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Abstract. An explicit construction of all finite-dimensional irreducible representations of clas-
sical Lie algebras is a solved problem and a Gelfand-Zetlin type basis is known. However the
latter lacks the orthogonality property or does not consist of weight vectors for so(n) and sp(2n).
In case of Lie superalgebras all finite-dimensional irreducible representations are constructed
explicitly only for gl(1|n), gl(2|2), osp(3]2) and for the so called essentially typical representa-
tions of gl(m|n). In the present paper we introduce an orthogonal basis of weight vectors for a
class of infinite-dimensional representations of the orthosymplectic Lie superalgebra osp(1]2n)
and for all irreducible covariant tensor representations of the general linear Lie superalgebra
gl(m|n). Expressions for the transformation of the basis under the action of algebra generators
are given. The results are a step towards the explicit construction of the parastatistics Fock
space.

1. Introduction. The representation theory of simple Lie (super)algebras and in par-
ticular of classical Lie algebras A,, B,,C,, D, and basic classical Lie superalgebras
A(m|n), B(m|n),C(n), D(m|n) is a central topic in mathematics and physics. A lot is
known about finite-dimensional irreducible representations of Lie algebras. The charac-
ters and dimensions are given by the Weyl formula. As regards the explicit construc-
tion of the representations the first results were given by Gelfand and Zetlin in two
short papers [3, [4]. They solved the problem for the general linear Lie algebra gl(n) [3]
(= for the algebras of class A,) and the orthogonal Lie algebras B, = so(2n + 1) and
D,, = s0(2n) [4]. The possibility to introduce a basis in any finite-dimensional irreducible
gl(n) module V stems from the fact that each such module V' is a direct sum of irreducible
gl(n — 1) modules V' = >, ®V;, where the decomposition is multiplicity free. Consider
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now the chain of subalgebras
gl(n) Dglln—1)>...Dgl(1)
and let
V=VMn)oV(n-1)>...0V(1) (1)
be a flag of subspaces of the gl(k) finite-dimensional irreducible modules, for each k =
1,...,n. Since any irreducible gl(1) module V(1) is a one dimensional space the flag
determines a one dimensional subspace in V. Denote an arbitrary vector in this subspace

by |m) and let A(k) = [m1g, Mok, ..., mgk] be the highest weight of V (k). The highest
weights A(n), A(n — 1),...,A(1) determine the vector |m)

Min T o Mp—1,n Mpn
min—-1 -*° o Mmp—1,n—1

m)=| . i} . ®)
mi1

The vectors corresponding to all possible flags (1)), constitute a basis in V', which was
introduced by Gelfand and Zetlin [3] and is now called a Gelfand-Zetlin (GZ) basis in the
gl(n) module V.

In a similar way one can introduce a basis in each finite-dimensional so(n) module [4]
considering the chain of subalgebras

so(n) Dso(n—1) D ... Dso(2).

In contrast to gl(n), where the basis consists of orthonormal weight vectors, the GZ-basis
vectors for so(n) [4] are not eigenvectors for the Cartan subalgebra.

This approach does not work for the symplectic Lie algebras C,, = sp(2n) since the re-
striction sp(2n) | sp(2n—2) is not multiplicity free. Since the two short papers of Gelfand
and Zetlin [3, 4] were published in 1950, many different methods have been developed to
construct bases in the modules of the classical Lie algebras (see for instance the review
paper [I0]). A complete solution of the problem for the sp(2n) modules was eventually
given by Molev [II] in 1999. He used finite-dimensional irreducible representations of
the so called twisted Yangians. The paper of Molev [I1] together with the papers of
Gelfand and Zetlin [3], 4] provide explicit realizations of all finite-dimensional irreducible
representations of the classical Lie algebras. Molev applied the approach based on the
twisted Yangians also to the orthogonal Lie algebras [12] [I3]. The new basis consists of
weight vectors but in turn lacks the orthogonality property of the GZ basis. In such a
way the problem to construct a natural basis for the Lie algebras so(n) and sp(2n), which
accomodate the two properties, remains open.

In contrast to the classical Lie algebras, the finite-dimensional irreducible modules over
any basic Lie superalgebra are fully classified [6] but so far it is not known how to construct
explicitly all such modules and especially the so called indecomposible modules. Some
steps towards a generalization of the concept of the GZ basis have been done (see [15]
16l [I7]). Irrespective of the progress, there is still much to be done in order to complete
the representation theory of the basic classical Lie superalgebras. In the present paper we
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make a step further in this respect not for finite-dimensional but for a class of infinite-
dimensional irreducible representations of the Lie superalgebra B(0|n) = osp(1]2n) and
also for a class of finite-dimensional irreducible representations of the general linear Lie
superalgebra gl(m|n), the so called covariant tensor gl(m|n) representations. In both cases
the corresponding basis vectors are orthonormal and weight vectors.

2. Explicit representations of the Lie superalgebra osp(1|2n). The orthosymplec-
tic Lie superalgebra osp(1]2n) [6] consists of matrices of the form

0 a a
t
af b ¢ ,

—at d —bt

where a and a; are (1 x n)-matrices, b is any (n X n)-matrix, and ¢ and d are symmetric
(n x n)-matrices. The even elements have ¢ = a; = 0 and the odd elements are those
with b = ¢ = d = 0. Denote the row and column indices running from 0 to 2n and by
e;; the matrix with zeros everywhere except a 1 in position (7, j). Then as a basis in the
Cartan subalgebra h of osp(1]2n) consider

hj=ejj —enyjnt;  (G=1...,n)

In terms of the dual basis d; of h*, the root vectors and corresponding roots of osp(1|2n)
are given by:

€0,k — En+k,0 < 76]67 €0,n+k + €0 < 6]67 k= 17 ) Odd7
€jntk + €kntj < 05 + 0k, Enyjk+enthy < —0; — 0k, J<k=1,...,n, even,
€k — ntkntj < 0 — 0k, JFk=1,...,n, even.

Introduce the following multiples of the odd root vectors
b; = \@(eo,n-s-k + ek,O)a b}? = ﬁ(BO,k - 6n+k,0) (k=1,....n).
Then the following holds [2]:

THEOREM 2.1. As a Lie superalgebra defined by generators and relations, osp(1|2n) is
generated by 2n odd elements bf subject to the following relations

[{bg’bz}’bﬂ = (6_5)5]'le + (5_77)5klb§. (3)

We can construct representations of osp(1|2n) using an induced module construction
with an appropriate chain of subalgebras (see [7] for more details).

PROPOSITION 2.2. A basis for the even subalgebra sp(2n) of osp(1|2n) is given by the
2n2 + n elements {bj[,bf},l <j<k<n, {bj,b,;},l < j,k < n. The n? elements
{b}', b, },j.k=1,...,n are a basis for the sp(2n) subalgebra gl(n).

Define a one-dimensional gl(n) module V(p), spanned on a vector |0), setting
1,.

{bj_,bé*}|0> = pox|0), j,k = ..,n, and p an arbitrary parameter. The subalge-
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bra gl(n) can be extended to a parabolic subalgebra P = span{{b;r,b,;},b;, {b;,bl;},
Jyk=1,...,n} of 0sp(1|2n) and V(p) to a P module requiring b; [0) =0, j =1,...,n.
Now we define the induced osp(1|2n) module W (p): W (p) = Ind;fp(ll%)V(p).

By the Poincaré-Birkhoff-Witt theorem [6], it is easy to give a basis for W (p):

(b)) (b)) ({bF, b M= ({bF, b3 ™ - (b, b ) 110),

n—1"Yn

where k1, ..., kn, k12, k13, ..., ko1, € Zy. However in general W(p) is not an irredu-
cible module and let M(p) be the maximal nontrivial submodule of W(p). The
purpose is now to determine the vectors belonging to M (p) and also to find explicit
matrix elements of the osp(1|2n) generators bf in an appropriate basis of W(p) =
W(p)/M (p).

From the basis in W (p), it is easy to write down the character of W (p):

(z1-- ~:cn)1’/2
[T, (1 =) H1§j<k§n(1 — @jaK)

Such expressions have an interesting expansion in terms of Schur functions.

char W (p) =

ProPOSITION 2.3 (Cauchy, Littlewood). Let x1,...,z, be a set of n wvariables.
Then [8]
1
= = sa(xry .. xn) = sxa(x).
[ (=) H1§j<k§n(1 — T;Tk) Z/\: Z/\:

Herein the sum is over all partitions A and sy(z) is the Schur symmetric function [9].

The characters of finite dimensional gl(n) representations are given by such Schur
functions sy (z). Therefore we can use the gl(n) GZ basis vectors as our new basis for
W (p). Thus the new basis of W (p) consists of vectors of the form

Min T e Mp—-1,n Mpn
. Mip—1 - Mp_1n-1 [m]™
[m) = |m)" = =yt )
mi1

where the top line of the pattern, also denoted by the n-tuple [m]™, is any partition A
(consisting of non increasing nonnegative numbers) with length ¢(\) < n. The label p
itself is dropped in the notation of |m). The remaining n — 1 lines of the pattern will
sometimes be denoted by |m)"~!. So all m;; in the above GZ pattern are nonnegative
integers, satisfying the betweenness conditions m; j41 > my; > mipq j41,1 <1 < 5 <
n — 1. The task is now to give the explicit action of the generating elements bii of
osp(1]2n) (18)). For this purpose, we introduce the following notations : l;; = m;; — 4
for i = 1,...,n, and let each symbol +ij,k attached as a subscript to |m) indicate a
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replacement m;,  — m;, r = 1. Then this action is given by:

b lm) =

n n—1 J j:l Lo i _li- 1 1/2
ST 3 Y Slinin-1)S(in-1,in-2) .. S(ij41,i;) (Ilkh;(kﬂ L )>
in=lip_1=1 ;=1 k;ﬁz‘j:1(lkj - lij,j)

—i — —r+1 1/2
H HZ#:n,rzl(lk n—r lin rt1,m—r+1 T 1) HZ#Z’:_ T+1_1(lk n—r+1 = linr,n—r)>

>< p—
r=1 HZ#;:l,.Jrl 1(lk n—r+1 = l'Ln r1,N— 7‘+1) Hk;ézn 7—1(lk n—r — lin,T,n—r - 1)
X Fin (mlnam2na mnn) ‘m)+zn n;+ip—1,n— 1,...;+ij,j§ (4)
bj_\m) =
n n—1 J Hj:l (lk - L ) 1/2
Z Z Z (inyin—1) (ln—hin—z)---S(ij+17ij)< 5 e L
b =1 1%, _1=1 “: Hk;éh:l(lkj - lij:j + 1)

n r+1

_ /2
H k;ézn T—l l’f n—r lzn e 7"+1) HZ;&Z,L 17“ 1(lk n—r+1 — lzn pon—r T 1)
r=1 k;ézn 1= 1(lk7n—r+1 lzn rp1,n—r+1 T+ 1) Hk¢zn T71(lk n—r = linfmn—r)

X Fz mlna“ mznn_ 13"~amnn) |m) Gn, M=l —1,m—15..5—15,5 (5)
where
Fo(Man, Mo, .oy Mpy) =(—1)Mttnt ot Man (g, bn 41—k + Emn, (D — n))1/2

. 1/2
_mkn_j+k
<11 (o ). ©

Mpn — J + k— Omjn—m;m

jAk=1
with
&; =11if j is even and 0 otherwise,
O; =1if j is odd and 0 otherwise,
and 1 for k<
T
S(k”")_{ 1 ofer kor

Note that, {b

J,j}—QhJ,j—l ,n and

j—1
hjlm) = ( +kaﬂ ka,j1> |m).
k=1

The proof that ([@)-(F) do give a representation of 0sp(1]2n) consists of verifying that
all triple relations hold when acting on any vector |m). Each such verification leads to
an algebraic identity in n variables mln, .. m,m Consider now the factor (mg, +n+1—
k+&m,, (p—n)) in the expression of Fy([m @ This is the only factor in the right hand
side of @ that may become zero. If this factor is zero or negative, the assigned vector
|m’) belongs to M (p). Recall that the integers mj, satisfy mi, > ma, > -+ > My, > 0.
If my, = 0 (its smallest possible value), then this factor in F}, takes the value (p —k+1).
So the p-values 1,2,...,n — 1 play a special role leading to the following result:



88 N. I. STOILOVA AND J. VAN DER JEUGT

THEOREM 2.4. The osp(1|2n) representation W (p) is an irreducible representation if
and only if p € {1,2,...,n —1} orp >n—1. Forp >n—1, W(p) = W(p) and for
p € {1,2,...,n— 1}, W(p) = W(p)/M(p) with M(p) # 0. The explicit action of the
0sp(1]2n) generators in W (p) is given by [{)-()), and the basis vectors are orthogonal
weight vectors. For p € {1,2,...,n — 1} this action remains valid, provided one keeps in
mind that all vectors with myy1 , # 0 must vanish.

3. Explicit representations of the Lie superalgebra gl(m|n). The Lie superalgebra
gl(m|n) can be defined [6] through its natural matrix realization

gl(m|n) = {x = ( g g > |A € Mpyxm, B € Myxn,C € Mpxm,D € Man} ,
where M, is the space of all p x ¢ complex matrices. The even subalgebra gl(m|n);
has B = 0 and C = 0; the odd subspace gl(m|n); has A = 0 and D = 0. A basis for
gl(m|n) consists of matrices e;; (4,7 = 1,2,...,7 = m + n) with entry 1 at position
(,7) and O elsewhere. A Cartan subalgebra b of gl(m|n) is spanned by the elements e;;
(j =1,2,...,r), and a set of generators of gl(m|n) is given by the Chevalley generators
ejj (J=1,...,r), €541 and e;41, (i = 1,...,7 —1). Then gl(m|n) can be defined as
the free associative superalgebra over C and generators e;;, (j = 1,2,...,r = n+m)
and e;;41, €41, (i = 1,2,...,r — 1) subject to the following relations (unless stated
otherwise, the indices below run over all possible values):

e The Cartan-Kac relations:

ledi, ejj] =0; (7)
[€iis €5.5+1] = (055 — i j1)€j 41, (8)
[eiis €j41,5] = — (05 — i j1)e€j1,55 (9)
leiiv1,ej41,5] =0 if i # j; (10)
[€i,i+15 €i+1,i]) = €is — €ix1,i+1 if T F# m; (11)
{em,m+1a em+1,m} = emm T €m+1,m+1; (12)
o The Serre relations for the e; ;41:
€i,i+1€5,54+1 = €5,j+16€ii+1 if |l - j| #1; €$n,m+1 = 0; (13)
ef,i+1€i+1,i+2 — 2€4,i4+1€i+1,i+2€4,i+1 + 61’+1,i+2612,i+1 =0,
forie{l,....m—-1}U{m+1,...,n+m—2}; (14)
612+17i+26i,i+1 —2€i41,i42€ii11€i41,i+2 T ei,i+1€12+1,i+2 =0,
forie{l,...,m—=2}U{m,...,n+m—2} (15)
€m,m+1€m—1,mCEm,m+1€m+1,m+2 + emfl,mem,erl€m+1,m+2em,m+1+
€m,m+1€m+1,m+2m,m+1€m—1,m T €m+1,m+2€m,m+1€m—1,mEm,m+1
—2€m’m+1emfl’m€m+1’m+26m7m+1 = O; (16)

e The relations obtained from — by replacing every e; ;11 by €i41,-
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We will consider a class of irreducible finite-dimensional gl(m|n) modules, namely the
so called covariant simple modules V' ([p],-) [IL [18]. They are in one-to-one correspondence
with the set of all nonnegative integer r = m + n tuples

[,LL]T = [Ml?") Hory .. 7/J'7'7‘]) (17)
for which
Mir—/j/i+17T€Z+, VZ#’ITL i=1,...,r—1
and
Pmr = {0 pir >0, m+1<4i <r}.

Within a given gl(m|n) module V ([u],) the numbers (17) are fixed. The possibility of
introducing a Gelfand-Zetlin basis in any covariant simple gl(m|n) module V([u],) stems
from the following propositions.

PROPOSITION 3.1. Consider the gl(m|n) module V([u].) as a gl(m|n — 1) module. Then
V([1]r) can be represented as a direct sum of covariant simple gl(m|n — 1) modules,

V() = D Villude),

where
I ALl Vi([p]r—1) carry inequivalent representations of gl(m|n — 1)
[,U/]rfl = [ﬂl,rfh H2,r—1y--- 7Mr71,7‘71]7
Migp—1 — fhit1,r—1 € Ly, YiFEm, i =1,...,7 =2,
Hm,r—1 2 #{Z S Hir—1 > 07 m+ 1 S i S - 1}'
11
Lo iy — pigp—1 =6ip—1 € {0,1}, 1<i<m,
2. i — pigp—1 €Ly and i1 — piy1, €%y, mA+1<i<r—1,
PROPOSITION 3.2. Consider a covariant gl(m|1) module V ([pt]m+1) as a gl(m) module.
Then V([lm+1) can be represented as a direct sum of simple gl(m) modules,

Vlplmi1) = @W([M]m),

where
I ALl Vi([p]m) carry inequivalent representations of gl(m)

[M]m = [Mlma Hamsy - - 7Mmm]> Him — Hi+1,m S Z+-
1L
1. Him+1 — Him = azm S {07 1}7 1 S i S m,
2. if pmme1 =0, then O, = 0.
Both propositions follow from the character formula for simple covariant gl(m|n)
modules [T}, [I§].
Using Proposition 1, Proposition 2 and the gl(m) GZ-basis we have:
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PROPOSITION 3.3. The set of vectors

Hir e Hm—1,r Hmr Hm+1,r T Mr—1,r Morr
H1,r—1 e Hm—1,r—1 Hm,r—1 Hm+1,r—1 e Mr—1,r—1
| BMim4+1 0 Bm—1m41 Hmom4+1 Bm41,m41
) = (18)
Him e Hm—1,m Hmm
Him—1 - Hm—1,m—1
M1

satisfying the conditions

L. pir € Zy are fived and pjr — prjr10 € Zyy, j#m, 1 <j<r—1,
P = #{0: prir >0, m+1<1i<r};

Pip — pip—1=0ip1€{0,1}, 1<i<m;m+1<p<r;
Pomp = #{0pip >0, m+1<i<p}, 1<m+1<p<r

if tm,m+1 = 0, then O, = 05

Wip — Mit1p €2y, 1<i<m—-1,m+1<p<r—1;

Mij+1 — pij € Ly and i 5 — piv1 41 € Loy,
1<i<j<m—-1orm+1<i<j<r—-1

S Gt W

constitute a basis in V ([u]r).

The last condition corresponds to the in-betweenness condition and ensures that the
triangular pattern to the right of the n x m rectangle p;, (1 <i<m;m+1<p<r)
in corresponds to a classical GZ pattern for gl(n), and that the triangular pattern
below this rectangle corresponds to a GZ pattern for gl(m).

We shall refer to the basis as the GZ basis for the covariant gl(m|n) represen-
tations. The task is now to give the explicit action of the gl(m|n) Chevalley genera-
tors on the basis vectors . For this purpose, we introduce the following notations :
Lij=pij—t+m+1for 1 <i<m,lpj=—pp;+p—miform+1<p<r, and |p)+i; is
the pattern obtained from |u) by replacing the entry p;; by p;; & 1. Then this action is
given by:

exklp) = (Zﬂyk - Z,U],k 1>|u 1<k<r 1)

E—1 1/2
= 1 lik+1 — ljk) Hi:l (li»k—l — ik — 1)
e ik
k1| 1) = § ( st] ok — L) (e — L — 1) 1)k

1<k<m-1, (20)
k 1 L+ DT Lo\
ekt1,k|1) = Z Z 1 liker — Lik L |N)—jk7
[T oy (i = L+ 1) ik — Lix)
1<k<m-1, (21)

j=1
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m

em,m+l|M) = Zeim(_l)i_l(—1)91M+"'+9i’1’m (li7m+1 — lm+17m+1>1/2

i=1

m—1 1/2
1 em=—1 — lim+1)
o (L= s, : |W)ims (22)
(Hk#—l(lk,mﬂ = lim+1) "

m .
€m+1,m|/1‘) = Z(l - einz)(_1)1_1(_1)617n+...+9i_1'm (li,m—i-l - lnz+1,m+1)1/2

=1

Zl—_ll(lk,m—l —lim+1)

1/2
X\ Tm |14) —im; (23)
(Hk;éi_l(lk,m+l - li,m+1)>

eP,P+1|N):ZGz'p(* 01p+ AOi—1,p+0it1p—1+ FOm p— 1(1794) 1)

m 1/2
« H ( (li,p-i-l — lkp)(li,p-i-l — lkp - 1) ) /
pzim N1t = lops) (liper = lip—1 = 1)

5 m+1(li,p+1 - lqp - 1)(lz,p+1 - lqp)

1/2
<Hq m+1( ip+1 — lgp—1 — )H§+rln+1( 4,p+1 lq7p+1)> m
ip

1/2
+ Zp: Hq m+1( gp—1—lsp+1) H§+rln+1( apt1 — lsp)
H§¢s:m+1(lqp B lsp)(lqp ZSP + 1)

lkp lsp)(lkp — lsp + 1) )1/2
' s mtlspsr—1 24
H ( l/c,p-l—l lsp)(lk,p—l — lsp + 1) |N’) 14 P ( )

€p+1,p|,u) = Z91,71)_1(_1)61p+-..+6i71,p+0i+1,1)*1+...+9m,p71(1 _ gip)

m 1/2
« H ( (li,p-i-l - lkp)(li,p-i-l — lkp - 1) ) /
pzimt N1 = lops) (lipr = lip—1 = 1)

Z m+1(li,p+1 - lqp - 1)(51717-&-1 - lqp)

1/2
(Hq m+1( i,p+1 7 qp 1= )H§+11n+1( ,p+1_lq7p+1)> |M) ‘
—ip

Hg;és:erl(lqp - lszl 1)(lqp - ZSP)

s=m-+1

-1 +1 1/2
n zp: (_ HZ:m+1(lq,p—l sp) 5 m+1( q,p+1 lsp - 1))

(k1 = lop — D)(Lgp—1 — Ls

3 1/2
H ( lk:p s 1)(ka lsp) p)) |M)—sp7 m+1<p<r-—1. (25)

In the above expressions, Zkii:l or Hz;izl means that k takes all values from 1 to
m with k # 4. If a vector from the rhs of (19)-(25) does not belong to the module
under consideration, then the corresponding term is zero even if the coefficient in front is
undefined; if an equal number of factors in numerator and denominator are simultaneously
equal to zero, they should be cancelled out.
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To prove that the explicit actions — give a representation of gl(m|n) we showed
that — satisfy the relations —. The irreducibility follows from the fact that
for any nonzero vector x € V([u],) there exists a polynomial f of gl(m|n) generators such
that fz = V([u],).

4. Comments. The motivation for the present work comes from some physical ideas.
The constructed osp(1]2n) modules in Section 2 are actually state spaces of a system
of n pairs of paraboson operators bji, j=1,...,n [3]. The latter are generalizations of
ordinary Bose statistics. Similarly Green [5] generalized Fermi statistics to parafermion
statistics. On the other hand it is known that the Fock space corresponding to a system of
m pairs of parafermions and n pairs of parabosons corresponds to an infinite-dimensional
unitary representation of the Lie superalgebra osp(2m + 1|2n) [14]. In order to construct
it explicitly the branching osp(2m + 1|2n) D gl(m|n) should be known as well as a basis
description for the covariant tensor gl(m|n) representations. In such a way the results of
Section 3 are a first step for the explicit construction of the parastatistics Fock space.

Acknowledgments. NIS was supported by project P6/02 of the Interuniversity Attrac-
tion Poles Programme (Belgian State — Belgian Science Policy).
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