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1. Introduction. A mapping f : (R"7%,0) — R?" (0 < k < n) to the symplectic
space R*" with the symplectic form w = Y7, dp; A dg; is called isotropic if f*w = 0.

The classification problem of isotropic mappings is one of basic subjects in the sym-
plectic mathematics, in particular, in symplectification of the singularity theory, including
the study on Lagrangian varieties and singular curves in the symplectic space. We will
give a short survey on the subject and related basic contributions to the classification
problem.

One of major motivations for the classification problem comes from classical mechanics
and its quantizations, celestial mechanics, field theory, and so on, in the Hamiltonian
framework. From the view point of applications, we need to consider also the classification
problem in the presence of a system of commuting Hamiltonians.

For example, in the symplectic 4-space {(p1,¢1,p2,q2)} consider the energy function
h = %(p% +p3), then the problem is to classify curves or isotropic surfaces with singularities
by local symplectomorphisms preserving the energy foliation on R*\ h=1(0).

In general we consider, in the local framework, coisotropic fibrations  : R?* — R"»~*
(0 < ¢ < n). It is defined by a system of Poisson commuting independent (n — £)-
functions. By the classical Jacobi-Liouville theorem, up to local symplectomorphisms,
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we may assume 7(p,q) = (qe+1,---,9n) = ¢. Then two isotropic map-germs f,g :
(R"%,0) — R2" are called equivalent if f is transformed to g by a symplectomorphism
® : (R*, f(0)) — (R®,g(0)) preserving 7-fibers up to a parametrization, namely, for
diffeomorphisms o : (R"™*,0) — (R"7*,0) and ¢ : (R"“, 7(f(0))) — (R"*,7(g(0))),
we have Po f =goo, pom =mo®, ie., the following diagram is commutative:

(R"F,0) L5 (R, £(0)) = (R", 7(£(0)))
lo 1@ L
(R"*,0) < (R?",(0)) - (R"*,7(g(0))).

In the case £ = 0, we call the above equivalence Lagrange equivalence. In the case
! =n, we call it symplectic equivalence. In the case £ = n — 1, we consider a fibration by
hypersurfaces. In general, we call the equivalence flexible equivalence, or m-equivalence,
making stress on the fixed coisotropic fibration 7.

In the above definition, if we do not impose the condition that ® is a symplectomor-
phism but do impose just that ® is a diffeomorphism, we get the ordinary equivalence
of composed mappings (f,7) and (g, 7). If £ = n, then it just gives the .A-equivalence of
mappings f and g.

Apart from generic classification, for Cauchy problem of Hamilton-Jacobi equations,
we treat isotropic submanifolds I™~! in a smooth hypersurface {H(p,q) = 0} in R?".
Then we parametrize I by f: R*~' — R?", and consider the diagram

Rn—l L)RQ'” i)R

9

with the condition H o f = 0. Then the problem is reduced to the classification of the
reduction f: R~ — R2(®~1 which is a singular isotropic mapping ([12]).

A coisotropic fibration 7 : (R?*,0) — (R"%,0) induces, via the fiberwise sym-
plectic reduction, the submersion 7 : (R?",0) — (R* x R"7%(0,0)) to the family
of R* = T*R".

Now let f: (R"7* 0) — (R?",0) be an isotropic map-germ. If 7 o f is a submersion,
then, k < £ and o f : (R"*0) — (R* x R"7*,(0,0)) is regarded as an unfold-
ing by isotropic map germs of an isotropic map-germ (R‘~*,0) — (R?¢ 0). Then we
are led to the classification problem and the unfolding problem of isotropic map-germ
f:(RF0) — (R*,0).

In the paper [16] we consider, in particular, the case £ = 1 and k = 0. We review
shortly the classification result obtained in [16] in Section 2. In particular we have shown
in [16] the symplectic codimension of plane curve-germ f : (R,0) — (R2,0) is a diffeo-
morphism invariant. This is not true for curves (R,0) — (R?",0) when n > 2. However
we observe the diffeomorphism invariance of the symplectic codimension of Lagrange
variety in Section 6.

Note that the case 7 o f is not a submersion and k = 0 is treated in [30].

Lagrange singularity theory treats Lagrange equivalence mainly. The objects of the
study, then, are the composed mapping

(R",0) L (R*",0) ™ (R™,0),

consisting of a Lagrange immersion, i.e. an isotropic immersion f with £k = 0, and a
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Lagrange fibration, i.e. a coisotropic fibration 7 with ¢ = 0 ([3]). For the classification in
the case f is not an immersion, see [4] for example.

Note that a coisotropic fibration 7 : (R?",0) — (R"~*,0) can be decomposed into a
Lagrange fibration II : (R?",0) — (R",0) and a fibration (R",0) — (R"~*,0). More-
over an isotropic immersion f : (R"7% 0) — (R?",0) can be extended to a Lagrange
immersion F : (R",0) — (R?",0) via an immersion (R"~*,0) — (R",0). Thus we have

a composed mapping
(R"*,0) — (R",0) - (R?",0) - (R",0) — (R"~%,0).

Though intermediate Lagrange fibrations and Lagrange extensions are not unique, we
see this aspect is effective for the classification problem, at least, in the case £ = 0. In
Section 4, we review the classification of isotropic immersions under Lagrange equivalence
due to Janeczko and Zakalyukin ([20], [29]).

Even if f : (R"%,0) — (R?",0) is not an immersion, it is effective to consider
a Lagrange extension F : (R",0) — (R?",0) of f. Here we assume F|gn-kyo = f
and F' may not be an immersion accordingly. Thus we consider the “flag” of isotropic
mappings:

(R"*,0) - (R",0) == (R?",0).

Lastly we consider the case of equivariant isotropic mappings.

2. Symplectic bifurcations of plane curves. Let f : (R,0) — (R?,0) be a map-

germ. We define the codimension (more exactly A.-codimension) of f by
Vi

tf(Vi) +wf(Ve)’
where Vy := {v: (R,0) - TR?|mov = f} is the space of vector field-germs along f,
Vi (resp. V) is the space of vector field-germs over (R, 0) (resp. (R?,0)), and tf : Vi — V;
(resp. wf : Vo — Vj) is the homomorphism defined by tf(§) = f. () (vesp. wf(n) =
nof). A plane curve f is called A-finite if codim(f) < co. Then f has an A-versal unfolding
with the parameter dimension codim(f). If f is analytic, the condition of A-finiteness is
equivalent to that the complexification of f has an injective representative.

codim(f) := dimg

Moreover, in general, we define
Vy
tfVi) +wf(VHy)’
where V Hy C V5 means the space of Hamiltonian vector field-germs over the symplectic
plane (R2,0). Then clearly

sp-codim(f) := dimg

sp-codim(f) > codim(f).
In [16] the following is shown:

THEOREM 2.1. Let f: (R,0) — (R2,0) be an A-finite map-germ. sp-codim(f) is an
A-invariant (diffeomorphism invariant). In fact we have

sp-codim(f) = 6(f) := dimg &/ f*&s.
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Moreover the Milnor number p(f) of f is equal to 26(f) (cf. [26]). So we have
sp-codim(f) = u(f)/2.

The classification under A-equivalence of A-simple (0-modal) plane curves is given by
Bruce and Gaffney [5]:

Aoy £ (12,2040,

Fe: s (83,30 £ 3R H2) 0 < p <0 — 25t (83,130,

FEeryo: s (83,3002 £ 3R 0 < p <0 — 25t (83, 13012);
Wia: = (4 £ 1Tt (84, 19);
Wis: — (T )t (T 13 e (14 7);
Wff;q_lz o (84,85 4 120+5) ¢ > 1.
Then we have the symplectic classification of them in [16]:
THEOREM 2.2 ([16]).

(1) Any plane curve germ of type Egp (£ > 2) is symplectically equivalent to

-1
fr = (t3, (il)“ltg”l n 2:)\]4753(£+j)—1)7
j=1
for some A= (A1,...,  \—1) € R £y and fa are symplectically equivalent if and only
if N = (£1) 1
(2) Any plane curve germ of type Egpro (¢ > 2) is symplectically equivalent to

-1
fr= <t37 (£1)430+2 ¢ Z}\jt3(2+j)+1),
j=1
for some A= (A1,..., \—1) € R £y and fa are symplectically equivalent if and only
if M= (£1)°\.
(3) Any plane curve germ of type Wia is symplectically equivalent to
fr= (41 4+ t7)
for some A € R. Moreover fx and fx are symplectically equivalent if and only if X' = X
(4) Any plane curve germ of type Wig is symplectically equivalent to
P = T+ 00 + ut'?)
for some (X, ) € R%. Moreover fy,, and fy o are symplectically equivalent if and only
if (Nop') = (A ).
(5) Let q > 1. Then any plane curve germ of type Wf2q71 is symplectically equivalent
to

P = (4 £0 4 X2TT5 4 20t
for some (A, p) € (R —{0}) x R. Moreover fx, and fx , are symplectically equivalent
if and only if (N, p') = £(\, p).
REMARK 2.3. For Fg and FEg, the symplectomorphism classification and the diffeo-
morphism classification coincide.
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REMARK 2.4. Note that the linear symplectic group Sp(R?) = SL(2,R) is a normal
subgroup of GL(2,R). If Symp(R?,0) is a normal subgroup in Diff(R?,0), then the
symplectic classification might be easier. However Symp(R?,0) is not a normal subgroup
in Diff(R?,0) in fact. For example, define 7 € Symp(R?2,0) by 7(z,y) = (x + y,y), and
g € Diff(R?,0) by g(z,y) = (145,v)- Then g Nz, y) = (ﬁ,y) and

z+y(l+z) )

-1
1—y(1+a:)’y

(67 orog)a,y) = (

is not a symplectomorphism. In fact,

1
(g7 oTog)* (dz ANdy) = ——————— dx ANdy # dz A dy.

{1-y(1+2)}
The homogeneous space Diff(R2,0)/Symp(R?, 0) has, via Jacobian, a simple structure
(as set):
Diff(R?,0)/Symp(R?,0) = £,
where £ = {h € & | h(0) # 0}. This may explain partly the fact observed in Theorem 2.2
that the “symplectic moduli space” has rather simple structure.

In general consider the group CSymp(R>2", 0) of conformal symplectomorphisms. Note
that Diff(R?,0) = CSymp(R?,0). Then

CSymp(R2”, 0)/Symp(R2”, 0) = 52><n'

3. Singular curves in the symplectic space. Arnold [1] gives symplectic classifi-
cation of singular curves f : (C,0) — (C?",0) with order(f) = 2. This can be applied also
to the real case. Also note that any curve-germ (R, 0) — (R?",0) is necessarily isotropic.

Now we define the symplectic codimension of f : (R,0) — (R2",0) by

VI,
tf(Vi) +wf(VHy,)’

where V Hy,, C Vs, denotes the space of Hamiltonian vector field-germs over (R2",0).
VI is the space of infinitesimal isotropic deformations of f.

sp-codim(f) := dimg

Then we observe that the symplectic codimension is, in fact, not a diffeomorphism
invariant for map-germs R — R*, contrary to the case of symplectic plane curves.
For example, consider map-germs

= t2k+17q2 = 07P2 = O)a

Asro s (=t p
and
Agiyt (o =2, p1 = M2 gy = ¢2F41 py = 0)  (r > 0),

from Arnold’s classification [1]. Then, for each k > 1, all Ag,, r > 0, are clearly
A-equivalent. However we have

sp-codim(Asgy ) = k + 2,
and

sp-codim(Asgy, ) =k +r 4+ 2.



90 G. ISHIKAWA AND S. JANECZKO

In fact, when f = Aaxp : (R,0) — (R*,0), we can take
80,t271,0,0) (i=1,2,...,k), %(0,0,t,0), *(0,0,0,¢)
as a basis of the vector space Vy/(tf(V1) +wf(V Hy)). For f = Asp, we need
L0, 0,0) (j=1,2,...,7)

in addition.

Here we do not mention the details of the symplectic classification of curves in (R?",0).
However we introduce several natural equivalence groups for a given coisotropic fibration
7 : (R?",0) — (R"*,0).

We denote by m-Symp(R?",0) the group consisting of m-fiber preserving symplecto-
morphisms @ : (R?*,0) — (R*",0). In the similar way, for m-fiber preserving positive-
conformally symplectic diffeomorphisms (resp. w-fiber and orientation preserving dif-
feomorphisms, w-fiber and volume preserving diffeomorphisms), we define the group
7-CTSymp(R?",0) (resp. 7-Diff " (R?",0), m-VPDiff(R?*",0)).

Then we have the square of inclusions:

7-CTSymp(R?",0)

S N
7-Symp(R?", 0) 7-Diff " (R, 0)

N /
7-VPDiff(R2", 0)

Note that, in the case n =1,

7-Symp(R?,0) = 7-VPDiff(R?,0), 7-C"Symp(R?,0) = =-Diff " (R?,0).

4. Isotropic immersions in Lagrange equivalences. Now we consider the case
of proper isotropic immersions

iR RYRE S (TR w), 1<k<n—1,
classified with respect to the standard equivalency by symplectomorphisms
o: (T*R",0) — (T*R",0),
preserving m-fibers up to a parametrization, where the coisotropic fibration 7 : T*R"™ —
R" is a Lagrangian fibration. An each immersed isotropic submanifold-germ (I"~*,0) C

T*R™ is generated by a smooth generating I-Morse family-germ (cf. [20]) F : (R™ X
R™ x R*,0) — R, such that the map-germ

" m OF oF m &
R'xR"5 (4. (51 (0.1,0), 55(2.1,0)) € R™ xR
has exactly rank equal to m + k at 0. Then it is easy to check that
oF
n—k . * T
(1) g (Q7>‘)|Ef,4) (8])((17)\’0)7(1) €eT'R )
where
OF oF
I = P — = = — >\ = Rnik
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is an isotropic immersion and i"~*(R"7* 0) = (I"~*,0) is an isotropic submanifold-
germ. The image C; = m(I"~*) was introduced in [20] as a quasicaustic in an aperture
diffraction. By this formulation we also see that the isotropic submanifold-germs can
be represented as a sub-Lagrangian-germs, i.e., we have a smooth Lagrangian subman-
ifold-germ L C T*(R"™ x R™) generated by the function-germ (¢, \) — f(q,\), and
the reduction 7¢ : C — T*R"™ in T*(R™ x R™) defined by the coisotropic space
C = {(p,g;pA) : p =0} Let g : (¢,\) — (g1,--.,9%x) € R* be a smooth map-germ
(coming from the extra k equations of the family F: g;(¢, \) = g—g(q, A,0) = 0). Then
I-Morse family-germ implies the transversality of intersection of C' with L N g~1(0) and
the image 7c(L N g~1(0) N C) is a smooth isotropic germ. All isotropic submanifold-
germs can be represented in this way (cf. [20]). To establish the classes of generating
I-Morse family-germs which generate Lagrangian equivalent isotropic varieties, to each
generating family-germ (g, A\, 3) — F(q, A\, 3) we prescribe the inactive domain, i.e. the
set of function-germs

+<ﬁla~"7/6k>

)

2
Ea.x.8)

oF OF\?
N’ 0p

Up=F+ <
Ean0)
which generates as an I-Morse family-germ the same isotropic immersion-germ.

We say that two I-Morse family-germs, F}, F» : (R® x R™ x R*,0) — R, are
RT-equivalent if there is a diffeomorphism @ : (R™ x R™ x R¥,0) — (R" x R™ x R*,0)
preserving the fibration 7, : (R® x R™ x R*,0) — (R",0) and such that 7, 1 0 ® :
(R" x R™ x R*,0) — (R™ x R¥,0) is a g-parametrized family of diffeomorphism-germs
on (R™ x RF,0) preserving the hypersurface {3 = 0}. This group of R*-equivalences
preserves the set Up. Now we can define the equivalency of I-Morse family-germs rep-
resenting uniquely the corresponding isotropic immersion-germs. We say that F; and Fy
are I-equivalent if there is an element of U, which is RT-equivalent to F; and oppositely
there is an element of Ug, which is RT-equivalent to Fy. We say that I-equivalency of
I-Morse family-germs is equivalent to the Lagrangian equivalency of the corresponding
isotropic immersion-germs.

If we pass to the representing pairs (f, g), then the inactive domains are defined by

of \?
U(f,g)=f+<5,g> ,

€@

where f(q,\) = F(q,\,0) and g;(q,\) = g—g(q,A,O). The R*-equivalence of I-Morse
family-germs reduces to the ordinary R*-equivalence of representing pairs (f,g). Fol-
lowing the methods of [20] and the announced completed classification of [29] we may
formulate the following proposition.

PROPOSITION 4.1. The stable simple isotropic immersion germs, i"~% : R* % —
(T*R™, w), with the singular quasicaustic Ct are Lagrangian equivalent to the isotropic
immersion germs (or their suspensions) generated by the I-Morse family-germs from the
following list, or have k > 2, non-zero 4-jet of F|q=0,8=0 and non-zero 3-jet of g;|q=0,
i=1,...,k.
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s—1 k -1
F =421 4 Z Mg + Z Bi <)\l + Z )\j(Js+j+(i—1)l>,
j=1 i=1 =0

(s+1)/2<1<s, s>2, n=kl+s—1;
s—2 k -1
F=D X 4 Mg+ g1+ Y6 ()\lz + Z)‘%q$+j+(i—1)l)}
j=1 i=1 §=0
s>4, n=kl+s—1;

F =2 £ 25+ ¢sA5M + qadodi + @325 + @M1 + @i do
k
+ > Bi(Mda + A3 + Mgsyai + AaGaysi + gatai),
i=1
n =5+ 3k;
F =2 £ 25+ ¢sA5A + qadodi + @325 + @M1 + @i do
k
+ Z Bi(MA2 + A3g544i + Matai + NoG3ai + G214i),
i=1
n =5+ 4k;

F =X £ X3+ g 30 + qadodt + @303 + @2\ + @1 he

k
+ Z Bi(MA2G544i + A5+ MQatai + N2G34i + G244i),
i=1
n =5+ 4k;

F =X £+ @AM + qadodt + @303 + @21 + @1 he

k
+ Z Bi (A A3 + At A2s45i + A5qatsi + AM1G3+5i + A2datsi + q145i),
i=1
n =5+ 5k
F =X £ A5+ gsA3A1 + qadadt + 43035 + @2 A1 + @i he
k
+ Z Bi (M A3g546i + MA2arei + A5qs+6i + MG2t6i + Aaqitei + G6i)
i=1
n =5+ 6k;
F =X} + M3 + g3 4 g5 A3 + qadods + g3A5 + @2 A1 + 1o
k
+ Z Bi(MA2 + A3qe4ai + M54 + NoGatai + G344i),
i=1
n = 6+ dk;
F =X} + M3 + g3 4 g5 A3 + qadods + g3A5 + @21 + 1k
k
+ 3B (A3 4+ MAadersi + A3dsrsi + Mdarsi + Ao + G245i),
i=1
n = 6 + 5k;
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F = XP+ A5+ geXs + gsA3 + qadads + gsA3 + g2 + @1 he
k
+ Z Bi (A3 + A36+6i + MA2q546i + A3qarei + A1q3+6i + AaGotei + q146i)
;i6+6h
F =27 4+ M3+ goAs + 4505 + @adadi + @303 + g1 + q1he
k
+ Z Bi(A3q6+7i + A3a54+7i + AMA2Qairi + A3qs47i + Aot + Aodueri +qri)
i=1

n==6+T7k;
F =23+ A3+ grA3 A1 + g6 A3 + G525 + @adide + q3A5 + g2 A1 + qihe

k
+ > Bi(MAa + A3arrai + Merai + Aadsrai + Gatai),

=1
n =17+ 4k;
F =X+ X3+ grA5A1 + geA3h + gsA3 + adide + gsA3 + gadi + @1 ho
k
+ Z Bi (A3 4 MAaqrisi + A5do4s5i + MG545i + AaGarsi + G345i).
=1
n =17+ 5k;
F =245+ grA3A + @6 A3A1 + ¢5A3 + qadide + gsA5 + 21 + 1o
k
+ 3 Bi(MAS + A7 160 + A oo r6i + A30s 160 + Masrei + Nadsrei + d2r6i)
i=1
n =17+ 6k;
F =2+ X+ ¢80 + goA3h + g5A3 + aadide + 6303 + 2 hs + gk
k
+ Z Bi (MAS + M A3qr7i + A3qo47i + M Aa@simi + A3qatrs
i=1

+ AMG3+47i + XoGo7i + q147i),

n="T+7Tk;

F =04 A5 4 qrAM + g6 A3A1 + g5 A3 + @adida + g3A3 + ah1 + i ho
k
+ > Bi(MASqrisi + MA3g6rsi + ASdsrsi + A Aaqaysi + A3qaisi

i=1
+ Aq24si + Aoqitsi + Gsi) s

n =7+ 8k.

Note that there exists another natural class of immersions in a symplectic space:
coisotropic immersions. Though we treat isotropic mappings in this paper mainly, we
recall here the basic construction of coisotropic immersions briefly.

Let ¢"** : (R"** 0) — (T*R™,w) be a coisotropic immersion-germ (1 < k < n — 1),
classified with respect to the standard Lagrangian equivalence. Coisotropic submanifold-
germs are generated by the corresponding generating families (cf. [19]) called C-Morse
families. To each coisotropic immersed submanifold-germ (C,0) C (T*R"™,w) there exists
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a C-Morse family-germ F : (R" x R* x R™,0) — R, such that the smooth map-germ

oF
n k m
R"xR"xR™ > (q,a,\) — (7804 (q,a,)\),a)

is regular on the stationary set

OF
Zg = {(q,a,/\) : a(q,a,)\) = O}

and

oF
Eg 3 (Q7a7 )‘) = (a_q(qaavA)aq)

is a coisotropic immersion-germ.

We leave the classification of the coisotropic singularities to the forthcoming paper.

5. Singular isotropic mappings. In this section, we first observe that any family
of curves produces an isotropic mapping of corank not greater than 1.
Let U : (R x R"7*~1 (0,0)) — T*R**! be a family of curves:

W(t,A) =Ua(t) = (ar(t, ), ..o anp1 (6 ), b1(E ), o bega (8, N)).

Set

t Ob Ob
e(t,\) = /0 (a1 8—t1 + ..t agsr %)dt.

Then we define ¥ : R x R"~%~1 — T*R" by
(poW)(t,A) =a(t,)), (qoU)(t,A)=b(t,\), (¢ oU)(t,A) =)\,
and

(P o W), A) = (ci(t, N,y cnpmi(t, V),
where, for 1 <j<n-—k-—1,

t k+1
(£, A) = - dt.
¢ (t:A) /0 (_1 ox, ot ot m)

i
In fact, the p’-components are given by the condition
a1 dby + ...+ agr1dbgrr Ferdd + oo F k-1 dAp_—1 = de,

namely by
6[)1 é)bkﬂ - Ode
ay 5>\j + ..ot a4+ 3/\j +c; = 3/\j .
Then ¥ is an isotropic mapping uniquely determined from ¥ up to symplectomorphisms.
We call ¥ the isotropic lifting of ¥ (cf. [16]).

By the same construction as above, we see that any isotropic unfolding ¥ : (R™ X
R#,0) — (R x R*,0) of corank not greater than 1, lifts to an isotropic mapping
U : (R™*2,0) — (R2"+9) 0). In fact, since ¥ is an unfolding by isotropic germs, setting

U(z,A) = (ar(z, A), ..., an(@,A), bi(2, ), ..., by, A), A),
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we see that there exists a function e(z, A) satisfying

Z i &’c; 81]

for each j (1 < j < m). We set

A)
(@ 6)\k ; 8>\k
for each k (1 < k < s). Then we have the isotropic lifting of ¥ by setting
U(a,\) = (a(z,\),b(z,\), A, ¢z, \)).

Let 7 : (T*R",0) = (R*,0) — (R"%,0) be a coisotropic fibration. We suppose that
7(p,q) = (qes1,---,qn) =: - Let r be an integer with 0 < r < n — £. Then set

"

=0, 4=, a) =1, @) " =Un-rs1,--- ),

so that ¢ = (¢”,¢"") = (qex1, - - -, qn). Similarly we decompose p = (p’,p) = (p',p”,p").
We define g : (RZ(" 7,0) — (R**7,0) by mo(p', 0", d',¢") = ¢".

Then, as a converse of the lifting construction, we have a kind of “rank theorem”:

PROPOSITION 5.1. Let f : (R"7* 0) — (R?",0) be an isotropic map-germ. Assume
k < € and rank(mo f) = r (< n —¥). Then f is w-equivalent to an isotropic unfolding
of fo : R™F 7 0) — (R 0) with the coisotropic fibration my : (R*"~7) 0) —
(R*¢7,0).

Next we remark that the construction of isotropic jet spaces discussed in the case
k = 0 in [13] works also for the general case, and the isotropic transversality theorem
holds as well.

Let X be an (n — k)-dimensional manifold, M a symplectic 2n-dimensional manifold.
We set

JI(X, M) :={j"f(z)| f: (X,z) - M is isotropic} C J" (X, M),
and
R™(X, M) := Jy(X, M)\ X2(X, M) C J" (X, M).
Here X2(X, M) denotes the set of isotropic jets with corank not smaller than 2.
We set

Jr(n—k,2n) := {37(0)| f : (R"*,0) — R?" is isotropic} C J"(n — k,2n),
and
R"(n — k,2n) :== {57(0)| f : (R"*,0) — R*" is isotropic of corank at most 1}.
PROPOSITION 5.2. R"(X, M) is a submanifold of J"(X, M) of codimension

(n—k)- (nk+r> _(nk+r+1>+1_

r r+1

Proof. Set m = n — k. Since the assertion is a local one, it is sufficient to show it in
the case X = R™ and M = R?". Moreover, since

R"(R™,R*) = R"(m,2n) x R™ x R*",
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under the trivialization J"(R™, R?") = J"(m, 2n) x R™ x R?", it is sufficient to show the
assertion for R"(m,2n) C J"(m,2n). Set V" = J"(m,2n) and denote by A" the space of
(r—1)-jets of closed 2-forms on (R™,0). Define p : V" — A" by p(57¢(0)) = j"~1(¢*w)(0).
It is sufficient to show that p: V" — A" is a submersion along (£°UX!)(m, 2n), since
p~1(0) = J7(m,2n). Set z = j"¢(0) and
o=(P,Q)=(Pr,...,Py,Q1,...,Qn).
We set ¢y = (P 4 tP,Q + tQ). Then

d . n . n . n . .
Zoiwlio = ;dpi A dQi — ;in A dP; = d(}} P;dQ; — Q;ap,).
Then, for any 1-form E on R™, we find ﬁi, @7 and e in &, with

> " P dQ; - QidP;, = E + de.
i=1
Set @ = (a:’,ul(x’,:cm), ey U (2 :L'm)), where ' = (21,...,2Zm—1). Then, setting
E=Y" E;dzr;,Q=0, P, =0,...,P, =0, we obtain
m—1
3 (E B - @)dxi - (Em + ﬁ)dxm =0.

: ox; O,
i=1

Then we can find e and then consequently find ﬁi, 1 =1,...,m— 1. Thus we see that p,
is surjective. m

For an (n — k)-manifold X and for a symplectic 2n-manifold M, we denote by
C(X, M) the set of C* isotropic mappings f : X — M of corank not greater than 1
everywhere on X, endowed with Whitney C'*® topology.

In [13], we prove “isotropic transversality theorem” in the case k = 0. The same proof
works also for k& > 0:

PROPOSITION 5.3. Let X be an (n — k)-manifold, M a symplectic 2n-manifold, r a
non-negative integer and U a locally finite family of submanifolds of R"(X, M). Then the
subspace

Ty :={f € C(X,M)"|j"f is transverse to all elements of U}
is dense in C2°(X, M)?!.
Next we give a remark on “isotropic Thom-Boardman singularity”. We define, for a

sufficiently large r,

Yi(n —k,2n) := S (n — k,2n) N J7 (n — k,2n),
and

Y1 (n—k,2n) := S (n — k,2n) N J7 (n — k, 2n).
Here 1, means the s time iteration of 1, and s < r. Moreover E%J(n — k,2n;¢) denotes
the subset of JJ(n — k,2n) consisting of isotropic r-jets j” f(0) with corankg(m o f) = 2.

PROPOSITION 5.4. codim X} (n—k,2n) = 2(k+1). In general codim X1° (n—k,2n) =
2(k +1)s. Suppose 0 < £ < k. Then codim X} ;(n — k,2n; () = 3k — £ + 4.
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By the isotropic transversality theorem (Proposition 5.3), we see that there exists an
isotropic mapping R” — T*R® = R!6 intersecting ¥1(7,16;0) transversely at the origin.
Also we see that there exists an isotropic mapping R® — T*R7 = R intersecting
¥1(6,14;1) transversely at the origin.

Lastly, in this section, we prepare several infinitesimal notions.
For the infinitesimal study on isotropic deformations, we need to consider the canon-
ical lifting @ on TR2" of the symplectic form w on R?". In fact we set

B = (dp; Adg; + dp; Adk;),
=1

where (p, g, , k) is the coordinate system on TR?" = R*" defined by ;(v) = v(dp;) and
#i(v) = v(dg;) for v € TR?". Then @ = df*, where
0% = (pidg; — ridp;).
i=1
Let f: (R"*,0) — R?" be an isotropic map-germ. Then we set, as the space of
infinitesimal isotropic deformations of f, at least formally,

VIp:={v:(R"%0) - TR |Ilov=f, v*& =0},

where II is the canonical projection IT : TR — R>2".
For a v € VI, we have 0 = v*© = d(v*0%). Then there exists a function e € &,_,
which is called a generating function, satisfying de = v*6#, up to a constant. We set

Rf = {h Sy | dh € &, df}

Then any generating function of a vector field in VI belongs to Rs. Thus we define the
linear mapping e : VI; — Ry /R by taking a generating function up to constant.

We denote by V,,_, (resp. V Ha,,) the space of vector field-germs over (R"~*,0) (resp.
the space of Hamiltonian vector field-germs over (R?",0)). Then we define the basic
operationstf : V,,_, — VIgand wf : VHy, — VI induced by f in the infinitesimal way:
tf(€) := fu(¢) and wf(n) :=no f, where £ € V,,_j,n € VHs, and f, : TR"™* — TR?*"
being the differential of f.

Note that H o f is a generating function of wf(Xp), where Xp is the Hamiltonian
vector field with Hamiltonian H € &,,,. Moreover we have (tf(£))*(6%) = 0, and therefore
e(tf(£)) =0, for any £ € V,,_p.

We define VL, C V Hy,, the subspace consisting of Hamiltonian vector fields which
project to vector fields over (R™~, 0), via the differential 7, : TR?*" — TR ¢ of the
given coisotropic fibration 7 : R?" — R"~*. Then we have the following basic result:

PRrROPOSITION 5.5. A Hamiltonian vector field n € V Ha, projects to a vector field
over (R"*,0) via 7, : TR?>" — TR"* if and only if n has a Hamiltonian function H
which is inhomogeneous linear with respect to m:

H(p,q) = ao(p', q) + ag41(Dpes1 + - - - + an(@)pn,

where pl = (p17 s 7p£)) q= 7T(p7 q) = (qf+17 e Qn); and ag+1,--.,0n are smooth fU’I’LC-
tions.
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Proof. Let H = H(p, q) be a Hamiltonian of n; —dH = i,w. Then
OH 0 OH O 0H 0  0H 0

“o¢ap 93 0p oy og  9poq
The condition is that %—Ig depends only on §. Set g—g =a;(q), { +1 < i < n. Then we
have the required result. m

We denote by H, the set of inhomogeneous linear functions with respect to .
By taking generating functions, we have defined the linear mapping e : VIy — R;/R.

LEMMA 5.6 (Basic exact sequence). The linear mapping e : VI — R;/R induces
the following exact sequence:
VI VI Ry

0 — tf(Vor) +wf(VL ) T Ve +wf(VLn)  f*(Hy)

— 0,

where
VI :={veVIf|v6# =0},
and
VL, ={Xyg cVL.|Ho f=0}.

Now we define the symplectic codimension of an isotropic map-germ f : (R"~* 0) —
(R?",0) with respect to a coisotropic fibration 7 : (R2",0) — (R"~*0), from the in-
finitesimal aspect, by

VI

Simply f is called 7-stable if m-sp-codim(f) = 0, namely if VIf = tf(Vi—x) +
wf(V L,). This stability condition coincides with the stability for isotropic deformations
under m-equivalence, at least if corank(f) < 1.

m-sp-codim(f) = dimg

In the case ¢ = 0, namely in the case that 7 is a Lagrange fibration, f is called
Lagrange stable if f is m-stable. Lagrange stable immersions are classified by means of
their generating families ([3]). Lagrange stable mappings of corank not greater than 1 are
classified partly in [4].

If £ = n, then we omit 7:

VI
tf(Vai) +wf(VHz)
f is called symplectically stable if sp-codim(f) = 0. Symplectically stable isotropic map-
germs are classified under the symplectic equivalence completely in [14].

sp-codim(f) = dimg

6. Symplectic codimension of Lagrange varieties. We understand the reason of
the fact proved in [16] that the symplectic codimension of a plane curve on the symplectic
plane is a diffeomorphism invariant (Theorem 2.1) is simply that a plane curve is a
Lagrange variety. Now we show that the symplectic codimension of an isotropic map-
germ f : (R™,0) — (R?",0), satisfying a mild condition, is a diffeomorphism invariant
(i.e. A-invariant).



SYMPLECTIC SINGULARITIES 99

We call a map-germ f : (R",0) — (RP,0) (n < p) a C*®-normalization if f is
A-equivalent to an analytic normalization (R",0) — (RP?,0) to the image (][9], [27]).
Note that if a plane curve f : (R,0) — (R?2,0) is A-finite then f is a C°°-normalization.

LEMMA 6.1. Let f : (R",0) — (R?,0) (n < p) be a C*®-normalization, and n a
C> wvector field over (RP,0). If, for any regular point x € (R™,0), the vector n(f(zx)) €
Tr()RP belongs to f.(T,R™), then there exists a C° vector field & over (R™,0) such that
f+(§) =nof.

Proof. Let p; denote the flow generated by 7. Then ¢; o f has the same image as f.
Therefore, by Corollary 2.5 of [9], there exists a unique diffeomorphism-germ v; satisfying
foyy = o f, for each t. Note that, since n < p, f is a critical normalization in the sense
of [9]. Then 9, (t € R) defines a local flow on (R™,0). The differentiability of ¢, for ¢
can be obtained by applying Corollary 2.5 of [9] to the trivial unfolding F := f x idg :
(R"1,0) — (RP*1,0), which is also a C°°, therefore critical, normalization. Now we set
&= %|t=0- Then, from the equality f o, = ps o f, we have fu(§) =no f. m

Recall that we have defined the symplectic codimension of an isotropic map-germ
f:(R"0) — (R*™,0) (k=0,¢=n), by

VI
tf(Va) +wf(VHay)

sp-codim(f) = dimg

Then we have the following:

THEOREM 6.2. Let f,g : (R",0) — (R?",0) be isotropic C*-normalizations. If f
and g are A-equivalent, then sp-codim(f) = sp-codim(g).

Proof. First we remark that if f and g are R-equivalent, then

sp-codim(f) = sp-codim(g).

So we may assume g = ® o f, ® being a diffeomorphism on (R?",0).

Consider the basic exact sequence for f:

VI Vi Ry
7 - T

tf(Va) +wf(VH,,) tf(V) +wf(VHy,) f*Ean

00—

— 0,

where
VH},Qn = {XH € VHy, |H o f = 0}
Then by Lemma 6.1, wf(VH})zn) C tf (V). Thus we have the following exact sequence:
\a¥
0— f — VIf —_— Rf
tf(Va) tf(Va) +wf(V Hap) "€

Also for g, we have the corresponding exact sequence.

Now we have R, = Ry, ¢*&n = [*Eap, and O, (tf(V,)) = tg(Vs). Moreover, in
general, we have

VI; C{v:(R",0) - TR* |rov = f, v(z) € f(T,R") for all z € Reg(f)}.

In fact, suppose v € VI}. Then, for all § € T, R", we have 0 = (v*0,&) = (8(v(2)), 0.) =
(0(x), m:0.E) = (U, fo&) = w(v(x), f<£). So, for any x € Reg(f), f«(T,R") is Lagrangian,
and therefore v(z) € f.(T,R").

— 0.
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Since f is a C*°-normalization, we see Reg(f) is dense. Therefore we have
VI ={v:(R",0) - TR*"|mov = f, v(z) € fu(T,R"), for all x € Reg(f)},
Hence @.(VI}) = VI. Thus

dim(g) = dimp —2— + di -
. m = dlim 1
Sp-CO g R g*EZn R tg(‘/n) + wg(VHén)

dimp 22— 4 di Vi
= dlm _— 1m
R fEan R tf(Va) +wf(VH,)

Moreover we define a variant of symplectic codimension, called the reduced symplectic
codimension of f, by

= sp-codim(f). m

Vi

sp-codim(f) = dimgr tf(Vi) +wf(Van) N VI

Then we have:
THEOREM 6.3. sp-codim(f) is a diffeomorphism invariant.
Proof. Set
Gf = {h €&, |dh S <df>f*g2n}.
We have the following exact sequence:
tf(Vy) tf(Vo) +wf(Van) NV I Gy
Then we see easily that sp-codim(f) is an A-invariant. m

We set

sd(f) := sp-codim(f) — sp-codim(f).
Then we have:

COROLLARY 6.4. sd(f) is a diffeomorphism invariant. Moreover we see that
o tf(Vn) +wf(Va,) N Vi T Gy
sd(f) = dimg V) T wf (V) dimg e
REMARK 6.5. We can also treat the case of multi-germs: Let S C R™ be a finite
subset. A map-germ f : (R",S) — (R*,0), f(S) = {0}, is called isotropic if f*w = 0.
Then if f is a C'°°-normalization, then we have the exact sequence
VI Viy Ry
— — — —
tf(Vs) tf(Vs) + wf(VHap) f*Ean
where VI, VI }, Vs and Ry are defined similarly to the case S = {0}. For example,
Rf = {e S 55|d€ €&y df}

0,

Moreover we see that
VI ={veVi|v(z) € fu(T,R") for all 2 € Reg(f)}.

Thus we conclude that
VI

tf(Vs) +wf(VHsy,)

sp-codim(f) := dimg

is a diffeomorphism invariant (A-invariant).
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7. Lagrange extensions of isotropic mappings. Any isotropic immersion-germ
can be extended to a Lagrange immersion. Then we consider singular Lagrange extensions
of singular isotropic mappings.

First we observe, at least, any generic isotropic map-germ of corank at most 1 has a
Lagrange extension of corank not greater than 1. We recall the open Whitney umbrellas
f:(R"™0) — (R*™,0) ([14]). For an integer m with 0 < 2m < n, we set

m—+1 m—1
x’n l‘n
w(r1, Tay .oy Tpy) 1= CES] + 1 (m =11 + .t T 1Tn,
and
m
v(T1, T2,y Tp) = Ty —= + oo+ T 1T

m)!
Then the pair (u,v) can be regarded as a family of plane curves ¥ : (R"™! x R,0) —
(R?,0) with parameters x1,...,2,_1. We remark that just x1,...,72,_1 appear expli-
citly in u, v, and that 2m — 1 < n — 1. Thus, we get the isotropic lifting

fam =T : (R",0) = (R"! x R,0) — (R*",0).

See Section 5. The explicit form of W is given in [14]. We call an isotropic map-germ the
open Whitney umbrella of type m if it is symplectically equivalent to f, . General open
Whitney umbrellas are introduced also in [20].

Now we have:

PROPOSITION 7.1. Any generic isotropic mapping f : (R"7* 0) — (R?",0) of corank
not exceeding 1 is symplectically equivalent to an open Whitney umbrella F : (R™,0) —
(R2™,0) composed with an embedding i : (R"~*,0) — (R",0).

Proof. There exists a Lagrange fibration 7 : (R?>",0) — (R",0) such that wo f :
(R™%,0) — (R",0) is of corank at most 1. Any perturbation of 7o f lifts to an isotropic
perturbation of the original f. Thus we may assume 7o f is a generic map-germ of corank
not greater than 1. Then we see 7 o f is A-equivalent to

tm-l—l tm_l
= A cooF Aot
U T M oy T A
A e A L At
Y2 = Am [ m+1 m—1) 2m—110,
tm tmfl

Yk+1 = Akt1)m ot Ak 41)m+1 m = 1) + .o+ Arg2)ym-1t,

Ye+2 = AL,

Yn = An—k—1~
with (k +2)m < n — k. Then we define the embedding i : (R"~%,0) — (R",0), i(\, ) =
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($1a' "axn—lamn) by

Tm = )\ma
To2m—1 = )\2m—1;
tm tm—l
Tom = Aam o + Aol 1) + ...+ Azt

Ty =t.
Then 7o f = ¥ o4, and we see that f is symplectically equivalent to Uoi. m

EXAMPLE 7.2. Let us consider the open Whitney umbrella F = fo; : (R?,0) —

(R*,0) defined by
2
F(ua ’l)) = (Q17 QQ,Pl,P2) = (u2,v,uv, gUB),

and its restrictions. Consider an embedding i : (R,0) — (R?,0) with u = ¢, v = @(2).
Then f := Foi: (R,0) — (R?0) is given by f(t) = (t2, (), to(t), 2t*). Then f is an
immersion if and only if ord(y) = 1. f is of type Aa if and only if ord(yp) = 2. f is of
type Asg, for some r > 1 if and only if ord(y) > 3.

REMARK 7.3. In the case of analytic curves, we have a stronger result: Let f :
(R,0) — R* be a real analytic curve-germ. Then there exists a real analytic isotropic
map-germ F : (R2,0) — T*R? of corank at most 1 such that Flrxgoy = f-

8. Symmetry on symplectic singularities. In [21], an equivariant classification
of isotropic immersions is given. Here we study the stability and versality problems of
equivariant singular isotropic mappings.

Let G be a compact Lie group. We suppose a representation p : G — Diff(R"~* 0)
(resp. p' : G — Symp(R*",0), p” : G — Diff(R"*,0)) is given. We call a map-germ
f:(R"*.0) — (R?",0) (resp. 7 : (R?™,0) — (R"*,0)) G-equivariant if, for any g € G,
foplg)=p'(g)o f (resp. mop'(g) = p"(g) o).

We can formulate G-equivariant stability of G-equivariant isotropic map-germs of
corank not exceeding 1, for a fixed coisotropic submersion 7 : (R?",0) — (R"*,0), and
introduce corresponding infinitesimal condition

VI§ =tf(VE,) +wf(VLE),

where VIfG (resp. VnG_ > VLS) is the set of G-equivariant isotropic vector fields along f
(resp. G-invariant vector fields over (R"~*,0), G-invariant Hamiltonian vector fields over
(R2",0) covering a vector field over (R"~¢,0) via 7). We endow TR?" with the naturally
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lifted G-action from the G-action on (R?",0). We call a G-equivariant isotropic map-
germ f G-m-stable if
VIF =tf(V,& ) +wf(VLS).
If ¢ =0 (resp. if £ = n), then we call it also G-Lagrange stable (resp. G-symplectically
stable).
By using the infinitesimal criterion for the stability, we obtain:

PROPOSITION 8.1. Let f : (R"™*,0) — (R?",0) be an isotropic mapping of corank
at most 1. If f is G-equivariant and w-stable, then f is G-w-stable.

Proof. We will show that the condition VI = tf(V,_y) + wf(VL;) implies VI¢ =
tf(VE ) +wf(VLE). Let v € VIj (vesp. £ € Vg, 1 € VL,). For g € G, we set
gxv = p'(g)x0vop(g) " (vesp. gu& = p(g)«0€0p(g) ", gun = p'(9)s om0 p'(g)~"). Then
v E VI? (resp. £ € V&, n € VLY) if and only if g.v = v (resp. g.€ = &, g.n = n) for
any g € G.

Now let v € VI?. From the condition VI; = tf(V,_x) + wf(VL,), there exist
&€ Vg, n € VL, satistfying v =tf(§) + wf(n). Since f is G-equivariant, we have

v =g.v = gu(tf(§) +wf(n)) = tf(g«&) +wf(gun).

By means of the invariant integral over G, we set

Z:Z/Gg*& W:Z/Ggw-

Then we see that £ € V¢, 5 € VLS, and that v = tf(£) + wf (7). Therefore VI? =
tf(VE ) +wf(VLE).

EXAMPLE 8.2. Let us consider again the open Whitney umbrella f : (R2,0) —
(R*,0),

2
flu,v) = (q1,q2,p1,p2) = (u2,v,uv, §“3)'

Let G = Z/2Z = (1,0). G acts on (R?,0) (resp. on (R*,0) symplectically, on (R?,0))
by o(u,v) = (—u,—v) (resp. o(q1,92,p1,p2) = (41, —G2,P1, —p2), 0(q1,42) = (q1,—q2))-
Then f is G-equivariant. Moreover f is Lagrange stable ([10], [11]). Therefore f is
G-Lagrange stable.

We have G-equivariant versality theorem and that the infinitesimal G-stability is
equivalent to the G-stability in the case of corank not greater than 1 (cf. [8], [15]).

EXAMPLE 8.3. Let G = Z/2Z = (1,0). G acts on (R,0) by o(t) = —t and acts on
(R2%,0) symplectically by o(z1,z2) = (—x1, —z2). Let f : (R,0) — (R?,0) be defined by
f(t) = (#3,t%). Then f is G-equivariant. We see F' : (R x R, 0) — (R? x R, 0) defined by
F(t,\) = (t3 4+ At, t° + \t, ) is a G-versal isotropic unfolding of f.

Moreover we can define the G-m-symplectic codimension of a G-equivariant isotropic
map-germ f : (R"% 0) — (R?",0) for a fixed G-equivariant coisotropic fibration
7 : (R?,0) — (R"*,0) by

VIg
tf(V,E ) +wf(VLE)’

G-m-sp-codim(f) := dimg
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and, if £ = 0, we call it simply G-symplectic codimension of f:
VIS

G-sp-codim(f) := dimg tf(Ve,)+wf(VHS)

Then we have

PROPOSITION 8.4. Let f : (R",0) — (R?",0) be a G-equivariant isotropic map-germ.
Suppose [ is a C*°-normalization. Then G-sp-codim(f) is a G-diffeomorphism invariant.
Namely, if G-equivariant isotropic map-germs f, f' : (R™,0) — (R?",0) are A-equivalent
by G-equivariant diffeomorphisms: the diagram

(R",0) - (R?",0)
lo 1@
(R",0) = (R",0),
commutes for G-equivariant diffeomorphism-germs o and ®, then
G-sp-codim(f) = G-sp-codim( f').
Proof. We have the exact sequence
VIE VI§ R¢
0— G G ay G
where VHS | RG,ES are corresponding G-objects to the case that G is trivial. Actually,
V HS is the space of G-equivariant Hamiltonian vector fields over (R2",0), £, is the
space of G-invariant functions on (R?",0), and R]Cf the space of functions e on (R™, 0) such
that de is a functional linear combination of d(g10 f),...,d(gno f),d(p1of),...,d(pnof)

with G-invariant functions on (R",0) as coefficients.
Moreover we have

VI = {veVF|v(z) € f.(T,R") for all = € Reg(f)}.

Then the invariance of G-sp-codim( f) under G-equivariant diffeomorphisms follows from
that all VIS tf(V,S), R?, f*ES are defined by means of invariant notions under G-diffeo-
morphisms. =

0,

The details will be given in forthcoming papers.
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