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Abstract. This paper is part of the autumn school on “Variational problems and higher order
PDEs for affine hypersurfaces”. We discuss affine Bernstein problems and complete constant
mean curvature surfaces in equiaffine differential geometry.
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1. Affine Weierstrass representation. We use the notation for equiaffine hypersur-
faces in real affine space A"*! from [L-S-Z]. Let M be a connected, oriented differen-
tiable manifold, and let o : M — A"*! be a locally strongly convex hypersurface. If the
unimodular-affine mean curvature L; satisfies L1 = 0 on M then z(M) is called an affine
mazimal hypersurface.

The conormal field U satisfies the PDE AU + nL;U = 0; this implies the following

THEOREM 1.1. Letz : M — A™t! be a locally strongly convex hypersurface, given as the
graph of a function f; x is an affine mazimal hypersurface (which means L1 =0 on M)
if and only if [ satisfies the PDE

Q2f \] V)
s{fm (5] )0
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where the Laplacian, in local coordinates, satisﬁes:

0
G \/det(G
«/det le Z < e( kl)a J)

EXAMPLE 1.2. Any parabolic affine hypersphere is an affine maximal hypersurface. In
particular, the elliptic paraboloid
1
{En+1:§[($1)2+--'+($n)2}, ((El,...,xn)EAn
is an affine-complete affine maximal hypersurface.

An affine analogue of the Weierstrass representation. Let V be the R-vector space asso-
ciated to A" 1. We consider a Euclidean inner product (-,-): V x V — R with associated
normed determinant forms on V and its dual space V*; we use the same notation Det.
For simplicity, we study maximal surfaces in R3. Let « : M — R? be a locally strongly
convex surface. Choose isothermal parameters u,v on M with respect to the Blaschke
metric G, and let e; = Oy, = x4, €3 = Jpx = x,,, and denote U /Ou =: U,,, OU/Ov =: U,
Then G171 = Gag =: F > O,Glg = (G291 = 0. We have

(Ua ﬂCu) =0, (Uuaxu) = —F, (Uvaxu) =0,

(U7 xv) = 07 (Uuax’u) = Oa (vaxv) = _Fa

uyYy)=1, (U,Y)=0, (U,Y)=0,
where Y denotes the affine normal.
We use the cross product construction; then (see [L-S-Z], p. 3)

zy = AU, U], 2y = plU, U],
Det (2., Ty, Y) Det(U,, U,,U) = F?
where A, p are differentiable functions. Since
Det(@y, x,,Y) = |det(hiy)[V/* = F,

we have

Det(Uy, U,,U) =

Then
—F = (Uy,24) = —ADet(U,,U,,U) = —\F.

It follows that A = 1. Similarly, we have p = —1.
Thus we obtain the following affine analogue of the well known Weierstrass represen-
tation for Euclidean minimal surfaces:

(1.1) = /[U, UsJdu — [U, Uy)dv
If (M) is an affine maximal surface then
AU =0,

where, in the given coordinate system, the Laplacian reads:

o (e
~ Det(U,,U,,U) \Ou2 = 9v2 )’
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It follows that the components U!(u,v),U?(u,v) and U3(u,v) of U are harmonic func-
tions.

Conversely, given a triple of functions

U= (U (u,v), U*(u,v), U3(u,v))

defined on Q C R2?, satisfying the two conditions:
(i) U, U?,U? are harmonic with respect to the canonical metric of R?;
(ii) Det(U,, Uy, U) >0 in 2, where 2 is a simply connected domain and (ug, vg), (u, v) € Q.
Then we can construct an affine maximal surface z : } — A3 as follows:

(u,v)
(1.2) x = / [U,U,)du — [U, Uy, ]dv.
(

U0,v0)

The surface is well defined because the integrability conditions are satisfied:
[U7 Uv]v + [U7 Uu]u = [U7 Uuu + va] =0.

From the point of view of local differential geometry the formula (1.2) admits a construc-
tion of any affine maximal surface.
In the following we give some further examples of affine maximal surfaces.

EXAMPLE 1.3. Consider €2 := R? and define U : R?> — R3 by U := (1,u,v); we get

1
x = <§(u2 +v?), —u, —v),
which is an elliptic paraboloid.

ExaMPLE 1.4. Consider Q := {(u,v) € R*|lu >0} and define U : Q@ — R by U :=
(1,u? — v%,v), then
Det(Uy, U,,U) = 2u.

The construction above gives
1
T = (§(u3 +uv?), —u, —2uv>, u > 0.

EXAMPLE 1.5. Let Q := {(u,v) € R*|u > 0,v < 0} and define U := (u, v, 2uv), then
Det(U,,U,,U) = —2uw,

2 2 1
T = (—§v3, —§u3, E(u2 + 1)2)>, u>0, v<0.
Affine completeness and Fuclidean completeness. In affine differential geometry there are

two notions of completeness:

(1) affine completeness, that is, the completeness of the Blaschke metric Gj
(2) Euclidean completeness, that is, the completeness of the Riemannian metric on M
induced from a Euclidean metric on A™*1.

Affine Bernstein problem. About complete affine maximal surfaces there are two conjec-
tures, due to Chern and Calabi, both are called an “affine Bernstein problem” (see [CH],

[CA)):
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CHERN’S CONJECTURE. Let x3 = f(x1,x2) be a strictly convex function defined for all
(z1,22) € A% If M = {(m1, 22, f(21,%2))|(z1,22) € A%} is an affine mazimal surface,
then M must be an elliptic paraboloid.

CALABI’S CONJECTURE. A locally strongly convex affine complete surface x : M — A3
with affine mean curvature L1 = 0 is an elliptic paraboloid.

These conjectures were generalized to higher dimensions (see [L-S-Z], [CA], [SO-2]).
Recently Calabi’s conjecture was solved, see [L-J-1], [T-W-2]; Chern’s conjecture was
solved by Trudinger and Wang X.-J. (see [T-W-1]). In [L-J-2] we proved the following
result:

THEOREM 1.6. Let M be a locally strongly convex, Euclidean complete surface in A>
with constant affine mean curvature L.

(a) If Ly > 0, then M is an ellipsoid.
(b) If L1 =0, then M s an elliptic paraboloid.
(¢) If Ly <0, then M has “finite geometry”.

As a corollary of Theorem 1.6, we present a new proof of Chern’s conjecture about
affine maximal surfaces.

Note that the two versions of the affine Bernstein problem assume different com-
pleteness conditions. Calabi’s conjecture assumes affine completeness; Chern’s conjecture
assumes Euclidean completeness. Generally, the affine completeness and the Euclidean
completeness are not equivalent (see [SCH], [NOJ).

2. Proof of Calabi’s Conjecture

Preliminaries. Let M be a C* manifold of dimension 2 and z : M — A2 a locally
strongly convex surface. We choose a local unimodular affine frame field z,eq, ez, e3 on
M such that

er,es € T, M, det(er,es,e3) =1, e3=Y.

Denote by Afj and B;; the local components of the affine Fubini-Pick tensor and the affine
Weingarten tensor with respect to the frame field z, eq, e2, e3. We have the following local
formulas (see [L-S-Z], pp. 52-60); the comma indicates covariant differentiation w.r.t. the
Blaschke metric:

(2.1) zij =Y Aber +GijY,
(2.2) Uij=— ZAij,k — B;;U,
(2.3) Az =2V,

(2.4) AU = —2L,U,

(2.5) > G A =0,

(2.6) R=2(J+ L),

where R, J denote the scalar curvature and the Pick invariant, resp. For an affine maximal
surface we have R > 0.



AFFINE MAXIMAL HYPERSURFACES 47

Again we use isothermal parameters u,v. Suppose that M is an affine maximal surface.
As above U is harmonic with respect to u,v. Let z := u + iv. Define o and (3 by

1 , 1By — By .
= (A A = (2P gL,
o 2( 111 + i), 5 < 5 i 12)
Let || . ||¢ denote the norm with respect to the Blaschke metric. We have (see [L-S-Z],
p. 155)
21) ol = (5) " ca= i, s (£) 7 pa- L
. a = 2 o = 2 G = 2 - 2 G

)
212) o = ’LDet(U, UzaUzz)a
2.13) B =iF ' Det(U.,Us,U,),

2.14) g = —iDet(U,U., Us).

Calabi calculated the Laplacian of 1/2(J + ||B||?) = 1/2J + ||8]|, he got the following
differential inequality (compare [L-S-Z], p. 231):

(2.15) A(%J + ||ﬁ||) > 32

Proof of the conjecture. Using (2.15) we can easily prove the following result of Martinez
and Milan (see [M-M] or [L-S-Z], p. 231):

THEOREM 2.1. Let x : M — A3 be a locally strongly convez affine mazimal surface. If
M is complete with respect to the Blaschke metric and if there is a constant N > 0 such
that | B||% < N everywhere, then M must be an elliptic paraboloid.

Proof. From (2.15) and the assumptions we have
2

1 1 ? 1
A(57+181) 2352 2 6( 57+ 191 = 12081 = o( 57 + 131 -6

By a well-known result from geometric analysis it follows that 3.J + [|3] is bounded from
above. Being a bounded subharmonic function on a complete 2-dim Riemannian manifold
with R > 0, .J + ||8]| must be a constant. It follows that J = 0 everywhere. Thus (M)
is an elliptic paraboloid. =

From the assumption, z : M — A3 is a locally strongly convex affine maximal surface,
which is complete with respect to the Blaschke metric. We want to show that there is a
constant N > 0 such that || B||% < N everywhere. We need the following lemma (see [H],
p. 635, Lemma 26).

LEMMA 1 (Hofer). Let (X,d) be a complete metric space with metric d, and B,(p) =
{z|d(p,x) < a} be a ball with center p and radius a. Let ® be a positive continuous
function defined on Bau(p). Then there is a point ¢ € By(p) and a positive number
e < a/2 such that

O(x) <2®(q) for all x € B(q) and €P(q) > %(b(p). "

Now we assume that || B||% is not bounded above. Then there is a sequence of points
pe € M such that || B||Z (pe) — oo. We may assume that M is simply connected, otherwise
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we consider its universal covering space. As M is noncompact, complete with R > 0, it is
conformally equivalent to C. Then we may choose global isothermal parameters u,v on M
such that the Blaschke metric is given by G = F(du? + dv?). Let By (p,) be the geodesic
ball with center p, and radius 1. Consider a family ®(¢) : B2(p;) — R of functions, ¢ € N,
defined by

B(0) = ||V log Fllc + | Alle + 1B,

In terms of u, v we have

1 Olog F' 2 Odlog F 2
ViegF||g = —
Iviosrl =5 (5t )+ (ZEn) )
1 1
1412 = 5 STAER, 1B = 25 DBy
Using Hofer’s Lemma we find a sequence of points ¢, and positive numbers €, such that

(2.16) O(x) <2®(q) V x € B, (q0)

(217) 6[@((]@) Z %q)(pg) — OQ.

The restriction of the surface x to the balls Be,(qs) defines a family M (¢) of maximal
surfaces. For every ¢, we normalize M (¢) as follows:

STEP 1. Denote by u(f), v(£) the restriction of the isothermal parameters of M to M (£).
First we take a parameter transformation on M ({):
(2.18) w(l) = c(Ou(l), () =c(f)v(e), cf) >0,

where ¢({) is a constant. Choosing ¢(¢) appropriately and using an obvious notation F,
we may assume that, for every ¢, we have F(g¢) = 1. Note that, under the parameter
transformation (2.18), & is invariant.

STEP 2. We use the Weierstrass representation for affine maximal surfaces (see Section
1) to define, for every ¢, a new surface M (¢) from M (¢) via its conormal by
U) = XOU®), A¢)>0;
we introduce new parameters @(¢), 0(¢) by
a(f) = bO)a(l), o) =0b)o(¢), b)) >0,

where A(¢) and b({¢) are appropriate constants. From the foregoing conormal equation
one easily verifies that each M (¢) again is a locally strongly convex maximal surface. We
now choose A(¢) = (b(£))%/3, b(¢) = ®(q,). Using again an obvious notation F, ®, from
(2.11)-(2.14) one can see that

- . ~ 1

F=F D) = —P(0).

The first equation is trivial. We calculate the second one. We can easily get
~ 1 N
V108 Flg = 31V log Fllc.
From (2.11)—(2.14) and our choice A* = b? we have

N . 1 1
I1BIIE = 21181* = 257 181" = 7 I1BIIE
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1
1A% = 2]&l* = 2 H I =25 || I = 51141

Then the second equality follows.

We denote Bq(q) = {x € M(¢) | d(¢)(z,q¢) < a}, where d({) is the geodesic distance
function with respect to the Blaschke metric on M (). Then ®(¢) is defined on the geodesic
ball B, (y)(qe) with r(¢) = e,®(qs) > 1 ®(p¢) — oo. From (2.16) we have
(2.19) D(qe) = 1,

(220) @(l‘) <2, Vxe B,«(@)((]g).

STEP 3. For any ¢ we introduce new parameters £;(¢),£2(¢) as follows:

&i(0) = a(l) —a()(ge), &) = v(f) — 0(£)(qe)-

Then at q¢, (£1,&2) = (0,0) for any ¢, and we can identify the parametrization (&1, &2)
for any index £. Let Z(¢) denote the position vector of M (¢). An appropriate unimodular
affine transformation gives

(2.21) #(0)(0) = (0,0,0),
(2.22) Tg, (€)(0) = e1 = (1,0,0),
(2.23) e, (£)(0) = e2 = (0,1,0),
(2.24) Y (¢)(0) = (0,0,1

Consider the open geodesic balls

Q) = {(&1,&) € R? | d(6)(0,6) < r(0)}

and the sequence M (¢) of maximal surfaces Z(¢) : Q(£) — A®. They satisfy (2.21)-(2.24)
and the conditions

(2.25) F(0)(0) =1,
(2.26) (0)(0) =1, () <2 VE€QW),
(2.27) () — oo.

It follows from (2.7)-(2.10) and (2.22)-(2.25) that, for any £, (U, Ue,, U)(0) = I, where
I is the unit matrix. We need the following lemma

LEMMA 2. Let M be an affine mazimal surface defined in a neighborhood of 0 € R2.
Suppose that, with the notations from above,

(1) F(O) =1, (Ufl’Uém U)(O) =1,

. 1 d(log F) 2\ 1/2 1 . 1/2 1 . 172\ 1/2
(i) (f Z (T&) |7 Z(Aij) + f(Z(Bw) ) <2
Denote D := {(&1,&)| €& + & < 1}. Then there is a constant Cy > 0 such that, for

(&1,&2) € D, the following estimates hold:

(1)

O i~
IN
B
IN
N
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(2)
U]+ U, | + |Ue, | < Ch
where | - | denotes the canonical norm in R3;
(3) denote 1o = 3; then Q,, C {& + & < 3} C D, where Q. is the geodesic ball with
center o and radius r, with respect to the Blaschke metric.
Proof of Lemma 2. (1) Consider an arbitrary curve I' = {1 = a1, & = ags, af + a3 =
1, s > 0}. By assumption we have

1 /OlogF 2
— < = 1.
7 ( EP ) <2, F0)=1

Solving this differential inequality with F'(0) = 1, we get

1 2 1 2
< F(s) < .
<1+V7§s> N ()_(1—@)

From the assumption we have s < \%, then (1) follows.

(2) Note that the Christoffel symbols are given by dlog F/9¢;. Along the curve T’

k
j

the structure equation U ;; = — Y AF;U 1, — B;;U gives an ODE which can be written in

matrix form:

dX
X _xm
ds ’

where X = (Ug,,Us,,U), and H is a matrix, whose elements depend on Bj;, Af; and
Olog F/0¢;. Tt follows from (2.27) that

ax?

(2.28)

(2.29) e H'X',

where we use an obvious notation for the transpose of a matrix. Then
(2.30) d(i—;X) =H'X'X + X'XH.

Denote f = Tr(X'X). Taking the trace of (2.30) we get

(2.31) Z—J; =Tr(H'X'X)+Tr(X'XH) < Cf,

where C' is a constant. Deriving the last inequality we used (1) and the condition (ii).
Solving (2.30) with the condition (i) we get (2). From (1) we immediately get (3). m

We continue with the proof of the conjecture. Since r(¢) — oo, we have D C Q(¢) for
¢ big enough. In fact, by (1), the geodesic distance from 0 to the boundary of D with
respect to the Blaschke metric on M () is less than /2. Using (2) and a standard elliptic
estimate we get a C*-estimate, independent of ¢, for any k. It follows that there is a ball
{€2 + €3 < Oy} and a subsequence (still indexed by ¢) such that U(¢) converges to U on
the ball, and correspondingly all derivatives, where Cy < % is very close to % Thus, as
limit, we get a maximal surface M, defined on the ball, which contains a geodesic ball
Q,.,. We now extend the surface M as follows: For every boundary point p = (€105 &20) Of

the geodesic ball ﬁro we first make the parameter transformation: & = b(&; — &;,) such
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that at p, (£1,&) = (0,0), and for the limit surface M we have F(p) = 1. We choose
frame ey, eg, ez at p such that e; = igl, ey = i&, es =Y. We have

(V) FO)() = Fp) =1, (U, (0),0e,(0.0(0)p) =1 as £ — .

It is easy to see that under the conditions (i’) and (ii) in Lemma 2, the estimates (1),
(2) and (3) in Lemma 2 remain true. By the same argument as above we conclude that
there is a ball around p and a subsequence ¢}, such that U({) converges to U’ on the
ball, and correspondingly all derivatives. As limit, we get a maximal surface M’, which
contains a geodesic ball of radius 7, around p. Then we return to the original parameters
&1, & and the original frame ey, es, e3 at 0. Note that the geodesic distance is independent
of the choice of the parameters and the frames. It is obvious that M and M’ agree on
the common part. We repeat this procedure to extend M to be defined on Q. etc. In
this way we may extend M to be an affine complete maximal surface defined in a domain
Q C R?; using (24) and (25) we get

IBlg <2, @0)=1.
By Theorem 1, M must be an elliptic paraboloid, given by
1
)
where 1, %92, 3 are the coordinates in A3 with respect to the frame e, es,es. For a
paraboloid we have [|A|| s = 0, HBH% =0, R = 0 identically, and G = dz? + dx3. Thus

(2.32) |V log F||5(0) = 1.

We consider log F as a function of 21, z,. Since the scalar curvature vanishes identically,
R =0, from the formula - -

AlogF =—-R
we conclude that log F' is a harmonic function. As ||V log F||5 < 2, log F' must be a linear
function. In view of (2.32), without loss of generality, we may assume that logﬁ = x1.
We introduce complex coordinates and write w = & + &3, 2 = x1 + izo, then w(z) is a
holomorphic or anti-holomorphic function. We consider the case that w is holomorphic.
For the case that w is anti-holomorphic, the discussion is similar. Since G = |dz|? =
Fldw|? we have |w'|> = F~' = e7%1. Let Q = eZ. Then |w'Q| = 1. From the maximum
principle we get w'Q = C where C is a constant with |C| = 1. So w’ = Ce™ 2. It follows
that w = —2Ce™% + E, where F is a constant. Since e~ 2 has period 27 for 5, we have
a covering map A% — ; this is impossible. We get a contradiction. So ||B||¢ must be
bounded above on M. By Theorem 1 M is an elliptic paraboloid. We have proved the
following

THEOREM 2.2. Let x : M — A3 be a locally strongly convez affine mazimal surface. If
M 1is complete with respect to the Blaschke metric, then M must be an elliptic paraboloid.

3. Euclidean complete affine surfaces with constant affine mean curvature

Introduction. The classification of locally strongly convex, affine-complete affine hyper-
spheres had attracted many geometers during the last decades. For the history of this
problem and the contributions of different authors we refer to the monograph [L-S-Z],



52 A.-M. LI AND F. JIA

pp- 84-85. Obviously, every affine hypersphere has constant affine mean curvature L;.
Thus an interesting and important problem is the classification of locally strongly con-
vex, complete affine hypersurfaces with constant affine mean curvature L;. We shall show
that the study of locally strongly convex, Euclidean complete hypersurfaces with constant
affine mean curvature L; = L is equivalent to the study of the convex solutions of the
fourth order P.D.E.

an —1/(n+2) 82f —1/(n+2)
() Alaer (52| — i aer (57| .

In this paper, we consider the convex solutions of the equation (x) for n = 2. We shall
prove that a) if L > 0, then there is no convex solution of (x) which is defined for all
(r1,22) € R%: b) if L = 0and f(x1,22) is a convex solution of (x), which is defined for all
(1,72) € R?, then f(z1,22) must be a quadratic polynomial. In the language of affine
differential geometry, our main theorems can be stated as follows:

THEOREM 3.1. FEwvery locally strongly convex, Euclidean complete surface with constant
affine mean curvature is affine complete.

To state our Theorem 3.2 we introduce a terminology. A locally strongly convex
hypersurface is said to have “finite geometry” if || B||x and ||Al|x are bounded, where

1Bl == B + VB + V2Bl + - -~ + [ V*B,
1Al = 1AL+ [IVA] + [IV2A] + -+ [[VEA].
Using Theorem 3.1 we immediately get the following result:

THEOREM 3.2. Let M be a locally strongly convex, Euclidean complete surface in A®
with constant affine mean curvature L.

(a) If Ly > 0, then M is an ellipsoid.
(b) If Ly =0, then M s an elliptic paraboloid.
(¢) If Ly <0, then M has “finite geometry”.

As a corollary of Theorem 3.2, we present a new proof of Chern’s conjecture about
affine maximal surfaces.

Fundamental formulas. Consider a locally strongly convex hypersurface z: M — A",
which is given as a graph by a strictly convex function
Tpt1 = f(x1,...,Zn).

Then, the Blaschke metric G is given as in Section 1 and the affine conormal vector field
U can be identified with

aZf —1/(n+2) of of

The formula AU = —nL U implies that (M) is a locally strongly convex hypersurface
with constant affine mean curvature Ly = L if and only if f satisfies the following P.D.E.:

an —1/(n+2) 82f —1/(n+2)
oy afan (2L e (2]
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2\~
P {det (3%‘3%)} '

Denote

Then (3.1) gives

(3.2) Ap=—nLip.
Note that in terms of x1,...,z, we have (det(Gp))'/? = %. By a direct calculation we
get
1 02 of7 0
) A= ij _“ ig 9P 7
(3.3) P Zf Ox;0x;  p? / 8% ('930z Z Ox; Ox;

where (f*) denotes the inverse matrix of (f;;) and fi; = 82 f/0x;0z;. Differentiate the
equality > f fi; = 5;; one finds
of" Wi (n+2) 9p
Z@xifk]__zf dx;  p 3—33]
It follows that

of*  (n+2) ik Op
Inserting (3.4) into (3.3) we obtain
ij LN Op 0
(3:5) A= Zf &E Ox; p2 2.1 Oz Oz;

To find the affine normal Y and calculate the affine Weingarten tensor B;;, we let (see
[CH]) -
ef =¢, 1<i<n, ez+1:en+1+2a%+lei,

where e, is in the affine normal direction. Then the coefficients a’, |, are determined
by

Zanﬂfﬁ = logp
It follows that 4 9

ahy =) f”% log p,
and hence

€ni1 = Entl ‘|‘ij£ logp €j-
Therefore
Y = HY/"er = HY/ (Y fﬂ logp e; + HY (e o

where H = det(82f/8mi8xj).
Let x be the position vector of the hypersurface M. We can write

dzx = Zwael’;, de}, = ngeg

w®, w? denote the Maurer-Cartan forms of the unimodular affine group. We compute

_ ) , 0 ;0 ; 0 0
Wy oy = dag, ¢y — apy dlogp = Z <8xj<fk Mlogp) - f* aTEklOgP Er logp)uﬂ
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Therefore the affine Weingarten tensor is

0 0 0 0
(3.6) Bij = Z< O, <flk—10gp) + f”c logpa

1 0% 2 9p 0 ’”8 of;
L2090 p+zf Op Ofij
pi’?x Ox;  p? Ox; Oz, p Oz Oxy

>fk]

Consider the Legendre transformation relative to f:

2
&= ém

w(€y,.. ., &n) = Zml xl,...,xn)—f(x17...7xn)7

and denote by Q* the Legendre transformatlon domain of f,ie. u: Q" — R and

——(z1,...,2n),

In terms of the coordinates (&1, .. .,&,) the Blaschke metric is given by
 P%u
and (0%u/0¢;0¢;) is the inverse matrix of (02 f/0z;0x;). We have
52u )] 1/(n+2)
3.7 = |det | s )
(37) g [ (3§i5§j

Vdet(Gr) = p" !
1 0 . d
=——7= > —|GY/det(Gr) =
\/det(le) Zafz ( ( kl)ﬁfj)
(see [L-S-Z], p. 91). By a similar calculation as above we get

_ 1 . B . 0p 0
(3:8) Z Ja@a@ QZ e, o8

Estimates for the function p. In this section we give some estimates which play an im-

portant role in our proof. Suppose that f(z1,x2) is a strictly convex function defined in
a bounded convex domain €2 such that the graph

M = {(x1, 2, f(x1,22)) (21, 72) € Q}

is a locally strongly convex surface with constant affine mean curvature L;. As above
consider the Legendre transformation relative to f with u : Q* — R. Then w is a convex
function defined in 2* and M can be represented in terms of &1, & as follows:

x = (v1,22, f(21,22)) = <§;,§;2, Zfzag >

First we estimate p = [det(0%u/0¢;0¢;)]Y/* from above. For any & = (£7,£9) € QF, we
choose > 0 such that 0 < r < dist(&p, 9Q*). We introduce the notations

Bi(&) = {(e. &)Y (G -6 <), h=Y(&—€)"
g:Z(g—Z) , A= max g.

B, (EO)
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Consider the function

m 1
. F = i
(3.9) exp{ R + A9 }

defined on B, (&), where m and « are appropriate positive constants to be determined
later. Clearly, F' attains its supremum at some interior point £* of B,.(£p). We choose a
local orthonormal frame field e, e5 of the Blaschke metric on M near

. ou , .. Ou
P = (S (€ () —ul€) + € o (€)).
Then, at p*,
(3.10) F,=0,
(3.11) ZFH <0.
We calculate both expressions explicitly
m ]- p 7

12 ————=h;, — =0,

(3.12) e h)2 it A% + 0
LY

3.13 — Ah —Ag— —>=+ — <0.
(3.13) e > on +— A S

Using the formulas (3.5) (3.8) and ( . ), we get

2m 2m 1 " 2m p.i
3.14 - R — = P ——h;
(3.14) (r2_h3271 rz_h)zpzu +(T2_h)2zp ;
2

+__qu aAZpll Z%_Q‘L”SO.

Inserting (3.12) into (3.14) and applying the Cauchy-Schwarz inequadity7 we obtain

2m 9 2m 1 ”
(3.15) _(Tz_hszh,i_ T2_h2;zuz+_ 4Zh

2 1 5 ,
i . —2|L;| <0.
+aApi ( )2 Zg,z | 1‘_

Note that

u] 89 89 g
3.16 g% = = u" upug U
(3.16) 2.9 =) aa g Z )

= %Zuklukul < ;Zum : ZUZQ

Inserting (3.16) into (3.15), we get

(3.17) —%Zhi—%%zui”‘ Zh
+a_A; qu 20 1 Zu“ 2‘L1| < 0.

We choose m = 472 and o = 20. Then
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Denote by Aq, A2 the eigenvalues of (9%u/0&0¢;) = (ui;). Recall that p =
[det(0%u/8E0€;)]7 = (MA2)7. Tt follows from (3.18) that
1 2m 1 1 1
) — < (=4 = 1
(3.19) oM+ A2) < " h)? (Al + A2> 2|L1[(A1A2)
2m )\1 + )\2 1
= 2|L1|(A1A2)*
(rg—h)Q Ao + ‘ 1|( 1 2) )
and hence
1 2m ()\1)\2)%()\1>\2)% 2m 3
— < —=+2|L L 1
20412 S Gy PALITT T S ey T IHI A,
ie.
4 20A|L|p? — 40A— " <.
p 0 | 1‘p 0 (7’2—h)2 <0

Consequently, from the Cauchy-Schwarz inequality, we have

p* — 400A2|L1|?p? — 80A <0.

m
(2= hp?
The left hand side is a quadratic expression in p?. If one consider its zeroes, it follows
that

1
2

2 < 40042\ L2 + (804—""
= |L1|” + 2 —h)?
Therefore
ml/4
(r2 — h)i/2’

With our special choice of m and «, from (3.9) we thus get

p < (800)/2A|Ly| + (320)% A'/*

1 A1/4
F < exp {%} {(800)1/2A|L1| + (20)Y* exp {—1/2} 7&7] ,

which holds at £*, where F' attains its supremum. Hence, at any point of B%,.(go), we
have

(3.20) p < exp { %} {(800)1/2A|L1| + (20)Y* exp {—1/2}

A1/4
12 ] :
Using (3.20), we obtain the following lemma:

LEMMA 3.3. Let Q be a bounded convex domain with (0,0) € Q and Q'* be an arbitrary
subdomain of Q0 with dist(Q™*, Q%) > 0. Then the following estimate holds:

p<Ci for €€ Q™
where Cy is a constant depending only on dist(Q*,9Q*), diam(Q2) and |L|.

Next we estimate 1/p = [det(0?f/dx;0x;)]'/* from above. Let Q' be an arbitrary
subdomain of Q with dist(£2’,9Q) = 2r > 0. It is easy to see that

(3.21) (Z (gi)g(m)) v < Supy’zjizttj;(’ygg_) )l for z € Q.
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On the other hand, by a similar calculation as in the proof of Lemma 3.3, one can obtain
(3.22)

1 33 Al/4
p < exp {@} [21/4A1/4(21/4A1/4L1| +2%%) 4 2exp{—1/2}

iz for z € By, (o),

where B, (zo) = {(21,22)| X (z; —29)* <r?} C Q and A = maxﬁr(xo)Z(af/é)xi)g.
Combination of (3.21) and (3.22) gives us

LEMMA 3.4. Let Q be a bounded domain and Q' be an arbitrary subdomain of Q with
dist(Q',0Q) > 0. Then the following estimate holds:

1
~<Cy forxzel,
p

where Cy is a constant depending only on dist(Y',00),sup,, .cq [f(y) — f(2)], and |Ly].

Proof of Theorem 3.1. Suppose that M is a locally strongly convex, Euclidean complete
affine surface. Obviously, M is affine complete if M is compact. Therefore, it is enough to
consider the case when M is a non-compact, Euclidean complete, locally strongly convex
surface with constant affine mean curvature L;. From Hadamard’s Theorem(see [WU])
M is the graph of a strictly convex function x3 = f(x1,x2) defined in a convex domain
V C A2 To prove Theorem 3.1, we need the following result (see [L-S-Z], p. 117):

THEOREM 3.5. Let M be a locally strongly convex, Euclidean complete hypersurface in
A" If there is a constant N > 0 such that

IBIlZ <N,
then M is also affine complete.

We now use blow-up analysis to show that there is a constant N > 0 such that
| B||4 < N everywhere. Then, by Theorem 3.5, Theorem 3.1 follows. To this end, suppose
that this is false. Then there would exist a sequence of points {py} C M such that

(3.23) | B||Z (pr) — oo,

as k — oo. For each pr € M we may assume that the plane x3 = 0 is parallel to the
tangent plane of M at py and py, has the coordinates (0, 0). With respect to this coordinate
system we have f > 0, and for any number C' > 0 the set

Me = {(1‘1,1‘2) € V|333 = f(ml,xg) < C}

is a bounded convex domain in AZ2. It is well-known that there exists a unique ellipsoid
FE, which attains the minimum volume among all the ellipsoids that contain M¢ and that
are centered at the center of mass of M¢, and a positive constant « such that

(3.24) aFE C Mc CE,

where o/ means the a-dilation of E with respect to its center. By an orthogonal linear
transformation, we may suppose that the equation of the minimum ellipsoid F is

(z1 —29)? | (wg —15)?
2

=1
5 .
aj az
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By the unimodular affine transformation

~ az ~ ay ~ 1
3.25 — e, Fp= 0%, ,
( ) X1 a1 1 2 a2:E2 T3 Cacg

M 1is given as a graph of a strictly convex function f(fl, Z5) defined in a convex domain
Q) C A2%. Denote by L¢ the linear transformation

—~ a9 ~ aq
r1=,4/C— 11, Ty= C’— To.
ai

Then L¢e(FE) is the ball B, with center ( C’a2 x9, /C'“1 ) and radius r = y/Cajas.

Setting Lo(Me).

(3.23) becomes
(3.26) aB, C Q¢ C B,.
Obviously, we have o PSS
Qo = {($1,$2) S Q|f(l‘1,3}2) < 1}
It is easy to see that the function
H:(0,00) =R, H(C)=m-C"a1(C)az(C)
is continuous. Note that H((0,00)) = (0,00). It follows that there exists a number
C®) > 0 such that C®a;(C*))ay(C™*)) = 1. This implies that, by a unimodular affine
transformation (3.25) with C = C (k)| M is given by a strictly convex function f*) defined
in a convex domain in A? such that
B(z™ . a) c Qp c B(z™ 1), where Qp = {(z1,2)]f* < 1}.
Thus, we would obtain a sequence of convex functions {f (k)} and a sequence of points
{z™} such that f*) > 0, and such that B(z®®, a) ¢ Q, c B(z™®,1). Therefore, we
may suppose, by taking subsequences, that {{;} converges to a convex domain 2 and
{f®} converges to a convex function fu, locally uniformly in Q. For € 99, we define
foo(z) = h_myax,yleoo(y)-

In the following we shall give the uniform estimates of det(9?u(*) / 0¢,0¢;) from below
and above (where u®) denotes the Legendre transformation relative to f(k)), and use
the Caffarelli-Gutierrez theory to obtain a Holder estimate for det(9?u')/9¢;0¢;)( see
[C-G] or [T-W], Theorem 4.1 ). Then we use the Caffarelli-Schauder estimate for the
Monge-Ampere equation [CAF] to get a C%® estimate to show that the limit surface is
a smooth surface.

Estimate for det(0*u®) J0&,0¢;) from below. Let us denote
D ={z€Q|fx(z) =0},

where Q denotes the closure of Q. It is easy to see that D is a closed subset of  and
(0,0) € D. To estimate det(0?u(*) /0¢;0¢;), we shall consider different cases according to
the location of D:

CaseE 1: D C Q.
CASE 2: DNoQ # ).
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Later we shall prove that Case 2 cannot take place. Now we consider Case 1. In this
case, there exists a number b,0 < b < 1, such that the set

Qo C Q,

where Qo := {(71,72) € Q|foo (1, 72) < 2b}. Put Q. := {(21,22) € Q. | fF) (21, 22)
< b}. Since {f®)} converges to fs locally uniformly,

ﬁk,b C Q_zb cQ
for k large enough; it follows that
diSt(QkJ,, an) >d

for k large enough, where d > 0 is a constant independent of k. Now we use Lemma 3.2
to conclude that

27 d A dy T Q

. t <

(3.27) e (8:&8%—) <dy forx e Qpp,

where d; > 0 is a constant depending only on |L;| and d. Consider the Legendre trans-
formation relative to f*):

® _ Of® (k) _ ar®
& =7— uV=> mi——f®.

8$Z‘7 81’

Set

O = {7 (@), @)1, 22) € U}, Oy = {617 (@), €87 (@) |21, 2) € Q).
Then, by (3.27), we have

*u®) 1 .

(3.28) det (m> > @ for £ € Q.

Estimate for det(azu(k)/afiaﬁj) from above. To get the estimate, we need some impor-
tant results of classical convex body theory (see [BA], [BU]). Let F' be a convex hyper-
surface in A"*! and e be a subset of F. We denote by 1z (e) the spherical image of e. If
the set e is a Borel set, the spherical image of the set e is also a Borel set and therefore
is measurable. Denote by or(e) the area (measure) of the spherical image ¥ (e) of the
Borel set e of F' and call it the integral Gaussian curvature of e. Denote by A(e) the
measure (or area) of the Borel set e on F. The ratio op(e)/A(e) is called the specific
curvature of e. The following theorems hold (see [BU], [BA]):

THEOREM 3.6 (A. V. Pogorelov). A convex surface whose specific curvature is bounded
away from zero is strictly convez.

THEOREM 3.7. Let a sequence of closed convex hypersurfaces Fy converge to a closed
convex hypersurface F' and a sequence of closed subset My of Fj converge to a closed
subset M of F; then

CTF(M) Z kﬁ O'Fk(Mk).
First of all, we claim that there exists a ball B(0,r) such that
B(0,r) C Qp, fork=1,2,...
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In fact, since 2 is bounded, there is a ball B(0,r;) with the center (0,0) and the radius
r1 such that
Qb = {(1‘1,1‘2) S Q|foo(l‘1,l‘2) < b} C B(O,Tl).

Since {f(®)} converges locally uniformly to fs in €, we see that
ﬁk,b/2 = {(331,.132) € Qk‘f(k)(l‘l,l‘g) < b/?} C B(O,Tl)
for k large enough. Consider the convex cone K with vertex (0,0) and the base

{(y1,92,0/2)|(y1,92) € O /2 }-
Then we have (see [BA], p. 115)

X0 (Qiepy2) D XK (Qnepy2)-
On the other hand, since €, /o C B(0,71), we see that (see [BA], p.126) xx (2p/2) D
B(0,b/2r1) and the claim follows.

Next, we want to prove that us is strictly convex at (0,0). In fact, since u®) are
convex and bounded, we may assume by taking subsequences, that {u(k)} converges
locally uniformly to a convex function us in QF . = {(&1,&2)] Y2 < b?/4r?}. Let e
be a closed subset of Q2 /o, with € # ), where €® denotes the interior of e. We denote
by F and F*) the graphs of the functions us : QZ/2r1 — R and u® : QZ/QH — R,
respectively.

Set

Fo={(&1, &, u00(61,6)[(61, &) € ¢}, FM = {(61,6,u™(61,6))[(61,&) € e}
Then, by Theorem 3.7, we get

_ _ det(3:52)
or(Fe) = klggo orm (F) = klingo (14 Z(ggf) )?)?
> by lim A(F) = by A(F),
k—o0

dp

where by is a constant depending only d; and diam(Q), i.e.,

orp (Fe)
A(Fe)
By Theorem 3.6, we conclude that u, is strictly convex at (0,0).

We now estimate det(9?u(*) /9¢;0x¢;) from above. Since u, is strictly convex at (0, 0),
there exists a positive constant 0 < h; < 1, such that

D, = {(61,62) € Dy, [uoo (€1, 62) < ha}

is a bounded convex domain. Then, we choose 0 < he < h; such that
§§h2 C O,
where 03, = {(fl,fg) S Q’;ll|uoo(§1,§g) < 2h2}. Put
bne = {(61,8) € QJu (€1, &) < ha}.

Since u*) converges locally uniformly to u., we have

(3.29)

Zb2>0.

—*
Qpn, C Oy
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and there exists a constant do > 0, such that
dist(§2 p,, 02, ) > d2

for k large enough. Clearly, there is a uniform estimate

(k) \ 2
5 (agé ) < diam(Q)  for € € Q-

Now we use Lemma 3.1 to conclude that

924k .
(330) det <M> < dg for g S Qk,hg’

for k large enough, where d3 > 0 is a constant depending only on diam(f),ds and |Ly].
We are now ready to prove the following lemma:

LEMMA 3.7. There exists a neighborhood U of (0,0) such that
(3.31) D*u® > 51, |IDWP|<Cy for ki1=1,2,...,

where C3 and Cy are constants. Cs depends only on da, dim(QY), |L1| and d and Cy depends
additionally on I.

Proof. We set
1 dp _ v o 0%v
o9& Y 0608

Pi = 87@’ v =
1 1 ii 'Uij ’1)in 2 i‘vivj i
3(3) = p X (5 o) - B = oD

On the other hand we have A(1/v) = Ap = —nL;p, and it follows that

Zuijvij — nL1 =0.

Then

Therefore, by setting
U=0v- L1u+2|L1|,

we obtain
(3.32) Z U0, = 0.
where (U") is the matrix of cofactors of (u;;). By (4.6), (4.8) and (4.10), we use the
Caffarelli-Gutierrez theory to obtain a Hélder estimate for det(9?u®) /9¢;9¢;) (see [C-G]
or [T-W], Theorem 4.1).Then we use the Caffarelli-Schauder estimate for the Monge-
Ampere equation ([CAF]) to get a C*% estimate. Finally, by bootstrapping, Lemma 3.7
follows.

Consequently, from Lemma 3.7 it follows that us, is a smooth strictly convex function
in a neighborhood of (0,0), and hence f, is a smooth strictly convex function in a
neighborhood of (0,0).

Now it is our purpose to show that Case 2 cannot take place. Let

Vie = {(x1, 29, 3) € A3 f ) (21, 29) < 23 < 1, (21, 22) € U},
Voo = {(21, 22, 73) € A?|foo(21,22) < 3 < 1, (71, 22) € Q).
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Then the sequence of convex bodies {V}} converges to the convex body V... First we
claim that D is a line segment or a single point. To prove this claim, we first show that
there exists a ball B(0,rg) with center (0,0) and the radius rg such that

B(0,r0) CQp fork=1,2,....

As before, we choose a ball B(0,1) with the center (0,0) and the radius ! such that
Q C B(0,1). Since Qy, converges to €2, we see that Qj C B(0,1), for k large enough. Then
it is easy to see that Q; D B(0,1/1) for k=1,2,....

Now we prove our claim. By contradiction let us assume that there exists a ball

B(zo,€) = {(151,552) | Z(:Ez —a9)? < 62}

such that B(zg,€) C D. Since {f*)} converges locally uniformly to f.., there is a positive
number kg such that

2
0< fW(2) < % for z € B(zo,¢/2) (k> ko).

Clearly, there exists a uniform estimate

2
Z(af(k)) <§ for z € B(xo,€/2) (k> ko).

ox;
Put
i = 1EP (@), 6P (@1)|x € B(xo, ¢/2)}.
Then we have
Qe/p C B(0,79/2) C Q) for k> ko.

Note that B(0,7) C Qf for k =1,2,.... Hence we use Lemma 3.3 to conclude that there
exists a constant dy > 0, depending only on 7y, diam(f2) and |L;], such that

aet (27 Cdy for € € B(0,ro)2
et(m>< 4 for £ € B(0,70/2).

This implies that

3.33 d 0% ! f B 2) (k> k
. t > — > .
(3.33) e <8xi0xj> 0 or x € B(xo,€/2) ( 0)
Therefore we can apply the argument of Case 1 to {f*)} and conclude that the function
foo is strictly convex at xg. This contradiction shows that D must be a line segment or
a single point.

Now we prove that Case 2 cannot take place. We shall consider the following two
cases:

CASE 2.1: DN 0N contains at most two points.
CASE 2.2: D is a line segment with D C 0f.

CAse 2.1. Let p € DN I and let [ be a supporting line of Q2 at p. The line [ and
the unit normal v of the (x1,x2)-plane determine a plane. We denote the plane by P.
Then the plane P and the (21, 5)-plane divide the space R? into four closed subsets such
that V. lies completely in one of them. Let o be a supporting plane of V., containing
the line [ such that it intersects P and forms an angle Z(«, P) = 6 with P, where
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0 > 0 is sufficiently small. Since p € 9V, and « is a supporting plane of V., there
is a neighborhood U C 0V, which projects orthogonally and one-to-one onto a convex
domain Q) C a. This implies that, near the point p, Vs can be represented as a graph
of a convex function g defined in Q). Obviously, ¢ is strictly convex at p, but is not
smooth at p. We choose a number b,0 < b < 1, such that

= {(y1,32) € QW|g(y1,y2) < b}

is a bounded convex domain in A2. Then we choose a new coordinate system {y1, 32,3}
such that

1) p has coordinate (0,0, 1);
2) the equation of « is y3 = 1.

Since the sequence of convex bodies {V} converges to the convex body V., we see that
the boundary dV;, of Vj, can also be represented as a graph of a convex function ¢(*) for
sufficiently large k. Obviously, ¢?*) — g+ 1 in a bounded convex domain Q). Note that
the graph of ¢*) is a locally strongly convex surface with constant affine mean curvature
Ly. Therefore we can apply the argument of Case 1 to {g*)} and conclude that the
function g is a smooth function near the point p. The contradiction shows that Case 2.1
cannot take place.

CASE 2.2. In this case, we have p = (0,0) € 99Q. Let [ be the line containing D. We
choose a new coordinate system {y1,y2,ys} as in Case 2.1. Then the boundary 0V, of
Vs can be represented as the graph of a convex function g defined in a convex domain
Q®), With respect to this coordinate system we have g > 1. The boundary dVj, of Vj
can also be represented as the graph of a convex function ¢(*) for sufficiently large k.
Obviously, g*) — ¢ in Q®). Note that the graph of ¢g(®) is a locally strongly convex
surface with constant affine mean curvature L;. Again, we shall consider different cases
according to the location of

—(3
D* = {(y1, 1) € 0 |g(y1,10) = 1}.

CASE 2.2.1: D# c Q).
CaSE 2.2.2. D# N oG £ (.

CASE 2.2.1. Note that D# is a line segment. Since D# C Q) we can apply the argument
of Case 1 to Case 2.2.1 and conclude that Case 2.2.1 cannot take place.

CASE 2.2.2. In this case, D# N9Q®) contains at most two points. Therefore we can apply
the argument of Case 2.1 to Case 2.2.2 and conclude that Case 2.2.2 cannot take place.

We are now in a position to prove that ||B||% is bounded. By Lemma 3.7, we have
D*u® > a1, |DWM <y, 1=0,1,2,...,

in a neighborhood U of (0,0), where C3 and C4 are constants. C'5 depends only on
d,dy,diam(Q) and |L;|, and Cy depends additionally on [. Note that || B||% is equiaffinely
invariant. By (3.6) we have

1Bl (px) = > Gy Gl B BE [0.0) »
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where
s (k)
B _ 1 2pk) N 2 9p) gpk) Z fR)st 9 (k) of;;
v p®) dz;0x;  (p*))2 dx; Ox, pk)  dxy Omy
92 f (k) —% 92 f ()
(k) — (k) _ (k)
P l:det (8%8%)] ’ G” p 8:}52890] ’
Note that

9?p*) Z u(k iy (R)si Z P duhte o,
Ox;0x; 551355 afl 0 ’

k
op™ Z 9p™) uli o, -y du M o
333,’ 8& 3€s

Consequently, from Lemma 3.7, it follows that there exists a number N > 0 such that
|B|Z(pr) <N, k=1,2,....
On the other hand, by (3.23) we have

IBIIZ (pr) — 00 as k — .

The contradiction shows that there must exist a number N > 0 such that ||B||%4 < N on
M. Then, by Theorem 3.5, Theorem 3.1 follows.

Proof of Theorem 3.2. Recall that (see [L-S-Z], p. 121) there is no locally strongly convex,
compact hypersurface without boundary and with non-positive affine mean curvature.
This implies that M is non-compact if M is a locally strongly convex surface with constant
affine curvature L < 0.

(a) Denote by R the scalar curvature; we have R = 2(J + L1) > 2Ly > 0 (see [L-S-Z],
p. 76). Moreover, by Theorem 3.1, M is affine-complete. This implies that (M,G) is a
complete Riemannian manifold with Ricci curvature bounded from below by a positive
constant 2L, > 0. By Myer’s and Bonnet’s Theorem (see [CH-E], p. 27) M is compact.
It follows that M is an ellipsoid see ([L-S-Z], p. 121).

(b) Since M is an Euclidean complete and affine complete affine maximal surface, by
Calabi’s Theorem (see, [L-S-Z], p. 219) M must be an elliptic paraboloid.

(c) Since the tensor norm is equiaffinely invariant, we replace || B||% by it, then a similar
argument shows that the tensor norms of the Fubini-Pick tensor and the affine Weingarten
tensor and tensor norms of the k-th covariant differentiation of them are all bounded.
This completes the proof of Theorem 3.2.
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