

fa € Hy (J; Hy ' (R™F) 0 Ly(J; Hy (R™)),

since the operator div maps L, into H, 1. By trace theory we necessarily have wuy €
W2 2/P(Rn+1), and the lateral trace of u belongs to

Yo i= Wy =2 (J; Ly(R™)) 1 Ly (J; Wy~ P(R™)),
and that of Vu to

Y1 = W T2 (T Ly (R™) N Ly(J; W, P (R™)).
Therefore g, € Y7, and if in addition

[x] € W,/271/2P(J; Ly (R™)) 0 Ly (J; W~ VP (R™)),
then we also have that g, € Y1.

Concerning the regularity of the height function h we note that the equation for h
lives in the trace space Y, hence naturally h should belong to

he W22 (T, Ly(R™) N HY(J; W2—H/P(R™)).

On the other hand, the equation for the normal component of the normal stress lives in
Y1, and contains the term A, h, hence h should also belong to L, (J; ngl/p(R”)). These
considerations lead to the following natural space for h

h € Wyt 2P(J; Ly(R™)) N Hp (J; W~ VP(R™)) 0 Ly (J; W32 (R™)).

This then implies f;, € Yy, as well as hy € WS —2/p (R™) by trace theory. Our next theo-
rem states that in this setting, problem (2.2) admits maximal regularity; the described
regularities of the data are also sufficient. In particular, the solution map defines an
isomorphism between this space of data and the solution space defined above.

THEOREM 2.1. Let 1 < p < oo be fized, p # 3/2,3, and assume that p; and p; are
positive constants for j = 1,2, and set J = [0,a]. Then the instationary Stokes problem
with free boundary (2.2) admits a unique solution (u,m,h) with reqularity

u € Hy(J; Ly(R"™)) N L,(J; Hg(RnJrl))’ e L,,(J;H;(R"“)),
[[W]] S W;/2_1/QP(J; LP(RH)) n LP(J; Wpl—l/P(Rn))’
and

if and only if the data (f, fa, g, fr, w0, ho) satisfy the following regularity and compatibility
conditions:

(a) f€Ly(J x R),
(b) fa € H(J; Hy\(R™F)) 0 Ly (J; Hy (R™H),
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(8) —[uoyvo] — [pViwo] = gu|,_, on R™ if p > 3.
The solution map [(f, fa,9, fr, to, ho) — (u, 7, )] is continuous between the correspond-

ing Spaces.

Below we discuss in more detail the arguments which lead to sufficiency for the reg-
ularity of h. For the complete proof of Theorem 2.1 we refer to the paper [13].

3. Extraction of the boundary symbol. The main ingredient for the extraction of
the boundary symbol is the Dirichlet-to-Neumann operator for the (instationary) Stokes
equations. To define the Dirichlet-to-Neumann operator we consider the following prob-

lem:
pou — pAu+ Vi =0 in R"HL

divu=0 in R™
u=wu, on R"
u(0)=0  in R™
for ¢ > 0. We then define the Dirichlet-to-Neumann operator by means of
DNuy, = —[Slen+1 = —[u(Vu+ (Vu)")]ent1 + [rlent.

For this purpose it is convenient to split u into u = (v, w) as before, and wu, into u, =
(vp, wp). Then we obtain

DNy = (~[ndy] — [0V ], 208, 0] + []).

We employ Laplace transform in ¢ and Fourier transform in the tangential variables
x € R™, to obtain the following boundary value problem for a system of ordinary differ-
ential equations on R:

w?v — u@jv +iém =0, y # 0,
w?w — ,uagw + 0y =0, y #0,
(i€|v) + Oyw = 0, y=0,

v(0) = vp, w(0) = wp.

Here we have set wjg» = p; A+ |€]2, j = 1,2. Actually, we should have written something
like 0, etc. to indicate that these functions have been transformed, but for simplicity we
drop the hats. This system of equations is easily solved to give

V2 ag —1
wy | = w2/ iz \L/Ulj(iﬂ@) +a2€*\§|y €] ,

T2 0 P2
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for y > 0, and

vy ax —i§
wy — e1¥/Vin _\lel(idal) —‘1-0116|§|y _|§|

T 0 PIA

)

for y < 0. Here a; € R™ and «a; have to be determined by the boundary conditions
v(0) = vp and w(0) = wp. We have
az —i€ag = v = ay —iay,

and

2 ilay) + el = wy =~ i) — [elon.
2 w1

This yields
aj = v+ a;i§, j=1,2,

and

~wr + [l VR2
p2A[¢]

2 =

(Vi (0p|i€) — wowy),

as well as

~wi F [l
p1Al¢]

We may now compute the symbol of the Dirichlet-to-Neumann operator to obtain

a1 =

(v (vp|i€) + wiwp).

DNuy = wiy/frar + way/fizas — (a1 pn + aspe)|€li§ — [u]igwsy
2i(p2as — pra1l§) + 2(agpz — a1 ) [€]* + Mazpz — aipr)

Simple algebraic manipulations then yield the following symbol for the Dirichlet-to-
Neumann operator

DN(\.) = atgif?c Nl (3.2)

where ¢ = £/|¢| and
a = /mwr + pows, B = (u1 + p2)l€l,
v = (Vizws — Vimw) = [©€], 6= (wi +w3)/IE] = B+ (o1 + p2)M/I€]-

Next we want to compute the symbol of the inverse of the Dirichlet-to-Neumann operator.
Thus we have to solve the equation DNu, = g on a symbolic level. We decompose as
before up, = (vp, wp) and g = (gu, gw)- Then in transformed variables we have to solve the
system

avy + BC(up|C) + ivCwp = o,

—iy(ve|C) + (a + )wp = gu-
This yields

vp = a” gy = C(B(vp|¢) + iywy)]; (3:3)

thus it is sufficient to determine (vp|¢) and wy.
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For wy and (vp|¢) we have the equations
(@ + ) (vb]C) + iy = (g0[C),
—iy(vp|¢) + (a + )wp = gu,

since || = 1. Solving this 2-D system we obtain

wy = m” [i7(g0]C) + (@ + B)gul, (34)
and
i(w]¢) = m™(a + 8)i(g01¢) + 9w, (3.5)
where
= (a+B)(a+8) —~% (3.6)
Since § = B+ (p1 + p2)N\/|€] we obtain the following relation for m:
—1
:(a+6)@y+mnﬁa+4<l4—l> ]:4a+ﬁm7 (3.7)
Uit 2
where 7y = \/liiwi + p2lé] and 7y = \//Tgwg + p1|€]. This yields

(901C) +

Wy =

(a+B)n +5)

and

i(upl¢) = LLTPRIN ey [<gv|<>+gw]

(a+ B)n +

To obtain the boundary symbol s(}, §) of the problem we now only need to set g, = 0,
gw = —0o|€]? and compute w;, to obtain

olél> ol¢|?
no (p1+ p2)MIEL+ dmna /(i +n2)

Inserting this into the transformed equation for h, i.e. Ah — wy, = f},, we obtain on the
symbolic level

—wp =

2
. ol
(p1 4 p2) M€l + Aminz /(1 + m2)
Thus the boundary symbol is given by

s(\, &) =

h= f.

N olél? .
(p1 + p2)N/IE] + 4mna/(m + n2)

(3.8)

4. Mapping properties of S. In this section we want to disuss some mapping prop-
erties of the operator S associated with the boundary symbol s(A,€). For this purpose
we introduce some linear operators acting in the base space X := L,(J x R™) or in
oK, (J; K (R™)), where 1 < p < oo, K € {H,W}, s>0,r €R, and J = [0, a] denotes a
finite interval. Note that by a left subscript 0 we indicate that the time traces at t = 0 of
the functions involved vanish whenever this makes sense. For example, if E is a Banach
space, then for K € {H, W},

oK (J; E) ={ue K,(J,E) : u(0) =0}, fors>1/p,
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and oK (J, E) = K;(J; E) otherwise. All of the operators defined below will commute in
the resolvent sense. As a general reference for the notions and results employed we refer
to [7].

We set G := 0, in X with domain D(G) = OH}?(J; L,(R™)). Then it is well-known
that G is closed, invertible and sectorial with angle 7/2, and —G is the generator of a
Co-semigroup of contractions in L,(R™). Moreover, G admits an H>-calculus in X with
He-angle 7/2 as well; see e.g. [11]. The symbol of G is )\, the time covariable.

Next we set D,, ;= —A, the Laplacian in L,(R") with domain D(D,,) = HZ(R"). It
is also well-known that D,, is closed and sectorial with angle 0, and it admits a bounded
H*®°-calculus which is even R-bounded with R H>-angle 0; see e.g. [9]. These results also
hold for the canonical extension of D,, to X = L,(J; L,(R™)), and also for the fractional
power Dy/? of D,; note that the domain of Dy/? is D( 71/2) = Ly(J; H}(R™)). The
symbol of D,, is |£]2, that of DY? s given by |£|, where £ means the covariable of x.

By the Dore-Venni theorem for sums of commuting sectorial operators, cf. [10, 14],
we see that the parabolic operators L; := p;G' + p;D,, with natural domain

D(L;) = D(G) N D(Dy) = oH,(J; Ly(R™)) N L,,(J; HY (R™))

are closed, invertible and sectorial with angle 7/2. Moreover, L; also admits a bounded
H®-calculus in X with H*-angle 7/2; cf. e.g. [12]. The same results are valid for the
operators I = L;/ 2, their H>-angle is 7/4, and their domains are

D(F;) = D(G*) N D(D}/?) = oH}/*(J; Ly(R™)) N Ly (J; Hy (R™)).

Note that here we definitely have to use a Bessel potential space. The symbol of L; is
piX+ 15€)? and that of Fj is given by \/pj A + p;|€[%.
We also need the operators T} defined by

Ty = /i Fy + peDY?, Ty = iz Fy + 1 DY/

By the Dore-Venni theorem T; are closed, invertible and sectorial with domain D(T}) =
D(F;). T; admits again a bounded H*-calculus with H>-angle 7/4; cf. [12]. The har-
monic mean T of T} and T5, i.e.

T :=2T\To(Ty +Tp) ' = 2Ty + Ty 1) !

enjoys the same properties, as another application of the Dore-Venni theorem shows. The
symbol of T' is given by 7 := 2m1m2/(n1 + 12).
The product GD;l/2
D(GD;'/?) = {h e R(DY?): D;Y*h e D(G)}
— GH(J; Hy {(R™) 0 Ly (J: Ly (R™))

with domain

is also closed, sectorial and admits a bounded H°-calculus with H*-angle 7/2; cf. [12].
Its symbol is given by A/[€].
Finally, we consider

N := (p1 + p2)GD; Y% 4 2T.
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By the Dore-Venni theorem N is closed invertible, and by [12] admits a bounded H°-
calculus as well, with H*°-angle 7/2. Its domain is given by

D(N) = HA(J; 7 (R™)) 1 Ly (J; HE(R™)).
With these definitions, the operator S with symbol s(\, £) is represented by
S=G+oD,N '
Note that the natural domain of S is given by
D(S) =D(G) ND(DuN~") = oH,(J; Ly(R™)) N Ly, (J; HY(R™)).

However, since G as well as D,, N~! have H>-angle /2, to obtain invertibility of S the
Dore-Venni approach is not directly applicable, unfortunately. This means that we have
to study the boundary symbol s(),|¢|) directly.

For this purpose note that for complex numbers w; with argw,; € [0,7/2), we have
arg (wywe) /(w1 + wa) € [0,7/2) as well. This implies that s(A,|¢]) has strictly positive
real part for each X\ in the closed right halfplane and for each £ € R™, (X&) # (0,0),
hence s(A, |€) does not vanish for such A and &.

We write s(, [£]) in the following way:

s\ T) = A+ oTk(2), z=\T?

where

—14-1
1 1
+ .
VHE1VP1LZ + i+ o \//l2\/P2Z+M2+M1> }

The asymptotics of k(z) are easy to obtain:

) = |G-+ oo 4

1
k()= ————, zk(z) — as z — 00.
©) 2(p + p2) (2) P1+ p2
This shows that there is a constant C' > 0 such that
C
k(z)| < , Rez>0.
G < gy Res>

Hence we see that
s DI < C(A+[€]), ReA >0, £eR”,

is valid for some constant C' > 0. Next we are going to prove that for each ¢ > 0 there
are 17 > 0, ¢ > 0 such that

[s(A,7)] > c[|A| +|7]], forall X € ¥ /o4y, |A|>e, 7€, (4.1)

Since Re k(z) > 0, by continuity of modulus and argument we therefore obtain an estimate
of the form

[s ) 2 col Al + [TI[R(] = Al + [l A € Brjagm, T € By,

provided |z| < M, with some > 0 and ¢ > 0 depending on M, but not on A and 7. On
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the other hand, for |A| > |7, |2| > M we get
[s(A ) = A = afr[k(2)|

1
> Al +elrl] — oClrl/(1+ M)
> c[|A + I,
provided & > 20C'/(1 + M), and then by extension
5OV 2 A+ 7l A€ Bajaiy, 7€ Ty, [N Zelrl, |2 = M,
provided > 0 and ¢ > 0 are sufficiently small, depending on Ay > 0. Combining these
two estimates (4.1) follows.

By means of the R-boundedness of the functional calculus for D,, in X we see that
the operator family (A + D,l/Q)s()\, D,ll/Q)_1 is of class H> and R-bounded on ¥ /94y, \
B, (0). The operator-valued H*-calculus for G = J; on X then implies boundedness of
(G + Di/*)s(G, D/*)~ in X. This shows that the solution h of the problem Sh = f
exists, is uniquely determined and belongs to the regularity class

h € oHy(J; Ly(R™)) N Ly(J; Hy (R)),
whenever the right hand side is in X. Similar results hold for the base spaces
oK, (J; Ky (R™)), where s > 0, r € R, K € {H, W}. Summarizing, we have
THEOREM 4.1. Let pj,pj,0 >0,1 <p<oo,s>0,7r€R, and J = [0,a]. Then the
boundary operator S with symbol s(\§),
§ o KSH(T KT (R™) 0 oK WKL (RM)) — oK5(J; K5 (R™),
is an isomorphism for K € {H,W}.

This result is not valid on the half-line, i.e. for J = R, since s(}, £) is discontinuous at

—wt

(0,0). However, if one uses spaces with an exponential weight e in ¢, then it remains

true. In fact, if h is replaced by e™“*h and f;, by e “!f,, then on the symbolic level
s(A, €) turns into s(A + w, ), which removes the problem at (0,0). For w > 0, we define
the weighted spaces by means of

he oK, (R Kp(RY) & e “'he oK, (Ry; Kj(R)).
With this notation we have the following corollary.

COROLLARY 4.2. Let pj,pj,0 > 0,1 <p<oo,s>0,r€R, and w > 0. Then the
boundary operator S with symbol s(\, ),

S oK Ry K (R™) MoK, (Rys KIFLR™) = oK, (R s K5 (R™)),
is an isomorphism for K € {H,W}.

In the next sections we present a refined analysis of the boundary symbol to obtain
more precise mapping properties for S on J =R,

5. Singularities and zeros of the boundary symbol. The height function h, i.e. the
position of the free boundary, is determined by a complicated integro-differential equation
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which is described in terms of its symbol
ol¢
(p1 + p2)A/IE] + 4mnz/(my + 12)

We now study this symbol in more detail. As before we set z = \/|¢[?, and let T = |¢].
This scaling implies

s(A [€) = A+

SOVIeD = mizr) = (2 + 55 )

where a = o/[(p1 + p2)7], and

4 m(2)n2(2)
(p1 + p2) m(2) +n2(2)’

m(z) = p2 + \/M% +uiprz,  mA(z) = pr+ \/H% + pap2z.

So in particular, if p; = ps = p and p; = po = p, i.e. if the phases are hydrodynamically

indistinguishable, then
d(z) = %(1 +v1 +pz/u),
and if po = o =0, p1 = p, w1 = W, i.e. in the one-phase case, we have

B(z) = W _VItp/n
P 1+/1+pz/u
which converges to 4u/p as z — oo. Note the difference in the asymptotic behaviour as
z — oo of the two-phase and the one-phase case!

with

Observe that 7;(z) is holomorphic in the sliced plane C\ (—o0, —p;/p;], it has a
branch cut at —p;/u;. If argz € [0, 7] then argn;(z) € [0,7/2), and n;(z) # 0. Therefore
the harmonic mean of n;(z), i.e. ®(z), is holomorphic in C \ (—o0, 29], where zy :=
—min{p1/p1, u2/p2} < 0.If arg z € [0, 7] then arg ®(z) € [0,7/2), (z) # 0, and $(0) =:
&g = 2(u1 + p2)/(p1 + p2). Moreover, note that as z — oo we have the asymptotics

n;(z) ~ \/I;p;Z, hence

4
O(2) ~ Poo/2, as z — 0o, where P, = VP12 p2 .
p1+ p2 \/H1p1 + \/12p2

This mapping behaviour of ® shows that the function z + ®(z) does not admit zeros in
C\ (—00,0).

Assume first that zp + ®(z9) < 0. The function ® is strictly increasing on the real
interval (zp,00) and ®(0) = ®; > 0. Therefore, z + ®(z) has exactly one real zero
Zoo € (20,0) which is of order one. At this point m(z,7) has a pole of first order, for all
7,a # 0. Consequently, for fixed 7 # 0, 00, the function m~1(z,7) is meromorphic w.r.t.
z € C\ (—00, 2z0]. We are next looking for the zeros of m(z,7) in dependence of 7, which
means that we have to look at the zeros of the function

U,(2) =2(z+P(2)) +a, z¢&(—o0,z).
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For this purpose we first consider a = 0. Obviously, ¥((z) has precisely the two zeros
21(0) = 0 and 23(0) = zo. With

W, (2) = 25+ B(2) + 20 (2), ¥'(2) = P L2 (20 2(e) + (o) ()82 2),

we obtain ¥((0) = @9 > 0, as well as ¥((z00) = 2Zoo(l + ?'(25)) < 0. Hence the
implicit function theorem yields analytic functions z;(a) in a neighborhood of a = 0 such
that 21(0) = 0, 22(0) = zo and z;j(a) are the only zeros of ¥,(z) for a close to zero.
Differentiating the equations ¥, (z;(a)) = 0 we obtain the expressions

Z5(0) = =1/%5(2(0)),  27(0) = W5 (2;(0))/[5(2;(0))]*.
This yields
21(0) = =1/®¢ <0, 25(0) = —1/[200(1 + ®'(250))] > 0,

and with ¥{(0) = 3, the asymptotics
z1(a) = —a/®y — 3a%/2®3 + O(a®), as a — 0,
and
22(0) = Zoo — a/[200 (1 + P (200))] — a® V) (200)/2[¥5 (200))]> + O(a®), as a — 0.
For the corresponding zeros of s(A, |£|) this means to first order
A ([€]) = —[€lo/[2(m + p2)] + O(1),
Xa([€]) = zool€[* = [€lo/[(p1 + p2)2oc (1 + @' (200))] + O(1),

as €] — oo. Thus for large |¢] there are exactly two negative real zeros of s(A, |¢]) which
tend to —oo as [§] — oo.

Next consider the case £ = 0, i.e. a — co. Then for the zeros z;(a) we necessarily have
|zj(a)| — oo, hence the term z®(z) in the function ¥,(z) is of lower order, compared to
22, Thus the lowest order asymptotics of the zeros of ¥,(z) are given by the equation
22 4+ a = 0, which implies

zj(a) ~ £iva, asa— oco.

For the zeros of s(), |£]) this yields the asymptotics

N ([]) ~ £ilé2 Vo /(o1 + p2),  as € —0.

A more precise asymptotics is obtained as follows. Consider the equation ¥, (z) = 22 +
2®(z) + a = 0 as a quadratic equation for z. Then

zj(a) = —=®(zj(a))/2 £ iy/a — ©2(2;(a))/4
= iv/ay[1 - 82(z(a)) /40 — B(2(a)) /2
~ divay /1 — ®2 zj(a)/4a — Pogy/ 2j(a)/2
~ +iva(l — 82 (+iva/8a)) — BooV/Eia'/* )2

P P2
= +iva— —2a'*(1+4) 4+ —==2,
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as a — 00. This implies
1/2
)
A ([€]) ~ i 3/2(0) - 7/4001:|:i(
S ~ e (T e ()

as £ — 0. By means of the scaling z = y/aw and the implicit function theorem, it is not
1/4

1/4 2
P
+ 2&7
pl+P2> €l 8

difficult to see that A; is an analytic function of 7%/ in a neighbourhood of 7 = 0.

Since for finite a away from zero there are no zeros of ¥,(z) in the closed right
half-plane, and since they cannot escape to infinity nor touch the branch cut, there are
two continuous curves of zeros z;(a), j = 1,2, of ¥,(z). These are negative real for small
positive a and complex conjugate for large a. Therefore there must be a real double zero
of ¥,(%), for some value a, € (0,00). To determine a, and z, = z;(as) we have to
consider the two equations

Uo(2) =2(24+P(2)) +a=0, T, (z)=2z+P(z)+29'(2) =0.

a

The first one determines a, = —z.(z« + ®(z4)) > 0 in terms of z,, and the second one
2z, since it no longer depends on a. Since ®(z) is increasing and concave in [z, 0], the
function Wy(z) is strictly convex in (zg, 0], hence has a unique minimum z, € (zp,0);
actually z. > zoo since ¥((zs) < 0. Therefore, the curves of zeros z;(a) are analytic
in [0,00) \ {a.}, negative real for a < a,, complex conjugate for a > a., and double at
a = a, with value z;(as) = 2. Note that a, and z, are determined by the parameters p,
and p; only, just the corresponding value of 7, depends also on the coefficient of surface
tension o > 0.

On the other hand, if zp + ®(29) > 0, then z + ®(z) has no zeros in (zp,0). We then
define ag = —¥¢(2p). Since ¥((z9) = —oo, we find a continuous function 2, : [ag, ag+9d] —
[20,0) analytic in (ag,ag + 9) such that z2(ap) = 2p and ¥,(22(a)) = 0. In case ag = 0,
ie. 2o+ ®(z9) = 0 we have the asymptotics

z(a) ~ 20 + O(a?), a~0.
Let us summarize what we have shown above.
PROPOSITION 5.1. Suppose pj, i, o > 0, let zo := —min{p/p1, pa/p2}, and let z, de-

note the unique zero of W((z) in (z0,0). Set a, = —Wo(z.), let ag := —TVo(z0), and
a=oc/[(p1+ p2)T], T >0. Then

(i) m(z,7) is holomorphic w.r.t. z € C\ (—00, z0], except for one simple pole in case
ap < 0, and 21 2(a.) = 2« is a double zero of m(z, 7).

(ii) For a. < a there are precisely two zeros of m(z,T), with asymptotics
2

21 2(a) ~ £iva — %al/‘l(l +4) + %, a — oo.

(i) If ap < 0 and 0 < a < as, then m(z,7) has exactly two real zeros, with asymptotics
z1(a) = —a/®o + O(a®), a— 0,
22(a) = Zoo — a/[Z00(1 + ®'(250))] + O(a®), a— 0,

where 2o € (20,0) denotes the unique zero of z + ®(z).
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(iv) If ag = 0 then zo = 20, and for 0 < z < a, there are precisely two real zeros, with
asymptotics
z1(a) = —a/®o 4+ O(a®), z(a) = 20+ O(a®), a— 0.

(v) If ap > 0 there are precisely two zeros for ag < z < ax, and only one zero z(a) for
0 <a < ag, with asymptotics

z1(a) = —a/®(0) + O(a®), a— 0.

Let us point out an essential difference in the asymptotics of the zeros of s(A, |{]) for
small frequencies between the one- and two-phase case. In fact, since in the one-phase
case we have ®(z) — 4n/p as z — 0o, we obtain for small frequencies 7, i.e. large a

zj(a) = =®(z;(a))/2 £ iy/a — ©*(z;(a))/4

= ivay/1 - 22(2;(a)) /40— B(z(a)) /2
~ ivay/1 — (4p/p)?/4a — (4u/p) /2

~ Fiva(l =242 /(p*a)) = 2u/p

= ivaF 2ip?/(p*Va) — 2u/p,

as a — oo. This implies

A (€]) ~ £il€]32\/a ] p F 2i(u/p)* N p/ol€]P/* — 2ul€)*/p,

as £ — 0. By means of the scaling z = y/aw and the implicit function theorem, it is not
difficult to see that A; is an analytic function of 71/2 in a neighbourhood of 7 = 0, rather
than of 71/4 as in the two-phase case. We will see consequences of this fact in section 7.
On the other hand, for large frequencies the asymptotics of the one- and two-phase cases
coincide qualitatively.

The interpretation of the zeros of s(\, |£|) is as follows. The function
h(t,z) = ceMT%® teR, z€R",

is a solution of the homogeneous boundary problem if and only if s(A,|¢]) = 0. Our
analysis shows that such a function h is a solution if and only if A = X;(|¢]), 7 = 1,2.
For large |£] this yields solutions which do not oscillate in time and converge to zero as
t — oo exponentially, with rate either |£|?|2o0| or |€]o/[2(pt1 + p2)]. On the other hand,
if |¢| is small, then we have waves oscillating in time with frequency |£[3/2\/a/(p1 + p2)
which are exponentially damped with attenuation

€17 (@ /2V2) 0/ (p1 + )]/

Note that the attenuation behaves like [¢]7/4 (like [¢|? in the one-phase case), the time
frequency like |£>/2 and the wave length in space like 1/|¢|, and the wave speed like
|€]'/2. For small ¢ the attenuation is small compared to the frequency. These waves show
to some extent a hyperbolic character of the boundary problem. For large |£| the boundary
problem shows parabolic behavior, but for small |£| it exhibits hyperbolic properties.
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6. High frequency analysis. To continue, we next compute the residues of m=1(z,7)
at the poles z;(a). Since for a # a, these poles are simple, we obtain

T_2

= lim (2 — z;)m ™ *(z,7) =

cj(t) :=Resm ™ (z,7) ‘ — .
o 1= (14 2'(z))

le=s,

For a — oo we have |z;(a)| — 0o, hence with ®’(z) — 0 as |z| — oo, this implies
9 1 N T2
2 + (I)/(Zj) 2 ’

On the other hand, for a — 0 we obtain
3a
-2
() ~71 (1+ m) ,

T2

25 (1+ 9 (20))
With mg(z,7) = mi(z,7)+ma(2,7), mj(z,7) = ¢;(1)/(2—2;(a)), we may decompose
the symbol m~1(z,7) as

ci(T) ~T1

and in case ag < 0

co(T) ~ —

_ar)z+ (1)

224+ 5(1)z +8(7)’
where a(7) = ¢1(7) + c2(7), B(1) = —(c1(7)22(a) + c2(7)21(a)), (1) = 2z1(a)z2(a) and
v(7) = —(z1(a) + 22(a)). Note that the coefficients a, 3, v, § are real for all values of 7 > 0,
and ~y, d are positive, and moreover they are analytic w.r.t. 7 € X, for some small € > 0.

m~(z,7) = mo(z,7) + ma(z,7), ma(z,7)

By Cauchy’s theorem we get the following representation for mg, contracting the
contour to the branch cut of m:

a /°° (Dy(r) —@_(r))dr/(z+7)
3772 ) TR QT = (2 T a)r (@4 (r) + () & P2 ()

Here the functions ®4 (r) are defined as the upper and lower limits of ® on the branch

mo(z,7) =

cut, i.e.

¢i(r) = lim O(re =) > g = 2]

Since ®_(r) = @ (r), this yields
71/0" Im® (r)dr/(z+7)
T2 (r2+a—rRe®,(r))2 +r2Im & (r)|2

As r — oo we have ®(r) ~ @/, hence c\/r < |®4(r)| < =1/, for r € [rg, 0), with
some constant ¢ > 0. This implies the estimate

mO(Za T) =
o

|m0(z,7)| Z € Eﬂ'/2+€7 TE X, |T| > R.

= S+ 1)
Therefore, the symbol mg(z,7) multiplied by a cut-off function x(|£|) which is zero
in Bgr(0) corresponds to a bounded linear operator which maps L,(R; L,(R™)) into
oH (R ; HY(R™)) N Ly(Ry; H3(R™)). More precisely, let

—oIlm @, (r)
m(p1+ p2)lr(r = @4(r)) +0/(p1 + p2)7)* + r?(Im @ (r))?]

g(T, T) =
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Then by the Dunford calculus for the bounded linear operator D,, 1/ 2, the operator func-
tion g(r, Dy, v 2) is well-defined and bounded by ¢/r*. A Dore-Venni argument implies that
G +rD,, with natural domain is invertible and G(G +7rD,,)~! as well as rD,,(G+rD,,)~!
are bounded, uniformly w.r.t. 7 > 0. This implies the representation

My = D'/ / 9(r, D/*)(G + D)~ "dr,
0
which is absolutely convergent in the operator norm.
Let us next look at the symbol
_o(7)
ma(z7) = 2z —z(a)’

for large 7, in case ag < 0. From the asymptotics of ¢; and z; we have

_eaighleP | el
ma(z,7) = X—a(a) T AT [zl IEPR

where co, = o /[(p1 + p2)23 (1 + ®'(25))] > 0 is a constant only depending on the
parameters. These asymptotics show that the symbol ma(z,7) multiplied by x(|¢]) cor-
responds to an operator which is bounded from L,(Ry; L,(R™)) to OH;(R+; H)(R™) N
Ly(Ry; H3(R™)) as well. More precisely, since co(7) as well as z3(a) are holomorphic

w.r.t. in a neighborhood of a = 0, the Dunford calculus yields with the asymptotics for
co and zo the representation

t
(Mgf)(t) _ / (0(2) + PQ(DTIL/2))67(\ZOQ\D,Hrc;D711/2+c§+Q2(D711/2))(t75)f(s)ds’ t>0.
0

Here PQ(D}/ 2) and Q)2 (D,I«/ 2) are bounded linear operators which converge to 0 as R — oc.
The constants cg, j =0,1,2, are positive. In particular, the kernel has exponential decay
in ¢, and behaves like the diffusion semigroup. We set My = 0 in case ag > 0.
On the other hand, for
__aln)
)= z— z1(a)
we obtain from the asymptotics

o) = CAEDIER ! |

A=X(a) A+ [€lo/[2(n + p2)]
This is the principal part of the symbol s~1(), [£]) for large |£]. It corresponds to a linear
operator which is bounded from L,(Ry; L,(R™)) into OH;(R+; Ly(R™))NLy(Ry; Hy (R™)),
only. By the Dunford calculus, the operator M; is given by

t
(DO = [ 1+ DY) PF RPN fo)as 150,
0

where P(D,,) and Q(D,,) are bounded with L,-norms tending to zero as R — oo, and c1
is a positive constant. Note that the kernel of M; is exponentially decaying and behaves
like the Poisson semigroup, in contrast to Ms.

Summarizing we have proved the following result.
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THEOREM 6.1. Let pj,pj,0 >0, 5=1,2, 1 <p <oo. Fiz any R > 0 large enough, and
let

She(R") = {g € S'(R™) : supp (Fg) © (Ba(0))°).
Then S—1 decomposes as S~ = My + My + My, such that
Mo, My : Ly(Ry: Ly(R") ) She (R")) — o HARo; HA(R™) 1 L (R HE(R™)
and
My i Ly(R o5 Ly(R") N She(R™) — oHA(R 4 Ly(R™)) 1 Ly (R 5 H(R™)).

are bounded.

7. Low frequency analysis. Thus it remains to study the symbol s~1(),|¢|) for small
values of |£|. Note that in this situation D/ is bounded but not invertible. To begin, we
first consider mq(z, 7). Set ro = |2g|. Then an upper bound for large a is easily seen to

be
e \/rdr
|mo(z,7)| < C’a?’/ .
ro (T2 +a)?(|z] +7)

By positivity of the integrand involved, the latter integral also yields a lower bound, for
z > 0 at least. We scale this integral in the following way:
Pr: /Oo Vrdr — b4 /Oo V'sds .
ro (F2+a)*(J2l+7) ro/va (82 +1)%(s + |z|/Va)
Estimating the term 1/(s + |z|/+/a) by either 1/s or \/a/|z| we obtain
7/4 1/4
oz 7] < Catmin{l, Vajz]} < Ca®t ufﬁ - C|z|a+/¢& : C|A|i| |2|3/2'
Up to constants, for small ||, this estimate is optimal, and it implies that the symbol
mo(z, |€])[1 —x(]€])] induces a bounded linear operator My from L, (R4 ; H17_5/4(R”)) into
OH;(R+; H}'(R™)) for all m € No. Moreover, the time derivative d; My of My even maps
Ly(Ry; Ly(R™) into Ly (Ry; H(R™) N Hy /*(R™)) for all m € No.
The lowest order asymptotics of ¢; and z; yield in the case of small |¢]
1 1 1 A
2 X FicoleP T X icoléPR] T N T GRP
1/2

mB(Za T) ~

where ¢g = [0/(p1+p2)]*/*. This is the symbol corresponding to the cosine family C(t) =
cos(coD3/*t) generated by the operator C%Df’/z.

Taking the first order asymptotics instead we obtain
1 1
2\ + Gol€|T/ —ico €32
This implies that the symbol ms(z, 7)(1 — x(|¢])) gives rise to a bounded linear opera-
tor which maps from the space L,(Ry; Hp_7/4(R”)) into Ly(Ry; H)'(R™)), and its time
derivative maps Ly (Ry; H, /*(R™)) into L,(Ry; H*(R™)), for all m € No. This shows
that ms is really the principal part of m for small values of ||.

ml(Z7T) ~
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THEOREM 7.1 (Two-phase case). Let pj,pu;,0 >0, j=1,2,1<p<oo. Fizany R>0
small enough, and let

Sp(R™) := {g € S'(R") : supp (Fg) € Br(0)}.
Then S~' decomposes as S~' = My + My, such that
Mo : Lp(Ry5 H, " (R") N SR(R™)) — Ly(Ry; Hy'(R™)),
O:Mo : Ly(Ra: Ly(R™) N Sp(R™)) — Ly(Ry: H(R™) 0 H;/4(®")),
as well as
Mz : Ly(Ry; Hy 74 R™) N SR(R™)) — Ly(Ry; HI'M(R™)),

0iMg : Ly(Ry; Hy VA (R™) N SR(R™)) — Ly(Ry; HY'(R™),

are bounded, for all m € N.

Finally we consider the one-phase case. As shown in Section 5, then we have the

asymptotics
A (€D ~ il o /p = 2plé* /p,
hence
mj (= €]) ~ -
20+ 206 /p FilEP2ulp

This implies that M3 maps L, (R4 ; H 2(R")NSR(R™)) into Ly(Ry; HY'(R™)), and 9, Ms
maps accordingly L, (R, ; H, 1/2(}1@’) NSR(R™)) into Ly(Ry; H)'(R™)), for each m € N.
For the symbol mq(z,7) we obtain in this case the estimate

> dr
< O3
|mo(z,7)] < Ca /TO R EE NG

since Im @ (r) ~ ¢/+/r as r — oo. The scaling r = y/as yields

2 /°° dr :ag/zx/OO ds .
v (P ([ +r)vr rosva (82 +1)2Vs(s + |zl/va)

The integral from 1 to oo is estimated by

3/ /OO ds a®/4 €2
a <c <c g
L TG Ve S Tl <+ P

and the corresponding integral from ro/y/a by means of

a3/4/1 ds P |

rova (&2 F 250 + [2l/v/a) — Tel+m0 I+ rolel

This estimate is optimal, up to constants. Thus for small frequencies we see that the
operators

My s Ly(Ry Fy  (R™) 0 Sp(R™) — Ly(Ry; H'(R™)),
DMy : Ly(Ro; Ly(R") 0 Sp(R™)) — Ly(Ry: B (R") 0 /4 (R")),
are bounded, for all m € N.
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