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Abstract. We obtain some matrix elements of basis transformations in a representation space

of the unimodular pseudo-orthogonal group. Using these elements, we derive some formulas for

special functions.

1. Introduction. Throughout this paper, special functions occur as matrix elements
of basis transformations and representation operators. We construct some elements of
the matrices which connect different bases for class 1 representations of the unimodular
pseudo-orthogonal group. These matrix elements are expressed in terms of Whittaker
functions for the case SO(2, 2) and in terms of Vilenkin function for the general case.
In this way, some integral relations are obtained for Gauss, Whittaker and Macdonald
functions.

Let us assume that the linear space Rp+q is endowed with the form

ϑ(x) := x2
1 + . . .+ x2

p − x2
p+1 − . . .− x2

p+q.

We denote by X the cone ϑ(x) = 0 without the origin. By definition, the unimodular
pseudo-orthogonal group SO(p, q) consists of all linear transformations of Rp+q preserving
ϑ(x). In the case p = 1 or q = 1, we have the special Lorentz group. If g ∈ SO(p, q), then

2010 Mathematics Subject Classification: Primary 33C80; Secondary 22E30, 22E46.

Key words and phrases: unimodular pseudo-orthogonal group, representation of group, basis
transformation, matrix element, special functions.

The paper is in final form and no version of it will be published elsewhere.

DOI: 10.4064/bc93-0-10 [117] c© Instytut Matematyczny PAN, 2011



118 A. I. NIZHNIKOV AND I. A. SHILIN

det g = 1 and the equation
gep,qg

T = ep,q (1)

holds, where ep,q := diag(1, . . . , 1 − 1, . . . ,−1) and tr ep,q = p − q. The group SO(p, q)
has 2 connected components. One of them consists of the matrices

g ≡
(
A B

C D

)
, (2)

where A is a p× p matrix such that sign detA = sign detD = 1. This coset contains the
identity element and will be under our consideration further. We denote this subgroup
by G. The fixed points g under the Cartan involution G → G, g 7→ ep,qgep,q form a
maximal compact subgroup K w SO(p)× SO(q).

Let us consider the K-orbit of the point (1, 0, . . . , 0, 1) on X. It is a direct product of
two spheres; we denote it as ΓK . The measure dx :=

∏p+q
i=1 dxi in Rp+q is invariant with

respect to SL(p+ q,R), the generalized function

δ
(√

x2
1 + . . .+ x2

p − 1
)
· δ
(√

x2
p+1 + . . .+ x2

p+q − 1
)

is invariant with respect to K, and the polynomials
∑p
i=1 x

2
i and

∑p+q
i=p+1 x

2
i are both

symmetric. This leads to the following K-invariant measure on ΓK :

(dx)K :=
dθ(1) . . . dθ(p−1)dϑ(p+1) . . . dϑ(p+q−1)

|xθ(p)| |xϑ(p+q)|
,

where θ is any permutation of the set {1, . . . , p} and ϑ is any permutation of the set
{p+ 1, . . . , p+ q}. In the spherical coordinate system

x1 = sinφ1 . . . sinφp−1,

x2 = sinφ1 . . . sinφp−2 cosφp−1,

. . .

xp−1 = sinφ1 cosφ2,

xp = cosφ1,

xp+1 = sinψ1 . . . sinψq−1,

xp+2 = sinψ1 . . . sinψq−2 cosψq−1,

. . .

xp+q−1 = sinψ1 cosψ2,

xp+q = cosψ1,

we obtain

(dx)K =
p−2∏
i=1

sinp−i−1 φi dφi ·
q−2∏
i=1

sinq−i−1 φi dψi · dφp−1 dψq−1,

if p ≥ 2, q ≥ 2. Here φ1, ψ1 ∈ [0; 2π) and φ2, ψ2, φ3, ψ3, . . . ∈ [0;π). So we have the
following corollary for the G-invariant measure on X:

dx :=
dxζ(1) . . . dxζ(p+q−1)

|xζ(p+q)|
, (3)

where ζ ∈ Sp+q.
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Let us introduce the binary relations Ω1 on the set {1, . . . , p} and Ω2 on the set
{p+1, . . . , p+q} by the condition that (i, j) ∈ Ωl is equivalent to i < j. Let us consider now
a rotation r(i, j, t) through angle t on the (xi, xj) plane, where the condition (i, j) ∈ Ω1

or (i, j) ∈ Ω2 holds. Let k(i, j) be the infinitesimal matrix of r(i, j, t). Then its matrix
elements are

k(i, j)st =


1, if (s, t) = (i, j),
−1, if (s, t) = (j, i),
0, if (s, t) 6= (i, j) and (s, t) 6= (j, i).

The system of vectors k(i, j), (i, j) ∈ Ω1 ∪ Ω2, is linearly independent; the dimension of
their linear span k is equal to p2+q2−p−q

2 . Moreover, k is a Lie algebra because

[k(i, j), k(̃i, j̃)] =



0, if δĩiδjj̃ = 1,
0, if (i− ĩ)(j − ĩ(j − j̃) 6= 0,
k(j, j̃), if i = ĩ,

k(i, ĩ), if j = j̃,

−k(i, j̃), if j = ĩ.

Let r̂(i, j, t) be a hyperbolic rotation through angle t on the (xi, xj) plane, where
(i, j) ∈ {1, . . . , p} × {p + 1, . . . , p + q}. If the infinitesimal matrix h(i, j) corresponds to
the rotation r̂(i, j, t), then its matrix elements are

h(i, j)st =


1, if (i, j) = (s, t),
1, if (i, j) = (t, s),
0, if (i, j) 6= (s, t) and (i, j) 6= (t, s).

These infinitesimal matrices are linearly independent and generate a linear space h, and
dim h = pq.

It is not hard to prove that detA 6= 0 for A in (2). From (1) and (2), we have
B = (A−1)TCTD. This means that any matrix g ∈ G depends on

(
p+q

2

)
= (p+q)(p+q−1)

2

parameters. Therefore, k⊕ h is the tangent space of G. It is easy to verify that [k, h] ⊂ h

and [h, h] ⊂ k. We denote the group exp h by H.
It is clear that K acts transitively on ΓK . Let us note that, first, G is generated by

the subgroups K and H [M] and, second, r̂−1(i, j, t)(1, 0, . . . , 0, 1) = (e−t, 0, . . . , 0, e−t).
This means that the action x 7→ g−1x of the group G is transitive on X. Let σ ∈ C and
Dσ be a linear subspace in C∞(X) consisting of σ-homogeneous functions. We define
the representation Tσ in Dσ by left shifts: Tσ(g)[f(x)] := f(g−1x). This representation is
irreducible if σ /∈ Z [M], [Ve].

For any pair (Dσ, Dσ̃), we define the bilinear functional

F : (Dσ, Dσ̃)→ C, (f1, f2) 7→
Γ
(
p+q−1

2

)
2π

p+q−1
2

∫
Γ

f1(x)f2(x) dxΓ.

Here Γ is a variety of X intersecting all or almost all generatrices. The words almost all
mean here all generatrices except one of them. Every point x ∈ Γ can be represented as
{xi = Fi(ξ1, . . . , ξp+q−2), i = 1, . . . , p+ q. So we can write every point x ∈ X as

{xi = tFi(ξ1, . . . , ξp+q−2), i = 1, . . . , p+ q, (4)
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and, consequently,

dx = tp+q−3 dtdξ, (5)

where G̃ is a subgroup of G, which acts transitively on Γ, and dξ is the G̃-invariant
measure on Γ.

Lemma 1.1. If σ̃ = −σ − p− q + 2, then F does not depend on Γ.

Proof. It follows from homogeneity of the functions f1 and f2 and formulas (5) and (3).

2. Bases transforms and Vilenkin function. In addition to ΓK , let us introduce
some other contours on X intersecting almost all generatrices.

We now denote as Γ1 the intersection of the cone X and the the cylinder x2
1 + . . . +

x2
p−1 = 1. The subgroup H1 ' SO(p − 1) × SO(1, q) acts transitively on Γ1. The H1-

invariant measure

(dx)H1 =
dx1 . . . dxp−2

|xp−1|
· dxp . . . dxp+q−1

|xp+q|

on Γ1 follows from (5). In the cylinder coordinate system

x1 = sinφ1 . . . sinφp−3 sinφp−2,

x2 = sinφ1 . . . sinφp−3 cosφp−2,

. . .

xp−2 = sinφ1 cosφ2,

xp−1 = cosφ1,

xp = sinhα,
xp+1 = coshα sinψ1 . . . sinψq−1,

xp+2 = coshα sinψ1 . . . cosψq−1,

. . .

xp+q = coshα cosψ1,

we have

(dx)H1 =
p−3∏
i=1

sinp−i−2 φi dφi ·
q−2∏
i=1

sinp−i−1 ψi dψi · sinhq−2 α dφp−2 dψq−1 dα.

Here α ∈ [0; +∞), φ1, ψ1 ∈ [0; 2π) and φ2, ψ2, φ3, ψ3, . . . ∈ [0;π).

Let Γ2 be the intersection of X and the cylinder x2
1 + x2

p−1 − x2
p+1 = 1. We denote

by H2 the subgroup acting transitively on Γ2. Thus, H2 ' SO(p − 1, 1) × SO(1, q − 1).
From (5), we have

(dx)H2 =
dx1 . . . dxp−1

|xp+1|
· dxp+2 . . . dxp+q

|xp|
.
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In the cylinder coordinate system

x1 = coshα sinφ1 . . . sinφp−3 sinφp−2,

x2 = coshα sinφ1 . . . sinφp−3 cosφp−2,

. . .

xp−2 = coshα sinφ1 cosφ2,

xp−1 = coshα cosφ1,

xp = sinhβ,
xp+1 = sinhα,
xp+2 = coshβ sinψ1 . . . cosψq−2,

. . .

xp+q = coshβ cosψ1,

we have

(dx)H2 =
p−3∏
i=1

sinp−i−2 φi dφi ·
q−3∏
i=1

sinp−i−2 ψi dψi

· sinhp−2 α sinhq−2 β dφp−2 dψq−2 dα dβ.

Here α, β ∈ [0; +∞), φ1, ψ1 ∈ [0; 2π) and φ2, ψ2, φ3, ψ3, . . . ∈ [0;π).

We now define three bases in the space Dσ. These bases consist of continuations of
basis functions on ΓK , Γ1 and Γ2.

We denote as {fσV } the basis in Dσ related to reduction G ⊃ K, where

fσV (x) = (x2
1 + . . .+ x2

p)
σ−v1−vp+1

2 ΞpV ∗(x∗) ΞqV ∗∗(x∗∗)

and the function

Ξl(y1,...,±yl−1)(x) =
l−2∏
i=1

(x2
1 + . . .+ x2

l−1)yi−yi+1

· C
l−i
2 +yi+1

yi−yi+1

(
xl−i

x2
1 + . . .+ x2

l−1

)
(x2 + ix1)yl−2

was defined in [Vi, 9.3.6.2].

In addition, let us introduce two bases {fσL} and {fσM}, where

fσL(x) = (x2
1 + . . .+ x2

p−1)
σ−l1+q/2−1

2 Ξp−1
L∗ (x∗) Ξq+1

L∗∗,λ(x∗∗),

fσM (x) = (x2
1 + . . .+ x2

p−1 − x2
p+1)

σ+p+q
2 −3 ΞpM∗,µ∗(x∗) ΞqM∗∗,µ∗∗(x∗∗),

where

ΞmY,υ(ξ) = (ξ2
1 + . . .+ ξ2

m−1)
3−p
4 −

y1
2 P

3−p
2 −y1
− 1

2 +iυ
(ξ1) Ξm−1

Y (ξ).

It is possible to unify the results about matrix elements cσV L and cσLM of basis trans-
formations. In order to do it, we introduce the function V (z1, z2, z3, z4, z5, z6). Let us call
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it the Vilenkin function.

V (z1, z2, z3, z4, z5, z6) := 2−1
√
π−(z5+z6) i

z6
2 +σ−2z3−z2−2 Γ

(
z5 + z6 − 1

2

)
· Γ−1

(z5

2
+ z2 − 1

) ∣∣∣∣Γ(z6 − 1
2

+ z3 + iz4

)∣∣∣∣
·

√
z1! Γ(z5 − 2)(2z1 + z5 − 2)z4 cosh(πz4)

(z5 − 2)Γ(z5 + z1 − 2)

·
[ z1−z22 ]∑
s=0

∞∑
t=0

(−1)s2z1−z2−2s

s! t!(z4 − z5 − 2s)!
Γ
(
z5 − 2

2
+ z1 − s

)
· Γ
(
σ − 3z3 − z1

2
+ s+ t

)
Γ−1(z1 − z2 − s) Γ−1

(
σ − 3z3 − z1

2
+ s

)
·
[
sin
[(
−1

2
+ iz4

)
π

]
Γ
(
σ + z1 + z6 − z3

2
− z2 − s− t

)
· Γ
(
z3 − σ − z1 − z6 + 1

2
+ z2 + s+ t− iz4

)
· Γ
(
z3 − σ − z1 − z6 + 1

2
− z2 + s+ t+ iz4

)
· 2

σ+z1−3z3
2 −z2−s−t+1 Γ−1

(
3z3 − σ − z1

2
+ s+ t+ z2

)
· 3F2

(
z2 − z1 + 2s+ t,

z3 − σ − z1 − z6 + 1
2

+ z2 + s+ t− iz4,

z3 − σ − z1 − z6 + 1
2

− z2 + s+ t+ iz4;
3z3 − σ − z1

2
+ s+ t+ z2,

z3 − σ − z1 − z6 + 1
2

− z2 + s+ t+ 1;
1
2

)
+ Γ

(
σ + z6 − z1 − z3

2
+ s

)
Γ−1

(
z2 + z3 − z1 − σ − z6

2
+ s+ t

)
· Γ−1(2s+ t+ z2 − z1) Γ−1

(z6

2
+ z3

)
3F2

(
σ + z6 − z1 − z3

2
+ s,

1
2
− iz4,

1
2

+ iz4; 1− s− t− z2 + z3 − z1 − σ − z6

2
,
z6

2
+ z3;

1
2

)]
.

Here z1 and z2 are both positive integers. Quadratic brackets mean the integer part of a
number.

Theorem 2.1. cσV L = V (v1, v2, vp+1, λ, p, q).

Proof. Since

cσV L =
Γ
(
p+q−1

2

)
2π

p+q
2 −1

∫
Γ1

fσV (x)f−σ−p−q+2
L (x) (dx)H1
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and ∫
ξ21+...+ξ2p−2=1

Ξp−1
(l1,...,lp−2)(x) Ξp−1

(v2,...,vp−1)(x) (dx)K 6= 0

only for li = vi+1, then (see [Vi])

cσV L ∼
∫ +∞

0

(i sinhα)
q
2 +σ−v2−2vp+1C

p
2 +v2−1
v1−v2 (cothα)P 1− q2

− 1
2 +iλ

(cothα) dα.

Now we can use the formulas

Cba(x) = Γ−1(b)
[ a2 ]∑
j=0

(−1)jΓ(a+ b− j)
j! (a− 2j)! Γ(a− j)

(2x)a−2j

and [E, 18.2.10].

Theorem 2.2. cσLM = V (l1, µ∗, lp+1, lp+2, p− 1, q + 1).

The formulas for cσV L and cσLM lead to some relations for special functions. For exam-
ple, we derive the representation of the Gauss hypergeometric function.

Theorem 2.3. If 2− p− q < re σ < 0 and α 6= 0 then

2F1

(
−σ − 1

2
, σ +

3
2

;
1
2

+ l;
1− coshα

2

)
= (−1)l−1 2−σ−

5
2 π−

1
2 e−α sinhα sin(−πσ)

·
(

coshα+ 1
coshα− 1

) l
2 + 1

4

Γ(σ + 1− l) Γ
(
l − 3

2

) ∫ ∞
0

ρ−σ−1Kσ+1(ρe−α)

·
∞∑
s=0

(−1)n Γ−2(s+ 1) Γ−1(s− σ)G21
13

(
ρ2

4

∣∣∣∣ −s−σ − 1, 0

)
dρ.

Proof. Let q = 1 and let x̃ belong to the hyperboloid ϑ(x̃) = 1. Let Φ(x) = (x1x̃1 + . . .+
xpx̃p − xp+1x̃p+1 − . . . xp+qx̃p+q)σ. Then

f−σ−p−q+2
L (x) =

∑
V

c−σ−p−q+2
LV f−σ−p−q+2

V (x).

The equality∫
Γ1

f−σ−p−q+2
L (x) Φ(x) (dx)H1 =

∫
ΓK

∑
V

c−σ−p−q+2
LV f−σ−p−q+2

V (x) Φ(x) (dx)K

leads to our formula.

3. A formula for Meijer and Legendre functions. Since the groups SO(p, q) and
SO(q, p) are isomorphic, we can assume that p ≥ q. Let us consider all p − 1 partitions
Ω of the direct product {1, . . . , p} × {p+ 1, . . . , p+ q} into p classes

ΛΩ,i = {(xi1, p+ 1)}, . . . , (xiq, p+ q) : if s 6= t thenxis 6= xit}.
The set of matrices h(m,n), where (i, j) ∈ ΛΩ,i, generate a maximal R-diagonalizable
subalgebra AΩ,i in h. For different ΛΩ,i and ΛΩ̂,̂i, such subalgebras are conjugate under
Cartan involution. For any g ∈ G, we have g = g1g2g3, where g1, g3 ∈ K and g2 ∈ HΩ,i =
expAΩ,i.
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Lemma 3.1. If σ̂ = −σ − p − q + 2, then the functional F is invariant under the pair
(Tσ, Tσ̂), i. e. F(Tσ(g)(f1), T−σ−p−q+2(g)(f2)) = F(f1, f2).

Proof. Without loss of generality, let us prove this lemma for the simplest case p =
2, q = 1. In this case, we have the only partition Ω into two classes ΛΩ,1 = {(1, 3)} and
ΛΩ,2 = {(2, 3)}. We will deal with the class ΛΩ,1. It is sufficient to argue separately for
restrictions of Tσ to K and HΩ,1. According to (4), we can write an arbitrary point x ∈ X
as x = (t cosφ, t sinφ, t), where the point (cosφ, sinφ, 1) belongs to ΓK . If g ∈ K, then

g−1(α)x =

 cosα sinα 0
− sinα cosα 0

0 0 1

t cosφ
t sinφ
t

 =

t cos(φ− α)
t sin(φ− α)

t

 ≡
t′ cosφ′

t′ sinφ′

t′.

 (6)

If g ∈ HΩ,1 then

g−1(s)x =

 cosh s 0 − sinh s
0 1 0

− sinh s 0 cosh s

t cosφ
t sinφ
t


=

 t cosh s cosφ− t sinh s
t sinφ

−t sinh s cosφ+ t cosh s

 ≡
t′ cosφ′

t′ sinφ′

t′.

 . (7)

We obtain immediately from (7) that

cosφ′ =
t cosh s cosφ− t sinh s

t′
, (8)

sinφ′ =
t sinφ
t′

, (9)

t′ = −t sinh s cosφ+ t cosh s. (10)

Let us find the partial derivative of cosφ′ with respect to φ from (8):

− sinφ′ dφ′ = − t
2 sinφdφ
t′2

. (11)

Formulas (9), (10) and (11) lead to

dφ =
t′ dφ′

t
. (12)

Therefore,

F(Tσ(g)(f1), T−σ−1(g)(f2))

=
∫

ΓK

f1(t′ cosφ′, t′ sinφ′, t′) |t=1 f2(t′ cosφ′, t′ sinφ′, t′) |t=1 dφ

=
∫

ΓK

t′σ f1(cosφ′, sinφ′, 1) t′−σ−1 f2(cosφ′, sinφ′, 1) t′ dφ′

=
∫

ΓK

f1(cosφ′, sinφ′, 1) f2(cosφ′, sinφ′, 1) dφ′ = F(f1, f2).
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Formula (6) leads to t′ = t, dt′ = dt, dφ′ = dφ. Thus,

F(Tσ(g)(f1), T−σ−1(g)(f2))

=
∫

ΓK

f1(t′ cosφ′, t′ sinφ′, t′) |t=1 f2(t′ cosφ′, t′ sinφ′, t′) |t=1 dφ

=
∫

ΓK

f1(cosφ′, sinφ′, 1) f2(cosφ′, sinφ′, 1) dφ′ = F(f1, f2).

Theorem 3.2. For −1 < re σ < 0,

∫ +∞

0

J0(etρ)G21
13

(
ρ2

4

∣∣∣∣ 0
σ, 0, 0

)
G21

13

(
e2tρ2

4

∣∣∣∣ 0
−σ − 1, 0, 0

)
dρ

= −2
5
2πσ sin−1(−πσ) sinh

1
2 (−β) Γ(−σ − 1)

·
∞∑
s=0

(−1)s Γ−1(−σ − 3− s)P−
1
2−s

−σ− 3
2
(coshβ), (13)

where coshβ = cosh t+ d2et

2 .

Proof. Let p = 1 and q = 3. Then

fσV (x) = xσ−v21 C
v2+ 1

2
v1−v2

(
x4

x1

)
(x3 + ix2)v2 ,

fσL(x) = (x1 + x4)σ exp
i(l1x2 + l2x3)
x1 + x4

.

Consider the restriction T ∗σ of representation Tσ to the subgroupN×H̃. Here the subgroup
N consists of the matrices

1 + d2

2 d cos τ d sin τ d2

2

d cos τ 1 0 d cos τ
d sin τ 0 1 d sin τ
−d

2

2 −d cos τ −d sin τ 1− d2

2


and H̃ consists of the matrices r̂(1, 4, t). According to lemma 3.1, we obtain the matrix
elements t∗σ

LL̂
(g) of T ∗σ in the following way:

t∗σ
LL̂

(nr̂) = F(Tσ(nr̂)(fσL , f
−σ−2

−L̂
) = F(Tσ(r̂)(fσL), T−σ−2(n−1)(f−σ−2

−L̂
)).

Let us integrate over ΓN . Further, let us derive the matrix elements tσ
V V̂

1(nr̂) and use
relation between tσ

LL̂
(nr̂) and tσ

V V̂
(nr̂). In this way, we obtain the relation containing

the Bessel function, the Legendre function, the Gauss hypergeometric function, and two
Meijer functions. The simplest form of this formula corresponds to V ≡ (v1, v2) = (0, 0)
and coincides with formula (13).
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4. Two formulas for Gauss, Whittaker, and Macdonald functions. Let us con-
sider the case p = q = 2. We put here

fσV (x) = (x2
1 + x2

2)
σ−v1−v2

2 (x2 + ix1)v1 (x4 + ix3)v2 ,

fσL(x) = (x2 + x4)σ exp
i(l1x1 − l2x3)
x2 + x4

.

Lemma 4.1. If |l1| < l2, then

cσV L = 2−3 π−1 (l22 − l21)−
σ
2−1 Γ−1

(
v1 + v2 − σ

2

)
Γ−1

(
v2 − v1 − σ

2

)
· W v2+v1

2 , σ+1
2

(l2 − l1)W v2−v1
2 , σ+1

2
(l2 + l1).

If |l2| < l1, then

cσV L = 2−3 π−1 (l21 − l22)−
σ
2−1 Γ−1

(
−v1 + v2 + σ

2

)
Γ−1

(
v2 − v1 − σ

2

)
· W− v2+v1

2 , σ+1
2

(l1 − l2)W v2−v1
2 , σ+1

2
(l2 + l1).

If l1 < 0 and |l2| < |l1|, then

cσV L = 2−3 π−1 (l21 − l22)−
σ
2−1 Γ−1

(
v1 + v2 − σ

2

)
Γ−1

(
v1 − v2 − σ

2

)
· W v2+v1

2 , σ+1
2

(l2 − l1)W v1−v2
2 , σ+1

2
(|l2 + l1|).

If l2 < 0 and |l1| < |l2| then

cσV L = 2−3 π−1 (l22 − l21)−
σ
2−1 Γ−1

(
−v1 + v2 + σ

2

)
Γ−1

(
v1 − v2 − σ

2

)
· W− v2+v1

2 , σ+1
2

(l1 − l2)W k1−k2
2 , σ+1

2
(|l2 + l1|).

Proof. Let us choose the integration contour Γ = ΓN in formula cσV L = F(fσV , f
−σ−2
L ),

where the tangent space of the subgroup N is generated by the matrices


0 1 0 0
−1 0 0 1

0 0 0 0
0 1 0 0

 and


0 0 −1 0
0 0 0 0
−1 0 0 1

0 0 −1 0

.

Let (t, 1−t2+s2

2 , s, 1+t2−s2
2 ) be a parametrization of ΓN . We compute this integral by

formula [E, 3.2.12].
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Theorem 4.2. If β > 0 and l2 > |l1|, then

2F1

(
1, σ + 2; 2; 1 +

l1
l2

tanhβ
)

= 2−1 π σ (σ + 1)−1

· (il2)σ+2 (l2 − l1)−
σ+2
2 sin(σ + 1) sinh−1 β tanh−1 β e−β

·
∞∑
v1=0

v1∑
v2=−v1

(v2
1 + v2

2)−
σ+1
2 Γ−1

(
v1 + v2 − σ

2

)
Γ−1

(
v2 − v1 − σ

2

)
· W v2+v1

2 , σ+1
2

(l2 − l1)W v2−v1
2 , σ+1

2
(l2 + l1)Kσ+1

(
(v2

1 + v2
2)

1
2 e−β

)
.

Proof. Let u(x) := (x1 coshβ − x3 sinhβ)σ. Then F(u, f−σ−2
L )Γ:=ΓN = F(u, f−σ−2

L )Γ:=ΓK .
In order to compute the corresponding integral along the contour ΓK , we use

f−σ−2
L =

∞∑
v1=0

v1∑
v2=−v1

c−σ−2
LV f−σ−2

V =
∞∑
v1=0

v1∑
v2=−v1

cσV Lf
−σ−2
V .

In the same way, we derive

Theorem 4.3. If ζ > 1 and l2 > |l1|, then∫ +∞

−∞

∫ +∞

−∞
(il2)σ (l22 − l21)−

σ
2−1W v2+v1

2 , σ+1
2

(l2 − l1)

· W v2−v1
2 , σ+1

2
(l2 + l1) 2F1

(
1,−σ; 2; 1 +

l1
l2
· ζ

2 − 1
ζ2 + 1

)
dl1 dl2

= 32 (v2
1 + v2

2)
σ+1
2 ζ−1

(
ζ2 + 1

2ζ

)σ+2 (
ζ2 − 1
ζ2 + 1

)σ+1

Γ
(
v1 + v2 − σ

2

)
· Γ
(
v2 + v1 − σ

2

)
Γ−1(σ + 2) Γ−1(−σ)K−σ−1

(
1
2

√
v2

1 + v2
2

)
.
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