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Abstract. This paper is part of the autumn school on “Variational problems and higher order
PDE:s for affine hypersurfaces”. We discuss variational problems in equiaffine differential geome-
try, centroaffine differential geometry and relative differential geometry, which have been studied
by Blaschke [Bla], Chern [Ch], C. P. Wang [W], Li-Li-Simon [LLS], and Calabi [Ca-II]. We first
derive the Euler-Lagrange equations in these settings; these equations are complicated, strongly
nonlinear fourth order PDEs. We consider classes of solutions satisfying these equations together
with completeness conditions. We also formulate Bernstein problems and give partial solutions.
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3.1. Introduction
3.2. Preliminaries
3.3. The first variational formula

Many geometric problems in analytic formulation lead to important classes of PDEs.
The famous Minkowski and Bernstein problems are just two classical examples of such
problems which stimulated major developments in the theory of second order nonlinear
PDEs. Naturally, since the equations arise in geometric context, geometric methods play
a crucial role in these developments.

In affine differential geometry one often encounters fourth order nonlinear PDEs which
are far from being well understood. Consequently, new and significant efforts are required
for their investigation. Again, the natural approaches are typically based on geometric
ideas. The purpose of this talk is to study the fourth order equations associated with the
Bernstein problems in equiaffine differential geometry, centroaffine differential geometry
and relative differential geometry. Let us recall the following Euclidean Bernstein problem.

THEOREM A (see [SSY]). Let x : M — R"! be an n-dimensional minimal graph given
by
Tpt1 = f(@1,.. ., Tn), (T1,...,7n) € R

if n < 7 then f is a linear function.

For n > 8 there also exist other solutions. Many similar results were proved in different
geometries.

1. A VARIATIONAL PROBLEM IN EQUIAFFINE GEOMETRY

1.1. The first variation of the equiaffine volume. Let x : M — A"*! (n >2) be a
locally strongly convex affine hypersurface and D be a sufficiently small domain of M with
compact support and boundary dD. With respect to a local frame field eq, ..., e, and its
dual frame field w!, ..., w" we can express the Blaschke metric h by h = hijwi ® wl.
In a local notation we raise and lower indices modulo h. Its affine volume (with respect
to the Blaschke metric h) is

V(D) = /de, (1.1.1)

where H := det(hy;) and dV = |H|[" ™2 1A Aw™ (see [Ch] or [LSZ-1]). We consider
the first variation 6V (D) under an infinitesimal displacement of D, with D kept fixed. To
express this situation analytically, let I be the interval f% <t< % Let f: MxI — A™t!
be a smooth mapping such that its restriction to M x ¢,t € I, is an immersion and
f(m,0) = xt(m), m € M. We consider a frame field e, (m,t) over M x I such that, for
every t € I,e;(m,t) are tangent vectors and e41(m, 1) is in direction of the affine normal
to f(M x t) at (m,t). Pulling the forms w®,w? in the frame manifold back to M x I, we
have, since e; span the tangent hyperplane at f(m,t),

wt = adt.
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Exterior differentiation gives
Zwi AWt 4+ dt A (awl ] + da) = 0.
It follows that we can set
Wit = Z hijw! + hidt,
awl i + da = Z hiw' + hdt,
where
hij = hj;.

The first variation of the volume (see [Bla], [ Ch]) is given by

1) ~1/(n
V/(0) = %/ \H| Y2 LadV |, (1.1.2)

where L; is the affine mean curvature of .

If V'(0) is zero for arbitrary functions a(m,t),m € D,t € I, satisfying a(m,0) = 0,
hi(m,0) = 0,m € 0D, we must have that the affine mean curvature satisfies L; = 0.

Let  : M — A" be a locally strongly convex hypersurface, where the parameter
manifold M may be open, or compact with possibly empty, smooth boundary M.

An allowable interior deformation of z is a differentiable map f : M x I — A"t
where I is an open interval (—e¢, €), € > 0, with the following properties:

(i) For each t € I the map x; : M — A"T! defined by z:(p) = f(p,t), is a locally
strongly convex hypersurface such that, for t =0, zg = z.

(ii) There exists a compact subdomain Y." C M (the closure of a connected, open
subset of M) with smooth boundary 9 Z/, where 9 Z’ may contain, meet, or be disjoint
from OM such that, for each p € M \ 3" and all t € I, f(p,t) = z(p), and the tangent
hyperplane dz;(p) coincides with dz(p).

In the sequel, when we study variations of the affinely invariant volume of (M) under
interior deformations, we may replace M, without loss of generality, by the compact
subdomain Z’ C M, otherwise from the beginning we assume that M is compact with
smooth boundary.

DEFINITION 1.1.1. Let # : M — A"*! be a locally strongly convex hypersurface. If
Ly =0 on M, then (M) is called an affine maximal hypersurface.

It follows easily from (1.1.2) that affine maximal hypersurfaces are extremals of the
interior variation of the affinely invariant volume. Historically the hypersurface with L, =
0 were called “affine minimal hypersurfaces”. Calabi (see [Ca-II]) suggested to call locally
strongly convex hypersurfaces with L; = 0 “affine maximal hypersurfaces” because of the
following result (in fact, Calabi’s result is a little more general than this result, see[Ca-11]).

THEOREM 1.1.1. Let z,z* : Q — A™! be two graphs defined on a compact domain

by locally strongly convex functions f, f*, namely :c”“ = f(z',...,2") and 2" =
fr(zt, ... 2™), respectively. Suppose that f = f* and 2 aw = (69);1_ ,i1=1,2,...,mn on 0N.

Denote by Ly, L], respectively, the affine mean curvatures of x and x*, and by dV,dV*
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their equi-affinely invariant volume elements, respectively. If L1 = 0 on ), then

[avz[ar,
Q Q

and equality holds if and only if f = f* on Q.

1.2. The PDE of affine maximal hypersurfaces. In this section, we derive the
partial differential equation of an affine maximal hypersurface. Let z : M — A™t! be the
graph of a strictly convex function

"= flat, 2™, (2., 2" e QcC A

Choose the following unimodular affine frame field:

_ of
(100 2),

€y = <(0,1, an

<<o,o,f.. afﬂ)
1)

en+1 = (0,0

—

Then the Blaschke metric A is given by
2 —1/(n+2) 2
h= [det( 0 f)} g o/ da'dx? .

Oxixt Orixi

The affine conormal vector field U can be identiﬁed with

92 —1/(n+2)
f of of
et (5 )| (- ).

The formula AU 4+ nL,U = 0 implies now the following

THEOREM 1.2.1. Let x: M — A" be a locally strongly convex hypersurface, given as
graph of a function f; x is an affine maximal hypersurface (which means L1 =0 on M)
if and only if f satisfies the PDE

~1/(n+2)
s{[ao (EEV o 0y

where the Laplacian, in local coordinates, is defined by

0
Wi \/det(h
«/det (ht) ”21 ( etlhnt) 57 J)

Obviously, any parabolic affine hypersphere is an affine maximal hypersurface. In
particular, the elliptic paraboloid

$n+1 = _[(1'1)2 +--F (l'n)z}v (3:1’ te ’xn) e A"
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is an affine-complete maximal hypersurface. Here we call x : M — A"+l an affine-
complete hypersurface, if x is complete with respect to the Blaschke metric h.

Denote L/ (n2)
0% f A
a [det (3%3%” '

Then (1.2.1) is equivalent to

Ap =0. (1.2.1)
Note that in terms of the coordinates z1,...,z,, (1.2.1) can be written as
82( L) "
WL = 1.2.1
Z ! 00z, ( )

4,J

We can rewrite the PDE (1.2.1) in an equivalent form by using the Legendre func-

tion. It follows from the convexity of f that the Hessian (f;,s,) is positive definite. The
Legendre transformation relative to f is defined by (see chapter 2 of [LSZ-I])

F:D—R" (z1,...,2,) — (&1,---,&n),

where D C R"™ is the Legendre transform domain, and

of
i = Jz; = 7 b =1,...,n.
& = fu, oz, i n
The Legendre function u is defined by
w(lryo &) = ife (@1, ) = flan,. .. zn). (1.2.2)
i
We know that (6,5 9 ) is the inverse matrix of the Hessian matrix (f;,.,) (see [LSZ-I]).
Then the hypersurface can be represented in terms of 51, ..., &, as follows
ou
x_(xlavxnaf(xb?x’n)) <8§ +Z§Za£1>
In terms of the coordinates &1, ...,&,, (1.2.1) can be written as
30
u' =0. 1.2.3
2w 0&;0¢; (1.23)

1.3. The second variation of the affine volume. We use the same notation as in
section 1.2. Calabi calculated the second variation of the affine volume for an affine
maximal hypersurface z : M — A™*! and got
V'(0) = ~(n+1) / {(A0)? = (n+2) Y. BYaja,+ (n+2) Y BYBya?fav; (13.1)
i3 i3
where coefficients of the Weingarten form B are denoted by B;;; see p. 51 of [LSZ-I].
By use of (1.3.1), Calabi proved

THEOREM 1.3.1 (Calabi [Ca-11]). Letx : M — A3 be an affine mazimal surface, then the
second variation of the affine volume (with respect to Blaschke metric) under all interior
deformations of x is negative definite.

We end this chapter with the following conjectures:
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CHERN’S AFFINE BERNSTEIN CONJECTURE ([Ch]). Consider a locally strongly convex
graph x: R® — A" with vanishing affine mean curvature L1 = 0. Then x is an elliptic
paraboloid.

CALABI’S AFFINE BERNSTEIN CONJECTURE ([Ca-I]). Consider a locally strongly convex
hypersurface x: M™ — A" with vanishing affine mean curvature L1 = 0 and complete
Blaschke metric. Then x is an elliptic paraboloid.

2. A VARIATIONAL PROBLEM IN CENTROAFFINE GEOMETRY

2.0. Introduction. From the point of view of PDEs the affine hypersurface theories are
attractive topics as the study of curvature properties and variational problems leads to
difficult PDEs of order at least four. The serious difficulties as well as the challenges are
reflected by the history of famous problems such as the global classification of all locally
strongly convex affine spheres or the solution of the affine Bernstein conjectures of Calabi
and Chern in Blaschke’s unimodular theory.

In centroaffine differential geometry one studies the properties of hypersurfaces in
R™ ! which are invariant under the centroaffine transformation group G = GL(n+1, R),
where G keeps the origin O € R"*! fixed. In this chapter, we consider centroaffine
Bernstein problems. C. P. Wang [W] studied the Euler-Lagrange equation for the area
functional of a so called centroaffine hypersurface. As there are no general results about
the sign of the second variation of the centroaffine area integral, we use the terminology
centroaffine extremal hypersurface in case the Euler-Lagrange equation is satisfied. This
equation is given by a fourth order PDE, namely, traceZ = 0, where 7 is the so called
Tchebychev operator; in contrast to the Euclidean and also to the above mentioned
unimodular Bernstein problems, the operator 7 is not related to something similar to
7extrinsic curvature”. In terms of a local representation of a hypersurface as a graph,
the Euler-Lagrange equation is given by (2.3.12) below, where the Laplacian is defined
in terms of the centroaffine metric; its expression for graphs is well known. The equation
(2.3.12) is strongly nonlinear, and, presently, any attempt of a classification of all its
solutions seems to be hopeless.

What about known examples of centroaffine extremal hypersurfaces? All proper affine
spheres satisfy the equation traceZ = 0; chapter 2 in [LSZ-I] contains many local results
and the global classification of all locally strongly convex affine spheres. For proper affine
spheres the Blaschke geometry and the centroaffine geometry coincide, and, in particular,
the completeness conditions for their metrics are the same. Thus, metrically complete
proper affine hyperspheres are centroaffine extremal and complete, with the ellipsoid being
the only compact affine hypersphere. Besides affine spheres there are more examples of
centroaffine extremal hypersurfaces [W]. In section 2.3 we study classes of such examples
and give a generalized Calabi composition to produce again a family of centroaffine
extremal hypersurfaces from two given centroaffine extremal hypersurfaces. Moreover,
we derive the fourth order equation (2.3.12) for an extremal graph. The study of large
classes of examples of complete hypersurfaces in centroaffine geometry shows that the
situation here is quite different from that in the Euclidean and the affine geometries,
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resp., where, at least in low dimensions, there is only one candidate for a solution in any
of the Bernstein problems. A detailed study of the examples leads to the formulation
of different centroaffine Bernstein problems in section 2.5. For partial subclassifications,
additional assumptions on the curvature and the Tchebychev form are quite natural in
the centroaffine context, and examples show that they obviously are needed for further
subclassifications. In the last sections 2.5-2.7 we formulate and prove our main results
which give partial solutions of the centroaffine Bernstein problems.

2.1. Centroaffine hypersurfaces in R"t!. We summarize basic formulas of cen-
troaffine hypersurface theory in terms of Cartan’s moving frames (compare [LSZ-I], chap-
ters 1-2; for an approach in the invariant calculus see [SS], chapters 4-6). We restrict to
locally strongly convex hypersurfaces as in this case the so called centroaffine metric is a
Riemannian metric; see section 4.3.3 in [SS].

Let  : M — R™! be a locally strongly convex hypersurface and assume that the
position vector x is transversal to the tangent hyperplane x.(TM) at each point p € M.
In particular, this implies that O ¢ xz(M). In a standard terminology, a hypersurface nor-
malized by its transversal position vector is called a centroaffine hypersurface. According
to the type of the hypersurface one uses different orientations for the normalization to
get a positive definite centroaffine metric:

1. Hyperbolic type: For any point z(p) € R"*!, the origin of R"*! and the hyper-
surface are on different sides of the tangent hyperplane z,(T'M); the centroaffine normal
vector field is given by e, 11 = z (examples are hyperbolic affine hyperspheres in R"*!
centered at O € R"T1).

2. Elliptic type: For any point z(p) € R™*!, the origin of R"*! and the hypersurface
are on the same side of the tangent hyperplane x.(T'M); the centroaffine normal vector
field is given by e,11 = —x (examples are elliptic affine hyperspheres in R"*! centered
at O € R"1).

As already stated in the introduction, in centroaffine differential geometry we study
the properties of hypersurfaces in R"*! that are invariant under the centroaffine trans-
formation group G. For the hypersurface, we choose a centroaffine frame field {eq, ..., e,
ent1} with e,11 = —ex (e = 1 for elliptic type, e = —1 for hyperbolic type) and
€1,...,en € TpM; we denote by {w!,...,w"} the dual frame field of the tangential
frame field. The structure equations read

dx = Zwiei, W't =0, (2.1.1)
i
de; = waej + w?“enﬂ, (2.1.2)
J
dept1 = walﬂei, w:ﬁr} =0, w4 =—e' (2.1.3)
i

Differentiation of (2.1.1) — (2.1.3) gives the integrability conditions (2.1.4)—(2.1.6):

Wt = Wl A Wi, W AW =0, 1.
dw' I W =0 2.1.4
J 7
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dw! = wa Awl — e AW dwlTt = Zw A w"“ (2.1.5)
k

dwlyy =Y Wy Aw. (2.1.6)
J

From the second equation of (2.1.4), we have

n+1 Zh”w ] = hﬂ (217)

For locally strongly convex hypersurfaces7 the quadratic form

h=> hjw'e (2.1.8)

is positive definite by appropriate choice of the orientation; h is called the centroaffine
metric of the hypersurface. It is well known that h is independent of the choice of the
frame {ey,...,e,} and that A is invariant under transformations of the group G. The
centroaffine metric is the first fundamental invariant of centroaffine hypersurface theory.

We sketch how to derive a second fundamental invariant. We choose a centroaffine

tangential frame {eq,...,e,} on M such that h;; = d;;, i.e.,
Wit = W, (2.1.9)
Differentiate (2.1.9) and use (2.1.5); this implies
do' = wi; A, (2.1.10)

(2.1.4) and (2.1.10) give
dw' = Zoﬂ A { (wjs — wij)} (2.1.11)
The expression 3(wj; — w;;) is skew-symmetric and {w’,...,w"} is an orthonormal

coframe of h. (2.1.11) and the fundamental theorem of Riemannian geometry imply that
the Levi-Civita connection of h satisfies

1
Wji = 5(%‘1‘ —wij), Wy = —Ws. (2.1.12)
Define 1
wij — Wij = B} (wij +wji) = ZA”kw (2.1.13)
This gives the symmetry relation
Aijie = Ajik. (2.1.14)

Combine (2.1.10) with (2.1.11) and use (2.1.13):
ZAijkwj ANwg =0,
Jsk

this implies the total symmetry of the form

A= Z Aijkwiijk

4,5,k
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namely
Aiji = Aikj = Ajik. (2.1.15)

The form A is called the centroaffine cubic form of the hypersurface. Again it is well known
that this form is independent of the choice of the frame and invariant under transforma-
tions of the group G. The vanishing of its traceless part characterizes hyperquadrics (see
[SS], section 7.1; [LLSSW], Lemma 2.1 and Remark 2.2).

The uniqueness part of the fundamental theorem of centroaffine hypersurface theory
states that the forms h and A together build a fundamental system of centroaffine in-
variants of the hypersurface, that means that they completely describe the geometry of x
which is invariant under the transformations of G. Considering integrability conditions,
one also can state an existence theorem using the forms h and A.

We need the following two important geometric invariants built from h and A:

1
=—— N A2 2.1.1
J ’I'L(’I’L — 1) ,”Zk ijk ( 6)

is called the centroaffine Pick invariant. The tangent vector field
1 n
T:ZTiei, T, = E;Am (2.1.17)
K3 1=

is called the centroaffine Tchebychev vector field of x. For locally strongly convex hyper-
surfaces the metric is positive definite, thus the vanishing of J implies that of A and T,
and therefore that of the traceless part of A; the hypersurface must be a quadric. In the
context of relative geometry and in terms of volume forms, the geometric meaning of T
was studied in section 4.4.8, 4.4.9 in [SS]. In the centroaffine case, there is an additional
well known relation between T, the so called centroaffine Tchebychev function 1 and the
support function p of the Blaschke geometry. To state this relation, we recall the following
definition from section 2 of [LSZ-II].

DEFINITION 2.2.1. The positive function 1, given by
l/} _ det(hlj)

le1,. .. en, o]’

is independent of the choice of the frame {ey,...,e,} and is invariant under transforma-

tions of G, where [ - -] is the determinant. We call the function v the Tchebychev function
of z.

(2.1.18)

Choosing ¢ = j in (2.1.13) and summing up over i, we get
1
Z Aiikwk = Zwii = d(log[el, ey Cny 1‘]) = ——leg ¢ (2119)
ik i 2

One can compare invariants from different relative geometries of a hypersurface (see
section 5 in [SS]); from (2.19) (cf. formula (2) in [LSZ-II]) it follows that the equiaffine
support function p (section 4.13 in [SS]), the centroaffine Tchebychev function v defined
above, and the Tchebychev vector field T satisfy the relation

1 _(n+2) 4
Ti = —5 - (logy); = ~——(log p)s, (2.2.20)
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The relation
p = const

characterizes proper affine spheres (section 7.2 in [SS]); this is equivalent to the cen-
troaffine relation 7" = 0. Our foregoing remarks clarify the geometric meaning of the
invariants J and T'.

For later applications we list the integrability conditions in terms of the metric and the
cubic form. In a standard local notation, by a comma we indicate covariant differentiation
in terms of the Levi-Civita connection. The sign of the Riemannian curvature tensor
Q=Y Rijuw' ®w @w* @w' of his fixed by

1
dl,:)ij - Z&lk ANWyj = 3 ZRijklwk At (2.1.21)
& k.l

In terms of the frame considered (h;; = d;;), the Gauss equations read

Rijr = Z(AjkmAmil - Aik'mAmjl) + 6(5ik6jl — 5jk5il), (2.1.22)
while the cubic form satisfies Codazzi equations, that means the covariant derivative is
totally symmetric:

Aijieg = Aiji i (2.1.23)

Here, as mentioned above, A, ; are the components of the covariant derivative of A with
respect to the Levi-Civita connection of h. Contraction of (2.1.22) gives the important
relations

Rik = Z AimlAmlk — nz TmAmik + e(n — 1)52'197 (2124)

where R;; denote the components of the Ricci tensor, and the “centroaffine theorema
egregium”

nin—1r=R=n(n—1)(J+¢e) —n?T]* |T*= Z(Ti)Q, (2.1.25)

where k denotes the normalized scalar curvature.
Later we will need the Ricci identities
Aijk:,lm - Aijk,ml = Z A'rijrilm + Z Airk:Rrjlm + Z Aierrk:lm- (2126)

The Codazzi equations for A (or the relations between T" and the Tchebychev function)

imply
Ti; =1Tj,. (2.1.27)
If T; ; = 0, we say that the Tchebychev vector field T is parallel.

As stated above, for a centroaffine hypersurface the position vector is used for a
normalization; from this a Weingarten type equation is trivial, and there is no shape
operator describing “exterior curvature” in the standard way. But studies of Wang [W]
and other authors ([LW1], [LLSSW]) show that there is another important operator in
centroaffine geometry. Wang called this operator originally shape operator, but for the

reasons just stated, later the notion was changed to Tchebychev operator. This operator
T :TM — TM of x is defined by

T(v) :=V,T, veTM. (2.1.28)
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The foregoing relation T; ; = Tj; implies that 7 is a self-adjoint operator with respect
to the centroaffine metric h. Moreover, 7 = 0 if and only if T is parallel.

2.2. The first and second variation of the centroaffine volume. Let z : M —
R"*! be a compact locally strongly convex centroaffine hypersurface with boundary M.
We consider the variation f : M x R — R™*! such that (i) fo = = on M; (ii) for each
(small) t, f; := f(-,t) : M — R"*! is a locally strongly convex centroaffine hypersurface;
(iii) fr = 2 and dfy(TM) = dz(TM) on OM for each (small) ¢. Such f will be called an
admitted variation of x.

Let f be an admitted variation of z. Let {E;} be a local orthonormal basis for the
centroaffine metric h; induced by f; and {w;} the dual basis for {E;}. We can identify
T(M x R) with TM @ TR. Then {E, ..., E,,0/0t} is a local basis for T'(M x R) with
the dual basis {wy,...,wy,,dt}. We denote e; = F;(f:), then {e1,...,e,, f} is a moving
frame in R"™! along M x R. Thus we can find 1-forms {6,,6;;,60;} on M x R such that

df = fie; +0of, (2.2.1)
i=1
We denote the variational vector field in R"*+! by
of
5 = ¢+ > e (2.2.3)
i

for some smooth functions ¢ and v; with ¢ = ¢; = 0 on M. By (2.2.3) and the fact
dfy(TM) = dx(TM) on OM we have ¢; = E;(¢) = 0 on M. From (2.1) we get

of 0\ VAW 9
()= So(3)e0(3)s

Thus (2.2.3) implies that ;(9/0¢t) = ; and 0¢(9/9t) = ¢. Furthermore, from (2.2.1)

we have

e;j = E;(f) Za Dei + 00(Ej) f,
so we get 6;(E;) = 6;; and 6y(E;) = 0. Therefore
92' = w; + 1,/)idt, 90 = d)dt (224)

In similar way, we can write
92* = —€ew; + aidt (225)

for some 1-forms w; € T*M and some smooth functions a;. Since T*(M x R) =T*M &
T*R, we can write
Hij = w;j + Bijdt (226)

for some 1-forms w;; € T*M and some smooth functions B;;. By taking exterior differ-
entiation of (2.2.1) and (2.2.2), we obtain

by = 0; N0y, (2.2.7)
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df; = Z 9]‘ N Gji + 60y N6, (228)
J
do; = 0i; N 0T + 07 A b, (2.2.9)
J
deij = Zeik A\ ij + 9? A Gj. (2.2.10)
Since the exterior differential operl;tor on T*(M x R) =T M ®T*R is given by
dZd]u-i-dt/\%, (2.2.11)

where djps is the exterior differential operator on T*M, from (2.2.7), (2.2.4) and (2.2.5)
we get

7

(dM + dt A %) (¢dt> = Z(wl + wzdt) A\ (—ewi + aidt).

Thus dy¢ = ), (a; + €p)w;. If we write darp = ), ¢;w;, then we have

a; = (f)z — E’Kﬂi. (2.2.12)
Similarly, using (2.2.8), (2.2.4) and (2.2.6), we get
Ow;
6151 =dpy; + ;%wﬂ + pw; — zj:w]‘Bji, (2213)

and using (2.2.9), (2.2.5), (2.2.4) and (2.2.6), we get
3&),’
dyra; + 65 = zj:ajwij + Ezj:ijij — €Pw;. (2.2.14)

We denote by @;; the Levi-Civita connection for the centroaffine metric h; of f;. Like
in (2.1.13) we can define the cubic form A = Zi’j)k Ajjpwiwjwy, for fp by >, Aijrwr =
wij — ;. For any 1-form o = Zz a;w; on M we denote by Va = Z” o jw; ® w; the
covariant derivative of o with respect to @;;, where «; ; are defined by

dyro + E QWi = E Qi jW;.
J J

Thus we can rewrite (2.2.13) and (2.2.14) as

8521 — Z(wuj + Xk:ka”k — Bji —+ ¢5ij)wj, (2215)
80.)1'
ot = Z ( — €Q4 ;5 + 6%: akAijk + BZJ — (b&”)w] (2216)
J
By adding these two equations and using (2.2.12) we obtain
(9814-: — %Z(wz,] —€a; ; + sz:¢kAijk + Bij — Bj')w]'. (2'2.17)

Thus we have

0
E(wl A /\wn) = %{ Z(’lﬁm‘ — eam‘) + ne;@CTk}dM, (2.2.18)

?
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where dM := w; A -+ Aw,. We note that all terms in (2.2.18) are globally defined on M.
Since 9f /0t = 0 on OM, by Green’s formula we get

V’(t)z%(/Mwl/\---/\wn> =/M%(w1/\---/\wn))
== M(;qusk)dM:—% M(;Tk,k)@m. (2.2.19)

We proved

THEOREM 2.2.1 (Wang [W]). The relation traceZ = 0 is the Euler-Lagrange equation
for the centroaffine area functional.

As there is no general statement about the sign of the second variation, we call the
critical points of the area functional “extremal centroaffine hypersurfaces” (other authors
call them minimal centroaffine hypersurfaces).

By (1.2.20), we obtain

THEOREM 2.2.2 (Wang [W]). Let z : M — R"! (n > 2) be a centroaffine hypersurface
with Tchebychev function . Then x is an extremal centroaffine hypersurface if and only

if
A(log ) =0, (2.2.20)
where A is the Laplacian of the centroaffine metric h of x.
Let x : M — R"*! be a centroaffine extremal hypersurface. Let f : M x R — R"t! be
an admitted variation with compact support which fixes the boundary 0M. By Theorem

2.2.1, we may assume that 0f/0t = ¢f. Wang calculated the second variation of the
centroaffine area functional and proved

THEOREM 2.2.3 (Wang [W]). Letx : M — R™! be a centroaffine extremal hypersurface,
then

—I—QnZAijkTi(bj(bk}dM. (2.2.21)
i,5,k
COROLLARY 2.2.1 (Wang [W]). The hyperbolic equiaffine hypersurfaces in R* ' centered
at 0 € R™! are stable centroaffine extremal hypersurfaces.

Proof. For hyperbolic equiaffine hypersurfaces we have T; = 0 and € = —1. Thus
1
Vi) = 1 [ 186080~ 2+ o)idt
M
1
= _Z/ {AG(AP + 2(n+1)||Vo||?)dM < 0.
M

Moreover, V(0) = 0 if and only if ¢ = 0.

COROLLARY 2.2.2 (Wang [W]). The ellipsoid in R™! centered at 0 € R™! is unstable.
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Proof. For the ellipsoid we have T; = 0 and € = 1. By (2.2.21) we get
1
V"(0) = ~1 / AP(Ap+2(n+ 1)p)dM.
M

Let 9, be the k-th eigenfunction of A. Since (M, h) is isometric to the standard sphere
S™, we have A¢y, = —k(k +mn — 1)¢y. Thus

Vv (0) = fik:(k: +n—D){k(k+n—1)-2(n+1)} /M(wk)QdM.

So V/(0) > 0; V4/(0) = 0 and V}/(0) < 0,k = 3,4, .. .

2.3. Examples of extremal centroaffine hypersurfaces. In this section, we recall
examples of locally strongly convex, extremal centroaffine hypersurfaces; some already
were listed in [W]. The convexity condition implies that the centroaffine metric is positive
definite for an appropriate orientation of the normalization. It is well known that the
hyperellipsoids are the only closed (compact without boundary), centroaffine extremal
hypersurfaces; this result is due to C. P. Wang.

PROPOSITION 2.3.1 (Theorem 1 of [W]). Let z : M — R"™! (n > 2) be a compact
centroaffine hypersurface with constant trace of the Tchebychev operator. Then x(M) is
centroaffinely equivalent to a hyperellipsoid centered at 0 € R™H1,

In this section we consider non-compact examples which satisfy at least one of the
following completeness conditions:

(i) the centroaffine metric is complete;
(ii) the hypersurface can be represented as graph over a hyperplane.

We will come back to the completeness conditions in section 4 below.

EXAMPLE 2.3.1 (Proper affine spheres). According to C. P. Wang [W], any locally strong-
ly convex, proper affine hypersphere is centroaffine extremal. This is a trivial consequence
of the fact that the vanishing of the Tchebychev field characterizes proper affine spheres
in centroaffine geometry. In the Blaschke geometry, it is well known that hyperbolic affine
hyperspheres can be described in terms of solutions of some Monge-Ampere equations;
therefore there are many proper affine hyperspheres, and thus this gives a very large
class of centroaffine extremal hypersurfaces. For proper affine hyperspheres the unimod-
ular (equiaffine) theory (sometimes called Blaschke theory) and the centroaffine theory
coincide modulo a nonzero constant factor. In particular this implies that the notions of
completeness with respect to the metrics coincide in both theories. The classification of
the locally strongly convex affine hyperspheres, which are complete with respect to the
affine metric, was finished about a decade ago; see e.g. [LSZ-I], chapter 2. Considering
proper affine hyperspheres, there are two subclasses, namely the elliptic ones and the
hyperbolic ones. While there is only one type of complete elliptic affine hyperspheres,
namely the hyperellipsoid, the class of complete hyperbolic affine hyperspheres is de-
scribed by what Calabi originally stated as a conjecture (see [LSZ-I], section 2.7); all
examples in this latter class are non compact, but they satisfy both completeness con-
ditions (i) and (ii) (in fact, in this case the two completeness conditions are equivalent).
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From this, any hyperbolic affine hypersphere is an example of a noncompact, centroaffine
extremal hypersurface satisfying the two different completeness conditions (i) and (ii).
Moreover, their Ricci tensor is bounded below: Ric > —(n — 1)h.
A particular example in this class is one sheet of a two-sheeted hyperboloid H(c,n):
(Tny1)? =+ (v1)*+ -+ (20)?,  (21,...,2,) ER", ¢>0. (2.3.1)
We have (see [LSZ-I])
AiijO, ].Sl,j,k‘én

Thus it is a centroaffine extremal hypersurface satisfying two different completeness
conditions; for a hyperboloid the Pick invariant vanishes: J = 0. The Riemannian curva-
ture tensor of the centroaffine metric and its Ricci curvature tensor satisfy

_2ni2
Rijer = —c~ 732 (hichji — hahji), (2.3.2)
Rip = —(n — 1)c™ 772 hy. (2.3.3)

Obviously the sectional curvature, the Ricci curvature and the scalar curvature of the
metric of H(c,n) are negative constants.

EXAMPLE 2.3.2 (Centroaffine graphs with constant trace of the Tchebychev operator). Let
x: M — R"™! be a locally strongly convex hypersurface with transversal position vector
x at each point M. Then we have a local representation of x as graph:

Tp+1 = f(.’L‘l7 Loy ey (L‘n) (234)

We have the centroaffine frame

ei=1(0,...,1,...,0, fz,), 1<i<m, eny1=(T1,%2,...,%Tn,f), (2.3.5)
where f;, = %. The structure equations read

de = Zwiei, (2.3.6)

dei = Zw{ei + Z hijwjewrl, (237)
J J
thus we have
1 0 - 0 f
L1 0 f
le1, ... en,x] = : oo : Zf—zmifxm
0 0 - 1 fo @
1 T2 o Tp f
fzix; >
h;i) = e 2.3.8
( j) <f_$1f$1_"'xnfwn ( )
and
1
det(h;;) = -det(fmimj). (2.3.9)
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The Tchebychev function v is given by

_det(hy) 1
"r/) B [61, SRR e:lvxP B (f - Zz xifzi)”+2 ' det(fx'ixj)' (2'3'10)

Therefore x is a centroaffine local graph with constant value a for the trace of the

Tchebychev operator if and only if the graph function f satisfies the following nonlinear
PDE of fourth order:

As above, A is the Laplacian of the centroaffine metric A of x. In particular, we get a

nonlinear PDE of fourth order for centroaffine extremal hypersurfaces. This allows us to
consider a centroaffine Bernstein problem using this PDE.

PROPOSITION 2.3.2. Let x be a locally strongly convex graph given by the function f in
(2.3.4). Then x is centroaffine extremal if and only if f satisfies the PDE

A{ log <(f dgfﬁ}”;))nﬁ) } =0. (2.3.12)

REMARK 2.3.1. (i) We can rewrite the PDE (2.3.12) in a simpler form using the Legendre
function. It follows from the convexity of f that the Hessian (fs,.,) is positive definite.
The Legendre transformation relative to f is defined by (see chapter 2 of [LSZ-I])

F:D—R" (x1,...,20) — (&1,...,&n),

where D C R" is the Legendre transform domain, and

0 .
§Z:f£1:axfla Zzlv"'7n'
The Legendre function u is defined by
u(éy,. .. &) = Zzzfgm T1,. @) — f(T1, .. T (2.3.13)

We know that ( 5 5 ) is the inverse matrix of the Hessian (fs,»;) (see [LSZ-I]). Thus the
PDE (2.3.12) of the Ccentroaffine extremal graph can be rewritten as

A{ log (( u)" 2 - det <8§g€j>>} =0. (2.3.14)

Equations (2.3.12) and (2.3.14) show the following: in terms of a graph function, the
Euler-Lagrange equation for centroaffine extremal hypersurfaces is a highly complicated

nonlinear fourth order PDE. From the global classification of locally strongly convex
hyperbolic affine spheres we know about earlier difficulties to solve the much simpler
equation (2.3.15).

(ii) We recall that the PDE of a hyperbolic hypersphere with constant affine mean
curvature Ly, in terms of the Legendre function, is (see [LSZ-I], p. 132)

(—u)"*2 . det ( O ) = (~L;)""2 (2.3.15)
0&;0¢;

EXAMPLE 2.3.3 (Wang’s class of centroaffine extremal hypersurfaces). Li-Wang [LW] and

Wang [W] also listed the following type of hypersurfaces, and Wang proved that they are
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centroaffine extremals:
(I1)'Bl($2)ﬁ2---(a:n+1)ﬁ"+1 =c¢, ¢>0, (3;>0 1<i<n+1.

It is easy to see that the above hypersurfaces also can be represented by

a2

Qe an,...,an;n): Tppr =cxy Pay @ x>0, 1<i<n, (2.3.16)

where a; = 3;/Bn+1 > 0.
Consider the connected component
c

ml)m (932)0‘2 L (zn)an ’

This representation of the hypersurface in terms of a graph function

an:( forxzy >0,...,2, > 0.

flze, ... zp) =cay ™ oo O
admits us to apply the calculations from Example 2.3.2:
i _ a’L( +a’L) .x;27 1 < l < n’
1+a1+--+a,
(6710 1 -1 . .
hij:l-l-oq-li-]'-—l—an.mi z; o, 1<i#j<n,
al...an 72 72
det(h;;) = x,%eex,
( ZJ) (1+041+"'+Oén)n_1 1 n
le1,e2,. . en,x] =c(l4+ a1+ -+ ap)z] ™ x4

We calculate the Tchebychev function:

det(hij) 1
T et U Sy o)
! 1t G —2+2a —2+2anp
T Adat o qagin I (2.3.17)

We easily see that the Tchebychev field has constant norm for any hypersurface of
this class and that it satisfies |T'| = 0 if and only if

Thus there is exactly one affine hypersphere in the class Q(¢;aq,...,an;n). As men-
tioned, it is well known that proper affine spheres, in terms of centroaffine invariants, can
be characterized by the vanishing of the Tchebychev field. Thus Wang’s large class of
centroaffine extremal hypersurfaces contains exactly one proper affine sphere, and within
the example 2.3.3 the nonvanishing of the Tchebychev field characterizes the hypersur-
faces not belonging to the class 3.1. Again, all hypersurfaces of the class 3.3 satisfy both
completeness conditions (i) and (ii), stated at the beginning of this section.

To calculate the curvature tensor easily, we introduce new parameters uy, us, . .., Upy:

ri=¢e", 1<i<n.
Then Q(c; a1, ..., a,;n) can be represented as graph in terms of ug, ..., u, by

u u u —Q U] — U — — QU
(zla"'axn,xn—kl):(e 13627"'76",66 i 2 nn)'
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The coefficients of the centroaffine metric

h = Z h”diﬂzdl’j = Z il”duld’u]
2

2]
satisfy
a1 (14 aq) 0o 10y,
- 1 o as(l+ag) - a0y,
e
a0 o, Q9 o an(l4 ag)

Since (h;;) is a constant matrix, we immediately get that the metric is flat. From [LW]
we also know
Aijry =0, but J = constant # 0.

The properties just stated characterize the class Q(¢; o, ..., an;n). A--M. Li and C.
P. Wang proved

PROPOSITION 2.3.3 (see Theorem 1.3 in [LW]). Let z : M — R"*! be an n-dimensional
(n > 2) centroaffine hypersurface. If its centroaffine metric is flat and its centroaffine
Pick form is parallel with respect to its centroaffine metric, then x(M) is centroaffinely
equivalent to one of the following hypersurfaces in R"1:

a @ Qnt1
1,113:22..-3;”11 —17 041>O,...,O[n+1>0.

In particular, any hypersurface of type Q(c; aq, ..., an;n) is an extremal centroaffine
hypersurface with flat centroaffine metric and parallel centroaffine cubic form; contraction
gives that the Tchebychev operator vanishes and thus the square of the norm of T is
constant (and non-zero for all such hypersurfaces which are not affine spheres). Moreover,
the two completeness conditions (i) and (ii) are satisfied.

EXAMPLE 2.3.4 (Generalized Calabi composition ([LLS])). We extend the well-known
Calabi composition for hyperbolic affine hypersurfaces to centroaffine extremal hypersur-
faces.

PROPOSITION 2.3.4 ([LLS]). Given two centroaffine hyperbolic extremal hypersurfaces
x: M; — RPYY and y : My — RIYL, the generalized Calabi composition z : R x My x
M, — RPHat2;

z = (Cre¥z,Coe™My), u € R, (2.3.18)
defines a centroaffine extremal hypersurface, where X\, C1,Cy are arbitrary positive real
numbers.

When z and y are two hyperbolic affine spheres, choosing A = Z% in Proposition

2.3.4, we recover the Calabi composition of two hyperbolic affine spheres:

COROLLARY 2.3.1 (see [LSZ-1]). Given two hyperbolic affine spheres x : My — RPT! and
y: My — RItY the Calabi composition x : R x My x My — RPTa+2

z = (Cyetz, Cgef%iuy), u € R, (2.3.19)

defines a hyperbolic affine sphere, where Cy,Cs are any positive real numbers.
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Proof of Proposition 2.3.4. Consider the given centroaffine extremal hypersurfaces x
and y in Proposition 3.4. We construct the generalized Calabi composition z defined
by (2.3.18). Let {u1,...,up} and {upt1,...,Uptq} be local coordinates for M; and My,
respectively. We denote ug = u and use the following range of indices:
1<i,jk<p; p+l<af,y<p+tq¢ 0<ABC<p+q

We mark quantities of the hypersurface z by a tilde. Then e; = % form a basis for
2. (TMy), eq = i—i form a basis for y, (TMs). Let é4 = a , e,

€y = (Cre"x, —Cyhe My, & = (Cre® €i,0), €n= (0, Cge_)‘“ea). (2.3.20)
Then {é4} form a basis for z.(TR ® TM; & TMs). We have

[0, €1, - -+ s Eptgs 2]
= (=1)PCPTCITT (N 4 1)l D@D e e 2] [epit, s epiqr Y] # 0.

x and y are centroaffine hypersurfaces, thus z is also a centroaffine hypersurface.
We denote by hg, hy, h. the centroaffine metrics and V., V,, V. the Levi-Civita
connections for x,y, z, respectively. Then, by a direct calculation, we have

0%z 02z 02z
— 2 —(1=2\eé . — 5. —
0%ug (1= ) + Az auoaui cis OupOug, Ao

0%z 1 A
au-au-_)\—l—l ng€0+z ek+ —|—1(hx)ij'z’

10U

2 2

#: _ 9 (2.3.21)
ou;0u,  OunOu;

0%z 1 and 1

= - v)ap€o + Wapby + v (hy)as - 2
OuaOug )\—l—l 721 B 410
By definition, the centroaffine metric of z is
A 1 p+q
he = MNdug)® + ~———ha + ———hy = Y hapduadug. (2.3.22)

A+1 )\+1 AT

If hy, hy are complete metrics, h, is a complete metric. The Tchebychev function 1[)

of z is
1; _ det(hap)
(€0, €1, .-, Eptqs2)?
B A(5237)P (527)? det(hg;) - det (R 5)
Cl2(p+1)022(q+1)()\ 4 1)2e2(P+D=(a+DNufe; . ey, ]2 - [eprts- - - Cptqr Y]
= 01—2(p+1)02—2(<1+1))\p+1()\ + 1)72717711 . 672[(10+1)*(qul)A]uwaj by, (2.3.23)

where 1), and 1, are the Tchebychev functions of = and y, respectively. Thus
log = [(p+ 1) log A\ — (2 +p+ q) log(A + 1) — 2(p + 1) log C1 — (g + 1) log Co]
—2[(p+1) = (¢+ DNu + log ¥, + logth,,. (2.3.24)



28 H. Z. LI

The Laplacian A of h. is given by

102 X+1
EB—

thus we have
Alog)) =0, (2.3.26)

where A, (resp. A,) is the Laplacian of h, (rep. h,). From Theorem 2.2.2 and (2.3.18),
z: Rx My x My — RPT9+2is a (p+q+1)-dimensional centroaffine extremal hypersurface.
In particular, if the Tchebychev operators of x and y vanish, then 7 = 0.

Proof of Corollary 2.3.1. If x : M; — RP*! and y : My — Rt! are two hyperbolic affine
spheres, then

(log®)), = constant, (log), = constant. (2.3.27)
Choosing
p+1
A=—, 2.3.28
qg+1 ( )

from (2.3.24) we have

loglz) = constant.
Thus z : R x M; x My — RPTI+2;
z = (Cye z, Cge_%“y), u € R,
is a hyperbolic affine sphere.

EXAMPLE 2.3.4-A ([LLS]). Taking z(M;) = H(1,p), y(M2) = H(1,q) and C; = Cy =1
in Proposition 2.3.4, we obtain a family of centroaffine extremal hypersurfaces z : R X
M1 X Mg — Rp+q+2

1
o = (4 4 20)] - [pygee — (pga + -+ 2hq )X =1, A>0.

q+1°

EXAMPLE 2.3.4-B ([LLS]). Taking z(M;) = H(1,p), y(M2) = Q(1;1,...,0a4;q) and
C7 = C3 =1 in Proposition 2.3.4, we obtain a family of centroaffine extremal hypersur-
faces z : R x My x My — RPTa+2

We note that z is a hyperbolic affine sphere if and only if A

(ot +ag)A

2 2 2

[2p41 — (21 + -+ 7)) 2 Zpta Zptqrl Zpharz = L,
where a; > 0,...,a4 > 0. We note that z is a hyperbolic affine sphere if and only if
A:{q’% and ap = --- =g = 1.

2.4. Centroaffine Bernstein problems. We first give the definition of completeness.

DEFINITION 2.4.1. (i) Euclidean completeness is the completeness of the Riemannian
metric on M induced from a Euclidean metric on A”*!; this notion is independent of the
specific choice of the Euclidean metric on the affine space and thus it is a notion of affine
geometry; see [LSZ — I], p. 110;

(ii) centroaffine completeness is the completeness of the centroaffine metric h.
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In section 2.3 we studied large classes of centroaffine extremal hypersurfaces. All the
explicit examples have vanishing Tchebychev operator. Comparing the class of hyper-
bolic affine spheres and the class of examples given in 2.3.3, there is only one type of
hypersurfaces in the intersection of both classes, namely the hypersurfaces represented
by

T1Ty  Tpy1 =c¢, c¢>0.

Concerning completeness conditions, the compact case is solved by Wang’s theorem.
Thus only complete, non-compact centroaffine extremal hypersurfaces are still of interest.
The classes in example 2.3.1 and 2.3.3 can be represented as graphs over R", that means
they are Euclidean complete. The hypersurfaces in examples 2.3.1 and 2.3.3 are also
centroaffine complete.

In the following we list several related versions of centroaffine Bernstein problems
for locally strongly convex hypersurfaces; some of the problems are stated in form of
conjectures.

CENTROAFFINE BERNSTEIN PROBLEM 1. Let x : M — R"™! (n > 2) be a centroaffine
extremal hypersurface satisfying one of the completeness conditions from Definition 2.4.1.
IsT =07

CENTROAFFINE BERNSTEIN CONJECTURE. Let x : M — R"! (n > 2) be a centroaffine
extremal hyperbolic hypersurface satisfying one of the completeness conditions from Def-
inition 2.4.1. If the Ricci curvature of the centroaffine metric is non-negative, then x is
centroaffinely equivalent to one of the hypersurfaces

a @ Qnt1
1,113:22..-3;”11 —17 041>O,...,O[n+1>0.

CENTROAFFINE BERNSTEIN PROBLEM II. Does the class of centroaffine extremal hy-

perbolic graphs over R™ contain other examples as the ones given in examples 2.3.1 and
2.3.32

CENTROAFFINE BERNSTEIN PROBLEM III. Do there exist extremal centroaffine hyper-
surfaces with complete centroaffine metric which can not be represented as graphs over
R™?

CENTROAFFINE BERNSTEIN PROBLEM IV. Do there exist extremal centroaffine hyper-

surfaces satisfying one of the completeness conditions such that the Tchebychev field does
not have constant norm?

CENTROAFFINE BERNSTEIN PROBLEM V. Do there exist extremal elliptic centroaffine
hypersurfaces satisfying one of the completeness conditions which are not hyperellipsoids?

2.5. Statement of the results

THEOREM 2.5.1 ([LLS]). Let z : M — R3 be a noncompact, hyperbolic extremal cen-
troaffine surface with complete centroaffine metric. If the Gaussian curvature K of the
centroaffine metric and the length |T| of the Tchebychev vector field satisfy

(1) K =0,
(2) |IT| < o0,
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then = is centroaffinely equivalent to one of the surfaces

a1 .02 3

x{txs?rs® =1, a1 >0, ax>0, az>0. (2.5.1)

COROLLARY 2.5.1 (see [LSZ-I]). Let x: M — R? be an affine complete hyperbolic affine
sphere. If the Gaussian curvature K of the centroaffine metric is nonnegative, then x is
affinely equivalent to the surface

T1XoT3 — 1. (252)

THEOREM 2.5.2 ([LLS]). Let z : M — R"™ (n > 2) be a non-compact hyperbolic ex-
tremal centroaffine hypersurface with complete centroaffine metric. If the Ricci curvature
of the centroaffine metric and the length |T'| of the Tchebychev vector field satisfy

(1) Ric > 0,

(2) |T'| = constant,

then x s centroaffinely equivalent to one of the hypersurfaces
e ws? -yt =1, a1 >0,...anpq > 0. (2.5.3)

COROLLARY 2.5.2 (see [LSZ-1)). Let z : M — R"™*! (n > 2) be a complete hyperbolic
affine hypersphere. If the Ricci curvature of the centroaffine metric is non-negative, then
x s affinely equivalent to the hypersurface

T1X2 " Tpt1 = 1. (254)

THEOREM 2.5.3 ([LLS]). Let x : M — R™! (n > 2) be a metrically complete, non-
compact extremal centroaffine hypersurface. If the Ricci curvature of the centroaffine met-
ric and the length |T| of the Tchebychev vector field satisfy

(1) Ric > 0,
(2)|T| € LP(M), for some p>1,

then x is centroaffinely equivalent to the hypersurface
T1To Tyl = L.

THEOREM 2.5.4 ([LLS]). Let x : M — R""'(n > 2) be a metrically complete, non-
compact extremal centroaffine hypersurface. If the Ricci curvature of the centroaffine
metric is non-negative and logv is bounded, then x is centroaffinely equivalent to the
hypersurface
T1Tg Tyl = L.
REMARK 2.5.1. A hyperboloid H(c,n) satisfies (see Example 2.3.1)
1. the centroaffine metric is complete and centroaffine extremal,

2. the Tchebychev function is a constant function and the Tchebychev vector field
vanishes.

On the other hand its Ricci curvature is a negative constant (see (2.3.3)). Thus the
assumption in Theorems 2.5.1-2.5.4 that the “Ricci curvature is nonnegative” is necessary.

REMARK 2.5.2. For the centroaffine hypersurfaces

Qn41

it =, >0, (. omg) # (L, 1), 0 >0, 1<i<n+ 1,
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using (3.17), it is easy to check that logt is not bounded. Thus the assumption in
Theorem 2.5.4 that “log is bounded” is essential.

2.6. Lemmas and proofs of Theorem 2.5.1 and Theorem 2.5.2. We will apply
the following well known Bochner-Lichnerowicz formula as a tool:

%A(|T|2) = %A(Z(Ti)z) =Y (Ti)*+ > RyT.T; + ZTL(ZTkk)Z (2.6.1)

i i,

If we assume that the trace of the Tchebychev operator is constant, i.e., Y, Th i =

constant, then (2.6.1) becomes

1 1

SA(TP?) = 5A<Z(:@)?) => (Ti;)° + > RyT.T;. (2.6.2)
i 1,5 4,J
LEMMA 2.6.1. Let x : M — R3 be a metrically complete, noncompact centroaffine sur-
face with constant trace of the Tchebychev operator. If the Gaussian curvature K of the
centroaffine metric and the length |T| of the Tchebychev vector field satisfy

(1) K =0,
(2) |IT| < o0,

then the Tchebychev vector field is parallel, i.e., T; ; = 0.

Proof. As we assume K > 0, from the Riemann mapping theorem we conclude that

either M is conformally equivalent to the Riemannian sphere S2, or M is conformally

equivalent to the Euclidean space R?. From the assumption the surface is complete, but

non-compact, we know that M is conformally equivalent to the Euclidean space R2.
We apply (2.6.2), Ric = Kh and the assumption K > 0:

1
SAUTP) = ) (T:;)° >0,
4,3
that is, |T'|? is a subharmonic function on M. The assumption |T'|> < oo gives |T|? =

constant (see Leon Karp [Kal), and (2.6.2) implies T; ; =0, i.e., T = 0.

LEMMA 2.6.2. Let x : M — R be a complete noncompact centroaffine hypersurface
with traceT = constant. If the Ricci curvature of the centroaffine metric and the length
|T| of the Tchebychev vector field satisfy

(1) Ric > 0,
(2) |T| = constant,
then T = 0.

The proof follows again from (2.6.2).
We need the following generalized maximum principle:

LEMMA 2.6.3 (Omori-Yau [Om], [Y1]). Let M be a complete Riemannian manifold with
Ricci curvature bounded from below. Let f be a C?-function which is bounded from below
on M. Then there is a sequence of points {pr} in M such that

lim f(py) = inf(f),  lim [grad()|(pe) =0, Jim Af(p) > 0.
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PROPOSITION 2.6.1 ([LLS]). Let # : M — R™! be a complete, noncompact hyperbolic
centroaffine hypersurface with T = 0. If the Ricci curvature of the centroaffine metric is
non-negative, then x is centroaffinely equivalent to one of the hypersurfaces

g2, a"+1:17 a; >0,...,ap41 > 0.
For the proof we need the following lemma

LEMMA 2.6.4. Letx : M — R"! be a centroaffine hypersurface with Ric > 0 and T = 0.
Then the normalized scalar curvature satisfies

Ak > 4k(k — €). (2.6.3)
Proof. By use of (2.1.15),(2.1.23) and (2.1.26), we have the following calculation (cf.

LSZ-1))
Adijk = ZAijk,ll = ZAijl,kl
l l

= Z Aijik + Z Aijr Ry + Z Avit Ryjr + Z ArjiRrin
l r,l r,l Tl

=nT; i + Z AijrRyi + + Z Avit Ry jr + Z ArjiRrik

r,l rl

= Z Aij'r'Rrk + Z Arierjkl + Z Arlerikh (264)

r,l r,l

where we used 7 = 0. (2.6.4) and (2.1.22) give

%n(n -1AJ = A( Z(Aijk)z) = > (Ae)* + Y AijeAijru

ik ig.k,l ig.kl
= Z (Aije)? + Z AijrAijr Rei + Z AijkAvit Rrjr + ZAz’jkArlerikl
ijkl
= Z (Aije)? + Z AgjrAijrRer + Z(AijkAril — AijiAirk) Rrjikt
ikl
= Z (Aijra)* + Z(Rrjkl)2 + AijAijr Reiy — 2eR
ikl
2
> w)?—2R> ——R?2—2 2.6.
> (Rejm)? — 2R > i 1)R eR, (2.6.5)
where we used Ric > 0 and the well known estimate
2 2
R,i11)? > Ryp)? > ———R2. 2.6.6
S (Rusu)? > 25 SR >~ (26.6)
From (2.1.25), we have
n(n —1)J = n(n —1)(k — €) + n?|T)?. (2.6.7)

The assumption 7 = 0 implies that |T'|? is constant; we insert (2.6.7) into (2.6.5)

%n(n — DAk = A( Z(Aijk)2) > 2

276 = zn(n — R(K —€). .0.
2 n(n_l)R 2R =2n(n—Dr(k—e). (2.6.8)
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Proof of Proposition 2.6.1. For any given positive constant §, define the positive smooth

function u on M by
1
U= . 2.6.9
i (2.6.9)

Through a direct calculation, by use of (2.6.3) and ¢ = —1, the Laplacian Au of u
satisfies

uAu = 3|grad(u)|? —

1 2
g oS 3|grad(u)[* — GRS (2.6.10)

We have u > 0; as we assumed that the Ricci curvature is non-negative, we can apply
the generalized maximum principle (Lemma 2.6.3) of Omori and Yau to the function u
on M. Then there is a sequence of points {p;} on M such that

klim u(py) = inf(u), klim lgrad(w)|(pr) = 0, klim Au(pg) > 0.

We claim that inf(u) # 0. Otherwise, from the definition of u, the assumption inf(u) =
0 gives sup(k) = co. Counsidering the limit for both sides of the inequality (2.6.10), we
get
0 = inf(u) - kllrrgo Au(pg) < =2,

which gives a contradiction. Thus inf(u) # 0 and then 0 < limg_,o k(px) = sup(k) < oo.
Considering again the limit for both sides of the inequality (2.6.10), we get

0 < inf(u) - klim Au(pg)

. 2sup(k)
<3.1 2(py) — — WP 1
<3 lim |grad(u)|"(pk) (Sup(s) + 072 (sup(x) +1)
2sup(k)
= ———————(sup(k) +1). 2.6.11
s sup(s) + 1) (26.11)
(2.6.11) implies
sup() <0,
that is
k < 0.
Thus we conclude that k = 0 (because we assumed Ric > 0). From (2.6.7) and € = —1,
we get J =1+ "= |T|? = constant and then (2.6.5) gives
Rijkl = 0, Aiij = O7 1 S i,j, k‘7l S n. (2.6.12)

Thus z(M) has a flat centroaffine metric and its centroaffine Pick form is parallel with
respect to its centroaffine metric. The assertion of Proposition 2.6.1 now follows from
Proposition 2.3.3.

Proofs of Theorem 2.5.1 and Theorem 2.5.2. Theorem 2.5.1 comes from Lemma 2.6.1
and Proposition 2.6.1. Theorem 2.5.2 comes from Lemma 2.6.2 and Proposition 2.6.1.

REMARK 2.6.1. We also can get the following local uniqueness results, which generalize
the result of Li-Wang (see Proposition 2.3.3).

PROPOSITION 2.6.2 ([LLS]). Let x : M — R™! be a centroaffine hypersurface with
T = 0. If the Ricci curvature of the centroaffine metric is non-negative (or non-positive),
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then x is locally centroaffinely equivalent to a proper affine sphere or one of the following

hypersurfaces

aq 00 Qp41 1
b

xitry?t e w Ny = ar >0,...,ap41 > 0.

Proof. Because we assume 7 = 0, we have from (2.6.2)
> R,T,T; =0. (2.6.13)
0,J
From the assumption R;; > 0 (resp. R;; < 0) we have either |T| =0, or R;; = 0. If
|T| =0 then z: M — R™"! is a proper affine sphere. If R;; = 0, we get from (2.6.5)
Riju=0, Ay =0, 1<4,5k1<n.
Thus z(M) has a flat centroaffine metric and its centroaffine Pick form is parallel with

respect to its centroaffine metric. Proposition 2.6.2 now follows from Proposition 2.3.3.

COROLLARY 2.6.1. Let x : M — R""(n > 2) be an n-dimensional complete elliptic
centroaffine hypersurface with T = 0. If the Ricci curvature of the centroaffine metric is
non-negative (resp. non-positive), then x is centroaffinely equivalent to a hyperellipsoid
(resp. there does not exist such a hypersurface).

Proof. From Proposition 2.6.2, it follows that z is an elliptic affine sphere, thus z is cen-
troaffinely equivalent to a hyperellipsoid (resp. there does not exist such a hypersurface).

PROPOSITION 2.6.3 ([LLS]). Let z: M — R (n > 2) be an n-dimensional hyperbolic
centroaffine extremal hypersurface. If the Ricci curvature of the centroaffine metric is
nonnegative, the scalar curvature is constant, and the length of the Tchebychev vector
field is constant, then x is centroaffinely equivalent to one of the hypersurfaces

« «@ QAn41
1,113:22..-3;”11 —17 041>O,...,O[n+1>0.

Proof. As we assume that = : M — R™! is a centroaffine extremal hypersurface with
|T'| = constant, we have from (2.6.2) that

Ti; = 0.
Our assumptions imply J = constant and e = —1. From (2.6.5) we get
Rijkl = 07 Aijk,l = 07 1 < iaja kvl <n.

Thus z(M) has a flat centroaffine metric and its centroaffine Pick form is parallel with
respect to its centroaffine metric. Proposition 2.6.3 now follows from Proposition 2.3.3.

2.7. Proofs of Theorem 2.5.3 and Theorem 2.5.4. We need the following lemmas:

LEMMA 2.7.1 ([Y1]). Let (M,g) be a complete Riemannian manifold with non-negative
Ricci curvature, then any bounded (from below or from above) harmonic function on M
must be a constant.

LEMMA 2.7.2 ([Y2]). Let (M,g) be a complete noncompact Riemannian manifold with
non-negative Ricci curvature. If for some p > 1

Au>0, u>0, uelLl(M),

then u s constant.
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Proof of Theorem 2.5.8. Under the assumptions of Theorem 2.5.3, we have from (2.6.2)

lA(ITI“’) = Z(Ti,j)Q + ZRijTiTj > Z(Ti,j)? (2.7.1)

2¥)

Noting
A(TP) = [TIAIT|+ > (IT]:)*, (2.7.2)

we have from (2.7.1) and (2.7.2),
ITIAIT| > (T55) = > (1)) (2.7.3)

i i
From (2.7.3) and

TP 32071 = SATIT = 5 32
72 ZTT” 2 <|T)?- Z( D (2.7.4)

i.J
we conclude that A|T| > 0, i.e. |T| is a non-negative subharmonic function. From Lemma
2.7.2, our assumption |T'| € LP(M) (p > 1) implies that |T'| is constant. Thus we get
T;; = 0 from (2.7.1). In this case, as the volume of M is infinite (see [SY1] or [SY2])
and as we assume |T'| € LP(M), we necessarily have |T'| = 0. Since a complete elliptic
affine hypersphere is a hyperellipsoid (compact), Theorem 2.5.3 then directly follows from
Proposition 2.6.1 and the remarks in Example 2.3.3.

Proof of Theorem 2.5.4. Let x : M — R™! be an n-dimensional centroaffine extremal
hypersurface; then we have

A(log) =0,

where 1 is the Tchebychev function of x. From Lemma 2.7.1 it follows that log is
constant and that the Tchebychev vector field vanishes. Since a complete elliptic affine
hypersphere is a hyperellipsoid (compact), Theorem 2.5.4 follows from Proposition 2.6.1
and the remarks in Example 2.3.3.

3. VARIATIONAL PROBLEMS IN RELATIVE GEOMETRY

3.1. Introduction. In this chapter we study a graph deﬁned by a convex function
Tn+1 = f(x1,...,2,). There is a natural metric G = Z” Feda &C dx;dz;, which is called
Calabi metric. We calculate the first variation of the volume of this metric. The Euler-
Lagrange equation for the area functional is

Alog(det(fi;)) =

where f;; = am M , and A is the Laplacian with respect to the metric G. This is a 4-th
order PDE. Solutions of the PDE are called affine extremal graphs of this variational
problem. It is easy to see that all parabolic equiaffine spheres are affine extremal graphs.
We would like to raise the following conjectures:



36 H. Z. LI

CONJECTURE 3.1.1. Let f(x1,...,2,) be a convex function defined on a convex domain
Q C A™ and M be the graph determined by f. If M is an affine extremal graph and if M
is complete with respect to the metric G, then M must be an elliptic paraboloid.

CONJECTURE 3.1.2. Let f(x1,...,x,) be a conver function defined on all of A™. Let
M be the graph determined by f. If M is an affine extremal graph, then M must be an
elliptic paraboloid.

In this chapter we give a partial answer to the first conjecture. Precisely, we prove the
following result:

THEOREM 3.1.1. Let f(x1,...,z,) be a convexr function defined on a convex domain
Q C A™ and M be the graph determined by f. Suppose that M is an affine extremal graph
and M is complete with respect to the metric G. If the Ricci curvature is nonnegative, and
if there is a constant N > 0 such that the so called Tchebychev function (see Definition
2.1 below) satisfies the inequality v < N everywhere on M, then M must be an elliptic
paraboloid.

3.2. Preliminaries. We summarize basic formulas of affine graphs with relative nor-

malization e, 1 = (0,...,0,1) in terms of Cartan’s moving frames. The setup is similar
to the centroaffine case. Let f(x1,...,2,) be a convex function defined on a convex do-
main @ C A™. We choose the relative normalization e,; = (0,...,0,1) and study the
relative geometry of the graph M = {x1,...,z,, f(21,...,2,)}. We choose an affine
frame field {e1,...,en,ent1} with e,41 = (0,...,0,1) and ey, ..., e, € T, M; we denote
by {w?,...,w"} the dual frame field of the tangential frame field. We can write
dx = Zwiei, W't =0, (3.2.1)
de; = waej +wtle, 11, depyr =0, (3.2.2)

Differentiation of (2.1) — (2.2) gives the integrability conditions:

dw' = ij A w Zw Awltt =0, (3.2.3)
dw! = wa A wi —ewtt AW, dwltt = Zw A w”“ (3.2.4)

From the second equation in (2.3), we have
Wit = Zh”w hij = hji. (3.2.5)

As f is a convex function, the quadratlc form

G=> hijjwew (3.2.6)

is positive definite; h is called the relative affine metric of the graph. It is well known
that h is independent of the choice of the frame {e;,...,e,} and that h is invariant
under transformations of the group GL(R,n + 1). We choose an affine tangential frame



VARIATIONAL PROBLEMS AND PDES 37

{61, ey en} on M such that hij = 5@', i.e.,

witt = W, (3.2.7)
Differentiate (3.2.7) and use (3.2.4); this implies
dw' = Zwij AW (3.2.8)

(3.2.3) and (3.2.8) give
, CT1
dw' = ij A {i(wﬁ - wij)} . (329)
J
The expression 3(wj; — w;;) is skew-symmetric and {w',...,w"} is an orthonormal
coframe of the relative metric G. (3.2.9) and the fundamental theorem of Riemannian

geometry imply that the Levi-Civita connection of G satisfies

- 1 - -
Wi = E(Wji - Wij), Wji = —Wij. (3210)

Define 1
wij = @iy = 5 (Wi +wji) = ZA”W (3.2.11)

This gives the symmetry relation
Aiji = Ajik. (3.2.12)
Combine (3.2.8) with (3.2.9) and use (3.2.11):
ZAijko.)j Awg =0,
Jik
this implies the total symmetry of the form
A= Z Aijkwiijk
i,k
namely
Aijk = Aikj = Ajir.- (3.2.13)
The form A is called the relative cubic form of the graph M with the given relative
normalization. Again it is well known that this form is independent of the choice of

the frame and invariant under transformations of the group GL(R,n + 1). We need the
following two important geometric invariants built from G and A:

J=—" ) > A%, (3.2.14)
.5,k

is called the Pick invariant. The tangent vector field
1
T= Tie;, T;=— A 3.2.15
; € n ; i ( )

is called the Tchebychev vector field of M. There is an additional well known relation
between T and the so called affine Tchebychev function v of x. To state this relation, we
recall the following definition.
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DEFINITION 3.2.1. The positive function 1, given by

det (hij)
— 3.2.16
v le1, ..., en,x]2’ ( )
is independent of the choice of the frame {ey,...,e,} and is invariant under transforma-

tions of GL(R,n + 1), where [- - -] denotes the determinant.

Choosing ¢ = j in (3.2.11) and summing up over i, we get

1
;Aiikwk = Zw” = d(logle1,...,en,x]) = fidlog P. (3.2.17)
The Tchebychev vector field T satisfies the relation
1 (n+2)
T, = ——(log )i = — 2 (log p);. 2.1
5, (108 %)) 5, 1ogp) (3.2.18)

For later applications we list the integrability conditions in terms of the metric and the
cubic form. In a standard local notation, by a comma we indicate covariant differentiation
in terms of the Levi-Civita connection. As in (2.1.21) the sign of the Riemannian curvature
tensor 2 =Y Rijuw’ ® w’! @ wk @ w! of h is fixed by

~ - - 1
dwij — Zwik NWgj; = —5 Z Rijklwk A\ wl. (3219)
k k.l

In terms of the frame considered (h;; = d;;), the Gauss equations read

Rijir = Y _(AjkmAmit — Aikm Amj1); (3.2.20)

m

this formula differs from the centroaffine formula (2.1.22). The cubic form satisfies Codazzi
equations, that means the covariant derivative is totally symmetric:

Aijrg = Aiji k- (3.2.21)

Here, as mentioned above, A;j,; are the components of the covariant derivative of A
with respect to the Levi-Civita connection of h. Contraction of (2.20) gives the important
relation
Rik =Y AimiAmir =1 Ton Ak, (3.2.22)
m,l m

where R;; denote the components of the Ricci tensor, and the “relative theorema egre-
gium” for a graph

n(n—1)k=R=n(n-1)J —n®[T], [T =) (T;? (3.2.23)

i
where k denotes the normalized scalar curvature.
Later we will need the Ricci identities

Aijk,lm - Aijk‘,ml = Z A'r‘ijrilm + Z Airerjlm + Z Aierrklm- (3224)

The Codazzi equations for A (or the relations between T and the Tchebychev function)
imply
T =1Tj,. (3.2.25)

If T; ; = 0, we say that the Tchebychev vector field T is parallel.
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In the following we choose the following affine frame field:

_ of
€1 = <170,...,0,a—m1)

Then the relative metric is given by
G = Zf”dxldx],
0,J
here and later we write f;; = %. It is easy to check that, with respect to this frame,
we have

wz = 07 AZ]k = fijk, w = det(f’bj)’

o 1
J= — il pjm pkn g , T, = ——(] )
nn—1) Z TR fie fomns - T 2n( og Yk
i,5,k,m,n

3.3. The first variational formula. As in section 2.2 we study admitted variations
of the hypersurface. Consider the one parameter variation: f(¢t,z), z = (z1,...,z,) € Q.
The volume element is given by

dV = \/det(fij)dxl VANIAN diCn (331)
0 1 g
¢V det(fig) = 54/ det(fij) ;f”Hz’j’ (3.3.2)

We have

where we denote

of
H(t,x) = +.
( 7x) at
H(0, x) is the variational vector field. Stokes’ formula gives
ov 1 g
O limo = 5/2(\/det(fkl)f”)indx1 Ao Adan, (3.3.3)
4,3

Now we express  _, j(\/det(fkl)fij)ij in terms of the Tchebychev function. First we have

D (Vdet(fu) f7)i = <%\/ det(fii)(log )i f* + vdet(fkl)ffj> E (3.3.4)

i,J i, J
Differentiating the equality
> [ =1
k

we get

DS == (og ) (3.3.5)
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Inserting (3.3.5) into (3.3. 4) we have
> (Vdet(fr) f7)i; = Z (v/det(frr) 7 (log1);) \/det (fr)A(log ). (3.3.6)
] ,J

Putting (3.3.6) into (3.3.3) we get the first variational formula:

ov 1
— = - [ Al HdV. 3.3.7
Srlimo= -7 [ Alogu)Hav (337)
A hypersurface M deﬁned by a convex function x,11 = f(x1,...,2,) is called an
affine extremal graph if 2% |t o=0.
We immediately obtam
THEOREM 3.3.1. Let f(x1,...,z,) be a convex function defined on a convex domain

Q C A™. Let M be the graph determined by f. Then M is an affine extremal graph if and
only if

A(logy) = 0. (3.3.8)
Proof. By assumption (M, G) is a complete Riemannian manifold with Ric > 0, and log ¢
is a bounded harmonic function. Therefore 1 = const., this means M is a parabolic affine
hypersphere. By Pogorelov’s theorem (see [LSZ-I]), M must be an elliptic paraboloid.
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