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1. Introduction. Transformations which preserve special surface classes in 3- and 4-
space play an important role in surface geometry. One of the motivations to study those
transformations comes from the fact that they allow one to construct more complicated
surfaces from given simple surfaces. Historical examples include the Béacklund transforma-
tion on surfaces of constant Gaussian curvature [Bia80] and the Darboux transformation
on isothermic surfaces [Dar99]. More recently, also a Bicklund transformation on Will-
more surfaces has been studied [BFLT02].

In this paper we consider a general Backlund transformation on conformal surfaces
f: M — S* where M is a Riemann surface. This will allow us to explicitly construct
new conformal immersions of a given Riemann surface into 4-space from a given one by
solving abelian integrals.

Since conformal surface theory is M6bius invariant, we view the 4-sphere as the quater-
nionic projective line HP! on which the group of orientation preserving Méobius trans-
formations acts by GL(2,H). In this framework conformal maps f : M — S* are the
(quaternionic) holomorphic maps f : M — HP! as introduced in [FLPPO01]. In particu-
lar, as in complex holomorphic geometry, holomorphic maps correspond via the Kodaira
correspondence to holomorphic line bundles together with a 2-dimensional space of holo-
morphic sections. More precisely, a conformal map f : M — HP' induces the quaternionic
line bundle L = f*7 where 7 — HP! is the tautological line bundle. The restrictions of
linear forms on H? to L give the 2-dimensional subspace H C H°(L™!) of holomorphic
sections of the dual line bundle L~!. A “point at infinity” in HP! not on the surface f,
i.e., a linear form o on H? so that a|;, € H°(L~!) has no zeros, determines a holomorphic
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structure on L. Then a choice of a 2-dimensional subspace H ¢ H°(L) of holomorphic
sections of L yields—via the Kodaira embedding—a conformal map f : M — HP! which
we call a Béacklund transform of f. For the special case of Willmore surfaces this con-
struction coincides with the Backlund transformation introduced in [BFLT02].

A similar procedure, replacing the point at oo by a hyperplane at oo, can be carried
out for (quaternionic) holomorphic curves f : M — HP". Depending on the dimension
m of H°(L), which for compact M can be estimated by the Riemann-Roch relation
[FLPPO1] in terms of the genus of M and the degree of L, we obtain Bécklund transforms
f: M — HP' of f for | < m. Locally on M the dimension of H°(L) is infinite and we
obtain local Bécklund transforms f : M — HP! for any [ € N. Since the coordinates
fi: M —TRYof f=][fo:...: fu] are all conformal maps this construction gives rise to
families of new conformal maps of M into S* from the given holomorphic curve f.

A Bécklund transform f of a holomorphic curve f : M — HP™ depends on the choice
of a hyperplane at co and a subspace H C H O(L) of holomorphic sections of L. The
latter can be constructed by integrating holomorphic L-valued forms w € H°(K L) and we
obtain Backlund transforms from abelian integrals. This motivates to some extent why we
call our construction a Backlund transformation rather than a Darboux transformation:
for those one usually has to solve Ricatti-type equations.

Geometrically, the abelian integral of w € HY(K L) will have periods and the Bick-
lund transform f will only be defined on the universal cover M of M. But in the case
when M = T? is 2-torus these periods can be closed and we obtain closed Bécklund
transforms f : T2 — $4 from a holomorphic curve f : T2 — HP™.

Given a holomorphic curve f : M — HP" the mtegral of an L-valued holomorphic
form w € H°(KL) also defines an enveloping curve f M — HP™*! of f as discussed in
[LP03]. We show that the Backlund transform f of f is obtained from a suitable projection
of the enveloping curve f . This gives an interpretation of the Backlund transform in terms
of fundamental geometric constructions.

We conclude our paper with an application of the Bécklund transform to constrained
Willmore surfaces f : M — S*. In this situation the bundle K L has a canonical family of
holomorphic sections w € H°(K L) whose corresponding Bicklund transforms are again
constrained Willmore. As already mentioned, if M = T2 is a 2-torus, the Bécklund
transform f : T? — S* has no periods and we can construct new constrained Willmore
tori from given ones.

2. Béacklund transforms of holomorphic curves. We first recall the basic notions
of holomorphic curves in quaternionic projective space HIP" and explain briefly the Ko-
daira correspondence [FLPP01] which relates holomorphic curves in HP" to quaternionic
holomorphic line bundles with (n+ 1)-dimensional subspaces of holomorphic sections, the
so called linear systems.

A map f: M — HP” of a Riemann surface M into quaternionic projective space
HP" is the same as the line subbundle L ¢ V = H" ™! of the trivial H**!-bundle whose
fiber over p is given by L, = f(p), i.e., L = f*7 is the pull-back of the tautological line
bundle 7 over HP". A smooth map f : M — HP" is called a holomorphic curve if the
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line bundle L has a complex structure J € I'(End(L)), J?> = —1, such that %6 = &.J.
Here § = 7, V| € Q'(Hom(L,V/L)) denotes the derivative of f with 77 : V — V/L the
canonical projection and V the trivial connection on V. In the case n = 1 a holomorphic
curve is a conformal map f : M — S* into the 4-sphere.

A quaternionic holomorphic structure on a complex quaternionic line bundle (L, J)
is a quaternionic linear map D : I'(L) — ['(K L) which satisfies the Leibniz rule

D(¥A) = (DY)A + (1bd))”,
where ¢ € T'(L) is a section of L and A : M — H is a quaternionic valued function.
We denote by w' € T(KW) and w” € T'(KW) the (1,0) and (0,1)-part of a 1-form
w € Q1 (W) with values in a complex vector bundle W. Let

H'(L) = H(L, D) = {4 € T(L) | Di = 0}

be the space of holomorphic sections of L with respect to D. An example of a holomorphic
structure is given by the (0,1)-part (VL)” of a quaternionic connection V¥ on L.

A holomorphic curve f : M — HP" induces by [FLPP01] a unique holomorphic
structure D on the dual bundle L=! of L = f*7 such that linear forms o € V* on V
restricted to L give holomorphic sections

alp € HO(L™Y).

Thus H = V* C H°(L7!) is a (n + 1)-dimensional linear system. By transversality H is
basepoint free, in other words, there exists a nowhere vanishing holomorphic section of
the holomorphic line bundle L' in H. Conversely, a holomorphic line bundle L~! and a
basepoint free (n + 1)-dimensional linear system H C H°(L™1) give a holomorphic curve
f: M — HP*=P(H*) by

ev'(L)CV =(M x H)",

which is called the Kodaira embedding of L with respect to the linear system H. Here
the bundle map
ev:Mx H— L (p,) — 1,

evaluates the holomorphic section 3 at the point p.

In particular, every holomorphic curve f : M — HP™ gives rise to a family of confor-
mal maps ff: M — S*: choosing a 2-dimensional linear system H* C H yields, via the
Kodaira embedding of L C V# = (H*)*, a conformal map f*: M — S*.

In what follows, we frequently will make use of the bundle KL of L-valued (1,0)-
forms. By [PP98] there is a unique holomorphic structure DXL on K L compatible with
the pairing

L 'x KL — AN°TM*®@H:

given 1) € T'(L~!) and w € T'(K L) the holomorphic structure is determined by the Leibniz
rule

(1) d(p,w) = (DY Aw) + (b, D Fw).

Two descriptions of D¥Z will be useful for our purposes: first, since L C V is a
subbundle, we can take exterior derivatives of w € I'(K L) with respect to the trivial
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connection V on V. But 7d¥w = § Aw = 0 by type considerations which implies that
dVw € Q2(L) is again L-valued. One immediately checks (1) for d¥ and thus

(2) DKL =gV,
Second, if VLT s any connection on L~! adapted to the holomorphic structure D on

L7' ie., D = (VL ")”, then the exterior derivative of w € I'(KL) with respect to the
dual connection V¥ on L also gives

(3) DL = gv".

This follows again from the fact that d¥ satisfies (1).

To construct a Bécklund transform of a holomorphic curve f : M — HP", we first
fix a hyperplane at infinity: the basepoint free linear system H has a nowhere vanishing
holomorphic section and thus we can choose o € V* so that V = L @ ker a. In this
splitting we decompose the trivial connection V on V as

(4) VL =V'+4.
Here 0 is the derivative of f expressed via the identification V/L = ker o and the induced

connection V¥ on L is flat since kerov C V is constant. We now equip the line bundle L
with the holomorphic structure

(5) D= (V")

coming from the connection V¥ on L. Note that L always has the canonical nowhere
vanishing holomorphic section 1 € H9(L) for which (a,v) = 1: since V¢ = 0 the
section ¥ also has Di = 0 and thus is holomorphic. In particular, the complete linear
system H(L) is basepoint free.

DEFINITION 2.1. Let f : M — HP™ be a holomorphic curve and a € V* such that
V =Ldkera. If HC HY(L) is a basepoint free linear system of dimension at least 2,
the holomorphic curve

Byag(f)=71:M—P(H"),

obtained via the Kodaira embedding of L™! in H*, is a Bdicklund transform of f (with
parameters o and H). If H = H°(L) is the complete linear system, we call f = B,(f)
the Bdcklund transform of f.

To estimate the dimension h°(L) of the space of holomorphic sections of L, in the
case when M is compact of genus g, we use the Riemann—Roch Theorem [PP98] for
quaternionic holomorphic line bundles:

(6) RO(L) — h°(KL™') =degL — g + 1.

The degree of the complex quaternionic line bundle L = E & F is defined as the degree of
the underlying complex line bundle F, in other words, as the degree of the +i-eigenspace
E of J on L, [PP98]. From (3) we know that the holomorphic structure on KL~! is given
by the exterior derivative dVF1 with respect to the dual connection V* ~on L. Since
a|p € HO(L™Y) is parallel with respect to VX' the linear map

HY(L™Y) — HYKL ™YY : B VE '
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has kernel spanned by «|;, and we obtain
ROKL™Y =hr%(L"Y) —1>n.
Applying the Riemann—Roch relation (6) we get:

THEOREM 2.2. Let M be a compact Riemann surface of genus g and let f : M — HP™ be
a holomorphic curve. For every choice of « € V* with a|r, € H°(L™') nowhere vanishing,
there is an induced flat connection V¥ on L given by the splitting V = L @ ker c.

If L is equipped with the holomorphic structure D = (V1) then the dimension of the
space of holomorphic sections of L is given by

RO(L) = h°(L™") + deg L — g.
In particular, if the degree of the line bundle L = f*T satisfies
degL>14g—n,
then the complete linear system HO(L) is at least 2-dimensional and there erists a Béck-

lund transform of f.

In order to see how the Willmore energy behaves under Bécklund transformation, we
first recall the Willmore energy

(7) wdﬁ=2AfQAn»

of a holomorphic curve f : M — HP" of a compact Riemann surface into quaternionic
projective space HPP" [FLPPO1]. Here (B) = trg B is the real trace of an endomorphism
B € End(V) and Q € I'(KEnd_(L™1)) is given by the splitting of the holomorphic
structure D = 0+Q on L~ into its J-commuting and anticommuting parts. Furthermore,
we denote by Hom4 the complex linear respectively antilinear homomorphisms. In case
f:M — S* = HP! is a conformal immersion it is shown in [BFL*02] that the energy
(7) coincides with the classical Willmore energy

(8) tﬂﬁ=AyW—K—Ka

where H is the mean curvature vector, K the Gaussian curvature and K the curvature
of the normal bundle of f.

THEOREM 2.3. Let f: M — HP" be a holomorphic curve, M a compact Riemann sur-
face, and let BQ’H(f) : M — HP* be a Bicklund transform of f with respect to an o € V*

and H C HO(L). Then the Willmore energy of Bayg(f) is given by
W(Baf{(f)) =W(f)—4rdeg L.

REMARK 2.4. This formula seems to suggest that the Backlund transform of a holomor-
phic curve f: M — HP"™ which is Willmore [LP03] is again Willmore, an issue which we
will return to in Section 5.

Proof. The flat connection V¥ = vV + @ + A on L splits into a complex connection \Y,
and the J-anticommuting endomorphisms A € I'(K End_(L)) and Q € T'(K End_ L)).
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Therefore, the J-anticommuting part of the holomorphic structure on L is given by
(VH)” = @Q and the Willmore energy of the Bécklund transform B, g (f) is given by

W(B,a()=2 [ @nQ).
Since V7’ is flat, we have
0=R"" :R@+d@(A+Q)+%[A+QAA+Q}.
Taking the J-commuting part of this equation gives
0=RY+ANA+QANQ,

which shows that

W(B() =2 [ (Ansa) - (JRT).
M

Since V is a complex connection on L, we have 2r deg L = S (I Rﬁ) and it remains to

verify that

W(f) = 2/M<A/\*A>.

The section a|, € HO(L™!) is a parallel section of the dual connection V' of VL.
Therefore, VL induces the given holomorphic structure D on L~! and

D= (vLil)/l _ 5 _ A*,
which implies that W (f) =2 [,,(AA*A). =

REMARK 2.5. If we apply a Béacklund transformation to B, (f) with respect to the holo-
morphic section ¢ € HO(L) with (a,1) = 1, then the holomorphic structure on L~!
induced by % satisfies Da: = 0. Hence D is the given holomorphic structure on L~!. This
shows that By g (Ba(f)) = f where H C H°(L™1) is the linear system of f. On the
other hand, if we choose arbitrary nowhere vanishing ¢ € H°(L) the induced holomor-
phic structure on L1 will differ from D, and we get a transformation on holomorphic
curves preserving the Willmore energy by Theorem 2.3.

3. Construction of Backlund transforms from abelian integrals. The construc-
tion of a Backlund transform of a holomorphic curve f : M — HP"™ involves two choices:
first a hyperplane ker a C V' at 0o not intersecting f given by a € V* so that V' = L&ker «
and, secondly, a choice of a basepoint free linear system HcH 9(L) of dimension at least
2. Then the Kodaira embedding f : M — P(H*) of L with respect to the linear system
H is the Biicklund transform B, z(f) of f.

We now will explain how one can use abelian integrals to construct linear systems
HcC H°(L). The holomorphic structure on L is induced by the splitting V = L @ ker a
and is given (4), (5) by the (0,1)-part of the flat connection VZ on L. On the other
hand, the bundle KL has a canonical holomorphic structure entirely determined by the
holomorphic curve f : M — HP" expressed by (3). Therefore, the integrals of holomorphic
sections w € H°(KL) give holomorphic sections ¢ € H°(L)—at least on the universal



BACKLUND TRANSFORMS OF CONFORMAL MAPS 109

cover pr: M — M. Since the section ¢ € H°(L) with (1) = 1 has no zeros any linear
system H C HO(pr* L) containing ¢ is basepoint free.

Given a linear system Hg; C H°(KL) the linear system H C H°(pr* L) obtained
by integrating sections in Hg and including the section ¢ with (a,4) = 1 is called
the linear system obtained by integration of H . Since we have included ¢ € HY(L),
which appears as the constant of 1ntegrat10n in the linear system H this procedure is
well-defined. Moreover, because 1) € H has no zeros, the linear system H is basepoint
free. To calculate the dimension of H in case M is compact and Hgy = H°(KL) is the
complete linear system, we use the Riemann-Roch theorem (6) applied to L~!:

RO(KL)=h"(L7") +degL+g—1

and therefore
dimH =1+ h°(KL) = h°(L7Y) 4+ deg L + g.

LEMMA 3.1. Let f: M — HP™ be a holomorphic curve. Then, for any choice of hyper-
plane o € V* not intersecting f, the linear system H C H(pr* L) obtained by integration
of H(K L) is basepoint free and has dimension

dim H = h°(L7Y) 4+ deg L + g.

Assuming that m+1 = dim H > 2, we obtain a Bicklund transform f = BQ’H(f) ‘M —
HP™ on the universal cover M of M.

If we only are concerned about local surface theory then spaces of holomorphic sections
are infinite dimensional, abelian integrals have no periods, and we always obtain Backlund
transforms by integrating sections in H°(KL).

In the case of compact surfaces, genus 0 is exceptional since there are no periods to
close. Moreover, for a holomorphic sphere f : 2 — HP" of

degL > -—-n+1

the previous Lemma implies that m + 1 = dim H > 2 since RO(L=Y) > n + 1. Thus
we always have Backlund transforms f : S? — HP™. In [Pet04], [BP] the Bicklund
transformation is used to construct soliton spheres.

For higher genus surfaces f : M — HP", we have to close the periods of the Biacklund
transform. If Hr;, C H(KL) is a linear system of dim Hr, < n+ 1, we choose a linear
map Q : V — HY(KL) whose image is Hgr,. To obtain a closed Bécklund transform it
suffices to find o € V* with V = L @ ker a such that the periods

(9) <a, / Q> —0

vanish for all v € 71 (M).

In the case when M = T2 is a torus it is possible to find o € V* and linear systems
Hpyp, C H°(KL) for which (9) holds: since 7 (T?) = Z~y; © Z~2 we have two period maps
P, = f% Q € End(V). If one of the P;, say P;, has kernel we choose a linear subspace
Vi Cker Py of dimV; < dimV and « € V* with («, P,(V1)) = 0. Then the linear system
H, = Q(V}) C Ho(KL) has no periods. If P; is invertible, then P; ' P has a fixed space
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of dimension 1 < dimV, < dim V. Then P;(V3) = P(V,) and we may choose o € V*
with (a, P(Va)) = 0. Again, the linear system Hy = Q(V2) C H°(K L) has no periods.

To integrate the linear system H; C H°(K L), we need a € V* to satisfy V = L@ker a.
Since we cannot choose a € V* freely this may not be the case for our @ € V* resulting
in a discrete set of zeros of a|;, € H?(L™1). In this case the splitting V = L @ ker « is not
defined everywhere. Thus we do not get the flat connection V¥ on L needed to define
the holomorphic structure on L and to integrate sections in H°(K L) to a linear system
HcCH O(L). To remedy this situation, we describe an alternative way to obtain the
Bicklund transformation given by abelian integrals of a linear system Hrr C HO(KL).
By (2) an L-valued (1,0)-form w € H°(KL) is holomorphic if it is closed as a V-valued
form, i.e.,

dVw =0.

Thus, given a linear system Hgy, C HY(KL) and any a € V*, we can integrate (o, w;) =
dg; with g; : M — H. The smooth map

g=[g1:...:gk:1]:]\;[—>H]Pk

is well-defined up to projective equivalence (resulting from different choices of basis w; €
H°(KL) and constants of integration) and is called a generalized Bicklund transform of
f. It is now easy to see that g coincides with the Backlund transform B o, 7 (f) in case
a € V* has no zeros on L. In the case when a € V* has zeros on L the generalized
Béacklund transform is a holomorphic curve away from those zeros: the complex structure
on the bundle ¢g*7 is given by

g1 g1

J = N,
In gn
1 1

where N is defined by Ja|r, = o] N away from the zeros of a.

4. Geometric interpretation of Backlund transforms. In this section we give a
geometric interpretation for the Backlund transformation using the enveloping construc-
tion [LP03]. A holomorphic curve f : M — HP" has the osculating flag L = f*7 C V; C
... CVp1 CV =H"" given by

(10) V(T(Vi) € Q' (Vis1),

which exists away from the discrete set of Weierstrass points into which the flag extends
continuously [FLPPO1]. The construction of an envelope of the holomorphic curve f
requires that the osculating flag exists smoothly on M. In view of applications to Willmore
surfaces, we restrict to the even smaller class of Frenet curves f : M — HP". Recall
[LPO03] that a holomorphic curve f : M — HP™ is a Frenet curve if there is a smooth flag
LCcViC...CV,_ 1 CV=H"" and a complex structure S € T'(End(V)) such that

(11) *5k = S5k = 5kS
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and
(12) (VS)’lv,_, =0, or, equivalently, (VS)'V C L.

Here 0, = my, Vl]y, € I'(K Homy (Vi, Viet1/Vi)) denote the derivatives of Vi, with my, :
V — V/V; the canonical projections and V the trivial connection on V. The unique
complex structure S € I'(End(V)) given by (11) and (12) is called the canonical complex
structure [FLPPO1] of the Frenet curve f. The dual curve f+ of a Frenet curve is defined
by the line bundle VJ- 1 C V*. This is again a Frenet curve with derivatives ot =0 4
and canonical complex structure S*.

If f: M — S* = HP! is a conformal immersion, the canonical complex structure
S € I'(End(V)) can be seen as the mean curvature sphere congruence of f: at each point
p € M, we have a sphere S’(p) given by the fixed lines S’(p) = {I € HP* | S(p)l = I} of
S(p). The conditions (11) and (12) imply [BFL102] that the sphere S’(p) goes through
f(p), touches f at f(p) and has the same mean curvature vector as f at f(p).

Given a Frenet curve f M — HP" we get [LP03] a holomorphlc curve f: M —
HP", the tangent curve of f , by mtersectlng the first flag space Vi of the Frenet flag of f
with a HP" ¢ HP"*!. Conversely, f : M — HP"! is called an envelope of f : M — HP™
if f is a tangent curve of f .

For a Frenet curve f : M — HP™ with corresponding line bundle L. C V any choice
of a nowhere vanishing holomorphic section w € H°(K L) gives an envelope: if ¢ € I'(V)
satisfies Vo = —w then 1/; = ¢ @ 1 is a nowhere vanishing section of the trivial H"*!-
bundle V = pr*(V) @ H over the universal cover M of M, and defines the quaternionic
line bundle L = @H Cc V. For & € V* nowhere vanishing and ker & = V' we see that

(13) L=keran(L®imd)=keranVy cV,
since 6 = —w € HO(KL) Moreover, w defines N € ImH by *w = wN and gives
a complex structure J on L by JdJ ¥ N. In particular, L is a holomorphic curve

f M — HP"*', and due to (13) an envelope of f. It can be shown that f is in fact a
Frenet curve [LP03].

THEOREM 4.1. Fvery Bdcklund transform f of a Frenet curve f : M — HP™ which is
given by integration of a linear system Hyy = span{w} with nowhere vamshmg w €
HY(KL) is the dual curve of a projection of an em}elope f of f. The envelope f M —
HP" ! s defined by L = JH c H" "2 with Vi) = —

Proof. Let & € V* with &|; never zero and ker & = V. Since

d{é, ¥) = (&, Vih) = —(&,w) =0
we can assume, by scaling & if necessary, that <(3¢,1[)> = 1. Choose oy € V* such that
a = o]y is nowhere vanishing on L, and denote by H* the linear system spanned by &
and a;. The linear system H! is basepoint free since & has no zeros. In particular, the
Kodaira embedding of L in (H*)* is a holomorphic curve f* : M — HP' = P((H*)*).
Note that

ail = —alzg,

where g : M — H satisfies dg = —d{ay,9) = — (o, V) = (a,w).
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We now show that f* is the dual curve of the Bicklund transform f. Recall that the
dual curve f of f is given by the Kodaira embedding of (L=Y)* in H*, where the linear
system H obtained by integration of H, is given by H = span{tg, 1}. Therefore, the
dual basis {&, 3} € H* of {1g,} satisfies

Blip-1yr = —dl(z-1)g.
In particular, the quaternionic linear map
pi BT = (L)Y

defined by p(&) = & is a holomorphic bundle map which maps the linear system H f to
the linear system H* which shows that the dual curve f1 : M — P(H*) is given by
M —P((HH*). =

REMARK 4.2. The assumption of the theorem can be relaxed: as we have seen, an enve-
lope of a holomorphic curve exists if the osculating flag exists smoothly on M. Moreover,
if f: M — HP" is Willmore then there are canonical choices of w € H°(K L) for which
it is still possible to define the canonical complex structure of the envelope even though
these w might have zeros, [LP03].

5. Backlund transforms of Willmore surfaces. As an application we discuss Béack-
lund transforms of Willmore surfaces. Recall that a Frenet curve f : M — HP™ from a
compact Riemann surface M to quaternionic projective space HP" is called Willmore if
it is a critical point of the Willmore energy (7) under compactly supported variations by
Frenet curves where the conformal structure of M may change under the variation [LP03].
This definition coincides with the classical definition of Willmore surfaces for conformal
immersions f : M — S* and includes the case of those branched conformal immersions
for which the mean curvature sphere extends smoothly into the branch points.

It is a classical fact that the mean curvature sphere congruence of a Willmore surface is
harmonic. This fact also holds true in the general case of Willmore surfaces in quaternionic
projective space [LP03]: a Frenet curve f : M — HP" is Willmore if and only if the
canonical complex structure of f is harmonic. If S € I'(End(V')) is a complex structure,
we split V.S into its (0,1) and (1,0)-parts, i.e.,

(14) VS = 2(xQ — xA),

where Q € I'(K End_(V)) and A € I'(K End_(V)). With this notation the harmonicity
of the canonical complex structure S of a Frenet curve f : M — HP" reads as

(15) dV«A=0 or, equivalently, d¥ *Q = 0.

Holomorphic curves with A = 0 are [FLPP01] exactly the twistor projections of holo-
morphic curves in CP2"*1. It turns out that envelopes and tangents, and thus also Back-
lund transforms, of Willmore curves are not necessarily Willmore. Rather they become
what is known to be constrained Willmore surfaces:

DEFINITION 5.1. A Frenet curve f : M — HP" with canonical complex structure S is
called constrained Willmore if there exists n € I'(K'R4) with
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(16) dv (xA+n) = 0.
Here R = Hom(V/V,,_1,L) and L CV; C ... C V,_1 C V is the Frenet flag of f.

It can be shown by methods similar to the ones in [LP03] that every constrained
Willmore curve is a critical point of the Willmore functional under variations by Frenet
curves which preserve the conformal structure of M.

In the case of constrained Willmore surfaces with A # 0 there is a canonical linear
map :V — H°(KL), namely

Q=xA+n,

which is non-trivial since A and 7 are of different +-type. Therefore, we can apply Lemma
3.1 to construct Bécklund transforms by abelian integrals:
COROLLARY 5.2. Let f: M — HP™ be constrained Willmore so that

d¥(xA+n)=0 and A#O.

Then for any choice of o € V* with V.= L @ ker « the linear system Hyp = {(x*A+n)b |
b€V} C HYKL) has dimension m = dim Hxy > 1 and there exists a Bdicklund
transform
f: M — HP™
on the universal cover M of M given by integration of Hyr,.
Moreover, in case of a torus M = T? there exists a (generalized) closed Bicklund
transform.

Fig. 1. Willmore cylinders in R* obtained by Bicklund transformation of the Clifford torus,
[Hel02]

We now show, at least in the case of a conformal immersion f : M — S*, that the
Bécklund transforms with respect to the linear map 2 = *A 47 preserve the constrained
Willmore and also the Willmore property. The latter has already been shown in [BFL*02].

THEOREM 5.3. Let f : M — S* be constrained Willmore so that
dV(xA+n) =0 with AZO0

and let a € V* satisfying V = L @ ker a. Then the Bdicklund transform f:M—S*off
obtained by integration of the linear system Hiy, = {(xA+n)b| b € ker a} is constrained
Willmore, provided f is a Frenet curve.
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Proof. To simplify notations, we assume that f is defined on M. As before we define
Q=%A+n:V - HY(KL)

and we denote by H the 2-dimensional linear system obtained by integration of {Qb | b €

ker a}. Moreover, let V be the flat connection on V= H* and ¢ € I'(L) with (a,¢) = 1.

Consider the bundle map
T :kera — H/yH,

with VT = Q where V is the connection on Hom (ker o, H /1/H) induced by the trivial
connection V on ker a and by the flat connection V¥ on H/yH. The latter connection
is well-defined since VX9 =0 and H ¢ H°(L) C I'(L). Let

T* : kery = (H/¢YH) ™' — H/aH = (ker o) ™!
be the dual map of T'. From (3) we see that vViT'ge HOY(KL™Y) for any 3 € HO(L™1)
and therefore
VT* :keryp — HO(KL™Y),
where V is the connection induced by the trivial connection V on kert and VL™ on
H/aH. Let S be the mean curvature sphere congruence of f and let A be as usual defined
by (14). Using the splitting V = ker @& L~!, we define the linear map Q: V — I'(KL™1)
by
Q|L—1 = *A|L—1 and Q|kerd) = VT*

We show that € is dV-closed and differs from *A by a 1-form 7j € ['(KR,) where
R =Hom(V /L', L7Y).
Since T and T* are parallel with respect to the connections V on V and V on V, we get
(W, QAVa) = (¢, VT* AVa) = —(VT AV, a) = —(QA VY, ),
where we also used that Vo € Q' (kerv)). Lemma A.1 and Lemma A.2 below show that
(Y, QA Va) = —d(ih, SVa)

and Lemma A.3 then implies that
(17) i=Q—xAeN(KR,).
In particular, 7 A 6 = 0, and 7|;,-1 = 0 so that
(18) AV (+ A+ i) -1 =d¥ * A1 + A = 0.
Here dV * /~1| -1 = 0 holds by type considerations for canonical complex structures of
Frenet curves, see [LP03].

Using the splitting V = L' @ ker ), we decompose V|1 = VL' +§. By (2) and
(3) we get for b € ker )
(19) (@Y (+A + )b = d¥ (QB) = d¥" (VE(T*h)) = 0.
Thus, f is constrained Willmore since dﬁ(*fl +7)=0o0nV =kery @ L' by (18) and
(19). =

As a corollary we show that the Bécklund transformation also preserves Willmore
surfaces in S*.
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COROLLARY 5.4 ([BFL*02]). Let f : M — S* be Willmore and o € V* so that V =
L ® ker . Then the Bicklund transform f : M — S* given by integration of the linear
system Hyy, = {xAb | b € ker a} is Willmore provided f is Frenet.

Fig. 2. Willmore sphere in R* obtained by Bicklund transformation, [BP], [Hel02]

Proof. In view of Theorem 5.3 we have to show that the (1,0)-form 7 in (17) vanishes.
Let H be the linear system obtained by 1ntegrat10n of Hi, and V the flat connection on
V =H* Let ¢ € V* with VX = xAb. Since Vi = 0 we get d{p,a) = (p, Va). On the
other hand VX' o = 0 implies d{i, ) = (VEp, ) = (xAb, @), which shows that

(20) Va = b(xAb, o)
where be kerq/i‘ls given by (i, B) = 1. Similarly, if we choose 8 € V* with (8,b) = 1 then
T*b = B and (Qb, ) = (VE ' B,1) = (3, Vip). Therefore,
(21) V) = b(Qb, ).
By Lemma A.4 below we have

(0, AVY) = — (1, %A Va),
and, plugging (20) and (21) into this equation, we get

(1, b) = (v, x Ab).

Therefore b = *Ab and 7 = 0, which shows that f is Willmore. m

A. Appendix. We conclude the paper by providing the technical lemmas used in the
proofs of Theorem 5.3 and Corollary 5.4. Since all calculations are done locally, we assume
that all appearing curves are Frenet curves on the Riemann surface M.

LEMMA A.1. Let f: M — HP" be a Frenet curve with Bdcklund transform
f=B,5(f): M — HP*
with respect to a € H°(L™Y), where H is a linear system obtained by integration of a k-

dimensional linear system Hyp C HO(KL). Let 1 € T'(L) be the section with {c, ) = 1.
Then the canonical complex structures S of f and S of f satisfy

(22) —d{a, SV) = d{(1, SVa).
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Proof. Note that the evaluation pairing on H C HO(L) satisfies (1, a) = (&,1) for
¢ € T(L) and & € I'(L™'). The complex structure on L~! is the dual of the complex
structure on L so that

(23) (@, 8¢) = —(¢, Sa).
Since ¢ € T'(L) C T'(V,,—1), we get by (14) and (12)

d{a, Sv) = (a, (VS)Y + SVY) = (o, =2 % A + SV)).
On the other hand, since *§ = S§, we see
(24) ¥V = SV — (a, SV),
and calculate

S d{a, Sv) = Syp(a, (xVS) + S x Vih)

S, 241 — V) — Stbla, SV))
S{a, 241 — Sp{a, SV))
U(e, 2% A + (e, SV)),

where we used that («, Vip) = 0 and Sy («, x) = ¢¥{a, Sx) for x € T'(L). Combining the
above computations, we get

Yd(ar, SY) 4 St + d{e, Sip) = 2¢p(a, SVip)

and therefore
2(or, SVY) = d{e, Sp) + (o, SP) * d(av, SY).
This implies
(a, SVY) € imH
since {a, Sv)? = —1 and thus {(a, SvY) * d{a, SY) = —{(a, S¥) * d{a, S). Using (23) we
compute

d{ar, SY) + (o, Sv) * d(a, SY) = —d(y, Sa) + (i, Sa) = d(¥, Sa)
= —2d(, Sa) +2(1, SVa).
and conclude
(25) (a, SVY) = —(a, SVY) = d(ip, Sa) — (1, SVa).
The assertion (22) follows by differentiating this equation. m

LEMMA A.2. Let f : M — HP" be a Frenet curve with canonical complex structure S
andn € I'(KRy). Then

—2(ar, (%A + 1) A Vb, 1) = d{o, SV, _1).
for all 1 € T(Vyi—q).

Proof. For ¢,—1 € T'(V,—1) we see *Q A Vip,_1 = *Q A dp—190p—1 = 0 by type. Since
VS =2(xQ — xA) we get

(26) d{ca, SVYp_1) = =2(a, *x A AV _1).
Moreover, n A Vip—1 =N A0p—19n—1 = 0since ny, _, =0 and sn=n5.
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LEMMA A.3. Let f : M — HP™ be a Frenet curve with canonical complex structure S,
a € V* with L& kera =V, and assume that n:V — T'(KL) satisfies n|y,_, =0 and

(27) —2a, (*A+ 1) AVip,_1) = d{a, SVPp_1)
for all 1 € T(Vyu_y). Thenn e T(KR4).

Proof. Combining (26) with the assumption (27), we get (@, n A V),—1) = 0. Since 7 has
values in L and L ®kera =V, wesee 0 = n AV,_1 = nAdp_1¥n_1, Where we also
used ]y, _, = 0. Since 0,_1¢,—1 # 0 this implies either Imd,,_; C kern, i.e. n =0, or
«1 = nS. In both cases n e T(KR4). m

LEMMA A.4. Let f: M — HP" be a Frenet curve with Bdcklund transform
f=B, 7(f): M — HP*
with respect to o € HO(L™Y), where H is a linear system obtained by integration of a k-

dimensional linear system Hyp C HY(KL). Let 1 € T'(L) be the section with {c, ) = 1.
Then the canonical complex structures S of f and S of f satisfy

(28) (a, AVY) = —(¥, %A % Vav).
Proof. By Lemma A.1 and Lemma A.2 we see that
—(, *AAVY) = (1, xA A Va).
With (24) and A = xAS we compute
(a, * ANVY) = (o, *x A Vi) + AVY) = (o, 2 % A x V) + (o, *AY) (o, SVY),
and similarly
(W, *AANVa) = (1, 2AVa) — (¢, *Aa) (¢, SVa).
But this implies (28) since
(a, xAP){a, V) = (¢, xAa) (¥, SVa)

by using (25)
—2(a, *A) = (a, (VS)) = d{a, S¢) — (a, SVY) = — (3, SVa).
and similarly 2(p, xAa) = (o, SVY). m

References

[BFL102] F. Burstall, D. Ferus, K. Leschke, F. Pedit, and U. Pinkall, Conformal Geometry of
Surfaces in S* and Quaternions, Lecture Notes in Mathematics, Springer, Berlin,

2002.

[Biag0] L. Bianchi, Ueber die Flachen mit constanter negativer Kriimmung, Math. Ann. 16
(1880), 577-582.

[BP] C. Bohle and P. Peters, Soliton spheres, in preparation.

[Dar99] G. Darboux, Sur la déformation des surfaces du second degré, Comptes Rendus 128

(1899), 1299-1305.



118 K. LESCHKE AND F. PEDIT

[FLPP01] D. Ferus, K. Leschke, F. Pedit, and U. Pinkall, Quaternionic holomorphic geometry:
Pliicker formula, Dirac eigenvalue estimates and energy estimates of harmonic 2-
tori, Invent. Math. 146 (2001), 507-593.

[Hel02] U. Heller. Construction, transformation, and visualization of Willmore surfaces,
PhD thesis, University of Massachusetts, 2002.

[LPO03] K. Leschke and F. Pedit, Osculates and envelopes of Willmore surfaces, preprint at
http://arXiv.org/math.DG/0306150, 2003.

[Pet04] P. Peters, Soliton spheres, PhD thesis, Technische Universitat Berlin, 2004.

[PP9g] F. Pedit and U. Pinkall, Quaternionic analysis on Riemann surfaces and differential

geometry, Doc. Math. J. DMV, Extra Volume ICM, Vol. II, 1998, 389—-400.



