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Abstract. In this paper we consider optimal control problems for abstract nonlinear evolution
equations associated with time-dependent subdifferentials in a real Hilbert space. We prove the
existence of an optimal control that minimizes the nonlinear cost functional. Also, we study
approximating control problems of our equations. Then, we show the relationship between the
original optimal control problem and the approximating ones. Moreover, we give some applica-
tions of our abstract results.

1. Introduction. This paper is concerned with an optimal control problem for a non-
linear evolution equation in a real Hilbert space H, of the form:

{ u'(t) + ot (u(t)) + g(t,u(t)) > f(t) in H, forte (0,T);

o u(0) = u;

where T' > 0 is a fixed finite time, v’ = %, Ot is the subdifferential of a time-dependent
convex function ¢! on H, g(t,-) is a perturbation small relative to ¢?, f is a given forcing
term, and ug € H is a given initial condition.

The main object of this paper is to study the following optimal control problem to (1),

denoted by (OP).
ProOBLEM (OP). Find a function (optimal control) f* € L?(0,T; H) such that

I = it J()).

feL?(0,T;H)

2000 Mathematics Subject Classification: Primary 49J24; Secondary 35K90.
Key words and phrases: optimal control, evolution equations, subdifferentials.
The paper is in final form and no version of it will be published elsewhere.

DOI: 10.4064/bc86-0-20 [313] © Instytut Matematyczny PAN, 2009



314 N. YAMAZAKI

Here, J is a cost functional defined by:

1T 2 e 2 2
(2)  J(f):= 5/0 [(u — uq)(t)|7dt + 5/0 |f(t)|5dt  for any f € L*(0,T; H),
where | - | denotes the norm of H, the main parameter f is the control, u, is a given
desired target profile in L?(0,T; H), and u is a unique solution to (1).

Many mathematicians have already studied the optimal control problems of abstract
evolution equations (cf. [1, 3, 6, 7, 9, 13, 14, 15]). In particular, if g(t,-) is a continuous
operator in H, Hu-Papageorgiou [7] studied the optimal control problem (OP). Also,
Cardinali-Papageorgiou [3] studied the min-max problem for subdifferential evolution
inclusions. For the related topics of optimal control problems for subdifferential evolution
inclusions, we refer to the series of papers by Papageorgiou (cf. [3, 6, 7, 13]).

Now, the aim of the present paper is to consider the approximating problems of (1)
and (OP). Then, the main novelties found in this paper are:

(i) to prove the existence of an optimal control for (OP);
(ii) to show the existence of optimal controls for the approximating problems of (OP);
(iii) to show the relationship between the limits of sequences of approximating optimal
controls and the optimal controls of the limiting problem (OP).

The plan of this paper is as follows. In the next Section 2, we state the main re-
sults (Theorems 2.1-2.3) concerning (OP) and its approximating problems. In Section 3,
we prove Theorem 2.1 concerned with the existence of an optimal control to (OP). In
Section 4, we study the approximating problems of (OP). Then, by using the relation-
ship between (1) and its approximating equations, we prove Theorems 2.2 and 2.3. In
Section 5, we give some applications of our abstract results (Theorems 2.1-2.3).

1.1. Notations. Throughout this paper, let H be a real Hilbert space with norm |- |g
and inner product (-,-). For a proper (i.e., not identically equal to infinity), l.s.c. (lower
semi-continuous) and convex function ¢ : H — RU {oo}, the effective domain D(1)) of ¢
is defined by
D) :={z € H; 9(z) < co}.

We denote by 0¢ the subdifferential of v in the topology of H. In general, the subdif-
ferential is a possibly multi-valued operator from H into itself, and for any z € H, the
value 0Y(z) is defined as:

D(2) = (=" € H 5 (2",y —2) < ¥ly) — (=) for all y € H}.

Then, the set D(9v) :={z € H ; d¢(z) # 0} is called the domain of 9. We refer to the
monograph by Brézis [2] for detailed properties and related notions of convex functions
and their subdifferentials.

2. Assumptions and main results. We begin by defining the solutions of our state
problem (1). In the following sections, we denote by (CP;f,ug) the state problem (1)
when the data of the control f and the initial condition ug are specified:

W (1) + 00t (u(t)) + g(t,u(t)) > () in H, forte (0,T);

(CPafa UO) { U(O) — .
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DEFINITION 2.1. Given f € L?(0,T; H) and ug € H, the function u : [0, T] — H is called

a solution to (CP; f,up), if u € C([0,T]; H), ' € L} _((0,T]; H), o (u) € LY(0,T),

w(0) = ug, u(t) € D(9p') and f(t) — v/ (t) — g(t,u(t)) € ' (u(t)) for a.e. t € [0,T],

namely

(f(&) =/ (t) = g(t,u(t)), y —u(t)) < ¢'(y) — ¢'(ut)) forany y € H, a.e. t € [0,T].

Let {a,} := {a,;r > 0} and {b,.} := {b,;r > 0} be two families of real functions in

Wh2(0,T) and WhH1(0,T), respectively. We introduce a class ®({a,}, {b.}) of families of

time-dependent proper l.s.c. and convex functions ¢! on H.

DEFINITION 2.2. We denote by ®({a,},{b.}) the class of all families {p'} := {¢’;t €
[0, 7]} of proper Ls.c. and convex functions ¢! on H such that
{2 € H;|z|g <k, ¢'(2) <k} is compact in H for every k > 0 and ¢ € [0,T],

and the following property (x) is fulfilled:
() for each r > 0, s, t € [0,T] with s < ¢, and z € D(¢®) with |z|g < r, there exists

Z € D(¢") such that

12— 2l < lar(t) = ar(s)|(1+ |°(2)] )
and
©'(2) = 9*(2) < [br(t) = br ()1 + |° ()]

REMARK 2.1 (cf. [8, Chapter 1]). Assume {¢'} € ®({a.},{b.}), f € L*(0,T;H) and

up € D(°), where D(°) denotes the closure of D(°) in H. Then, Kenmochi [8, Cha-
pter 1] has already proved that the following Cauchy problem has a unique solution u on
[0,7T]:
' (t) + 0pt(u(t)) > f(t) in H, forte(0,T);
{ u(0) = up.

Next, we introduce the class G({p'}) of time-dependent perturbations g(t, -) associated
with {¢'} € ®({a,}, {b,}).
DEFINITION 2.3. We denote by G({¢'}) the class of all families {g(t,-)} = {g(t,);

t € [0,T)} of single-valued operators g(¢,:) from D(g(t,-)) € H into H which fulfill
the following conditions (gl)—(g4).

(gl) D(p") C D(g(t,-)) C H for all t € [0,T], and g(-,v(-)) is (strongly) measurable on
J for any interval J C [0,T] and v € L} (J; H) with v(t) € D(¢?) for a.e. t € J.

loc

(g2) There are positive constants Cy, Cy and Cy such that
lg(t, 2)|% < Cop'(2) + C1lz|% + Cy, YVt €[0,T], Vz € D(p").

(g3) (Demi-closedness) If {t,} C [0,T], z,, € D(¢'), t,, = t, 2, — z in H (as n — 00)
and {¢'"(z,)} is bounded, then g(t,,z,) — g(t, z) weakly in H as n — occ.
(g4) For each § > 0, there exists a positive constant Cs > 0 such that

[(g(t, 21) = g(t, 22), 21 — 20)| < O(21 — 23,21 — 22) + Cs|z1 — 22|F,
Yt € [0,T], Vz; € D(¢"), Vi € 0¢'(2), i =1,2.
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We recall that existence and uniqueness of solutions for (CP; f,ug) was obtained in
[12, Theorem III] and [17, Theorem 2.1].

PROPOSITION 2.1 (cf. [12, Theorem III], [17, Theorem 2.1]). Assume {¢'}€®({a,}, {b,}),
{g9(t,)}€G({p'}), f € L?(0,T; H) and ug € D(¢°). Then, the Cauchy problem (CP; f, uo)
has one and only one solution u on [0,T). In particular, if ug € D(°), then the solution
u of (CP; f,ug) satisfies that v’ € L?(0,T; H).

Now, we state the first main result in this paper, which is concerned with the existence
of an optimal control for (OP).

THEOREM 2.1. Assume {¢'} € ®({a,}, {b:-}), {9(t,")} € G({¥'}), uo € D(¢¥°) and uq €
L?(0,T; H). Then, the problem (OP) has at least one optimal control f* € L?(0,T; H)
so that

J(f") J(f),

= inf
feL2(0,T;H)
where J() is the cost functional given in (2).

The proof of Theorem 2.1 is given in Section 3 by using the well-posedness of the
state problem (CP; f,ug).

Next, we study approximating problems for (CP; f,ug) and (OP). In fact, for each
e € (0,1], we consider the following nonlinear evolution equation in a Hilbert space H,
denoted by (CP; f,uo.e)e:

ul(t) + 0ot (us(t)) + g=(t,us(t)) 2 f(t) in H, forte (0,T);

/
€
©(0) = uo,e;

(3) (va f7 uO,E)E {

where 9! is the subdifferential of the time-dependent proper l.s.c. convex function % on
H, g.(t,-) is a perturbation small relative to ¢!, f is a given forcing term, and ug . € H
is a given initial condition.

Clearly, we observe from Proposition 2.1 that for each ¢ € (0, 1], the Cauchy problem
(CP; f,up.)e has a unique solution u. on [0,7], if {pt} € ®({a,},{br}), {g:(t,")} €
g({@i})y fe L2(07T; H) and Ug,e € D((pg)

Now, for each £ € (0,1], we consider the following approximating optimal control
problem, denoted by (OP); ., of the original problem (OP).

PROBLEM (OP); .. Find a function (optimal control) fi . € L?(0,T; H) such that

J f)= inf J .
1,6(f1,a) feL2l(%,T;H) 1,6(f)

Here, J; . is a cost functional defined by:

T T
@ R [ = w5 [ Ir@kar forany £ € 220.70),

where u, is the unique solution of the approximating state problem (CP; f, ug ) on [0, T].

The next object of this paper is to show the relationship between (OP) and (OP); .
To do so, we recall a notion of convergence for convex functions, developed by Mosco [10].
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DEFINITION 2.4 (cf. [10]). Let v, ¢, (n € N) be proper, l.s.c. and convex functions on a
Hilbert space H. Then, we say that 1), converges to ¢ on H in the sense of Mosco [10]
as n — oo if the following two conditions are satisfied:

(i) for any subsequence {¢n, } C {¥n}, if zp — z weakly in H as k — oo, then
likminfwnk (z) > Y(2);
(ii) for any z € D(%)), there is a sequence {z,} in H such that

Zn—zin Hasn—oo and  lim ¢,(z,) = ¢¥(2).

Now, we state our second main result in this paper, which is concerned with the
relationship between problems (OP) and (OP); . (¢ € (0, 1]).

THEOREM 2.2. Assume ug € L?>(0,T;H), ¢ € (0,1], {pt} € ®({a,},{b-}), {ge(t,")} €
G({pL}), and ug . € D(p2). Then, for each e € (0,1], the approzimating problem (OP);
has at least one optimal control ff . € L?(0,T; H) so that

Ne(fie) = inf Jy.(f).

fEL?(0,T;H)

Furthermore, assume that

(A1) L converges to @' on H in the sense of Mosco [10] for each t € [0,T] (ase — 0),
and U.cpo1{7 € H; |2l <k, ©L(2) < k} is relatively compact in H for every real
k>0 andt € [0,T], where {ph} = {p'} € ®({a,},{b,}) when e = 0;

(A2)  go(te,ze) — g(t,2) weakly in H (ase —0), ift. € [0,T], t. — ¢, 2z — z in H and
{ple(z2)} is bounded, where {g(t,")} € G({p'});

(A3) wuge — ug in H for some ug € D(¢0).
Then, there is a subsequence {ex} C {e} and a function f** € L*(0,T; H) such that f**
is an optimal control of (OP), e — 0, and
(5) fie, = [ weakly in L*(0,T; H) as k — <.
In order to show the strong convergence of optimal controls, we consider another type

of approximating optimal control problems for each ¢ € (0, 1], denoted by (OP)y ., as
follows.

PROBLEM (OP); .. Find a function (optimal control) f5. € L*(0,T; H) such that
J27E(f2*,a) = J275(f)'

inf
fEL2(0,T;H)
Here, J5 . is a cost functional defined by:

©) Toclf) =5 [ N —udOFde+ 5 [ 15OFde+ 5 [106 = 0t

for any f € L?(0,T; H)

where f* is the optimal control of (OP) found in Theorem 2.1, and u. is the unique
solution of the approximating state problem (CP; f,ug ). on [0, 7.

Now, we state our final main result in this paper, which is concerned with the rela-
tionship between problems (OP) and (OP)s . (e € (0,1]).
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THEOREM 2.3. Assume ug € L*(0,T;H), ¢ € (0,1], {pt} € ®({a.},{b-}), {ge(t,")} €

G({¢t}), and uo. € D(9?). Let {¢'} € ®({a,},{b:}), {9(t. ")} € G({¢'}), uo € D(¢),
and f* be the optimal control obtained in Theorem 2.1. Then, for each ¢ € (0,1], the
approximating problem (OP)q . has at least one optimal control f5 . € L?(0,T; H) so that

(f5.) = inf (f).
Joe(f5.2) rert Jae(f)

Furthermore, suppose the convergence assumptions (Al), (A2) and (A3) in Theorem 2.2
hold. Let uf and u* be the unique solutions of (CP;f5 ., uoc)e and (CP;f*,ug) on [0,T7,
respectively. Then, there is a subsequence {er} C {e} such that e}, — 0,

(7) fre, — 7 strongly in LQ(O, T;H)
and
(8) uf, —u*  strongly in C([0,77; H)

as k — oo.

The proof of Theorems 2.2 and 2.3 is given in Section 4. Roughly, the convergences (5)
and (7) are proved by using the continuous dependence between solutions of (CP; f, ug)
and the approximating solutions of (CP;f, ug ¢ )e-

3. Optimal control problem (OP). In this section, we prove Theorem 2.1 concerned
with the existence of an optimal control for (OP). Throughout this section, we assume
all the conditions of Theorem 2.1.

First, we recall the result of continuous dependence of solutions for (CP; f, ug), stated
as follows.

PROPOSITION 3.1 (cf. |17, Lemma 4.1]). Assume {p'} € ®({a,},{b.}) and {g(t,")} €
G({e'}). Let f € L*(0,T;H), ugp € D(¢°), and u be the unique solution to (CP;f, uo)

on [0,T). Also, let {f,} C L*(0,T; H), {uo.n} C D(¢°), and u, be the unique solution to
(CP; frn,u0,n) on [0,T]. Assume that

U — Ug in H  and  f, — f weakly in L*(0,T;H) asn — oo.
Then, the following convergence holds:
up, — u  strongly in C([0,T); H) as n — oo.

Proposition 3.1 has already been proved in [17, Lemma 4.1].
Now, let us prove our main Theorem 2.1, which is concerned with the existence of an
optimal control for (OP).

Proof of Theorem 2.1. By a quite standard method, we can prove Theorem 2.1. In fact,
let {f,} € L*(0,T; H) be a minimizing sequence so that

Then, by the definition (2) of J(-), we see that {f,} is bounded in L?(0,T; H). Hence,

there is a subsequence {ny} C {n} and a function f* € L?(0,T; H) such that ny — oo
and

(9) fn,, — f* weakly in L*(0,T; H) as k — oo.

inf
f€L21(07T;H)
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For any k € N, let u,, be the unique solution to (CP;f,, ,uo) on [0,T]. Then, from
(9) and Proposition 3.1, we observe that

(10) Up, — u*  strongly in C([0,T]; H) as k — oo,
where u* is the unique solution to (CP;f*,ug) on [0, T].
Hence, it follows from (9)—(10) and the weak lower semicontinuity of L?-norm that

I < Jm J(fu) = nd ()

The above inequality implies that f* € L?(0,7T; H) is an optimal control for (OP). Thus,
the proof of Theorem 2.1 has been completed. =

4. Approximating problems (OP); . and (OP), .. In this section, we consider the
approximating optimal control problems (OP); . and (OP)z . (¢ € (0,1]). Then, by using
the convergence result for solutions to (CP; f,ug) and (CP;f, ug ¢ )e, we prove Theorem 2.2
(resp. Theorem 2.3) concerned with the relationship between (OP) and its approximating
problems (OP); . (resp. (OP)a.).

Here, we give the key proposition to showing Theorems 2.2 and 2.3.

PROPOSITION 4.1 (cf. [17, Lemma 4.2]). Assumec€ (0,1], {¢t}€ ®({ar},{b-}), {g:(t,)}

€ G{et}), uwoe € DY), {¢'} € ©({ar}, {bs}), {9(t,)} € G({¢'}) and uo € D(¢).
Also, suppose the convergence assumptions (A1), (A2) and (A3) in Theorem 2.2 hold.

Furthermore, assume {f.} C L?(0,T;H), f € L?*(0,T; H) and
fe — f weakly in L*(0,T; H) ase— 0.

Then, the solution u. of (CP;f.,uge)e converges to the solution w of (CP;f,ug) on [0,T)
in the following sense:

ue — u  strongly in C([0,T]; H) as € — 0.

By a slight modification of the proof of [17, Lemma 4.2], we can show Proposition 4.1,
so we omit its proof.

Now, by using Proposition 4.1, we prove Theorem 2.2, which is concerned with the
relationship between (OP) and (OP); . (¢ € (0,1]).

Proof of Theorem 2.2. First, note from Proposition 3.1 that we obtain the convergence of
solutions for (CP; f,up ). In fact, we have only to replace ! (resp. g(t,-)) with ! (resp.
ge(t,-)) in Proposition 3.1. Thus, for each ¢ € (0, 1], by the same proof of Theorem 2.1,
we can show the existence of an optimal control f7 . of (OP); . such that
Jlﬁ(fl,s) feLQl(r(l),T;H) Jl,E(f)v

where Ji .(+) is the cost functional defined in (4).

Now, we show (5). Let f be any function in L?(0,T; H). Also, let u. be the unique
solution for (CP;f,ugc)e on [0,T], and let w be the unique solution for (CP;f,u) on
[0,T]. Then, we observe from the assumptions (A1)-(A3) and Proposition 4.1 that

(11) us — u  strongly in C([0,T]; H) ase — 0.
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Since f; . is the optimal control of (OP); ., we see that

1

T 1 T
12 A< hD =g [l u) O+ 5 [ OB

Clearly, it follows from (4), (11)-(12) that {f{ .} is bounded in L?(0,T; H) with respect
to € € (0,1]. Thus, there is a subsequence {¢} C {e} and a function f** € L?(0,T; H)
such that € — 0 and

(13) fic, = [ weakly in L*(0,T;H) as k — oc.

For any k € N, let uZ, be the unique solution of (CP;f{ ., ,uo.e,)e, on [0,T]. Then,
by (13), the assumptions (A1)-(A3) and Proposition 4.1, we see that u?, converges to
the unique solution u** of (CP;f**,ug) on [0,7] in the sense that

(14) ur —u™  strongly in C([0,T]; H) as k — oc.

ek

Now, by using (11)—(14) and the weak lower semicontinuity of L?-norm, we see that
T < mind Ty, () < (7).

Since f is any function in L2(0,7T; H), we infer from the above inequality that f** is
the optimal control of (OP) satisfying the convergence (13) (i.e. (5)). Thus, the proof of
Theorem 2.2 has been completed. =

Next, by using Proposition 4.1, we show Theorem 2.3, which is concerned with the
relationship between the optimal control problems (OP) and (OP)s . (e € (0,1]).

Proof of Theorem 2.3. First, note that by the same argument in Theorem 2.1, namely,
by using the continuous dependence of solutions for (CP; f,up ). (cf. Proposition 3.1),
we can get the existence of an optimal control f5_ of (OP)z. for each ¢ € (0, 1], such
that

JQ,e(f)a

J. >) = inf
276(.]02,5) fELQl(%,T;H)

where Js () is the cost functional defined in (6).

Now, we show (7)—(8). Let f* be the optimal control of (OP) obtained in Theorem 2.1.
Also, let u. be the unique solution to (CP;f*,up.). on [0,7], and let u* be the unique
solution to (CP;f*,ug) on [0,T]. Then, we observe from the assumptions (A1)—(A3) and
Proposition 4.1 that

(15) ue — u*  strongly in C([0,T]; H) ase — 0.
On the other hand, since f3 . is the optimal control of (OP), ., we see that
17T 1T
16 Sl <Rl =5 [ e = wa) O+ 5 [ 17O
0 0

Clearly, it follows from (6) and (15)-(16) that {f5_} is bounded in L?*(0,T; H) with
respect to ¢ € (0,1]. Thus, there is a subsequence {ex} C {e} and a function f° €
L?(0,T; H) such that g, — 0 and

(17) fre, — [° weakly in L*(0,T;H) ask — oo.
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For any k € N, let u}, be the unique solution of (CP;f3 ., ,uoe, ), on [0,7]. Then, by
the assumptions (A1)-(A3), (17) and Proposition 4.1, we see that u? converges to the
unique solution u° of (CP;f°, ug) on [0, 7] in the sense that

(18) uy —u®  strongly in C([0,T]; H) as k — oc.
Now, by using (15)—(18) and the weak lower semicontinuity of L?-norm, we see that

1. T .
ihmsup/ |(foe, — f )(8)|3rdt
0

k—o0

k—oo

. * 1 T * 2 1 r * 2
<timsup (o () =5 [ 15, —u) Ot =5 [ 150,00

T T
<5 [ 1 —u O+ g [ 17 @F

1 s T * 2 1 DI T * 2
_ihmmf ; \(usk—ud)(t)|Hdt—§hkrriggf ; | f3e, (D) Edt

k—oo

T T
<IN =3 | == [ 17O

= J(") = J(°).
Thus, we have
1 T >
Iy glimsup |15, - 50 < T,
—00 0
Since f* is the optimal control to (OP), we see that

T
(19) gimsu [ |5, = Ot =0.

k—oo

Therefore, we observe from (17) and (19) that f° = f* and the convergence (7) holds,
ie.,

fs., — f° strongly in L*(0,T;H) ask — oo.

Also, we infer from (18) and the uniqueness of solutions to (P;f*,ug) that u® = u*
and the convergence (8) holds, i.e.,

ul —u"  strongly in C([0,T]; H) ask — oo.

Thus, the proof of Theorem 2.3 has been completed. m

5. Applications. In this section, we give some applications of our abstract results (The-
orems 2.1-2.3).

5.1. Mized boundary condition. Let us consider the following initial-boundary value prob-
lem with a Signorini-Dirichlet—~Neumann type mixed boundary condition, denoted by (P).
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PRrOBLEM (P). Find a function u € C([0,T]; L*(Q)) N W,22((0, T]; L*(2)) which fulfills

loc
the following system:

u' — div(|VulP~?Vu) + g(u) = f(t,z) in (0,7) x Q;
u < h(t), v (|[VulP~2Vu) <0

and (u—h)v- ([VuP"2Vu) =0  on (0,T) x I's;
w=ht) on (0,T) x Tp;
v (|[VulP~2Vu) =0 on (0,7) x T'n;

u(0,-) = ug in Q.

Here, p is a fixed number with 2 < p < oo, 2 is a bounded domain in R™ (m > 1), and
the boundary T" of 2 is smooth and admits a mutually disjoint decomposition such as

I'=Tpul'yuUTlsg.
Also, v is the outward normal vector on the boundary I', g : R — R is a given Lipschitz
function, f and wg are given data, and h(t¢,x) is a given function satisfying
h e Wh2(0,T; WhP(Q)).
The main object of this subsection is to consider the optimal control problem of (P)

by applying the abstract result (Theorem 2.1). To do so, for each ¢ € [0,7], define a
convex set K (t) by

K(t):={zecW'P(Q); 2<h(t)onTs and z = h(t) on I'p}.

Also, we choose L?(f2) as a real Hilbert space H, and we define a family {¢'} of proper
L.s.c. convex functions ¢ : L?(Q) — R U {oo} by

1
7/ |Vz(z)|Pdz if z € K(t),
= pPJa
00 if z € L2(Q) \ K(t).
Then, by similar calculations to [8, Proposition 3.2.2], we can get the following lemma.

LEMMA 5.1 (cf. [8, Proposition 3.2.2]). Put for any r >0 and t € [0,T]

t
a0 (t) = by (8) == M [ W (D)oo,
0

where M is a (sufficiently large) positive constant. Then, {¢'} € ®({a,},{b,}) and
{9} € G{¥'}).

Clearly, the initial-boundary value problem (P) can be transformed into the following
evolution equation (CP; f,ug):

' (t) + 0ot (u(t)) + g(u(t)) > f(t) in L2(Q), forte (0,T);
u(0) = ug.

Therefore, by applying Proposition 2.1, we see that the initial-boundary value problem

(P) has one and only one solution u on [0,7] for each f € L?(0,T;L*(Q)) and uy €
12(0)  ———13@) —) o
K(0) = D(¢Y) , where K(0) denotes the closure of K (0) in L*(£2).

(20) ¥'(2)

(CP; f,uo) {
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Also, by applying Theorem 2.1 we see that for each ug € L?(0,7T; L?(2)) and ug €

2
K (O)L (Q), the following optimal control problem to (P) has at least one solution f* €
L2(0,T; L*(Q)):
21 J(f*) = inf J
2D U= fere @B ey’

where J(-) is the cost functional given in (2) with H = L?().
Next, we study the approximating problem of (P) from the view-point of numerical

analysis. In fact, for each € € (0, 1] let us consider the following approximating problem
of (P), denoted by (P)..

PRrOBLEM (P).. Find a function u. € C([0,T]; L*(Q)) NW,22((0, T; L?(€)) which fulfills

loc
the following system:

ul — div(|Vue|P~?Vu.) + g(ue) = f(t, 2) in (0,7) x Q;

t,
us — h(?) [ue = R(OI™
3

v (|VUs|p_2VUe) I XD — -xs on (0,T)xT;

ue(0, ) = up,e in Q;
where ug . € L?(€), x; is the characteristic function of (0,7) x I'; (j = D, S), and [2]T
is the positive part of z.
The next object is to consider the optimal control problem of (P). by applying the

abstract results (Theorems 2.2 and 2.3). To do so, for each € € (0,1] we define a family
{pt} of proper ls.c. convex functions ¢! : L?(Q) — RU {oo} by

1 » 1 . 2
];/Q|Vz(x)| do + o /FD| h(t)[7dl
ol (2) = +271€ ([ — R(H))F)2dD  if 2 € HY(Q),
Ts
0 if z € L2(Q)\ HY(Q).

By using the same function a,(t) = b,(t) in Lemma 5.1, we observe that {¢l} €
®({a,},{b-}) and {g()} € G({¥L}). Also, we get the following property.

LEMMA 5.2. ¢! converges to o' in the sense of Mosco [10] for each t € [0,T] as e — 0,
where ¢t is the proper, l.s.c. convex function defined in (20).

It is very easy to prove Lemma 5.2, since we employ the standard approximation of
the boundary by the penalty method in the problem (P).. So, we omit the detailed proof
of Lemma 5.2.

Also, we easily see that the approximating initial-boundary value problem (P). can
be reformulated as the following evolution equation (CP; f,ug.c)e:

ul(t) + 0t (ue(t) + g(ue(t)) > f(t) in L*(Q), fort € (0,T);

ue(0) = ug .

(CP§ f7 uO,e)e {

Therefore, by taking account of Lemma 5.2, and applying Proposition 2.1 and Theo-
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rems 2.2-2.3, we get the existence of a unique solution of (P)., and the relationship
between the problem (21) and the optimal control problems of (P)..

5.2. Allen-Cahn type equation with constraint. In this subsection, let us consider the op-
timal control problem of the following Allen-Cahn type equation with constraint, denoted

by (P).
PrOBLEM (P). Find a function u : [0, 7] — L?(0,1) which fulfills the following singular
diffusion equation with constraint:

u'—l-@(uz> + 0l y(u) Su+ f(t,x) inQ:=(0,T)x (0,1);

|t |

ug(£,0) = u,(t,1) =0, te (0,T);
u(0,2) =up(x), =z € (0,1).

Here, x > 0 is a given (small) constant, f and wug are given data, and 0Ij_y1j(-) is the
subdifferential of the indicator function I;_; 1)(-) on the closed interval [—1,1], that is

defined as:
{ 0 ifre[-1,1],

oo  otherwise.

I[—l,l] (T) =

In order to transform the problem (P) into an abstract nonlinear evolution equation,
let us recall the definition of the total variation and bounded variation functions.

DEFINITION 5.1. (I) Let z € L'(0,1). Then, z is called a bounded variation function, or
simply a BV-function, in (0, 1), if and only if:

1 n € C10,1] with a compact support in (0, 1),
Vo(z) := sup / 20 de ; < 0.
: il < 1on [0,1]

Here, we call V(%) the total variation of z.
(IT) We denote by BV (0,1) the space of all BV-functions in (0, 1).

Now, let us choose L?(0,1) as a real Hilbert space H, and let us define a functional
¢: L*0,1) - RU{oco} by
1
(22) o(z) = kVy(2) +/ I_1y(2)dx  for any z € L*(0,1).
0
Then, it follows from [4, Chapter 5] that ¢ is proper, Ls.c. and convex on L?(0, 1), and
its effective domain is
D(p) ={z€ BV(0,1) ; |z| <1, ae.in (0,1)}.

Clearly, the initial-boundary value problem (P) can be reformulated as the following

evolution equation (CP; f,ug):
(CP: f.u0) { W(8) + Dplu(t) —u(t) 3 £(t) in L2(0,1), for t € (0,T);
u(0) = wp.

Here, we take the function a,(t) = b,(t) = 0 for any » > 0 and ¢ € [0,7], and define
the operator g(u) := —u in L?(0,1). Then, we easily see that {¢} € ®({a,},{b.}) and
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{9()} € G({p}). Therefore, by applying Proposition 2.1, we see that the problem (P)
has one and only one solution u € C([0,T]; L2(0,1)) N W.2((0,T]; L?(0,1)) for each
S 72
f € L*(0,T;L*(0,1)) and ug € D(cp)L (071), where D(gp)L O genotes the closure of
D(p) in L*(0,1).
Also, by applying Theorem 2.1, we observe that for each ug € L?(0,T; L?(0,1)) and
———L?(0,1)

ug € D(p) , the following optimal control problem to (P) has at least one solution
f* e L?0,T; L*(0,1)):
(23) J(f*) = inf J(f),

= in
FEL2(0,T;L2(0,1))
where J(-) is the cost functional given in (2) with H = L?(0, 1).
Next, for each ¢ € (0, 1] let us consider the following approximating problem of (P),
denoted by (P)..

PrROBLEM (P).. Find a function u. : [0,T] — L?(0,1) which fulfills the following equa-
tions:

ua)z‘g + g2
(ue)a(t,0) = (ue)2(t,1) =0, te€(0,T);
ue(0,z) = ug(x), z€(0,1).

i~k <|<(U) n 5<u6>$> Fau) = ue t f(tz) in Q;

Here, F; is a nondecreasing function on R defined by

1 [s—1]"

F.(r) == sign(r) /0 min {

€ X

}ds for r € R,

where [s]T denotes the positive part of s. Clearly, F. is a C!'-function with derivative
F! € WH*°(R). Note that for each ¢ € (0, 1], the singular diffusion term (wu/|u;|), and
the constraint 9I;_; 1)(u) in the problem (P) are approximated by

Ue)z|? + €2

<|((u’5)$ —1—6(’11,5)1) and Fs(“e)y

respectively.
Now, we fix a primitive F. of F. such that

ﬁg(O) =0 and ﬁs(r) >0 forallreR.
Then, for any € € (0, 1], let us set:

1 1 1
Ii/ \/|zw\2+€2dx+€—ﬁ/ \zw|2dx+/ F.(2)dx if z € H(0,1),
Pe(2) = 0 2 Jo 0
00 otherwise.

Clearly, each functional ¢, (¢ € (0,1]) forms a proper, Ls.c. and convex functional on
L?(0,1) such that {.} € ®({a,}, {b,}) with a,(t) = b.(t) = 0 for any r > 0 and t € [0, T].
Also, we get the following property.

LEMMA 5.3 (cf. [16, Lemma 3.1]). . converges to ¢ in the sense of Mosco [10] ase — 0,
where @ is the proper, l.s.c. convex function defined in (22).
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By a slight modification of [16, Lemma 3.1], we can prove Lemma 5.3, so we omit its
proof. For the detailed arguments, we refer to [16, Lemma 3.1].

We easily see that the approximating initial-boundary value problem (P). can be
reformulated as the following evolution equation (CP; f,ug)e:

ul(t) + Ope(ue(t)) —ue(t) > f(t) in L%0,1), forte (0,7);

Ue(0) = ug e

(CP, f7 uO,s)s {

Here, we define the operator g.(z) := —z in L?(0, 1). Then, we easily see that {g-(-)} €
G({pc}). Therefore, by taking account of Lemma 5.3, and applying Proposition 2.1 and
Theorems 2.2-2.3, we get the existence of a unique solution of (P)., and the relationship
between the problem (23) and the optimal control problems of (P)..

References

[1] V. Barbu, Optimal Control of Variational Inequalities, Research Notes in Mathematics
100, Pitman, London, 1984.
[2] H. Brézis, Opérateurs Mazimaux Monotones et Semi-Groupes de Contractions dans les
Espaces de Hilbert, North-Holland, Amsterdam, 1973.
[3] T. Cardinali and N. S. Papageorgiou, Optimal control and admissible relazation for sub-
differential evolution inclusions, Period. Math. Hungar. 33 (1996), 1-22.
[4] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions, Studies
in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992.
[6] A. Friedman, Optimal control for parabolic variational inequalities, SIAM J. Control Op-
tim. 25 (1987), 482-497.
[6] N. Halidias and N. S. Papageorgiou, Optimal control problems for a class of nonlinear
evolution equations, Period. Math. Hungar. 45 (2002), 43-63.
[7] S. Hu and N. S. Papageorgiou, Time-dependent subdifferential evolution inclusions and
optimal control, Mem. Amer. Math. Soc., 133 (1998), no. 632.
[8] N.Kenmochi, Solvability of nonlinear evolution equations with time-dependent constraints
and applications, Bull. Fac. Education Chiba Univ. 30 (1981), 1-87.
[9] J.-L. Lions, Optimal Control of Systems Governed by Partial Differential Equations,
Grundlehren der mathematischen Wissenschaften 170, Springer-Verlag, New York, 1971.
[10] U. Mosco, Convergence of convex sets and of solutions variational inequalities, Advances
Math. 3 (1969), 510-585.
[11] T. Ohtsuka, K. Shirakawa and N. Yamazaki, Optimal control of a singular diffusion equa-
tion with constraint, Adv. Math. Sci. Appl. 18 (2008), 1-28.
[12] M. Otani, Nonmonotone perturbations for nonlinear parabolic equations associated with
subdifferential operators, Cauchy problems, J. Differential Equations 46 (1982), 268-299.
[13] N. S. Papageorgiou, On the optimal control of strongly nonlinear evolution equations, J.
Math. Anal. Appl. 164 (1992), 83-103.
[14] S.-U. Ryu, Optimal control problems governed by some semilinear parabolic equations,
Nonlinear Anal. 56 (2004), 241-252.
[15] S.-U. Ryu and A. Yagi, Optimal control of Keller-Segel equations, J. Math. Anal. Appl.
256 (2001), 45-66.



[16]

[17]

OPTIMAL CONTROL OF NONLINEAR EVOLUTION EQUATIONS 327

K. Shirakawa, Asymptotic convergence of p-Laplace equations with constraint as p tends
to 1, Math. Methods Appl. Sci. 25 (2002), 771-793.

K. Shirakawa, A. Ito, N. Yamazaki and N. Kenmochi, Asymptotic stability for evolution
equations governed by subdifferentials, in: Recent Developments in Domain Decomposition
Methods and Flow Problems, GAKUTO Internat. Ser. Math. Sci. Appl. 11, Gakkotosho,
Tokyo, 1998, 287-310.






