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Abstract. We recall several different definitions of semiholonomic jet prolongations of a fibered
manifold and use them to derive some interesting properties of prolongation of a first order
connection to a third order semiholonomic connection.

1. Introduction. The theory of jets has been developed as a unifying tool in the de-
scription of many objects within differencial geometry. For example, the frame bundle
P"M of a manifold M with dimension n can be viewed as the space J§(R"™, M) of jets
from R™ to M with source 0. Consequently, using the notion of jet prolongation of a
fibered manifold, one can define even more complicated spaces, e.g. so called r-th order
principal prolongation W" P of a principal bundle P — M with structure Lie group G
as WP = P"M x J"P with the appropriate structure Lie group W G, see [7], [4] for
details. Note that principal prolongation of principal bundles plays a fundamental role in
gauge theories of mathematical physics, see [3]. For geometric applications see [4]. But
not only the spaces can be viewed in the jet setting. By simple identification of horizontal
subspaces of the tangent space T,Y, y € Y, with the elements j;s € JZ}Y, s: M =Y,
such a fundamental object as a connection on the fibered manifold Y — M can be under-
stood as a mapping Y — J'Y to the first jet prolongation of Y. Passing to higher order
jet prolongation of a fibered manifold one can define an r-th order general connection
IF'onY — M as a mapping ' : Y — J"Y to the r-th order jet prolongation of Y. The
role of higher order connections lies in handling higher order geometric structures such as
principal prolongations of principal bundles, or e.g. in lifting of geometric objects, see [2]
for details. Note that there are three distinguished types of jet prolongations: nonholo-
nomic, semiholonomic and holonomic, j”Y, J'Y, JUY, satisfying J'Y c JY C jTY,
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which will be defined in the first section of this paper. Therefore three appropriate types
of higher order general connections are distinguished. We remark that apart from these
three main jet types, there are other various significant subspaces of J "Y', e.g. so called
sesqui-holononomic jets, see [4]. We focus on semiholonomic prolongations of a fibered
manifold and subsequently on semiholonomic prolongation of connections.

This paper is devoted to semiholonomic prolongation of a general connection ' : Y —
JY to a third order semiholonomic connection I's : ¥ — 73Y. We use the fact that
for 7 = 2 all natural operators transforming I" to I's are described by means of so called
Ehresmann prolongation of a connection and the transformations 7°Y — J°Y, see [9]. By
the alternative definition of J'Y we deduce some further characteristics of semiholonomic
prolongation of first order connections to third order connections.

2. Jet prolongation of a fibered manifold. In classical theory, the r-th nonholonomic
prolongation J"Y of Y is defined by the following iteration:

1. zlY = JIY,Ni.e. JYisa space of 1-jets of sections M — Y over the target space Y.
2. JY = JYJYY — M).

Clearly, we have an inclusion JY C J'Y given by j7y ~— jl(j7~1v). Further, the r-th
semiholonomic prolongation JY C JY is defined by the following induction. First,
by 51 = By we denote the projection J'Y — Y and by 8, = B7.-1y the projection
JY = JHJ-ly — jT—lY, r=2,3,.... If we set jlY = J'Y and assume we have
7'V ¢ J71Y such that the restriction of the projection 5.1 : Jr=ly — Jr-2y maps
7Y into 7T_2Y, we can construct J!G,_; : JTY — JYTT?Y and define

TY={AecJ'T'Y; B.(A) = J'B_1(A) e T 'Y}

Clearly J'Y CJY C JY.. Obviously, J,J and J" are bundle functors on the category
F M, of fibered manifolds with m-dimensional bases and n-dimensional fibres and
locally invertible fiber-preserving mappings.

Alternatively, one can define the r-th order semiholonomic prolongation JY by means
of natural target projections of nonholonomic jets, see [I1]. Note that generally there exist
r different projections JY — J "1y, which in the notation of previous definition of I
are of the form ,, J'B,_1,...,(J' --- J))B1. As an example we show the coordinate form

r—1
of all projections J3Y — J2Y. Local coordinates on JY, J2Y %nd J3Y are of the form
; ayP ; ayP ayP dy; i _ _
(@', 9P,y = 35), (290 = ¥P. ¥l = aimyé’j = agj,yfj = 3.7): (" Yoo = YP Yoo =
yP P ! oy? p

oyP b _9y" op _ Oyl p _oy" p _ Oy p _ Oy _ayf}) tivel
0271 Y00 = 9272 Yij0 = 927> Yook = azFYiok = ook Yojk T ook Yijk = gk )» TESPectlvely,
where ¢,5,k = 1,...,dimM, j = 1,...,n, where n is the fiber dimension of Y. Thus the
projections 31, J!B; and J'J!'B3; from J3Y onto J2Y are described as

o = 2t o=, = o,
yP =yP, Y =yr, Y =yP,
Yio = Yioo» Yio = Yioos Yio = ygjO?
Yoj = Yojor  Yo; = Yook Yoj = Yook»

P _ P PP P o_ .
Yi; = Yijo Yii = Yiok> Yij = Yojk
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respectively. The problem of projections onto lower order bundle functors including the
jet prolongation of fibered manifolds was solved in [IJ.

In the following, by surjection m : JY — JIY for r > q > 0 we understand
a composition of any of the above projections. Specifically, 7). is the identity on JY.
We note that the restriction of these projections to the subspace of semiholonomic jet
prolongations will be denoted by the same symbol. For r > q> k > 0, if we apply the
functor ch we have also the surjections j’“ " k L JY — JIY and, consequently, the

element X € J"Y is semiholonomic if and only 1f
(jkwg:]]z)(X) = my(X) for any integers 1 <k < g <. (1)

In [11], the author finds this property quite useful when handling semiholonomic connec-
tions and their prolongations and also gives a complete proof.

. =3 = .
REMARK. Local coordinates on J Y C J3Y are given by
Yioo = Yoio = Yooi: yfjo = yfo;‘ = ygij'

. —3
So the coordinates on J Y are

<Izv vy = Ik yfj =5 yfjk =

dxI Oxk
Finally, the following functorial definition of semiholonomic prolongation of a fibered
manifold can be found in [8]. Assume that the functor T comes equipped with the
canonical transformation J + — J - given by the restriction of jet target projections.
Then there are two canonical transformations J'J + — J'J* and one can define J"
as the equalizer of these two transformations. Then this is equivalent to the definition

TY =TT *v)n, T 'v).

3. Connections and their prolongations. First we recall that a general connection
on a fibered manifold p : Y — M can be defined as a lifting map I' : Y xpy TM — TY,
or, equivalently, as a section I' : Y — J'Y of the first jet prolongation J'Y — Y.

Further, let J"Y — M be the r-th nonholonomic jet prolongation of a fibered manifold
p:Y — M. In general, an r-th order nonholonomic connection on Y is a section' : Y —
J"Y. Such a connection is called semiholonomic or holonomic, if it has values in JY or
in J7Y, respectively.

The semiholonomity of higher order connections was discussed in [7] for connections
in the grupoid form, but some of the considerations can be generalized. Also the following
assertion can be found in [7].

Using the property of semiholonomic jet prolongation of a fibered manifold and
its notation, we first mention that if I' : ¥ — JY is a general connection on Y — M of
order 7, then m;I" := my o I'(x), x € M, ¢ =1,...,r — 1, are ¢g-th order connections on
Y — M. Now it is easy to see

PROPOSITION 4. A connection T : Y — J'Y is semiholonomic if and only if

(Jhar g k)(F)fﬂ( ) for any integers 1 <k < q <.
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We now recall some elementary operations on connections. Given two higher order
connections I' : Y — J"Y and ' : Y — J*Y, the product of I' and T is the (r + s)-th
order connection I' *x ' : Y — J"+3Y defined by

I+«T=JTol.
If we consider two first order connections, the question of semiholonomity of their product
was solved in [6], [7] in the following way: for two first order connections I' and T the
product I' T : Y — J?Y is semiholonomic if and only if I' = T.

Considering a connection I' : Y — J'Y, one can define an r-th order connection
re=H.y — JY by

I'V:=Tr«I=JTol, =1 .= 1= ,p = Jirr-2 o,

The connection T("~1) is called the (r —1)-st prolongation of T in the sense of Ehresmann,
shortly (r — 1)-st Ehresmann prolongation.

The following proposition explains the use of Ehresmann prolongation for the semi-
holonomic prolongation of a connection:

PROPOSITION 5. The values of T'"=1) lie in the semiholonomic prolongation J'Y and
=Y is holonomic if and only if T is curvature free.

For the proof see [6], [11].

6. Natural operators transforming first order connections into second order
connections. We show that Ehresmann prolongation plays an important role in de-
termining all natural operators transforming first order connections into higher order
connections. Let us note that also natural transformations of semiholonomic jet prolon-
gation functor J' are involved. To find the details about this topic we refer to [4],[5], [9].
For our purposes it is enough to consider r = 2,3. We use the notation of [4], where the
map e : TV — 7Y is obtained from the natural exchange map ey : J'J'Y — J'J'Y as
a restriction to the subbundle J Y C J'J'Y. Note that while ey depends on the linear
connection A on M, its restriction e is independent of any auxiliary connections. We
remark that originally the map ej was introduced by M. Modugno. We also recall that
J. Pradines introduced a natural map 72Y — jQY with the same coordinate expression.
Now we are ready to recall the following assertion, see [9] for the proof.

PROPOSITION 7. All natural operators transforming first order connection T :' Y — J'Y
into second order semiholonomic connection Y — J Y form a one parameter family

sk -(D+T)+(1—k)-e(TxD), keR 2)

In other words, all natural operators from Proposition[7]differ from a constant multi le
of Ehresmann prolongation I' x I' by a term, where a natural transformation 7T
applied to I' x T

REMARK. The bundle j2Y — J'Y is an affine bundle with the associated vector bundle
2
VY @ @T*M = (VY @ S?°T*M) @ (VY @ A°T*M),
where VY denotes the vertical subbundle of 7M. This makes the sum in possible.
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Furthermore, by simple rearrangement, can be written as
I'— (T*T)+t(T+T —e(l*T)), tcR. (3)

In this form, it is obvious that the term 6 := T'« T — ¢(T' * ') in corresponds to the
so—called difference tensor. We recall that the difference tensor §(U) of a semiholonomic
2-jet U C 7Y is the map 0 : 7Y = VY ® A2T*M defined by 6(U) := U — ¢(U). The
form of the difference tensor can be easily derived from the affine structure of the bundle
JY - T_IK whose associated vector bundle is exactly of the form VY @ A2T*M.
The result for r = 3 is simple. According to [I0], the only natural transformation
73 — 73 is the identity and thus no result like that of Proposition H can be expected.

8. Semiholonomic connections of order three. In this section we will show that
among operators transforming first order connections into third order semiholonomic
connections, Ehresmann prolongation plays a significant role. Direct computations of the
coordinate form of all natural operators in question becomes technically complicated.
Thus we use the property of semiholonomic jet prolongation of fibered manifolds
to derive some interesting properties of Ehresmann prolongation. Let us note that the
following proposition is strongly motivated by a result of J. Virsik, [T1], where the author
handles the connections and their prolongations in the groupoid form and thus also the
prolongations of connections differ from the notion used in this paper. This is why we
present a modified proof and refer to [II] for the original version.

PROPOSITION 9. Let ¥ be an arbitrary r-th order connection and denote I' := n7X¥ the
first order underlying connection. If the connection ¥ I is semiholonomic, then ¥ =
L= and thus ¥ is also semiholonomic.

Proof. First note that 77% = 7771 (X +T") = I'. Now consider the connection 75 ™ (X +T).
If ¥« T is semiholonomic, according to Proposition [] and the definition of Ehresmann
prolongation, 75 (X + I') = Jl7}(J'S o T'). Thus for any u € Y we have an element
Jiat(JYS(C(u)) € 7Y, But J' is a functor on the category of fibered manifolds and
fiber respecting mappings and thus

S (J'S(C(w)) = (7 B(0(u)) = J'T(C(u)) = (T +T)(u)
for any u € Y, i.e. my T} (X #T') = T+ I". Now if we consider connections T (E«TD), ¢ =
3, ...,7, we proceed recurrently with respect to ¢ and therefore prove that for ¢ = r
Y=Y =TxT%..«0=T0"Y u

REMARK. If a connection ¥ is of the form I'"=1) | then the prolongation ¥ «I' = I'("=1) «
I' = I'™ is also semiholonomic according to Proposition and thus, trivially, the converse
to Proposition [0]is valid.

Let us now consider a second order connection in the form and denote the element
corresponding to the difference tensor by §, i.e. we consider a connection X :=I'x " + ¢0,
where I' : Y — J'Y is an arbitrary first order general connection. Then we have

PrOPOSITION 10. The prolongation XxI" of ¥ = T'«I'+td, t € R, t # 0, is semiholonomic
if and only if 6 = 0.
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Proof. Clearly, for t = 0 the connection ¥ % I' is semiholonomic, too. Let us consider
t#0.1f § =0, then X« ' =T % T' %I is semiholonomic according to Proposition [5| On
the other hand, if ¥ %" is semiholonomic, then ¥ = I' " according to Proposition [9] due
to the obvious fact that 72X =T =

Conclusions. Ehresmann prolongation plays an important role in semiholonomic pro-
longation of connections. All possible prolongations of a connection into a second order
semiholonomic connection can be described by means of Ehresmann prolongation and
natural transformations of the functor J- of second order jet prolongation of a fibered
manifold. In order three, the only natural transformation of J~ is the identity and thus
no similar result can be expected. But if we transform any second order semiholonomic
connection of the form to a third order connection by means of prolongation, only
exactly third Ehresmann prolongation returns a semiholonomic connection. This leads to
the conjecture that Ehresmann prolongation is the only natural operator transforming
first order connections into third order semiholonomic connections, but an exact proof is
still missing.
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