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Abstract. We study when the Jacobi operator associated to the Weyl conformal curvature

tensor has constant eigenvalues on the bundle of unit spacelike or timelike tangent vectors. This

leads to questions in the conformal geometry of pseudo-Riemannian manifolds which generalize

the Osserman conjecture to this setting. We also study similar questions related to the skew-

symmetric curvature operator defined by the Weyl conformal curvature tensor.

1. Introduction

1.1. Algebraic curvature tensors. We work in a purely algebraic context for the moment.
Consider a triple V := (V, g, A) where g is a non-degenerate inner product of signature
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(p,q) on a finite dimensional real vector space V of dimension m := p+ ¢ > 3 and where
A € ®*V* is an algebraic curvature tensor on V; i.e. A has the usual symmetries of the
Riemann curvature tensor:

A(x,y,z,w)ZA(z,w,x,y)=—A(y,a:,z,w), and
Az, y, z,w) + Ay, z,z,w) + A(z,z,y,w) = 0.

We say that V is Riemannian if p = 0 and Lorentzian if p = 1.
If ¢ is a g self-adjoint endomorphism of V', then we set

(l'a) A¢(x7y7 va) = g(¢$7w)g(¢ya Z) - g(¢xv Z)g(¢ya w)'

Fiedler [4] showed these algebraic curvature tensors span the space A(V) of all algebraic
curvature tensors. These tensors will play a crucial role in our subsequent discussion;
setting ¢ = Id yields the algebraic curvature tensor of constant sectional curvature +1.

1.2. The Weyl conformal curvature tensor. There is a natural representation of the or-
thogonal group O(V, g) on A(V) defined by pull-back; if A € A(V) and ¢ € O(V, g), the
pull-back ¥*A € A(V) is given by

(WA)(% Y, %, ’LU) = A(¢$, Yy, Pz, ww)

This representation is not irreducible but decomposes as the direct sum of 3 irreducible
representations which we can describe as follows. Let g;; := g(e;, e;) and let g* be the
inverse matrix relative to some basis {e;} for V. The associated Ricci tensor p4 and scalar
curvature 74 are then defined by contracting indices:

pa(z,y) = ZgijA(x,ei,ejvy) and T4 := Zgiij(ei,ej)-
ij ij
The associated maps g, : A — pa € S?(V*) and o, : A — 74 € Rare O(V, g) equivariant.
The space W(V, g) := ker(o,) of algebraic Weyl tensors is an irreducible representation
space for O(V, g) and we have:
A(V) =W(V.g) & S*(V¥)

as an O(V, g) representation space. The further decomposition of S?(V*) as the direct
sum of the trace free tensors and the scalar multiples of the identity then completes
the decomposition of A(V) as a direct sum of irreducible O(V, g) modules. Let my be
orthogonal projection from @4V* to W(V, g):

(1b) () @,y 2 w) = Ale,,2,0) = ——{pale, w)gly,2) + 9(x w)pa(y, 2)

1
+m{PA($7 2)g(y, w) + g(@, 2)paly, w)}
1
+mm{g(:€,w)g(y,z) — gz, 2)g(y, w)}.
1.3. The Jacobi operator. If A is an algebraic curvature tensor, then the Jacobi operator
J4 is a g self-adjoint map of V' characterized by the property:

g(JA(x)ya Z) = A(y,x,x, Z)



SPECTRAL GEOMETRY OF THE WEYL CONFORMAL TENSOR 197

For example, if A = Ay is given by Equation (1.a), then

(1.c) Ja, (x)y = g(dz, 2)py — g(dx,y)pz.
It is clear that pa(x,x) = Tr{Ja(x)} for any A; in particular
(1.d) Te{Jw(x)} =0 forany zeV if WeW(V,g).

The pseudo-spheres of unit spacelike (+) and unit timelike (—) vectors in V are
SEW) = {veV:gv,v)=+1}.

We say that V is spacelike (vesp. timelike) Jordan Osserman if the Jordan normal form of
Ja is constant on ST(V) (resp. on S~ (V)). If V is Riemannian, then the Jordan normal
form is determined by the eigenvalue structure and, as every non-zero vector is spacelike,
we shall drop the qualifiers ‘spacelike’ and ‘Jordan’ in the interests of notational simplicity.
Note that the eigenvalue structure does not determine the Jordan normal form in the
higher signature context.

1.4. The skew-symmetric curvature operator. Let {e1,ea} be an orthonormal basis for
an oriented spacelike (resp. timelike) 2 plane 7 of V. One then defines the skew-symmetric
curvature operator A(m) by the identity:

g(A(m)z,y) = A(er, ea, z,y).
This g skew-symmetric endomorphism of V is independent of the particular oriented
orthonormal basis for m which is chosen. One says V is spacelike (resp. timelike) Jordan
Tvanov-Petrova if the Jordan normal form of A(rw) is constant on the Grassmannian of
oriented spacelike (resp. timelike) 2 planes in V.

1.5. The geometric setting. Let R be the Riemann curvature tensor of a pseudo-Rie-
mannian manifold (M, g) of signature (p,¢q) and dimension m := p+ ¢ > 3. Let Rp :=
(TpM, gp, Rp) be the triple determined by the tangent bundle of M at a point P of M,
the pseudo-Riemannian metric gp, and the curvature tensor Rp.

We say that (M, g) is pointwise spacelike (resp. timelike) Jordan Osserman if Rp is
spacelike (resp. timelike) Jordan Osserman for every point P of M; the Jordan normal
form of Jp is allowed to vary with the point P of M. We say (M, g) is globally spacelike
(resp. timelike) Jordan Osserman if the Jordan normal form of Ji on the appropriate
pseudo-sphere bundle is independent of P. It is known that any global Riemannian (p = 0)
Osserman manifold is locally isometric to a rank 1 symmetric space if m # 16 [3, 18,
20, 19] and that any local Lorentzian (p = 1) Jordan Osserman manifold has constant
sectional curvature [1, 5]. In the higher signature setting, there exist spacelike and timelike
Jordan Osserman manifolds which are not locally homogeneous [2, 7]. There is a vast
literature on the subject and we shall content ourselves by refering to [6] for further
details.

We say that (M,g) is pointwise spacelike (rvesp. timelike) Jordan Ivanov-Petrova if
R p is spacelike (resp. timelike) Jordan Ivanov-Petrova for every point P of M; again, the
Jordan normal form of Jp is allowed to vary with the point P of M. These manifolds have
been classified in the Riemannian setting if m # 3,7 [8, 11, 17], in the Lorentzian setting
if m > 11 and if {m, m 4+ 1} are not powers of 2 [15, 16], and in the higher signature
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setting if ¢ > 11, if p < %, if {g,q+1,...,q+ p} does not contain a power of 2, and
if R(m) is not nilpotent [21]. We refer to [9] for further details concerning spacelike and
timelike Jordan Ivanov-Petrova manifolds.

1.6. Conformal geometry. Let P be a point of a pseudo-Riemannian manifold (M, g). Let
Wp := (TpM,gp, Wp) where Wp := myyRp is the associated Weyl conformal curvature
tensor on Tp M. We say that (M, g) is conformally spacelike (vesp. timelike) Jordan Osser-
man if Wp is spacelike (resp. timelike) Jordan Osserman for every point P of M. Similarly,
we say that (M, g) is conformally spacelike (resp. timelike) Jordan Ivanov-Petrova if Wp
is spacelike (resp. timelike) Jordan Ivanov-Petrova for every point P of M. In both set-
tings, the Jordan normal form is permitted to vary with the point P of M; the technical
distinction between ‘global’ and ‘pointwise’ plays no role in this setting.

Recall that two metrics g7 and g, are said to be conformally equivalent if there is
a positive scaling function « € C°(M) so that g1 = ags. We let [g] be the set of all
pseudo-Riemannian metrics on M which are conformally equivalent to g.

THEOREM 1.1. Let g1 € [g2]. Then:

1. (M, g1) is conformally spacelike (resp. timelike) Jordan Osserman if and only if (M, g2)
is conformally spacelike (resp. timelike) Jordan Osserman.

2. (M, g1) is conformally spacelike (resp. timelike) Jordan Ivanov-Petrova if and only if
(M, g2) is conformally spacelike (resp. timelike) Jordan Ivanov-Petrova.

Proof. As g1 = ags, one has W, = aW,,; the Weyl conformal curvature tensor simply
rescales. Let x € TpM be a gy spacelike or timelike unit vector. Let
1

—x
a(P)

be the corresponding g; spacelike or timelike unit vector. Similarly, if {ej, ez} is an

oriented g, orthonormal basis for 7, then

1 1
{77 v
is the corresponding oriented g; orthonormal basis for 7. We then have
. 1 1
Jw,, (T) = WP)JW” (z) and Wy, (7) = mwgz (7).

The Lemma now follows as the Jordan normal forms are simply rescaled. m

Theorem 1.1 shows that the notions we are studying are well defined in conformal
geometry and justifies the notation we have employed. Here is a brief guide to the re-
mainder of the paper. In Section 2, we will present some results concerning conformally
spacelike and timelike Jordan Osserman manifolds. In Section 3, we will present some
results concerning conformally spacelike and timelike Jordan Ivanov-Petrova manifolds.
We conclude in Section 4 with some examples.

2. Conformally Jordan Osserman manifolds. We begin with the following obser-
vation:
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THEOREM 2.1. If (M, g) is Einstein, then (M, g) is conformally spacelike (resp. timelike)
Jordan Osserman if and only if (M,gq) is pointwise spacelike (resp. timelike) Jordan
Osserman.

Proof. 1f (M, g) is Einstein, then Equation (1.b) implies
9(w (2)y, 2) = g(Jr(@)y, 2) + My(y, 2)g9(z, 2) — g(y, )g(2, 2)}

where A is a suitably chosen constant. Thus
0 ify ==,

Fwlely = { {Jn(@) + Mg, 2) 1}y ity L.
Thus apart from the trivial eigenvalue 0, the Jordan normal form of Jy (z) and Jr(x)

are simply shifted by adding a scalar multiple of the identity if  is not a null vector.
Theorem 2.1 is now immediate. m

The classification is complete in certain settings:

THEOREM 2.2. Assume either that (M,g) is an odd dimensional Riemannian manifold
or that (M, g) is a Lorentzian manifold. Then (M,g) is conformally spacelike Jordan
Osserman if and only if (M, g) is conformally flat.

Proof. We say V = (V, g, A) has constant sectional curvature X if A = AAjgq, i.e.

Az, y, z,w) = Mg(z,w)g(y, 2) — g(x, 2)g(y, w)}.
If V is Riemannian spacelike Jordan Osserman and if the dimension m is odd, then work
of Chi [3] shows that V has constant sectional curvature. If V is Lorentzian and spacelike
Jordan Osserman, then results of Blazi¢, Bokan and Gilkey [1] and of Garcia—Rio, Kupeli
and Vazquez-Abal [5] shows that V has constant sectional curvature.
If A has constant sectional curvature A and if z is not null, then Equation (1.c) shows

T4 = {

Consequently Tr(J4(x)) = (m — 1)Ag(x, z). Therefore, if A € W(V,g), then necessarily
A = 0 by Equation (1.d). Theorem 2.2 now follows by applying these observations to
V= (TPM, ap, Wp) ]

0 if y=u=,
Aglz,z)y if y L x.

One says that a manifold is spacelike (resp. timelike) Osserman if the eigenvalues of
the Jacobi operator are constant on the pseudo-sphere ST (TpM) (resp. S™(TpM)) for
any point P € M. Theorem 2.2 extends to show that any Lorentzian manifold (M, g)
which is spacelike (resp. timelike) Osserman is conformally flat.

Any local rank 1 Riemannian symmetric space is necessarily conformally Osserman
since the group of local isometries acts transitively on the unit sphere bundle. We con-
jecture that the converse holds; this is the analogue of the Osserman conjecture in this
setting:

CONJECTURE 2.3. A connected Riemannian manifold (M, g) is conformally Osserman if
and only if (M, g) is locally conformally equivalent to a rank 1 symmetric space.

We shall see in Section 4 that this conjecture fails in the higher signature setting.
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3. Conformally Jordan Ivanov-Petrova manifolds. The classification is almost
complete in the Riemannian setting:

THEOREM 3.1. Let (M, g) be a conformally spacelike Jordan Ivanov-Petrova Riemannian
manifold of dimension m # 3,7. Then (M, g) is conformally flat.

Proof. Suppose first m > 5 and m # 7. We apply results of [8, 11] to see that any
Riemannian Ivanov-Petrova algebraic curvature tensor in these dimensions has rank 2.
Such tensors are classified. Let P € M. There exists a self-adjoint isometry ¢p of TpM
with ¢% = Id so that Wp = ARy, where Ry, is given by Equation (1.a). We may then
use Equation (1.c) to see:

(3.a) Jw(z)y = Agp(dpz,2)dpy if y L dpx.

Decompose TpM = T;M ®Tp M into the £1 eigenspaces of ¢p. Let e® be unit vectors
in TEM. Set a* := dim T2 M. Then Equation (3.a) implies that

(3b)  Tr{Jw(eN)}=Aa"—1-a") and Tr{Jw(e )} =Aa —1-a").

If ¢ = +1d, then Wp has constant sectional curvature and the argument given to
establish Theorem 2.2 shows Wp = 0. Thus we may assume that a™ > 1 and a= > 1. By
Equation (1.d), Tr{Jw(z)} = 0 for any x. Thus we have

(at—a” —1)A=0 and (¢~ —at —1)A=0.

Adding these two equations implies —2\ = 0 and hence Wp = 0. This establishes the
Lemma except when m = 4.

We complete the proof of the Lemma by dealing with the exceptional case m = 4.
We follow the discussion in Ivanov-Petrova [17] to see that either W has the form given
in Equation (3.a), in which case the argument given above shows Wp = 0, or that there
exists an orthonormal basis {ej, e, e3,e4} for Tp M so that the non-zero components of
W are given by:

Wiziz = a1, Wioza = a2, Wiziz = a2, Wiz = —ay,
(3.c) Wigis = az, Wigez = a1, Wagaz = a2, Wazis = ai,
Wosos = az, Wogiz = —a1, Wiyzs = a1, Wigz = ao.
where ag + 2a; = 0. Since pw(e1,e1) = —2as — a3 = 0 by Equation (1.d), we conclude

a1 = ag = 0, which once again implies Wp = 0. =

There are analogous results in the higher signature setting, although with slightly
more restrictive hypotheses.

THEOREM 3.2. Let (M, g) be a connected pseudo-Riemannian manifold of signature (p, q)
=6

4
that {g,q+1,...,q+p} does not contain a power of 2. Then either W (x) is nilpotent for
every spacelike 2 plane or (M, g) is conformally flat.

which is conformally spacelike Tvanov-Petrova. Assume that ¢ > 11, that p < and

Proof. Results of [15, 16, 21] show that there exists a normalizing constant A so that
Wp = AWy where W, is given by Equation (1.a) where one of the following conditions
holds:
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1. > =1d and ¢ is a self-adjoint isometry of TpM.
2. ¢> = —1d and ¢ is a self-adjoint para-isometry of Tp M.
3. ¢? =0.

If $2 = 0, then W () is always nilpotent. We complete the proof by showing that either
(1) or (2) imply A = 0.

Suppose ¢ is a self-adjoint isometry of Tp M with ¢? = Id. As in the proof of Theorem
3.1, we decompose TpM = TI')"M ® Tp M into the 1 eigenspaces of ¢. Again, we set
a* = dim Tj)t were we may suppose at > 1 and a~ > 1. These eigenspaces are orthogonal
with respect to the metric gp and thus the restriction of the metric to each eigenspace
is non-degenerate. Thus we may choose vectors et € Tfi,M so gp(et,et) = et £ 0.
Equation (3.b) then extends to become

Tr{Jw(e")} = ANa" —1—a") and Tr{Jw(e )} = Aa —1—a™).

We argue as in the proof of Theorem 3.1 to see that this implies A = 0.

If ¢ is a para-isometry, we complexify. Replacing ¢ by (;NS := /—1¢ and applying the
argument given above to the g self-adjoint (complex) isometry ¢Z to see that /—1\ = 0
and thus, again, Wp =0. =

This result, together with the examples in the subsequent section, motivates the fol-
lowing:

CONJECTURE 3.3. Let (M,g) be a conformally spacelike Ivanov-Petrova manifold. If
(M, g) is not conformally flat, then W (7) is nilpotent for any oriented spacelike 2-plane 7.

4. Examples. Theorem 2.2 shows that Conjecture 2.3 holds if m is odd. The situation
is considerably more complicated in the higher signature setting. The following family
of manifolds [10] is useful in this setting. It also shows there are conformally spacelike
Jordan Ivanov-Petrova manifolds which are not conformally flat. Let p > 2. Introduce
coordinates (z1,...,Tp, Y1, .,Yp) on R?P and let f = f(z1,...,2,) be a smooth function
on R?7. Define a neutral signature metric gy on R? by setting

gr(0F,07) =07 f- 07 f, g(97,0) = g (9],07) = biz,  gs(0},0Y) = 0.

i i J 1%
Let H = (H;;) € My(R) be the Hessian where H;; = 0705

THEOREM 4.1. Let (M, gy) be as defined above. Assume that p > 3.

1. Assume that H is definite. If x is not null, then Jy (x) has rank p—1 and Jyw (x)? = 0.
Thus (M, gy) is conformally spacelike and timelike Jordan Osserman.

2. If H is indefinite, then (M, gy) is neither conformally spacelike Jordan Osserman nor
conformally timelike Jordan Osserman.

3. Assume that H is non-degenerate. If 7 is an oriented spacelike or timelike 2 plane,
then Rank(W (7)) = 2 and W (m)? = 0. Thus (M, g¢) is conformally spacelike and timelike
Jordan ITvanov-Petrova.

Proof. We showed in [10] that (M, gs) was Ricci flat. Consequently, W = R. The as-
sertions of Theorem 4.1 now follow from the corresponding assertions for Jr(z) and for
R(m) which were established in [10]. m
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The manifolds of Theorem 4.1 have a Jacobi operator and skew-symmetric cur-
vature operator which are nilpotent of order 2. There are also manifolds where the
Jacobi operator and skew-symmetric curvature operator are nilpotent of order 3. Let
(U1, Ugyt1y ... ts, w1, ..., ws) be coordinates on R3® for s > 2. Let f;(x) be smooth
functions on R and set F(uq,...,us) := fi(u1)+...+ fs(us). Define a metric of signature
(2s,8) on Mp := R3® by setting

gr (0, 0%) = =20, F(u) — 265 Y uktr, gr(9,0Y) = gr(03,0%) = bij,
k

gF(af,a;):gF(a;)aaf):()a gF(a;}aa;j):()

THEOREM 4.2. Let (Mg, gr) be as defined above where s > 2.

1. Let x be spacelike. Then Jy (z) has rank 2s—2, Jy (x)? has rank s—1, and Jy (z)® = 0.
Consequently (Mg, gr) is conformally spacelike Jordan Osserman. However, (Mg, gr) is
not conformally timelike Jordan Osserman.

2. Let 7 be an oriented spacelike 2-plane. Then W (w) has rank 4, W(rw)? has rank 2,
and W(m)? = 0. Consequently (Mr, gr) is conformally spacelike Jordan Ivanov-Petrova.
However, (Mg, gr) is not conformally timelike Jordan Ivanov-Petrova.

Proof. We showed in [12] that (Mp, gr) is Ricci flat. Consequently, R = W. The asser-
tions of the Theorem now follow from the corresponding assertions for Jr which were
established in [12] and for W (m) which were established in [14]. m

Acknowledgments. Research of N. Blazi¢ partially supported by the DAAD (Ger-
many) and MNTS Project #1854 (Srbija). Research of P. Gilkey partially supported by
the MPI (Leipzig). Research of S. Nikéevi¢ partially supported by the DAAD (Germany)
and MMTS #1646 (Srbija). Research of U. Simon partially supported by DFG-Si163/7-2.
All authors were partially supported by VolkswagenStiftung. The authors wish to express
their thanks to the Technische Universitat Berlin where much of the research reported
here was conducted.

References

[1] N. Blazi¢, N. Bokan, and P. Gilkey, A note on Osserman Lorentzian manifolds, Bull.
London Math. Soc. 29 (1997), 227-230.

[2] N. Blazi¢, N. Bokan, and Z. Rakié¢, Osserman pseudo-Riemannian manifolds of signature
(2,2), Aust. Math. Soc. 71 (2001), 367-395.

[3] Q.-S. Chi, A curvature characterization of certain locally rank-one symmetric spaces, J.
Differential Geom. 28 (1988), 187-202.

[4] B. Fiedler, Determination of the structure of algebraic curvature tensors by means of
Young symmetrizers, Seminaire Lotharingien de Combinatoire B48d (2003). 20 pp. Elec-
tronically published: http://www.mat.univie.ac.at/~slc/; see also math.CO/0212278.

[6] E. Garcia-Rio, D. Kupeli, and M. E. Vdzquez-Abal, On a problem of Osserman in
Lorentzian geometry, Differential Geom. Appl. 7 (1997), 85-100.



(10]
(1]
[12]

[13]

[14]
[15]

[16]

(17]
(18]

[19]
[20]

21]

SPECTRAL GEOMETRY OF THE WEYL CONFORMAL TENSOR 203

E. Garcia-Rio, D. Kupeli, and R. Viazquez-Lorenzo, Osserman Manifolds in Semi-
Riemannian Geometry, Lecture Notes in Mathematics 1777, Springer-Verlag, Berlin, 2002.
E. Garcia-Ri6, M. E. Vdzquez-Abal, and R. Vazquez-Lorenzo, Nonsymmetric Osserman
pseudo-Riemannian manifolds, Proc. Amer. Math. Soc. 126 (1998), 2771-2778.

P. Gilkey, Riemannian manifolds whose skew-symmetric curvature operator has constant
eigenvalues 11, in: Differential Geometry and Applications (Brno, 1998), Masaryk Univ.,
Brno, 1999, 73-87.

P. Gilkey, Geometric Properties of Natural Operators Defined by the Riemann Curvature
Tensor, World Scientific, River Edge, NJ, 2001.

P. Gilkey, R. Ivanova, and T. Zhang, Szabé Osserman IP pseudo-Riemannian manifolds,
Publ. Math. Debrecen 62 (2003), 387-401.

P. Gilkey, J. V. Leahy, and H. Sadofsky, Riemannian manifolds whose skew-symmetric
curvature operator has constant eigenvalues, Indiana Univ. Math. J. 48 (1999), 615-634.
P. Gilkey and S. Nikcevié, Curvature homogeneous spacelike Jordan Osserman pseudo-
Riemannian manifolds, Classical Quantum Gravity 21 (2004), 497-507.

P. Gilkey and S. Nik¢evié, Nilpotent spacelike Jordan Osserman pseudo-Riemannian man-
ifolds, Proc. Winter School “Geometry and Physics”, Srni (2003), Rendiconti Circolo
Matematico Palermo, Ser. II, Suppl. 72 (2004), 99-105.

P. Gilkey, S. Nikéevi¢, and V. Videv, Manifolds which are Ivanov-Petrova or k-Stanilov,
J. Geom. 80 (2004), 82-94.

P. Gilkey and T. Zhang, Algebraic curvature tensors whose skew-symmetric curvature
operator has constant rank 2, Periodica Mathematica Hungarica 44 (2002), 7—26.

P. Gilkey and T. Zhang, Algebraic curvature tensors for indefinite metrics whose skew-
symmetric curvature operator has constant Jordan normal form, Houston J. Math. 28
(2002), 311-328.

S. Ivanov and 1. Petrova, Riemannian manifolds in which the skew-symmetric curvature
operator has pointwise constant eigenvalues, Geom. Dedicata 70 (1998), 269-282.

Y. Nikolayevsky, Two theorems on Osserman manifolds, Differential Geom. Appl. 18
(2003), 239-253.

Y. Nikolayevsky, Osserman manifolds of dimension 8, Manuscr. Math. 115 (2004), 31-53.
Y. Nikolayevsky, Osserman Conjecture in dimension n # 8,16, Math. Annalen 331 (2005),
505-522.

1. Stavrov, Spectral geometry of the Riemann curvature tensor, Ph.D. Thesis, University
of Oregon, 2003.



