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Abstract. When the parameters are real, the hypergeometric equation defines a Schwarz tri-
angle. We study a combinatorial-topological property of the Schwarz triangle when the three
angles are not necessarily less than 7.

1. Introduction. Let E(a,b,c) be the hypergeometric differential equation
z(l—2)u" + (c— (a+ b+ 1)z)u' — abu =0,

where a,b and c¢ are real parameters. Its Schwarz map (cf. [Yo]) is defined by

5: X=C—{0,1} 322 2z=ui(z) : us(x) € Z =P := CU{o0},

where u; and uy are two linearly independent solutions of E(a, b, ¢). The image of the
upper half plane Xt = {z € C —{0,1} | S(z) > 0} is called the Schwarz triangle T. If

1—¢ <1, |c—a—-0b<1, Jb—al<l,

then the Schwarz triangle is indeed a triangle bounded by three arcs with angles |1 —
c|m,|c—a—blm and |b— a|m, in this order. But otherwise, the Schwarz triangle T' may be
fairly complicated and it would cover the sphere Z many times. In this paper, we study
the Schwarz triangle T' in a naive topological manner. It is a bit surprising that no one
has ever studied this fundamental problem seriously. As the reader will see, the result is
indeed not so simple. To formulate our problem, we need to fix some notation.

In any case, as far as the parameters are real, the images of the intervals (—oo, 0), (0, 1)
and (1,4o00) under the restriction s|x+ of s are (parts of) circles; we call these circles
C(~50,0): C0,1) and C(q 1), respectively. If = tends to 0 in X then s(x) converges; we
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denote the limit by s(0), which is an intersection point of C(_ gy and C(g 1. In the same
way we define s(1) and s(co). The triangle with vertices {s(0), s(1), s(c0)} is called D.
Note that the three vertices s(0),s(1) and s(co) are not necessarily ordered positively
around D. In Figures 1, ..., 4, they are ordered positively; we omit the corresponding
figures when they are ordered negatively.

We assume for a while that each angle, which is by definition a non-negative real
number, of D is non-zero, and that the sum of the three angles of D is greater than .
Then the three circles divide the sphere Z into eight triangles D, A, B,C, A, B,C, D. The
three triangles A, B and C' are adjacent to D, and each has two vertices in common with
D: A has vertices {s(1),s(c0)}, B has vertices {s(c0),s(0)}, C has vertices {s(0), s(1)}.
Each of the three triangles A, B and C has one vertex in common with D: A has vertex
5(0), B has vertex s(1), C' has vertex s(oo). The last one D is away from the three
vertices. See Figure 1.

Fig. 1. Three circles bounding D, sum of the angles >

As the sum of the three angles of D tends to 7, the triangle D degenerates to a point,
which is the intersection of the three circles. See Figure 2.

i
Q

A
Fig. 2. Three circles bounding D, sum of the angles = 7
As the sum of the three angles of D becomes less than 7, once degenerate intersection

point recovers to be a triangle, which we call again D; A, B and C are now rectangles,
and A, B and C are biangles. See Figure 3.
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Fig. 3. Three circles bounding D, sum of the angles <

When the angle of D at, say, s(0) is 0, then the biangle C reduces to a point, and the
rectangles A and B become triangles. In particular, when all the angles of D are 0, then
the three biangles A, B, C disappear, and while D and D remain to be triangles, A, B
and C' become biangles. See Figure 4.

s(0) C s(1)
Fig. 4. Three circles bounding D with zero angles

Now we are ready to formulate our problem. We wish to draw in a disk, identified with
the upper half plane X+, the inverse images under s|y+ of the domains D, 4,...,C, D
in Z. We call this drawing the chart X. The chart tells us how the upper half plane
X T covers the target Z under the Schwarz map s. We identify two charts if they are
homeomorphic.

When we draw pictures, we assume that the sum of the angles of the triangle D is
greater than 7. Other cases can be obtained from these by the deformation procedures
described above.

Our strategy is as follows. We first find real numbers a, b and ¢ satisfying

0<l-¢<1, 0<é—a—-b<l, 0<b—a<l,

and
a—a, b—b, ¢—ceZ.

If necessary, we exchange a and b. Then such a triple (a, b, ¢) exists uniquely. Let
$: X - Z~P!

be the Schwarz map of the equation E(a, b, ¢), and T its Schwarz triangle. Define circles
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C’(foo,O)a 0(0,1), O(O,oo) and triangles D, A, etc. as above. There is (Lemma in §3) a linear
fractional transformation Z — Z which takes the three circles C(_ 0), C(0,1), C(0,00) t0
the three circles C(_ 0y, C(0,1), C(0,00), respectively. The transformation does not neces-
sarily send D to D, A to A,...Note that D = T and that the vertices $(0), $(1) and $(oc0)

are ordered positively around 7. We study the Schwarz triangle T’ by comparing with T
through the map

sos Y. Zo>T —>TcCZ

(This map is studied also in [OY].) Note that X+ is homeomorphic to T under 3| x+.

Let the parameters (a, b, c) and (d,i), ¢) be as above. There are three integers pg, p;
and po satisfying pg + p1 + Poo € 2Z such that the exponents of the two equations are
related as follows:

l—c=1—¢+py, c—a—b=c¢—a—b+p;, b—a=b—a+ pe.

The chart is denoted by X(po, p1,Ps0). In the following sections, we illustrate X.

2. Result: Illustration of the chart X(pg,p1,peo). Throughout this paper, we put
oo at the top of the chart, and the arc 01 at the bottom.

2.1. po,p1,Peo > 0. In this subsection, we assume pg, p1, Poo > 0. We first draw the chart

when
Do+ P12 Po, PootDo=D1, P1+Poo = Dos

and next draw the chart when one of the p;’s is greater than the sum of the other two;
without loss of generality, we assume pg + p1 < Poo-

2.1.1. pog+P1 > Poos Poo +P0 > P1, P1+ Poo = Po- By the assumption on the p;’s, there
are integers rg, 71,7 > 0 in a unique way satisfing

Po=7T1+T00, P1=Toot+7T0, DPoo="70"+T71;

actually they are given by
_ —Po+P1+DPx _ Po— D1+ P _Po+tDpP1— P
rnn=———F—",""n"=——F——""3Tecec="7""]7T"—.
2 2 2

The chart X(po, p1,Ps0) consists of D and three parts Yy(rg), Y1(r1) and Yoo (reo) sur-
rounding D as in the left of Figure 5. The right hand sides of Figures 5 and 6 show
enlargements of Yy (r) for roo = 0,1,2,... For instance, Y, (0) is just empty, Yoo (1)
consists of C, A, D and B (see Figure 12), and Y., (2) is shown in Figure 13. For later
convenience, the corresponding diagram is also shown on the left of Figure 6. There, two
letters representing two triangles are connected by a segment if they have an edge in
common.

Cyclic changes
A—-B—->C—A

take Y, to Yy and then to Y;.
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X Y.,
Fig. 5. Yo, Y1,Ys and D forming X, contents of Yoo

o v B-A
- - D-C D-C D-C
i/ B | RN,

D

C Too = 0 1 2 =re

Fig. 6. Enlargement of Yo = Yoo (7o), and its diagram

2.1.2. po+p1 < Poo- The chart X(pg, p1, Poo) can be made from X(po, p1,po+p1), which
consists of Y1(p1), D and Yy(po). We add some curves in the D-part starting from oo to
make a vertical stripe

D-A-C-B

Poo — Po — P1 times as in Figure 7. The simplest case X(0,0,2) is shown in Figure 16.

Fig. 7. po + p1 < po: stripe sandwiched by Y; and Yo
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2.2. When two of the three are negative. If, say, pg and p; are negative, then the chart
X(po, P1;Pso) is homeomorphic to X(go, g1, ¢oo), Where go = —po — 1,q1 = —p1 — 1, ¢ =
Peo-

2.3. When one of the three is negative. If, say, py < 0, consider the triple (go, g1, goo) Of
non-negative integers, where gqo = —pg — 1,¢1 = P1,¢oo = Poo- The chart X (po, p1, Poo)
will be denoted by X]qgo, q1, ¢oo]- Since the sum of the three ¢’s is now odd, the sum of
two ¢’s cannot be equal to the third. We first draw the chart when

G +q1 > G, oot >q, ¢+ g > qo,

and next draw the chart when one of the ¢;’s is greater than the sum of the other two;
without loss of generality, we assume qg + ¢1 < Goo-

In any case, the vertices s(0), s(1) and s(oo) are ordered negatively around D (see
Figure 8).

B

B

Fig. 8. 5(0), s(1) and s(c0) are ordered negatively around D

2.3.1. @0+ @1 > ¢oos Goo + 90 > q1, q1 + @oo > Go- By the assumption on the ¢;’s, there
are integers rg, 71,7 > 0 in a unique way satisfying
Go=r1+reo+1l, @g=rect+r0+l, goo=rot+ri+1;

actually they are given by
ot ¢t g —1 Qo — @1t Geo — 1 G0t q1— Qoo — 1
- 2 T 2 ) oo T 2 '
The chart X][qo, q1, goo] consists of the central part shown in Figure 9 and three parts
Zo(10), Z1(r1) and Z(reo) surrounding the central part as in Figure 10.

The part Zo(ro) is given by the following diagram (cf. Figure 6). Cyclic changes
A— B — C — A take Z, to Zy and then to Z;.

To

A-B
/oL A
C-D C-D C-D---
A N B
B-A
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Fig. 10. Three parts Zo(ro), Z1(r1) and

Fig. 9. X[111], th tral t
'8 [111], the central par Zoo (o) surrounding the central part

2.3.2. q0 + @1 < ¢oo- The ckgart X[qo; 41, Gs0] can be made from X[q‘)’ql’ Q0 + ¢ + 1],
which consists of Z1(¢1), B—C — A and Zy(qp). We add some curves in the C-part starting
from oo to make a vertical stripe

B-C-A-D- -« —D-B-C-A4A

where D appears ¢oo — qo — g1 — 1 times (see Figure 11). The simplest one X(0,0,1) is
shown in Figure 17.

® 4

Fig. 11. go + ¢1 < goo, stripe

2.4. When all the three p’s are negative. Put
go=-po—1, @a=-p1—-1 goo=-Poo—1

the chart X(po, p1, Poo) is homeomorphic to the chart X[qo, ¢1, ¢oo], Which is studied in
the previous section.

3. Proof. We fix some notaion: For a real number z, there is a unique real number &
such that x — & € Z and 0 < ¢ < 1; this number £ will be denoted by modp =.
For a triple (a, b, ¢) of real numbers, we put

Ai=1—-¢, pi=c—a-—->b, v:=b—a.
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Exchanging a and b if necessary, there exists uniquely a triple (@, b,¢) of real numbers
satisfying
a—a, b—b, ¢—ceZ
such that
A=modp A\, g =modp y, ¥ =modp v,

where
Ai=1—-¢, p:==¢—a—-»5b, v:=>b—a.
We assume
Ay, >0 and A+p4v> 1.
Define the three integers as

po=A—X\ pri=p—p and  pe i=v— D

As in §1, for a triple of real numbers (a, b, ¢) we define the three circles C( 50,0)5 C(O 1
and C’(O o). In the same way, the triple (a, b ,¢) defines the three circles C’( 50,0)5 C(O 1
and C(O,oo)

LEMMA. There exists a linear fractional transformation which takes C(_ oy to C’
C(O,l) to C(O,l): C(O o0) to C(O 00)s and C —50,0 UC(O 1) uc (0,00) tO C( o O)UC(O 1 UC(O Oo)

Proof. In general two intersecting circles determine two angles, say « and [, satisfying
0<apf<m a+f =m so we say that two circles intersect with angles {a, 8}. The
angles of the triangle D are {)'\77, pm, v}, Note that the triangles A and A have angles
{)\77, (1 =2)m, (1 — )}, and so on. Since po, p1 and ps, are integers, the circles C(_ )
and C(g,1) intersect with angles {Am, (1 — A)7}, the circles C(g 1) and C(; ) intersect
with angles {pm, (1 — )7}, and the circles C(y o) and C(_ ) intersect with angles
{vm, (1 — v)mw}. Since moreover pg + p1 + Poo € 27Z, any of the eight triangles cut out
from the three circles C_ o) etc. cannot have angles {(1 — N, (1= p)m, (1 — )x} or
{(1 = Nm, jurr, o} or {)\7‘(‘ (1— ), o} or {An, i, (1 — )w}. Thus these eight triangles
have the same angles with the eight triangles cut out from the three circles C'( 0,0) €tc. m

3.1. When pg,p1,Pe0 > 0. We have
modp |A| = A, modp || = i1, modp |v| = .

Though this is quite obvious, thanks to this fact, the three angles modulo 7 of the Schwarz
triangle T' are the same as those of 7', and so we have D = D. We consider the map

f:=s051:D->TcC2Z,

and see how T overflows, under f, from D.

(1) When p := (po, p1,Pe0) = (1,1,0), then T overflows from D through the side
s(0)s(1) of D, and the image T is bounded by the complementary arc Cp; — s(0)s(1), as
is shown in the right of Figure 12. Note that the angle of T" at s(0) is greater than that
of D by .

When p = (2,2,0), then the angle of T' at s(0) is greater than that of D by 2.
Though T is bounded by the three sides of D, D is doubly covered as is shown in 13.
When p(r,r,0) (r > 0), T overflows the side s(0)s(1) as above, and the angle of T" at s(0)
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1 A
D
5(0)
c
T
Fig. 12. X(1,1,0)
o
D
/\ B
— ¢ — 1 A
s0) ()
c
X T
Fig. 13. X(2,2,0)

0

is greater than that of D by rm. Now we can readily see that X(r,r,0) consists of D and
Yoo (r) as is illustrated in Figure 5.

(2) When p = (po, p1,p0+p1), since p = (po, 0, po) + (0, p1, p1), the image T overflows
through the sides s(00)s(0) and s(1)s(oc0) of D. The situation explained in (1) for the side
5(0)s(1) occurs doubly along the other two sides. A typical example X(1,1,2) is shown
in Figure 14.

(3) When

p0+p1 > Poos p<><>+p0>pla p1+p00 > Po,
we have
P = (0,7“0,7'0) + (7“1,0,7”1) + (Tooarooao)a

where pg = 71 + oo, P1 = Too + 70, Poo = To + 1. Thus the image T overflows through
the three sides of D, and the situation explained in (1) for the side s(0)s(1) occurs triply
along the three sides. A typical example X(2,2,2) is shown in Figure 15.

(4) When po + p1 < Poo, We have

P = (90,0,p0) + (0,p1,p1) +(0,0,27), 7= (poc — o — P1)/2.
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o0
0 1
Fig. 14. X(1,1,2) Fig. 15. X(2,2,2)

As is shown in Figure 16, when p = (0,0, 2), the image T is just an extension of D around

the vertex s(oo) by 27. So the chart X(0, 0, 2) is given by the diagram D—A—C—B—D.

In this way, the chart X(0,0,2r) is an extension of D around the vertex s(oco) by 2rm; its

corresponding diagram is r times D — A — C — B — D, that is
D-A-C-B-D—----—D—-A-C—-B-D.

The chart X(p) is obtained by replacing the left extreme D of X (0,0, 2r) by Y1(p) and

the right extreme D of X(0,0,2r) by Yy(p1).

e}
B
0 1
D
5(0)

X T
Fig. 16. X(0,0,2)

3.2. Otherwise. We define the non-negative integers qg, ¢1 and g by

; if p; >
go=14 P it pi 20, i = 0.1, 00.
1—p; if pi < _1a

If for example pg is negative, then we have

modp [A[=1—4, and [\l =|A+po| =1—A+qo,

which just implies that, at the vertex s(0), the image T has angle (1 — A+ qo)w. Note
that the parity of qo + q1 + goo matters. If gy + q1 + ¢oo 1S even, that is, if two of the p;’s
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are negative, then nothing new happens; it reduces to the case treated in the previous
section: the chart X(pg, p1, Poo) is homeomorphic to X(qo, ¢1, ¢ )- (Note however that D
is equal to A, B or C’.) If go + ¢1 + goo is 0dd, that is, if one or all of the p;’s are negative,
then we must study the chart anew. We denote X(pg, p1, Poo) by Xl[qo, 41, ¢oo)-

(1) We first study the simplest one X(0,—1,1) = X][0, 0, 1]. Since pg = 0, the map $
and s are locally isomorphic around z = 0, so the images T around $(0) and T around
5(0) are locally isomorphic. Since p; = —1, though gy = 0, the angle of T" at $(1) and that
of T at s(1) are complementary. Since ps, = 1, the angle of T at s(co) is greater than of T'
by 7. This argument is illustrated in Figure 17. The vertex s(1) is the intersection of the
two circles Cpy and C1o other than $(1). Since D is defined as the triangle with vertices
{5(0), 5(1), s(c0)}, the triangle B is called D, the triangle D is called B, and so on.

Fig. 17. X(0,—1,1) = X][0,0, 1]

When ¢ + ¢1 < oo, since

q = (QOaQ17QOO) = (QO707QO) + (O,Q17Q1) + (05072T) + (0707 1)a

where 7 = (¢oo — g0 — g1 — 1)/2, the chart X][q] is made from X]|0, 0, 1] by putting Z1(qo)
on the left, Zy(q;) on the right, and put r times the stripe B — C — A — D. For example,
the chart X]0, 1, 2] is shown in Figure 18.

Fig. 18. X[0,1,2]



268 M. YOSHIDA

(2) The chart X[1,1,1] is already shown in Figure 9. When
o +q1 > Goos  Goo +q0 > G1;  q1 + Goo > qos

since

q= (07T05 TO) + (T1707T1) + (roo; Toos 0) =+ (17 1a 1)7
the chart X[q] is obtained from X[1, 1, 1] by putting Zy(rg) on the right, Z;(r1) on the
left, and Z (7~ ) at the bottom, as is shown in Figure 10.
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