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Abstract. We study the measurability of sets of pairs of straight lines with respect to the group

of motions in the simply isotropic space I?EU by solving PDEs. Also some Crofton type formulas

are obtained for the corresponding densities.

1. Introduction. The simply isotropic space I?(,l) is defined (see [7]) as a projective
space P3(R) in which the absolute consists of a plane w (the absolute plane) and two
complex conjugate straight lines f1, fo (the absolute lines) in w with a real intersection
point F (the absolute point). In homogeneous coordinates (xq,x1,x2,r3) we can take
the plane zop = 0 as the plane w, the line zyp = 0, x1 4+ iz2 = 0 as the line f;, the
line xg = 0, 21 — izg = 0 as the line fo and the point (0,0,0,1) as the point F. The

6-parameter group Bél) of transformations (in affine coordinates (z,y, z))
' = c1 + xcosp — ysinp,

(1) y' = cg + Tsinp + ycos ,
2 =c3+ cyx + 5y + 2,

(1)

where ¢, ¢, ¢3,¢4,¢5,p € R, is called the group of simply isotropic motions in I3

2000 Mathematics Subject Classification: Primary 53C65.
Key words and phrases: measurability, density, simply isotropic space.
The paper is in final form and no version of it will be published elsewhere.

[243]



244 M. G. SPIROVA AND A. V. BORISOV

We emphasize that much of the material which is common in the geometry of the
simply isotropic space Ig()l) can be found in [7]. Using some basic concepts of integral
geometry in the sense of M. I. Stoka [9], [10], G. I. Drinfel’d and A. V. Lucenko [4],
[5], [6], we study the measurability of sets of pairs of straight lines in If’). Analogous
problems for points and planes in I?()l) have been treated in [2].

2. Measurability of a set of pairs of skew straight lines. A straight line is said
to be (completely) isotropic if its infinite point coincides with the absolute point F;
otherwise the straight line is said to be nonisotropic [7; p. 5].

Let G; and G5 be two nonisotropic straight lines and denote by U; and U, their
infinite points, respectively. Then G; and G5 are said to be of type a or of type § if the
points Uy, Uy and F are noncollinear or collinear, respectively [7; p. 45].

2.1. Density of pairs of skew nonisotropic straight lines of type . Let (G1,G2) be a pair
of skew nonisotropic straight lines of type « determined by the equations

(2) GZ T = a;z + pi, y:sz+Qza Z:172a
where

(2) (a2 —a1)(g2 — q1) — (b2 — b1)(p2 —p1) # 0,
(2”) ale — CL2b1 7é 0.

Under the action of (1) the pair (G1,G2)(a1,b1,p1,q1,a2,bs, p2, g2) is transformed into
the pair (G, G3) (ay, b1, p1, @1, a5, by, pa, 45) as

a), = K;(a; cos ¢ — b; sin ),
3) b, = K;(a;sin g+ b; cos p),

p; = Ki{[—c3a; +pi + c5(bipi — a;qi)] cos o + [eabi — q; + ca(bipi — a;qi)] sin p} +c1,

q; = Ki{[—caai + pi + c5(bipi — aiq;)] sin @ — [cab; — ¢; + ca(bipi — aiq;)] cos o} + ca,
where K; = (1 + a;cq + bics) "t i=1,2.

The transformations (3) form the associated group Eél) of Bél) [9; p. 34], [10; p. 17].

Eél) is isomorphic to Bél) and the invariant density with respect to Bél) of the pairs of
lines (G, G2), if it exists, coincides with the invariant density with respect to E (D of the

points (a1, b1,p1,q1, a2, bs, p2, g2) in the set of parameters. The associated group B( ) has
the infinitesimal operators

0 0 0 0 0 0 0 0
Vi=e—t o) Vo=t Ys=ay—— +bi=— +ag—— +b
YT ap | ope 7 0q1 ' Oge ST Mop T M ag T Popy T Pogy
R R TS S R R B
4= 18(11 (% Q1a p1aq1 28a2 28()2 q28p2 P28q2,
0 0 0 0 0
(4) Y5—a16 +a1bla +a1p1ap +b1p18q +a28 2+a2b26—b2
0 0 5 0 0
+G2P28 +b2p28q’ Y6:a1b18_a1 18b +6l1(118 -H?1Q1a—q1
+ asb 9 + b2 0 + +b 9
as 28 2(9()2 a2q2 ~— 8 242 aqz
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The associated group Eél) acts intransitively on the set of pairs (G1, G2) and therefore
the pairs (G1,G2) do not have invariant density under Bél). The system Y;(f) = 0,
1=1,...,6 has two independent integrals

(5) - arby — agby e (a2 —a1)(g2 — q1) — (ba — b1)(p2 — p1)
Va3 +b3v/a3 + b3 a1by — azby

and (5) are absolute invariants of Eél). It follows that we can define the density for the

set of the pairs (G1,G2) (a1,b1,p1,q1, a2, b2, p2, g2) of skew nonisotropic straight lines of
type a by the equality

(6) d(G1,Gs) = (ag — a1)(g2 — q1) — (b2 — b1) (p2 — 1)

XdCLl A\ dbl A dp1 A dq1 A da2 A db2 N dpg A dQQ.
REMARK 1. We note that [7; p. 45]

. a1by — azby (a2 —a1)(q2 — q1) — (b2 — b1)(p2 — p1)
7) siny = , 0(G1,Gy) =
™) v Va2 + b3/ai + b3 (61, G2) aiby — azby

where 1 and §(G1, G2) are the angle and the distance from Gy to Ga, respectively.

)

Denote 0(G1, G2) = ¢ and replacing (7) into (6) we find another expression for density:
(8) d(G1,G2) = |dsint|day A dby A dpy Adgy A das A dby A dps A dgs.

On the other hand, the set of nonisotropic straight lines G;(a;, b;, p;, g;) is measurable
with respect to the group Bél) and has the invariant density [2]
da; A db; N dp; A dg;

) =@ vy

Then putting (9) in (8) we obtain
(10) d(G1,G2) = |6sintp|(af + b3)(a3 + b3)dG1 A dGs.

. Assume that the straight line GG; has the angle ¢; with the horizontal plane Ozy and
G; denotes the orthogonal projection of G; on Oxy. Then [7; p. 48]

1 —
(11) %Z\/TW7 Gi: bix—ay+aiq—bp;=0, 2=0
and [2]
1 ~ 1 ~
a; %
where
~ 1
(12")  dG; = ————(b2da; A dp; — a;bida; A dg; — a;bidb; A dp; + a?db; A dg;)

(af +b7)3
is the density for ZZ in Oxy. Note that the plane Ozy is Euclidean and da; is the metric
density for the straight lines in Oxy [8; p. 29], [9; p. 66].

Applying (11) and (12) to (10), we get
dsin

4.n,4

13 d(G1,Gs) =
(13) (G1,G2) iy

dG1 N dGo
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and
dsin —~ —~
(14) d(Gl, Gg) = 1 dGl A\ dGQ A\ d(pl A ngQ AN dp1 A dpg
a1a2P1-¥2
dsin ~ ~
= | ————|dG1 AdGa A dpy Adipa Adpy A dgs
arbaprtp2
dsiny ~ ~
= T 4.4 dGl AN dG2 AN d(pl AN d(pQ AN dql A\ dp2
biazp1tps
dsiny ~ ~
=\t~ 1-1 dGy NdGa Ndpy ANdps A dgr A dgs.
b1bap1p2

If we denote P; = G N Oxy, P, = G5 N Oxy, then on the plane Oxy we have
(15) dPy =dpi Ndqi, dPs = dps A dgo.
By differentiation of (7) and (11) and by exterior multiplication of (15) we get
(16)  dd Adip Adpy Adps AdPy A dPs
_ singf(ag —a1)(p2 —p1) + (b2 — b1)(g2 — q1)]

Pies

Inserting (16) into (8) we obtain
(17)  d(G1,Go)

da1 /\dbl /\dp1 /\dql /\dCL2 /\dbg A dpg /\dQQ

Sp3p3 = =
do N diy Ndoy Adps ANdP1 A\ dPs.
(a2 =) (s —p1) + (b2 = 00)(ga —qu) |0 "V W N dpr Nz APy A APy

We summarize the foregoing results in the following

THEOREM 1. The density for the pairs (G1,G2) of skew nonisotropic straight lines of
type o, determined by (2), (2') and (2") satisfies the relations (8), (10), (13), (14) and

(17).

2.2. Density of pairs of skew nonisotropic straight lines of type 8. Let (G1,G2) be a pair

of skew nonisotropic straight lines of type 3 determined by (2), (2') and the equality
ale — CL2b1 =0.

Without loss of generality we can assume that a; # 0 and then we have

an
1 = —01.
(18) bo albl

From (2) and (18) it follows that the pairs (G, G2) are determined by the equations

Gi: w=aiz+p;, y=bz+taq, a; # 0,

(19) o
Ga: o =az+po, y:a—b12+QQ, az # 0.
1

Now, under the action of (1), the pair (G1,G2)(a1, b1, p1,q1, a2, p2, q2) is transformed

into the pair (G}, G5)(al, b1, 9}, qi, ab, Py, ¢4) and the corresponding associated group Eél)
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has the infinitesimal operators (see (4))

Z—i_;’_i —i_i_i Z—ai+bi+a a_i_gb 9
Y op T ape TP 0a  0a TP opr o Cope e
Z b i a a + - i+% i+ 8 8
4= 10a1 1(%1 fha ) pl@ql 18a2 QQ8p2 p28q2’
0 0 0 8 0 0 as 0
Zs = a? b bip; — + a2 — 4 Epip—
5 %aa + a 1(9 +a1p18p + 11?18(]1 +a28a2 +a2p28p2 + a 1p28q2’
0 0 0 0 a2 0 0 as 0
Zs = a1b + 02— b —2p— — 4+ b1 —.
6 = a1 ' Bay L 9b, +a1q1a + 1Q1(9 +a1 ' By +G2QQ8p2 +a1 1(128(]2

Since Fél) acts intransitively on the set of pairs (G1, G2) it follows that the pairs (G1, G2)
do not have invariant density with respect to Bél). The system Z;(f) =0,i=1,...,6
has two independent integrals

I bi(p2 —p1) —ailg2 — ¢1) 7= ai — a

Vai +b? ag\/a2 + b2

that are absolute invariants of Eél).

Now we can define the density for the pairs (G1,G2)(a1,b1,p1,¢1, a2, P2, q2) of skew
nonisotropic straight lines of type § by the equality

| (a1 —a2)[bi(p2 — p1) — ai(q2 — q1)]
4G, Ga) = @ + 5
REMARK 2. We note that [7; p. 45-46]
(20) o bi(pz —p1) —a1(q2 — q1) P e
Va0 T myaen

are the distance and the angle from G; to G, respectively. It follows that

day A dby Adpy A dgy A dag A dps A dgs.

(21) d(Gl, Gz) = ‘CLS‘dCLl A dbl A dp1 A dql A dCLQ AN dpg A dQQ
By differentiation of (11) and (20) and by exterior multiplication of (15) we find
(22)  daAdsAdpi AdPy A dPs
_ | s%a1las(pz — p1) + b1(g2 — a1)]
(a1 — a2)*¢}
Putting (22) into (21) we obtain

dCLl N dbl A\ dp1 A\ dql A\ dCLQ N dpg AN dQQ

ala; — ag)*¢}
sailar(p2 — p1) + b1(g2 — q1)]

(23) d(G1,G3) = da A ds A do; A dPy A dPs.

So we can state:

THEOREM 2. The density for the pairs (G1,G2) of skew nonisotropic straight lines of
type B, determined by (19), satisfies the relations (21) and (23).

2.3. Density of pairs of skew nonisotropic and isotropic straight lines. Let (G1,G2) be
a pair of the skew nonisotropic straight line G; : * = a1z + p1,y = b1z + ¢1 and the
isotropic straight line Gy : © = pa2,y = ¢o2, where by(ps — p1) — a1(g2 — ¢1) # 0. The
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—(1
corresponding associated group Bé ) has the infinitesimal operators

0 0 0 0 0 0
U=+, Up=——+ -\ 4b
o op P T 0 g T Mop M oq
S T T S R R )
4= 13a1 6b Q18 plaq Q28p2 P28q2,

0 0
Us—‘ha -|-6L1b18 +Cl1p1a +blp1aq1
0 0 0
Us = 01518 + b — b, +a1q15— an +bi1q1— a0

It is easy to verify that Eé ) acts intransitively on the set of pairs (G1, G2) and therefore

the pairs (G1,G2) do not have invariant density under Bél). The system U;(f) =0, i =
=1,...,6 has the solution

bi(p2 —p1) —a1(g2 — q1)

f= :

that is an absolute invariant of Eél).
We define the density of the pairs (G1, G2)(a1,b1,p1,41,D2,q2) by the equality

(20)  d(Gy, Gy) = | P2 =) Z @2 =) | g A day A dps A dg.
REMARK 3. We note that [7; p. 46]

bi(p2 —p1) —ai(q2 — q1)

is the distance from G to Gz and consequently (24) can be written in the form

(26) d(Gl, GQ) = |l\da1 AN db1 VAN dp1 AN dql A\ dp2 N qu

On the other hand, differentiating (11) (for ¢ = 1) and (25) and by exterior multipli-
cation of (15) we obtain

(25) I =

ai(p2 —p1) + bi(g2 — q1)

27) dl Adpy AdPy AdPsy =
(27) diAdpu ndPy A dPs (a7 + 072

d(ll A\ dbl A\ dpl A\ dql A\ dp2 A\ dQQ
Substituting (27) into (26), we find

Lo} — —
(28) d(G1,Gs) = L dl A dpy A dPy A dPs.

ai(p2 —p1) +b1(e2 — q1)
Thus the following theorem is true:

THEOREM 3. The density for the pairs (G1,G2) of the skew nonisotropic straight line
Gi:x=a1z2+p1,y = biz+ q1 and the isotropic straight line Go : x = pa,y = g2 satisfies
the relations (26) and (28).

3. Measurability of a set of pairs of intersecting straight lines

3.1. Density of pairs of intersecting nonisotropic straight lines of type a. Let (G1,G2)
be a pair of intersecting nonisotropic straight lines of type « given by
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(20) Gi: z=amz+p—air, y=biz+qg—bir,
Go: x=asz+p—asr, y=byz+q—bar,

i.e. GiNGy = P(p,q,r) and (2") is true. The corresponding associated group Eél) consists
of the transformations

= (1 + ajeq + bics)~Y(a; cosp — by sin @),
b = (1 + ajeq + bics) " Haisinp + b;cos ),  i=1,2,
p' = c1 +pcosy — gsin g,
q = co + psinp + qcos p,
r'=cstaptoqtr
and has the infinitesimal operators

9 9 9 9 9 .9 9 @

1 ap’ 2 aq’ 3= 5,0 14 18a1 a18b1+ 28&2 a28b2+q8p paq7
Ys = a? 9 + a1b 4 + a2 9 + asb 4 3
5 = 18 11% 202 228()2 p@r’
8 0 0 0 0
Ys = 2 " .
6 albla + bl 8b + agbga as + b2 abg qar

The group Eé is intransitive and therefore the set of pairs of intersecting straight lines
(29) is not measurable with respect to Bél). But the value

a1bs — azb;

is an absolute invariant of Eél) and so we can define the density for the pairs (G1,G2)
(a1,b1,a2,b2,p,q,7) by the equality

f=

aibs — asby
Replacing (7) to (30) we obtain
(31) d(G1,G2) = |sinyp|day A dby Adag Adba Adp A dg A dr.

(30) d(G1,Ga) = day A dby A dag A dby Adp A dg Adr.

Denote by (1, y1,0) and (22, y2,0) the coordinates of the points P; = G; N Ozy and
Py = G5 N Oxy, respectively. Since

Ty=p—a;r, Yi=q-—br, 1=12
then
(32) dPi AdPy AN dP = dxi A dyi Adzs Adys Adp Adg A dr
= r*day A dby A das A dby Adp A dg A dr
and from (31) and (32) it follows that

sin w

(33) d(Gy,Ga) = dPy A dPs A dP.
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On the other hand, on the plane Ozy we have the classical Blaschke formula [1], [8;
p. 59

(34) dPy A dPy A dP = D*dGy A dGy A dG,

where P is the orthogonal projection of the point P on the coordinate plane Ozy, G =
PlP GQ = PQP G = PP, and D is the diameter of the circumscribed circle of the
triangle Py Py P. Since dP = dP A dr, by (33) and (34) we get

D3 si ~ ~
(35) d(G1,Gs) = ‘Sif”p ‘dc:1 AdGa A dG A dr.

Further, we have
éi o br—aytaq—bp=0, z2=0

and according to (12') we can write

~ 1
(36) dG; = 7([)203@2 Adp — a;b;da; N\ dqg — a;b;db; N dp + afdbl A\ dq)
(a2 +b2)%
From (11) we compute
1
(37) dp; = ——S(aidai + bzdbz)

(af +b7)>
By exterior multiplication of the forms of (36) and (37) for ¢ = 1,2, we find

dp1 A dGy A dps A dGa = Smj’ dai A dby A dag A dba A dp A dg
1¥2
and comparing with (31), we obtain
(38) d(Gy,Ga) = @3pddpy A dGy A dpa N dGa A dr.

Thus we are ready to state the following

THEOREM 4. The density for the pairs (G1,G2) of intersecting nonisotropic straight lines
of type o, determined by (29), satisfies the relations (31), (33), (35) and (38).

3.2. Density of pairs of intersecting nonisotropic straight lines of type 3. Let (G1,G2)
be a pair of intersecting nonisotropic straight lines of type §. Without loss of generality,
we can assume that G; and G5 have equations of the form
Gi: z=az+p—arr, y=biz+q—br, a3 #0,
(39)
Gy: x=agz+p—asr, y= a—blerqf —blr az # 0.
1

Then the corresponding associated group Eé ) has the infinitesimal operators

P P P P P o 0
=2 2= =S oz, = < < g
1 apa 2 8(]7 3 3T’ 4 bl aal — Qi abl + b 8 + qap paq)
P P o 0 o o a2 o 0
Zs =aig - tabig-tag - —pan, Zo=abig - tbhig-+ thig - —ag

and it is intransitive. Consequently the set of pairs of intersecting stralght lines of type
B is not measurable under Bél)
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The system Z;(f) =0,4=1,...,6, has an independent integral
a1 — a9

az\/a? + b?
(

and it is an absolute invariant of B61). We define the invariant density of the pairs
(G1,G2)(a1,b1,a2,p,q,r) of type 8 by the equality

f=

a1 —az

azs\/a? + b3

(40) d(G1,G2) = day A dby A das A\ dp A dg A dr.

In view of (20), (40) yields

(41) d(G1,G2) = |s|day A dby Adax Adp A dg A dr.
In this case, we find

(42) day Adby Adp Adg Adr = Tizdﬁl A dP,

where P, = G; N Oxzy, P = G NGy. But
b2 —as)b
(43) ds = %dal B ) L
az(ai +07)> az (a3 +07)2 a3(ai +07)2

and from (41), (42) and (43) we deduce

ag (Cl1 — ag)

(44) d(Gh G2> = ar?

ds A dPy A dP.

We note that the straight lines G; and Gy lie in thg isotropic plane ¢ : bz — a1y +
ayq — le =0 and hence their orthogonal projections G; and G4 coincide on Oxy, i.e.
G1 = G2 = G. Then (12/), (37) and (43) imply

ai
(a? +07)%

From (40) and (45) we obtain

(45)  dsAdpi A dG = (biday A dby A dag A dp — ardaq A dby A dag A dq).

5
(46)  d(Gy,G) = | 2L

ds N dpq /\dé/\dp/\dr.
a1b1

= s
ds Ndp1 ANdG ANdg A\ dr = 7
1

Therefore we have:

THEOREM 5. The density for the pairs (G1, Ga) of intersecting nonisotropic straight lines
of type B, determined by (39), satisfies the relations (41), (44) and (46).

3.3. Density of pairs of intersecting nonisotropic and isotropic straight lines. Let (G1, Ga2)
be a pair of intersecting straight lines
(47) Gi: z=aiz+p—air, y=biz+q—br,

Ge: x=p, Y=g
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i.e. (G1 is nonisotropic and G is isotropic. Now the corresponding associated group Bé )
has the infinitesimal operators

0 0 0 0 0 0
Uj=—. Uy=—. Us=—. Uj=bj— —a1— + 09— — p—
1 op’ 2 g’ 35 50 4 18a1 a18b1+q8p p@q’

0 0 0 0 1o}

= b — b b? —

Us = ala + a1 5 Py Us = ax 181+ L 5, iy,

and it is transitive. Then the integral invariant function f = f(a1,b1,p, q,r) of the group
Bél) satisfies the system of R. Deltheil [3; p. 28], [9; p. 11], namely

Ui(f) =0, Uax(f)=0, Us(f)=0, Us(f)=0, Us(f)+3arf=0, Us(f)+3b1f=0

and has the solution h

(a1 +b1)%

)

where h = const. Thus we have

THEOREM 6. The set of the pairs (G1, G2) of intersecting straight lines (47) is measurable

with respect to Bél) and the corresponding invariant density is

1
(48) d(Gl7 GQ) = ﬁdal A\ dbl AN dp VAN dq Adr.
From (11) and (48) it follows immediately that
(49) d(Gy,Ga) = p3day Adby Adp A dg A dr.
On the other hand, by direct computation we obtain
1 ~
(50) day Ndby Ndp Ndq = —dP A dP,
r
where P = G1 N Ozy and P = G, N Ozy. Applying (50) to (49) we get
(51) d(G1,Go) = Lpldr/\dP/\dP
Similarly, from (49) and

day ANdby Adp Adg ANdr =

we find

o2
_3

(52) d(G1,Gs) =

de1 AdP A dP.

We establish the following result:
THEOREM 7. The density for the pairs (G1, G2) of intersecting straight lines (47) satisfies
the relations (49), (51) and (52).
4. Measurability of a set of pairs of parallel straight lines

4.1. Density of pairs of parallel nonisotropic straight lines of different isotropic planes.
Let (G1,G2) be a pair of parallel nonisotropic straight lines
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Gi: z=az+p, y=bz+aq,

(53)
Gy: x=az+py, y=bz+q, a®+b>#0

that lie in different isotropic planes, i.e.

(53') a(g2 — q1) — b(p2 —p1) # 0.
The corresponding associated group Fél) has the infinitesimal operators
0 0 0
Yi=—+—,Y5 = , Y3 =aY; + bYs
' 8pl+(9102’2 dq1 82 3= et
0 0 0 0 0 0

Yy=—-b—+az —qy—+m

9a "o Top TP8q  Pop, g

0 0 0 0
_ 2
Y5fa—8a+ab(%+ap18 +bp18 +apza +bp28q
0 0 0 0 0
Yo =ab— + b~
5 ab8 +b (%4—aql(9 +bQ1a +6LQ28 +b C]2aq

and obviously it is intransitive. Hence the set of pairs of parallel nonisotropic straight
lines (53), (53') is not measurable with respect to Bél).

On the other hand, the value
Fo algz — q1) — b(p2 — p1)

is an absolute invariant of Eél) and we define the density for the pairs (G1, G2) (a,b,p1,
q1, P2, q2) by the equality

(54) d(Gy,Ga) = al(g2 — %2 =P 40 A db A dpy A dgy A dps A dg.

REMARK 4. The parallel straight lines on the coordinate plane Ozy
élz br—ay+aq —bp; =0, z=0
and
ég: bx —ay+aqy —bpa =0, 2z=0

are the orthogonal projections of the parallel straight lines G and G, respectively. Then
the Euclidean distance between G and G is

(55) 5(Gr, Gia) = a(g2 — %2 —n)|

Putting (55) into (54) we get
(56) d(G1,Gy) = 6(G1, Ga)da A db A dpy A dgy A dpy A dgo.
A computation leads to

a(p2 —p1) + b(q2 — q1)
(a2 + 22)2

where § = 5(5’1,52), v = L(G1,0zxy) = L(G2,Oxy), P, = G, N Ozxy, Py = Gy N Oxy.

(57) dd Adp AdPy AdPy = — da Adb A dpy Adg A dps A dgs,
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In view of (57), (56) yields
5
ptlalpz —p1) +b(q2 — q1)]

THEOREM 8. The density for the pairs (G1,G2) of parallel nonisotropic straight lines
(58), (53') satisfies the relations (56) and (58).

(58) d(G1,Ge) = ds Ado N dPy A dPs.

4.2. Density of pairs of parallel nonisotropic straight lines of coinciding isotropic planes.
Let (G1,G2) be a pair of parallel nonisotropic straight lines that lie in an isotropic plane.
Assume that G; and G> have the equations

Gi: xz=az+p, y=bz+q, a#0,
(59) b
Gy : x=az+pos, y=bZ+Q1+a(p2—p1)7 b#0.

Then the corresponding associated group has the infinitesimal operators

0 0 0
1= — + — Ly = — Js =al bZs,
1 opr +8p2’ 2 o, 3 = a1+ b4

0 0 0
Zs=—bo—tazr —qig—+piy—

9 +b o] 2
da Ob Op1 oq « Pz =D ps’

0 0 0
_ 27
Z5—a8a+ab(%—|—ap18 —|—bp18 +ap28p
0 5 0 o0 0 b 0
Zﬁ—aba——f—b %—I—aqla +bq1a+a[q1+ (p2_p1)}8p

and it is intransitive. Therefore the set of pairs of parallel nonisotropic straight lines
(59) is not measurable with respect to Bél). The system Z;(f) =0, =1,...6, has the
solution
f= b2 —P1
a
and it is an absolute invariant of B6 Y Then we define the density for the pairs (G1,G2)
(a,b,p1,q1,p2) by the equality

D2 — D1

(60) d(Gl, G2) = da N\ db A dpy A dgy N dps.

REMARK 5. The isotropic plane ¢ : ax + by = 0 intersects the straight lines G; and G»
at the points

p _blagi —bp1) alagr —bp1) ap1 +bq
! a?24+02 7 a2402 7 a?+b?

and

p, [ blaa =) alag —bp1) (o +b*)p2 + blagy — bpy)
2 a?+b 7 a4+ a(a? + b?) ’

respectively. Obviously P, and P, are parallel points and then

)

(61) s(Py, Py) = 7%

i.e. (61) is the oriented s-distance from G; to Gs. Further we shall denote s(G1,G2) =
S(Pl,PQ) by S.
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Hence by (60) and (61) we have

(62) d(G1,G2) = |s|da Adb A dpy A dgy A dps.
We compute
(63) da A db A dpy A dgi A dps = g—st A dPy A dPs
and
(64) da A db A dpy Adgi A dps = —%d@/\dﬁl A dPs,

where P; = G1NO0zy, Py = GoNOxzy, ¢ = /(G1,0zy) = £/(Ga, Oxy). Substituting (63)
and (64) into (62), we find

(65) d(Gy,Ga) = ‘g ds A dPy A dPy
and
(66) d(G1,Go) = ‘%‘mpAd?l A dPs,

respectively. Thus we have the following

THEOREM 9. The density for the pairs (G1,G2) of parallel nonisotropic straight lines
(59) satisfies the relations (62), (65) and (66).

4.3. Density of pairs of isotropic straight lines. Let (G1,G2) be a pair of isotropic
straight lines and

(67) Gi: xz=p, y=q, G2: x=p2, y=qo,

where (p2 — p1)? + (g2 — q1)® # 0. The corresponding associated group Fél) has the
infinitesimal operators

0 0 0
U=—+—, Uy=—+—, Us=0,
! Op1  Opo 2 oq q2 ¥
0 0 0 0
U=-qig—+pi5—+@s7——p25— U=0 Us=0
4 q1 a1 p1 9 q2 O D2 EYs 5 6

and it is intransitive. It follows that the set of pairs of isotropic straight lines is not
measurable with respect to Bél). But

f=m2—p1)?+ (@2 —q1)?

is an absolute invariant of Eél) and we can define the density for the pairs (G1,Gs)

(p1,q1,p2,q2) by the equality

(68) d(G1,G2) = \/(p2 — p1)2 + (g2 — q1)%dp1 A day A dpa A dgs.
REMARK 6. We note that [7; p. 46]
(69) F=vp2—p1)*+ (02 — q1)?

is the distance between GG; and Gs.
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Inserting (15) and (69) into (68) we obtain
(70) d(G1,Ge) = 1*dPy N\ dPs.
On the other hand, we have

_ — 1 — 1 =
dPl/\dpgif dl*/\dql/\dpgif dpl/\dl*/\dpg
b2 —p1 92 —q1

_ 1 _
dPl/\dl*/\dQQ = dP; /\dpg/\dl*
P2 —n1 Q2 —q

and therefore
* — * —
d(Gl, GQ) = 7dl* A\ dq1 A\ dP2 = 7dp1 A dl* A dPg
lp2 — p1l g2 — q1]
I* — ™ —
= ————dP{ ANdl* Ndgy = ————dP1 Adps A dl*.
|p27p1| \Q2*Q1|

Thus we have the following

(71)

THEOREM 10. The density for the pairs (G1,G2) of isotropic straight lines (67) satisfies
the relations (70) and (71).
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