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Abstract. In this paper, a one-dimensional Euler-Lagrange equation associated with the to-
tal variation energy, and Euler-Lagrange equations generated by approximating total variations
with linear growth, are considered. Each of the problems presented can be regarded as a govern-
ing equation for steady-states in solid-liquid phase transitions. On the basis of precise structural
analysis for the solutions, the continuous dependence between the solution classes of approxi-
mating problems and that of the limiting Euler-Lagrange equation will be studied by means of
the analytical methods of set-valued analysis.

1. Introduction. Let 2 be the one-dimensional open interval (0, 1), let £ > 0 be a small
and fixed constant, and let —1 < 0, < 1 be a given constant.
In this paper, the following inclusions:

Dw .
_K/<DU)>I + 8[[,1’1] (’U}) Sw+ 9* m Q, (1)
( Duw ) + 01 (w)ysw+0, nQ for0<e<1 (2)
—k| ——— _ w w « 1n ,
/52 T ‘DU]‘Q " [ 1,1]

subject to homogeneous Neumann type boundary conditions, are considered, where
OI|_1 1) is the subdifferential of the indicator function Ij_; 1j on the closed interval [—1,1].

The first inclusion (1) is derived as the Euler-Lagrange equation of the following
functional:

w € L*(Q) — Fo(w) := xVar(w; Q) +/Q(I[_1’1] (w) — %|w + 9*|2) dx, (3)
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which includes the total variation Var(w;Q) (= [, |[Dwl|) of the parameter w € L*(2).
So, the inclusion (1) is just formal, and the rigorous one is

(P)y  kOVh(w) > w+ 60, in L3(9),

with the use of the L2-subdifferential OV} of the following proper l.s.c. and convex func-
tion:
z € L*(Q) — Vo(2) := Var(2;Q) +/ Iy 1(2) dx,
Q

or equivalently, in the form of the variational inequality:
kVo(w) — / (w+ 0 )wdx < kVy(z) — / (w+0,)zdx for any z € D,,
Q Q

with the use of the domain:
D,:={CeBV(Q)|[(|<1, ae. inQ} (4)

of test functions. Here, let us note that the above D, coincides with the effective domain
D(Vy) of the convex function Vj.

The functional Fy, given in (3), is an energy functional, which was proposed and
studied by Visintin [7, Chapter VI] as a possible choice of the free energy in solid-liquid
phase transitions. In the context, w = w(z) denotes the nonconserved order parameter,
and 6, denotes the (constant) relative temperature. Also, in (3), the part of the total
variation is called interfacial energy, and this term is supposed to contribute the pattern
formations of the interfaces. On the other hand, another integral part is called bulk
energy, and this term is supposed to characterize the bi-stability of solid-liquid phases by
the double-well function:

1
w € R|—> I[_Ll](w) — §|W+0*|2

as in the integral. In view of this, the problem (P)q (or inclusion (1)) can be regarded
as a governing equation of the steady-states in solid-liquid phase transitions, under the
constant equilibrium temperature.

For any 0 < € < 1, the second inclusion (2) is derived as the Euler-Lagrange equation
for the following free energy:

1
w € L*(Q) — xVarg(w; Q) + / {1[1,1](11)) — §|w + 9*2} dz,
o

which includes the approximating total variation:
z € LY(Q) — Var.(z;Q) := inf lim [+/e2+ (gi)2dx | p; — z in LY(Q) (5)
e as 1 — 400
with linear growth. So, for any 0 < € < 1, the formal expression (2) is rigorously provided
in the form of:
(P).  OVi(w)>w+6, in L3(),

with the use of the L?-subdifferential OV of the following proper l.s.c. and convex function
on L?(Q):

z € L*(Q) — V(2) := Var.(z;Q) + /Q I1_11)(2) dx,
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or equivalently, in the form of the variational inequality:
KV (w) — / (w+ 0 )wdx < kKV.(z) — / (w+0,)zdx for any z € D,, (6)
Q Q

with the use of the same domain D, as in (4). Here, let us note that D, coincides with
effective domains of convex functions V., for all 0 < e < 1.

Now, for the sequence {V. |0 < e < 1} of convex functions, it is easily checked that
Ve converges to Vp in the sense of Mosco [4] as € Y\, 0. Hence, the problem (P)y can
be regarded as a limiting problem of problems (P). as € \, 0, and the approximating
problems (P). (0 < e < 1) are supposed to represent some regularized situations for the
solutions of the problem (P)y.

Recently, the structural analysis for solutions of (P)g has been studied in [3], and the
reported results have enabled us to see concrete patterns of steady-states (steady-state
patterns) represented by (P)g. Therefore, applying a similar approach to approximating
problems (P). (0 < e < 1), we can expect to know the precise correspondence between
the steady-states represented by the limiting problem (P)g, and those represented by the
approximating problems (P). (0 < e < 1).

Our main focus will be on:

e structural analysis for solutions of approximating problems (P). (0 < & < 1);
e limiting properties for the solution classes of (P). as € \, 0, and comparison with
the solution class of (P)g.

Consequently, the above approximating situations will be exactly demonstrated, and the
e-convergence of solution classes will be characterized by means of analytical methods of
set-valued analysis.

2. Preliminaries. Throughout this paper, the class of all Borel subsets in © (= (0,1))
is denoted by B(2), and the measure theoretical notations, such as “a.e.”, “dz”, and so
on, are all with respect to the one-dimensional Lebesgue measure £', if not otherwise
specified.

For an abstract Banach space X, we denote by |- |x the norm of X, and denote
by distx (£, A) the distance between a point £ € X and a subset A C X, defined as
diStX(f, A) = infaeA |§ — OZ‘X.

For any L(Q), we denote by |Dz| the so-called total variation measure of z, and we
call z a function of bounded variation, or simply BV-function, if:

_ Q) — p € Cc(Q) and
|Dz|(Q) = Var(z; Q) := sup{/ﬂchm dz o] < 1on 0 < 400. (7)

The class of all BV-functions is denoted by BV (€2), and then the functional space BV (§2)
forms a Banach space endowed with the norm:

|z|Bv () == |2|L1(q) + Var(z; Q) for any z € BV (Q).

Also, the space BV () is continuously embedded into L*°(2) and compactly embedded
into L'(Q). Additionally, with regard to one-dimensional BV-functions, the following
properties are fundamental (cf. [1, Chapter 3]).
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(BV1) For any z € BV (), there exists a fine representation z : 1 — R, such that:

(i) z is described by a difference of two monotone functions, hence z admits the

right-hand limits z(z+) at all z € [0,1), and the left-hand limits z(z—) at
all x € (0,1];

(ii) z(0) = z(0+), z(1) = zZ(1—), and Z is continuous except on an at most
countable set A, := {y € O ‘ |Dz|({y}) #0};

(iii) z is differentiable except on a zero-set S, with respect to £, hence the
derivative z,(z) (approximate differential) exists for all x € Q\ S,;

(iv) the total variation Var(z;{2) of z coincides with the following quantity

n € N and
pVar(z; —sup{Z| — Z(yi—1)| 0:y0<y1<...<yn:1}a

called the pointwise variation of Z.

(BV2) For the total variation measure |Dz| of any z € BV (), let us denote by |Dz%|
and |Dz*|, respectively, the absolutely continuous part and the singular part of
|Dz|, with respect to £!. Then:

|D=%|(B /\ledw and |D2*|(B) = Y |2(z+) — 2(z—)| +|D=°|(B)

z€A,NB

for any B € B(Q), where |Dz°| is the so-called Cantor part of |Dz|, defined as:
|Dz¢|(B) := |D2°|(BN (S, \ A,)) for any B € B(Q).

Now, a BV-function z is called a function of special bounded variation, or simply
SBV-function, if |Dz¢| = 0 in B(Q).

On the basis of the above properties, the representation of the approximating total
variation Varg(z;2), for every 0 < ¢ < 1 and z € L'(), is characterized as follows (cf.
[1, Chapter 5]).

(BV3) For any 0 < £ < 1, the functional z € L'(Q) — Var.(z;Q) is proper, Ls.c. and
convex in L(€), and the effective domain of this convex functional coincides with
the space BV ().

(BV4) For any z € BV (), there exists a unique Radon measure y/e2 + |Dz|? such that

Var.(z; Q) = \/e2 + |Dz|2(R2), and
/ Ve2+|Dz|?2 = / Ver+ Z22dx +/ |Dz°| for any B € B(Q2).
B B B

REMARK 1. In general, BV-functions can be defined on any open interval in a manner
similar to (7). Then, analogous properties to (BV1)-(BV4) are also observed for any BV-
function defined on any open interval. Especially, in the light of (BV1), we subsequently
identify any BV-function with its fine representation.

Next, for arbitrary 0 < € < 1 and arbitrary constants a,b € R, let us denote by
(CP;a,b). the following Cauchy problem for a second order ordinary differential equation:
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() = 0 e

7(0) = a, v2(0) =0,

(CP;a,b).

which will be an important key in the structural analysis for solutions of approximating
problems. With regard to this Cauchy problem, it is not so difficult to see the following
properties.

PRroPOSITION 1 (Key properties for (CP;a,b).). Let us fix any 0 < & < 1. Then, the
following three statements hold.

(I) For all a,b € R, there exists a certain open interval I'**) C R such that 0 € I(®?)
and the Cauchy problem (CP;a,b). admits a unique solution v € C2(I(%?) on
1@ | Pyrthermore, if ¥+ 0, > 0 (resp. v+ 0, < 0) in I(*¥) | then the solution y
is strictly concave (resp. strictly convex) in Ia:b),

(II) If a+ 6, =0 and b # 0, then there exists a unique constant /\S’) > 0 fulfilling:

(i) AL vV K/(2¢) and the open interval (—,\S’),/\S’)) can be taken as the existence
domain I=%%) as in the assertion (I);

(ii) for the solution vy of (CP;—0.,b)., the translation v + 0. is an odd function
on (=M AL, O 2) 0] = (A + 0] < VaRe, ()] =
m(—)\é”)+)| =0 and |y + 9*|L1(0’)\§b)) < K.

(ITI) If la+6.] > v/2ke and b = 0, then there exists a unique constant ﬂga) > 0 fulfilling:

(1i3) ,uga) < 2k/|a+0.| and the open interval (fuga), u&‘)) can be taken as the existence

domain I'®%) as in the assertion (I);
(iv) for the solution v of (CP;a,0)., the translation v+ 0, is an even function with no

sign-change on (—pt”, p{), y(pl” =) +0.] = |y (—pl” +)+0.] = o+ 0.2 — e,
e (1 =) = e (— ' +)| = +o0, and |y + 6.,

(v) if 0 <eg <1 and|ag+ 0. > 2keg, then

©pu)y = F

e a function a € R\ [0, — /2keg, —0x + V/2ke0] — ,ué‘;) is continuous
and strictly decreasing (resp. strictly increasing) in (—0,++/2keg, +00)
(resp. in (—oo, —0, — \/2Kkeq));

e a function € € (0,&9) +— Mﬁ“‘)) is continuous and strictly increasing,

and ué‘“) N\ K/ |ag + 0. as e\, 0.

Proof. Assertions (I)-(IIT) are checked by applying the Cauchy-Lipschitz theorem to the
equivalent vectorial formula to (CP;a,b). (a,b € R):

i Y _ C . . (a,b) . |: ’Y(O) :| . |: a :|
o { ¢ } = [ —%62(’74-9*)\/@3 in [ , subject to o) | = b |
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and the following equalities:
Yz (t) Yz ($) !

\/52—1—% \/52—1—% s

2 1 2 1 2
= il’y(t) +0*| - 5"7(5) +0*| y

(v +6.) dx,

Ke? KE
VEF 07 V(s
for all t, s € 1@ with ¢t > s, which are directly derived from the differential equation in

(CP;a,b).. Incidentally, the item (v) of (IH) is a direct consequence of the following key
equality:

(8)

1

/ ¢§ 5) BYE =
which is obtained by using (8) under s = 0 and standard techniques of the integration
by substitution. m
In the rest, we set:
0 <k < hy:i= — 16| and O<€<SK:=g, (9)

and for any 0 < € < &, any a € R with |a + 0, > V2ke and any £ > Mé“), we denote by
) a C'-function on (=¢,0), defined as:
Y@ — (= pt™)), i 0 —pl <2 <4,
A (250) == { 4(0), if —0+ ug@ <z <l—pl, (10)
Y@+ (6= pl)), if —0 < @ < =0+ pl™,

with the use of the solution v € C?(— ué“), ué“)) of (CP;a,0)..

3. Statement of the main results. Let us start by referring to the result reported in
[3], which is concerned with the structure of solutions of the limiting problem (P)o.

PROPOSITION 2 (cf. [3, Theorem 1.1]). Let us denote by S(0) the class of all solutions
of the problem (P)o. Then, in the space L*(Q), the class S(0) coincides with the union
20 8n(0) of functional classes S,(0) (n = 0,1,2,...), defined as follows.
(50)0 S()(O) = {—1, —9*, 1}
(S1)o For anyn € N, z € §,(0) if and only if z is expressed by:
z(z) = Z(ck +0.)x,(x) — 0, for ae. x €,
k=0
with constants ¢, € [-1,1]\ {=60.} and open intervals J, = (zf,zf.,) (k =
0,1,...,n) determined by partition points:

xé‘:x(}f’<0<xf§xf”<-~~<xﬁ§x§<1<xﬁ+1:x§+1

such that (see also Fig.1):

(s0)o zf =zt = —at and 2k =zl  =2—2f;
(s1)o (cp+0s)(ck—1+6+) <0, k=1,...,n

> 2K, 1 =1

= 26, if lex| k=0,1,...,n.

(52)o lck + 0L (Jk) {

=2k, if |ex] < 1,
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Fig. 1

REMARK 2. In the light of the conditions (9) and (s2)g of (S1)¢ of Proposition 2, there
exists a certain maximal number n(0) € N such that S,,(0) # 0, if 0 < n < n(0), and
otherwise empty.

In this paper, two theorems will be stated as the main results. The first theorem is
concerned with the structure of solutions of (P). for 0 < & < e,.

THEOREM 1 (Structural theorem for approximating solutions). Let us assume 0 < £ < &,
and let us denote by S(e) the class of all solutions of the approzimating problem (P)e.
Then, in the space L*(Q), the class S(g) coincides with the union U:i% Sn(€) of functional
classes Sy (e) (n=10,1,2,---) defined as follows.

(50): Sole) :={-1,—0,1}.
(S1): For anyn € N, z € S,,(¢) if and only if z is expressed by:

n

Z Ve () + 0)xs.  (¥) — 0. for a.e. x € Q,
k=0

with functions ve ), € BV (), open intervals Je j, := (e g, Te 1) (k=0,1,...,n)
determined by partition points:

Teo <0< 21 < < Ty <1< Ty (11)
such that (see also Fig. 2):

&
1A Cisg
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(s0)e Tep = —Tc1 and Teps1 =2 — Tep;

(s1)e for every k =0,1,...,n, Yo = —0, on Q\ Je i, and there exists a unique
triplet [Te g, ek, Cek] of a spatial point T.j € Q and constants lej, > 0 and
cer € [—1,1]\ {—0.}, satisfying

Tek+1 + Te i

_ Te k+1 — Tek
Tek = 9 , Zs,k =

2 )
’Ys,k(x) = ’Vgcsﬁk)(x - "Es,ldes,k) Jor any x € Je ks
where Wé')(-; \) is the C1-function given in (10);
(52)e (e +0s)(cep—1+0+) <0, k=1,...,n;

> 2k, if cex| =1,
(58)e Ve +0clL1(a 1) { =2k, if }ce kI <1

k=0,1,...,n.

REMARK 3. A similar situation as in Remark 2 is also observed in the above Theorem 1.
Namely, when 0 < & < &, the properties reported in (III) of Proposition 1 imply the
existence of the maximal number n(e) € N, such that S,(¢) # 0, if 0 < n < n(e), and
otherwise empty. Especially, from (v) of (IIT) of Proposition 1, we further see n(g) < n(0),

where n(0) is the maximal number mentioned in Remark 2.

On account of Proposition 2 and Theorem 1, we can naturally identify the notation
S(e) (0 < e < gi) with the following set-valued mapping:
e €[0,e5) — S(e) C X, :={z € D, | |Dz|(Q) <2n(0)} (12)
from the interval [0,¢,) into the compact subset X, in L?((2).
Now, the second theorem is concerned with the limiting observation of the above
set-valued mapping S = S(¢) as € \ 0.
THEOREM 2 (Limiting observation as € \, 0). For the set-valued mapping, given in (12),
the limit-supremum:
lim S(e) == {z € L*(Q) | lim distz2(0) (2, S(e)) = 0}
e\.0 eN\0
and the limit-infimum.:

lim S(e) := {z € L*(Q) | lim dist 72 (q) (2, S(e)) = 0};
E\O E\O

are nonempty and coincide with each other, namely the limit S.(0) := lim.\ o S(e) ex-
ists. Moreover, this limit is the union UZ(:OS Sin(0) of functional classes Sy, (0) (n =
0,1,...,n(0)), defined as Sy (0) := {—1,—0,,1}, and:
) xﬁ za:kR fork=1,...,n,
Sin(0) := ¢ 2€80(0) | o ek, | <1 or |k, + 04| L (k) > 25 ¢ (13)
for some 0 < kg < n.
forn=1,...,n(0).

REMARK 4. As another consequence of Theorem 2, we see that lim.\ o S(e) & S(0).

Therefore, by virtue of (12) and [2, Section 1.4], it is possible to conclude that the set-
valued mapping S = S(e) is upper semi-continuous, but not lower semi-continuous, at
e=0.
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REMARK 5. In the case that the singular diffusion as in (1) is regularized by p-Laplacians,
a similar conclusion as in Theorem 2 was reported in [5, Theorem 4.1]. According to the
result, any approximation limit by p-Laplacians is required to satisfy the symmetry with
respect to —0,, besides conditions as in (13). In view of this, the approximation range in
this paper is absolutely wider than that by p-Laplacians, although either approximation
method can cover only restricted part of the solutions of the limiting problem (P)o.

4. Proof of Theorem 1. We immediately check that w is a constant solution of (P).
if and only if w € Sy(e), by the method adopted in [6, Proposition 4.1]. In view of this,
we deal with only nonconstant functions.

The assertion is reduced to showing that S(g) \ Sy(e) = Uzg Sn(g). We divide the
argument into two subsections, to prove inclusions S(¢) \ Sp(e) C Uzg Sn(e) and S(e) \
So(e) D UM S, (), respectively.

4.1. Proof of S(e) \ Su(e) C Uzg Sn(e). Let us fix arbitrary 0 < £ < &, and take
any nonconstant solution w € S(e) \ Sp(g) of the problem (P).. Then, the claim in this
subsection is proved through some steps, stated in the following lemmas and remarks.
LEMMA 1 (Stepl). Let us set:

o (w(a+)+0.)(w(z—)+0.) <0, if v € Q,

K.:=< z€Q|ow(zt+)+0. =0 (resp. wiz—)+60, =0),

ifx =0€0Q (resp. xt =1 € 00Q)
Then, K. is closed subset in Q. Hence, Q\ K. is a disjoint union of at most countably
many relatively open intervals I, (k=0,1,2,...) in Q.
LEMMA 2 (Step2). For every k =0,1,2,..., w+ 0. has no sign-change in I 1, namely
w+0,>01in I, orw+0, <0in I .
LEMMA 3 (Step3). For every k=0,1,2,...:
(step 3-1) w is continuous in I, k;
(step 3-2) w is concave (resp. convezx) in I. i, if w+ 0. >0 (resp. w+ 0, <0) in I, .
REMARK 6. The above Lemma 3 implies that w is a locally Lipschitz function (SBV-
function) on the interior int(I. ;) of I. j for all k =0,1,2,....
LEMMA 4 (Step4). For everyk =0,1,2,..., if |lw| < 1 in an open interval I CC int(I. 1),
then w € C?(I) and w solves the following second order ordinary differential equation:

e (folwa)), = w+ O (14)
in I, where f. : R — (—1,1) is a smooth and strictly monotone function, defined as:
w
fe(w) := Nerwred forallw e R. (15)

LEMMA 5 (Step5). Let us set acp := inf I, , and bey := supl.y, for k = 0,1,2,....
Then, for every k=0,1,2,...:

(step 5-1) |w(aekx+)| <1 (resp. lw(bex—)| < 1), if ac € Q (resp. be € Q);
(step 5-2) |we(ack+)| = 400 (resp. |we(bex—)| = 4+00), if ack € €2 (resp. bey € Q);
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(step 5-83) wy(aekx+) =0 (resp. wy(bex—) =0), if acp =0 € I (resp. b =1 € 0N);
(step 5-4) w € CY(I. ) and there exists a point &y € Ik, such that wy (&) = 0.

REMARK 7. In view of (III) of Proposition 1 and Lemmas 4-5, it will be seen that:

El I. > mi (1)7 -1) >
( ,k)—mln{u He }—1+‘0|

and hence the closed (compact) set K. C 2 will be expressed as a disjoint union of at
most a finite number of compact intervals. Furthermore, for any index k,

(7a) w(aer+) + 0. #0 or |wy(ac,+)| = +oo;
(7b) w(bs,k_) + 9* 7& 0 or \wm(bsﬁk—” = +o00.
In fact, if one of (7a) and (7b) does not hold, then we find a certain index k; and a

finite constant b; € R such that by = wy(ae k, +) or by = wy(be k, —). In either event, the
following contradictory inequality:

k2
£ 0ein) 20 > [0 > o \/5;

will be derived from (9), (II) of Proposition 1 and (step 5-4) of Lemma 5.
LEMMA 6 (Step6). K. is a finite set, and K. N0Q = 0.

REMARK 8. On account of Preposition 1, Lemmas 4-6 and Remark 7, the setting of these
intervals can be arranged as:

[ae,07 bs,O) (: [07 as,l))a if k=0,
Is,k = (ae,k’a be,k) (: (be,k—17ae,k+1))a if 0 <k <n, (16)
(aE,na be,n] (: (bs,n—ly 1]); lf k = TL,

by using a certain finite number n € N with n < n(e). Furthermore, putting:
Cep =w(&e ) for k=0,1,... n, (17)

Lemmas 4-5 enable us to conclude that:

’YécE,o)(z; ba,O)v ifze IE,Oa

(ce,k) be k + Qe k . be k
€ T — )
2
ryé&a,n)(g} — 17 1-— CLEJL), ifxe IE,’!L-

w(x) =

;as7k>, ifrel. yand 0<k<n,

LEMMA 7 (Step 7). Under the reorganized settings as in (16)-(17), (cex + 0+)(Ce k-1 +
0.) <0 fork=1,...,n
As a consequence of all of the above facts, the nonconstant solution w will be supposed

to belong to the class S, (¢) for some finite number n € N with n < n(e). Then, the
partition points, as in (11), will be settled as:

—az1 = —beo for k=0,

Teg = ek = be 1 for 1 <k <n,
2—a;p=2—bp_1 for k=n+1.

Now, the rest of this subsection will be devoted to the proofs of Lemmas 1-7.
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Proofs of Lemmas 1-2. We refer to [3], because Lemmas 1 and 2 are proved, respectively,
just by applying the same demonstration techniques adopted in [3, Lemmas 2.2 and 2.3]
with slight modifications. =
Proof of Lemma 3. Claims (step 3-1)-(step 3-2) are proved by means of contradiction
arguments. For simplicity, let us consider only the case that w + 6, > 0in I, (k €
N U{0}), because the other case is similarly obtained.

When we prove (step 3-1), we assume the existence of a discontinuity point x9 € I, j
(actually x9 € int(I. %)) of w, and define a test function w$ € D, for the variational
inequality (6), by putting:

min{w(z) + (w(z3+) — w(z3-)), 1},
if x €I, i, w(x+) >w(xc1’ ) and = < 29,

wi(z) := ¢ min{w(z) — (w(@i+) —w(z?-)), 1},
ifwelp ws+) < w(;vcl’ ) and z > 29,
w(z), otherwise.
Then, by using (BV1)-(BV4), Remark 1, and approximation arguments based on (5), it
is not difficult to check that:

Ve(w?) < Vo(w) and —/Q(w—i—Q )(w] —w)dz <O0.

This contradicts (6).
Next, to prove (step 3-2), we temporarily negate the assumption, and take a maximal
open interval (ag,b9) C I, (k € N U{0}) such that:
w(ral + (1 —71)b7) < Tw(al) + (1 —1)w(b]) forall 0 < 7 < 1,
by continuity of w in I, ;. Here, let us define a function wg € D,, by putting:

Tw(a7) + (1 —1)w(b?),
w(z) = ifx=r1al+(1—7)b] € (af,b]) with 7 = (b9 —x)/(b] — a3);

w(z), otherwise.

Then, noting that the 2-dimensional segment:

o= {T<a§, iw(a‘f)) (- 7)< °. i_w(bi’)) 0<r< 1} c R’

realizes the shortest route between two points (a$,w(a$)/e), (b3, w(bS)/e) € R?, it can
be calculated that:

(18) Va(ws / VeI |2/ VTP

i 1
=£</ \/1+<w§) dx— \/1—1—
a € T al,b"

by approximation arguments for w. Also, we easily have:
/(w+9)( _w)dz < 0. (19)
Q

Inequalities (18)-(19) contradict (6). m
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Proof of Lemma 4. This lemma is concluded by applying the usual variational method.
In fact, due to the Lipschitz continuity of w in I CC int(l. k) (k € N U {0}), we can
calculate the first variation of the variational inequality (6), to obtain:

ki [fe(w,)) =w+ 0, i D(D): (20)

where “[-]"” denotes the distributional differential, and f. is the smooth and strictly
increasing function given in (15).

Equality (20) implies w € W2°°(I), since w, € L*(I) and f. has a smooth inverse
f=1 on (—1,1). Furthermore, combining (20), the smoothness of f. and the continuity of
w, on I, we conclude that w € C?(I). m

Proof of Lemma 5. Claims (step 5-1)-(step 5-4) are proved by means of contradiction
arguments. Then, in either claim, the key to derive a contradiction is in the point that
the graph of the extension:
{ w(x), if z € Q=(0,1),
w™(x) = for any x € R,
w(04) (resp. w(l—)), if <0 (resp. z > 1),

of w, including the vertical segmental parts by jumps, does not have Cl-regularity
(roughly, the graph has an angular shape) at some point (x5, w(z3)) € Q x [~1,1].

Let us demonstrate the above rough sketch, by taking the proof of (step5-1) as an
analogy. To this end, it is enough to consider only the case of w(b. x—) = 1, since other
cases are similarly proved. In this case, it is supposed that the graph of w®* has an angular
shape at (be i, w(be x—)) € N x [—1,1]. Also, due to Lemma 4 and the concavity of w, it
is not so difficult to check that

Wy (bep—) > 0 and w € C?[b.  — 65, b ] for some small 6§ > 0. (21)
Here, for any 0 < § < 7, let us define a function wy 5, by putting:

Tw(bg’k - (5) + (1 - T) (u}(bs’k - (5) — (5) s

wié(x) = if x = T(bs’k — 6) + (1 — T)b&k S Is,k with 7 = (bs,k — 1’)/5,

w(z), otherwise, for any z € Q.

Then, taking account of (BV4), (21) and the fact that w(b. x—) =1 > —0, > w(be 1+),
we calculate that:

‘/E(WT,a)—‘/;(w)SE[—i—\/(S? (ng(bek ))2 \/52 (5)2
(s o) [ e ()]

< —6(1+s—\/1+52)+0(62

and

bs,k’

0§—/(w+9*)(wi5—w)dx§2/ (6 + Slwe(beg, — 63)|) dz = O(62), as 6\, 0.
Q b

a,k_(s
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Hence,

KVe (w3 5) — / (w+ 0.)ws 5dr < KV (w) — / (w+ 0.)wdx
Q Q

—0(14+e—V1+e2)+0(6%), asd\,0.
This contradicts (6).
The demonstration methods of the remaining (step 5-2)-(step 5-4) are analogous to
that used in the previous lemma. =

Proof of Lemma 6. In the light of Remark 7, our goal is to show that y{ = y3 ¢ 9Q =
{0,1}, for any connected component [y5,y35] of K.
Here, if y{ = 0 € 09 (resp. yS = 1 € 09Q), then a contradiction is derived from the
following inequalities:
Vo(ws) < Vi(w) and — / (w + 0.) (w5 — w) dz < 0,
Q
for a test function w§ € D, for (6), given as:

o w(gak‘f)v fo<z< €s,k‘1’ (resp. ﬁchf <xr< 1),
ws(z) ==

w(x), otherwise,

where & ke is the zero point of w, in I ko, found in (step 5-4) of Lemma 5. Thus, [y7,y5]N
00 = 0, equivalently [y5,y5] C Q.

In view of this, let us next assume that 0 < y7 < y5 < 1, and let us take a neighboring
interval I. o of the interval [y7,y5] with an index kf € N U {0}. Then, we may say that
x < yj for any z € I, ko, since the other case is similarly obtained. Under this situation,
a function wj € D,, defined as:

w(@ — (Y3 —y7)), if &ens + (Y5 —97) < @ <3,
wy(w) == W k), if Eepe S @ < &g + (Y3 — ¥1),
w(z), otherwise,
can be taken as a test function for (6), because it is actually seen that:

Ve(wy) < Ve(w) and — /Q(w—i—e*)(wz —w)dr <0. m

Proof of Lemma 7. Under the settings as in (16)-(17), let us assume that (cc g +
0.)(cerg—1+0x) > 0 for some 1 < k3 < n, to show a contradiction. Then, it is enough to
consider only the case that 0 < ¢ kg 1+ 0« < ce kg + 0, because proofs of other cases are

essentially the same. In this case, we reach a contradiction with the use of a test function
wg for (6), given as:

Wy

°(z) Chg—1, if §e kg1 < T < bekg—1,
z) =
w(z), otherwise,

which satisfies the following contradictory inequalities:

Ve(wg) < Ve(w) and f/Q(erG*)(wg —w)dr <0. m
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4.2. Proof of S(¢) \ So(e) D Un(E Sp(e). Let us fix any 0 < e < &4, and let us take any
we E)S (€). Then, we may assume that w € Si(g), =0« < ceo < 1, cc1 = —1 and
dei i="Le1 — ug D 0, since the proofs for other situations are analogous. Here, let us

put:
Qo = (0,1 — dg’l) and Ql = (1 — d5’1, 1)
Then, taking account of (BV4), the governing ordinary differential equations (14) in both

intervals (0, z. 1) and (z.1,1—d. 1), and the associated boundary conditions, we calculate
that:

/ (w4 0,)(p — w)dx—hm (w+0.)(p —w)de
Qo N0 Qo\[ze,1—0,2c,149]

H%{%<[fs(wz( ) —w)(@)]g T [ Fe(wa (@) (e — w) (@), 5

Jr
+ felwz)(p — wxdz>
Qo\[ze,1—0,2c,1+0]

— r(w(zes+) — w(zen ) + / e e

< kVe? +[Dyl?(Q) — w1/ + [Dw|*(Q), for any ¢ € C*(Q)

Also, since w = —1 in )y,
/ (w0 + 0,)(p — w) dz < 0 < 1/ F [DPP() — 11/ + [ DwP(),
Q

for any ¢ € C1(£2;). Therefore, using the standard approximation argument, and noting
the fact that w is a SBV-function, it is calculated that:

/(w+9 zZ—w dx—Z/ (w+0.)(z —w)de
< Z (m/az F1D2R(%) — k22 + |Dw|2(Qk)) < KVo(2) — KVe(w),

k=0

for all z € D,. Thus, w is a nonconstant solution of (P)., namely w € S(¢) \ Sp(g). m

5. Proof of Theorem 2. By the definitions of the limit-supremum lim.\ o S(e) and
the limit-infimum lim_. o S(€), the assertion can be restated in the form of the following
inclusions:
lim S(¢) C S.(0) C lim S(e). (22)
e\.0 eN\.0
Now, the proof is divided into two subsections, which are concerned with respective
inclusions as in (22).
5.1. Proof of lim. o S(€) C S.(0). This inclusion is proved by means of a contradiction
argument. So, let us assume that w, € lim o S(g)\ Sy (0). Then, by the definition of the
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limit-supremum, we can take sequences {El} C (0,e,) and {w;} C D, such that:

n
o w; € S(g;) \ S.(0 US g),i=1,2,3,...,
23
e c; \,0, w; - w, in L2(Q)7 and w;(z) — wy(z) a.e. 2
x €, asi— +oo.
Additionally, since n(e) < n(0) for 0 < ¢ < &,, we may say that w; € S,(&;), i =
1,2,3,..., for a certain number 1 < n < n(0), by taking a subsequence if necessary.
Therefore, on account of conditions (s0).-(s3). as in Theorem 1 and conditions (s0)o-
(s2)p as in Proposition 2, it is not difficult to verify that w, € S,(0). Also, from the
convergence as in (23), we further see that x% = ka fork=1,...,n
Hence, as the last possibility, the solution w, € S, (0) is supposed to satisfy that:

lex] =1 and |cx + 0.|LY(Jg) =2k forall k=0,1,...,n

But even in this case, the following contradictory inequality:

Zﬁ Jek 09Q) > 3 LY INQ) = £1(9), i=1,2,3,...,
k=0
will be seen from (HI) of Proposition 1. m

5.2. Proof of 8:(0) C lim.\ 0S(¢). Let us take any w, € S.(0). Then, in the light of
the definition of the limit-infimum, all we have to do will be to construct a sequence
{w: |0 < e <ex} C D, of approximating solutions we, such that:

w. € S(e) for all 0 < e < &,, and w. — w, in L*(Q) as e\, 0. (24)

The construction is as follows.
First, let us consider w, constant. Under this situation, we immediately find the
approximating sequence by setting w. = w, in § for all 0 < € < g, since:

So(e) = So(0) = S84 0(0) = {-1,-0.,1} forall 0 <e < e,.

Secondly, let w, € S, ,,(0) for some 1 < n < n(0), and let us take the index 1 < kg < n
as in (13).

Under this situation, we can construct the required approximating sequence {w, |0 <
€ < g4} by the continuous dependence of the constant ;é“), mentioned in (v) of (IIT) of
Proposition 1. Here, we pick up the following two cases of w,, to show the essence of the
construction methods.

Case A:n =1, ¢, = (=1)k for k=0,1, and |c1 + 0.|L1(J1) > 2k (ko = 1). In this case,
we find, for example, the following functions w. (0 < & < &), given by:

() (@3 €ae) + 0:)X (0,00, (@)
we(z) = o (@ — 131 L)+ 0)X (1) (@) = Oy (O << e,

—0,, ifeq <e<eg, forany z € Q,
as members of the approximating sequence, where 75')( ;) is the C'-function glven in (10),
0 < g4 < &, is a small constant taken to satisfy max{z¥, u¢ )} + usAl) 1 (= £Y(Q),
and for any 0 < € < €4, £a . is a positive constant given by £4 . := max{xl, e (co) }. In
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fact, by using the properties as in (IIT) of Proposition 1, it is not difficult to check that
this sequence {w. |0 < € < ¢, } fulfills the approximating property as in (24).

Case B:n =1, =0, < co < 1 and |c1 + 0.|L (J1) = 2k (ko = 0). In this case, the
constituent functions w. (0 < € < g,) are, for example, given as:

(7§CB,5)(1.; 1— Mgcl)) + 6*)X(O,1—ugcl))(x)

we(z) = F (U (@ = 15 ) + 00X (o0 ) (@) = O, 10 <& <ep,
—0,, ifeg <e<e,, foranyzeq.

Here, 0 < ep < &4 is a small constant taken to satisfy /LQB) + ug(};l) < 1, and for any

0<e<ep,cp<cpe <1isaconstant taken to satisfy uch*E) + Mgcl) = 1. Then, from
(v) of (III) of Proposition 1, it will be seen that the constants eg and cp . (0 < e < ep)
are well-defined, and moreover, the sequence {w. |0 < € < g, } fulfills (24).

In other cases, we will find the approximating sequence {w. |0 < & < g,} analo-
gously. m
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