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Abstract. Let X be a general complete intersection of a given multi-degree in a complex
projective space. Suppose that the anti-canonical line bundle of X is ample. Using the cylinder
homomorphism associated with the family of complete intersections of a smaller multi-degree
contained in X, we prove that the vanishing cycles in the middle homology group of X are
represented by topological cycles whose support is contained in a proper Zariski closed subset
T of X with certain codimension. In some cases, by means of Grébner bases, we can find such
a Zariski closed subset 7" with codimension equal to the upper bound obtained from the Hodge
structure of the middle cohomology group of X. Hence a consequence of the generalized Hodge
conjecture is verified in these cases.

1. Introduction. There are only few non-trivial examples that can be used as sup-
porting evidence for the generalized Hodge conjecture formulated by Grothendieck [8]. In
this paper, we deal with complete intersections of small multi-degrees in a complex pro-
jective space, and prove, in some cases, a consequence of the generalized Hodge conjecture
for these complete intersections by means of cylinder homomorphisms.

We work over the complex number field C. Let X be a general complete intersection
of multi-degree a = (a1, ..., a,) in P* with min(a) > 2. Suppose that X is Fano, that is,
the total degree Y ._, a; of X is less than or equal to n. We put

T

m:=dimX =n—r and k:= {@(n—i@i)} + 1,
i=1

where [ | denotes the integer part. It is known that the Hodge structure of the middle
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cohomology group H™(X,Q) of X satisfies the following ([6, Corollaire 2.8]):
(1.1) H"™ "(X)=0 <= 0<v<kor0<m-v<k.

If the generalized Hodge conjecture is true, then there should exist a Zariski closed
subset T' of X with codimension k such that the inclusion 7' — X induces a surjective
homomorphism H,,(T,Q) - H,,(X,Q).

We will try to verify this consequence of the generalized Hodge conjecture by means of
cylinder homomorphisms. Let b = (by,...,bs) be another sequence of integers satisfying
min(b) > 1 and r < s < n. We denote by Fy,(X) the scheme parametrizing all complete
intersections of multi-degree b in P™ that are contained in X, and by Z,(X) C X x F,(X)
the universal family with

Zp(X) 25 X
(1.2) x|
Fp(X)

being the diagram of the projections. We put
l:=n—s.
Suppose that Fy,(X) is non-empty, and that m > 2 holds. Since 7x is proper and flat of
relative dimension [/, we have a homomorphism
Hy,_0(Fo(X),Z) — Hp(Zp(X),7Z)
that maps a homology class [7] € H,,—2(Fb(X), Z) represented by a topological (m —21)-
cycle 7 in Fy,(X) to the homology class [75'(7)] € H.n(Zp(X),Z) represented by the
topological m-cycle 75" () in Zy(X). We define a homomorphism
’lpb(X) : Hm,Ql(Fb(X),Z) — Hm(X, Z)
by
Ub(X)([7]) = ax.([nx' (1)),
and call ¥y (X) the cylinder homomorphism associated with the family of algebraic cycles
TX - Zb(X) — Fb(X)

It was remarked in [18] that there exists a Zariski closed subset T of X with codimen-
sion greater than or equal to ! such that the image of the homomorphism H,,(T,Q) —
H,,(X,Q) induced from the inclusion 7' — X contains Im ¢y, (X) ® Q. (See also Corol-
lary 5.4 of this paper.) Therefore, in view of the generalized Hodge conjecture, it is an

interesting problem to find a sequence b with [ as large as possible (hopefully I = k) such
that the cylinder homomorphism 9, (X) has a “big” image.

Our Main Theorem, which will be stated in Section 2, gives us a sufficient condition
on (n,a,b) for the image of ¥ (X) to contain the module of vanishing cycles
Vin(X,Z) == Ker(H, (X, Z) — H,, (P",7Z)).

This sufficient condition can be checked by means of Grébner bases. Combining Main
Theorem with a theorem of Debarre and Manivel [5, Théoréme 2.1] about the variety
of linear subspaces contained in a general complete intersection, we also give a simple
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numerical condition on (n,a, b) that is sufficient for Im ¢, (X) D V;,,(X, Z) to hold (The-
orem 7.2). In many cases, our method yields b with [ larger than any previously known
results, and sometimes we can verify the consequence of the generalized Hodge conjecture.
See Section 8 for the examples.

After the work of Clemens and Griffiths [2] on the family of lines in a cubic threefold,
many authors have studied the cylinder homomorphisms of type ¥, (X), and proved that
the image contains the module of vanishing cycles ([1], [3], [4], [10], [11], [12], [13], [14],
[15], [16], [19], [21]). Our method provides us with a unified proof and a generalization of
these results.

This paper is organized as follows. In Section 2, we state Main Theorem. In Section 3,
we study a connection between vanishing cycles and cylinder homomorphisms in general
setting. Theorem 3.1 in this section is essentially same as the result of [17]. However we
present a complete and improved proof for readers’ convenience. In Section 4, we construct
the universal family of the families Zy(X) — Fp(X) over the scheme parametrizing
all complete intersections of multi-degree a in P™, which is a Zariski open subset of a
Hilbert scheme, and study its properties. Combining the results of Sections 3 and 4,
we prove Main Theorem in Section 5. In Section 6, we explain a method for checking
the conditions on (n,a,b) required by Main Theorem by means of Grébner bases. In
Section 7, an application of the theorem of Debarre and Manivel is presented. Examples
are investigated in relation to the generalized Hodge conjecture in Section 8.

Conventions

(1) We work over C. A point of a scheme means a C-valued point unless otherwise
stated.

(2) For an analytic space X or a scheme X over C, let T, X denote the Zariski tangent
space to X at a point p of X.

(3) The multi-degree of a complete intersection is always denoted in the non-decreas-
ing order.

2. Statement of Main Theorem. We fix an integer n > 4. Let a = (aq,...,a,)
and b = (by,...,bs) be sequences of integers satisfying
(2.1) 2<a1<...<a,, 1<bh <...<by and r<s<n.
We put

m:=n—r and [:=n—s.

We denote by H,, 5 the scheme parametrizing all complete intersections of multi-degree a
in P". For a point ¢ of H,, 5, we denote by X; the corresponding complete intersection.
Let S, a denote the Zariski closed subset of H, , parametrizing all singular complete
intersections. It is well-known that .S, 5 is an irreducible hypersurface of H,, », and that,
if u is a general point of S, a, then X, has only one singular point p. For t € H,, 5, we
denote by Fy,(X;) the scheme parametrizing all complete intersections of multi-degree b
in P" that are contained in X; as subschemes. If m > 2l and Fy,(X;) # 0, then we have
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the cylinder homomorphism
Ub(Xe) © Hmoi(Fp(Xt),Z) — Hp (X, Z).
We put t, := Card{i|a; = a,} and t; := Card{j | b; = a,}.
MAIN THEOREM. Suppose that the following inequalities are satisfied:
(2.2) a; >b; (i=1,...,1), a.>bs,
(2.3) m—2l2>t, —t,, m>2L

Suppose also that, for a general point u of Sy a, there exists a complete intersection of
multi-degree b in P™ that is contained in X,,, passing through the unique singular point p
of Xy, and smooth at p. Then, for a general point t of Hy a, the scheme Fy(X,) is
non-empty, and the image of the cylinder homomorphism ¥ (X:) contains the module of
vanishing cycles Vi, (X, 7).

REMARK 2.1. In Remark 4.12 and Proposition 4.15, we will give several conditions
equivalent to the second condition of Main Theorem. One of them can be easily tested
by means of Grobner bases, as will be explained in Section 6.

3. Vanishing cycles and a cylinder homomorphism. In this section, we work in
the category of complex analytic spaces and holomorphic maps. We study in general set-
ting the problem when the image of a cylinder homomorphism contains a given vanishing
cycle. For the detail of the classical theory of vanishing cycles, we refer to [9].

Let ¢ : Y — A be a proper surjective holomorphic map from a smooth irreducible
complex analytic space of dimension m + 1 > 2 to the open unit disk A C C. For a point
a € A, we denote by Y, the fiber ¢ ~1(a). Suppose that ¢ has only one critical point p,
that p is on the central fiber Y, and that the Hessian

H:T,Y xT,Y — C
of ¢ at p is non-degenerate. We put
A* = AN\ {0}.

For any e € A*, the kernel of the homomorphism H,,(Y:,Z) — H,,(Y,Z) induced from
the inclusion Y. < Y is generated by the vanishing cycle [X.] € H,,(Ye,Z) associated to
the non-degenerate critical point p of .

Let o : F — A be a surjective holomorphic map from a smooth irreducible complex
analytic space F' of dimension k& to the unit disk, and let W be a reduced closed analytic
subspace of Y xa F' such that the projection w : W — F' is flat of relative dimension
[ > 0. Since ¢ is proper, so is w. Let v : W — Y be the projection onto the first factor.
We obtain the following commutative diagram:

w1y
(3.1) =| le
F — A.

4
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For u € F, the fiber @ ~!(u) can be regarded as a closed I-dimensional analytic subspace
of Yoy by 7. For a € A, we put

F,:=0 %a) and W, :=w '(F,).
Then we obtain a family of [-dimensional closed analytic subspaces of Y,:

W, —Y,

(3.2) wal
F,.

Since the restriction w, : W, — F, of w to W, is proper and flat of relative dimension I,
we have the cylinder homomorphism

wa : Hm—QI(FaaZ) - Hm(YaaZ)
associated with the family (3.2) for any a € A.

THEOREM 3.1. We assume m > 21 > 0.

(1) Suppose that there exists a point q of Wy such that v(q) is the critical point p
of v, that w is smooth at q, and that v is an immersion at q. Then k = dim F' is less
than or equal to m — 21 + 1.

(2) Suppose moreover that k =m —2l+1. Then w(q) is a critical point of o, and the
Hessian of o at w(q) is non-degenerate. Let € be a point of A™ with |e| small enough, and
let [oe] € Hpm—21(F-,Z) be the vanishing cycle associated to the non-degenerate critical
point w(q) of o. If the vanishing cycle [X.] € Hpn(Yz,Z) is not a torsion element, then
Ve ([oe]) is equal to [Zc] up to sign.

Proof. (1) Let Uw,q be a small open connected neighborhood of ¢ in W. We can
assume that @ is smooth at every point of Uy, and that v embeds Uw,4 into Y. We put

0:=w(q) and Z:=w (o).

Then v(Uw,q N Z) and y(Uw,4) are smooth locally closed analytic subsets of Y passing
through p. Let T7 and T be the Zariski tangent spaces to v(Uw,, N Z) and v(Uw,4) at p,
respectively. We have 77 € T5 C T,Y and dim7Ty = [, dimT, = k + [. We will show
that 77 and T are orthogonal with respect to the Hessian H of ¢ at p. Let v be an
arbitrary vector of 7. Since the structure @|Uw,q : Uw,qy — F of the smooth fibration
on Uy,q is carried over to y(Uw,q), there exists a holomorphic vector field ¢ defined in a
small open neighborhood Uy, of p in Y such that 9, is equal to v, and that, if ¢ € Uw,q4
satisfies v(q') € Uy,p, then ., is tangent to the smooth locally closed analytic subset
Y(Uw,q Nw ! (w(q))) of Y. Since the diagram (3.1) is commutative, the function ¢ is
constant on v(ww~*(w(q'))) for any ¢’ € Uy, and hence the holomorphic function 9(¢p) is
constantly zero on y(Uw,q) N Uy, which means that the following holds for any w € T5:

H(w,v) :=w(d(p)) =0.

Thus 7} is contained in the orthogonal complement T3 of 75 with respect to H. Since
H is non-degenerate, we have

I=dimT) <dimT,Y —dimTh = (m+1) — (k+1).
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Therefore we obtain k <m + 1 — 2I.

(2) From now on, we assume k = m+1—2l. Then we have T} = T5-. Hence H induces
a non-degenerate symmetric bilinear form

! : Tg/Tl XTQ/Tl — C.

Since w is smooth at g, there is a local holomorphic section s : Up, — W of w defined
in a small open neighborhood Ur, of 0 = w(q) in F such that s(o) = q. We take Up, so
small that s(Ur,,) C Uw,q holds. Let S be the image of v o s, which is a smooth locally
closed analytic subset of Y passing through p, and let T3 be the Zariski tangent space
to S at p. We have Ty, = T7 @ Ts. It follows from the non-degeneracy of H' that the
restriction H|T3 : T3 x T3 — C of H to T3 is also non-degenerate. Since 7 o s yields an
isomorphism from Ur, to S, and ¢ coincides on Uf, with

vos o #lS
UFO*)S )

the point o is a critical point of p. Moreover, the Hessian of ¢ at o is equal to H|T3 via
the isomorphism (d (y o s)), : T,F = T3, and hence is non-degenerate.

We will describe the holomorphic maps in the diagram (3.1) in terms of local co-
ordinates. Let ¢ be the coordinate on A. There exist local analytic coordinates =z =
(z1,...,x) on F with the center o such that g is given by

(3.3) o't =a}+ ...+ 3.

Since w is smooth at ¢, there exists a local analytic coordinate system
(w,w') = (w1, ... , W, Wy, ..., w)

on W with the center g such that w is given by

(3.4) wrr; = w; (t=1,....k).

Since v is an immersion at ¢, there exist local analytic coordinates

Wy y") = W Uk Y YL YY)
on Y with the center p such that v is given by

V*y’b = w; ( = ]- uk)v
(3.5) Yy =w; (G=1,....10),
Yy =0 (j=1,. l)

(Note that dimY is equal to m + 1 = k + 2[.) Then the locally closed analytic subset
Y(Uw,q) of Y is defined by y{ = ... =y = 0 locally around p. From the commutativity
of the diagram (3.1), it follows that p*t and y? +...+y? coincide on v(Uyw,4). Therefore,
in a small neighborhood of p, the function ¢*¢ is written as follows:

it et o+ ay)

where a = (a1,...,a;) is a system of holomorphic functions defined locally around p.
Since p is a critical point of ¢, we have a;1(p) = ... = a;(p) = 0. The non-degeneracy of



VANISHING CYCLES, GHC AND GROBNER BASES 233

the Hessian H of ¢ at p implies that the [ x [ matrix

(g_z(p)>i,j—17...,l

is non-degenerate. Hence (y, a,y”) is another local analytic coordinate system on Y with
the center p. We replace 3’ with a. Then we have

/i o1

(3.6) et=yi+. ..ty + i+l

We can make coordinate transformation on w’ according to the coordinate transformation
on y’ so that (3.5) remains valid. We put

Zi =y (i=1,...,k),
(3.7) Zhty o= (Y5 T y5)/2 G=1....0),
Zhriry = V=L —y))/2 (G=1,...,1).
Then we have
(3.8) Pt=zi+ ...+ 22

Let n be a sufficiently small positive real number, and let B,, be the closed ball in ¥’
defined by

|z1|2 +...+ |zm+1|2 <.

Let € be a positive real number that is small enough compared with 7. Let s be a real
number satisfying 0 < s < e. The closed subset

YoNBy={(z1,-. . zm11) | lalP+ .+ lzmal? <y 2i+.. 420, = s}
of Y; = ¢~!(s) is homeomorphic to the total space
E = {(u,v) e RmHL x R+ ‘ lull =1, |lv| <1, uL v}
of the unit disk tangent bundle 7 : E — S™ of the m-dimensional sphere
S™ = {ueR™ | |ul| =1},

where the projection 7 is given by 7(u,v) = u. We identify S™ with the zero section of
7: E — §™. The homeomorphism h, : Yy N B, = E is written explicitly as follows:

= Re( ) v = 2 miz
(3 TR Vs

Its inverse hy ' : E= Y, N B, is given by the following:

3.10) s= o () [~ (152) o

The sphere S™ C E is mapped by h ! to the closed submanifold

Sei={(21,--- ,Zm41) €Y | 2422 =8 Im(z)=0(G=1..., m+1)}

of Ys. We put an orientation on X,. Then this topological m-cycle ¥ represents the
vanishing cycle [X5] € H,,(Ys,Z), which generates the kernel of the homomorphism
H,,(Ys,Z) — H,,(Y,Z) induced from Y; — Y.
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For s € (0,¢], let o5 denote the (m — 2I)-dimensional sphere contained in Fs = o~ 1(s)
defined by
os:={(21,... ,a1) EF ’ i +...+zp=s Im(z;)=0(G=1,...,k}.

With an orientation, this topological (m — 2l)-cycle o, represents the vanishing cycle
[os] € Hpp—o1(Fs,Z) associated to the non-degenerate critical point o of g. Since w is
proper and flat of relative dimension /, the inverse image @ ~* (o) of the oriented sphere o
can be considered as a topological m-cycle in W, = w~(Fy). The image v.([o.]) of
[cc] € Hpm—2i1(F:,7Z) by the cylinder homomorphism . : Hy,_oi(F:,Z) — Hp(Y:,Z) is
represented by the topological m-cycle

Yo o) : w (o) — Y.

Since the sphere o. bounds an (m — 2! + 1)-dimensional closed ball in F', the topological
m-cycle y|ew~1(0.) is a boundary of a topological (m + 1)-chain in Y; that is, 1. ([o.])
belongs to the kernel of H,,(Y:,Z) — H,,,(Y,Z). Hence there exists an integer ¢ such that
the following holds in H,,(Y:,Z):

(3.11) %([05}) =cC [25]
We will show that, if [3.] is not a torsion element in H,,(Yz,Z), then ¢ is £1.
‘We put

Yv[O,E] = 9071([()’5}) = U Y.
s€[0,e]

For any closed subset A of Y|q .}, we set
A= A\ (ANBy), A":=ANB, and 0%A:=AN0B,,

where By is the interior of the closed ball B;, and 0B, is the boundary of B,. The
sharp f means “outside the ball”, and the flat b means “inside the ball”. The explicit
descriptions (3.9) and (3.10) of the homeomorphism h : Y? = E for s € (0, ] show that
the restriction hg |83 Y, : 0BY, = OF of hy to OPY, can be extended to a homeomorphism
from

oPY, = {(z1,-. , 2Zms1) ‘ 2P+t [zmaP=m, A+ 25 =0}
to OF = {(u,v) € E | |lv|| = 1} smoothly. We denote these homeomorphisms by
dBh, : 0PY, =% OE (s €[0,¢]).
The homeomorphism 9B hg : 9BYy = OF is given by:

u:\/%Re(z), Uz\/%lm(z), and z:\/g(u—kx/—_lv).

Putting these homeomorphisms 0P h (s € [0,¢]) together, we obtain a trivialization
9Ph = 9PY}y . = OF x [0,€]
of the restriction ¢|08Y o : 9%Y]gq — [0, €] of ¢ to 8Py over [0,¢]. Let
OPf 1 0PY g = 9PY. x [0, €]
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be the trivialization of ¢|3BY[O,E] obtained by composing 9%h and (9Ph. x id)~!. Since
the only critical point p of ¢ is not contained in Y[g’g], we can show by Ehresmann’s
fibration theorem for the manifolds with boundaries that the trivialization 9% f extends
to a trivialization

(3.12) (fL05 1)+ (¥§ 4. 0%Yioq) = (Y2,0°Y2) x [0,¢]

of go\Y[g o Y[ﬁo g [0,¢] in such a way that the restriction of (f¥,dF f) to the fiber over ¢
is the identity map. For s € [0,¢], let
(F5,0° 1) + (Y},07Y.) = (V£,07Yz)
denote the restriction of (f*, 0% f) to the fiber over s.
We put
Cy = y(w *(0s)) C Y.

When s approaches 0, this closed subset Cs degenerates into Cy := y(w~!(0)), which is
an [-dimensional closed analytic subset of Y. We decompose w~!(0,) into the union of
w1 o,)® and w1(0,)®), where

@ o))" =@ os) \ (v By Nw (o),

@ o)) =77 (B)) Nw (o).
Since n and ¢ are small enough, and W is a subspace of Y x F, we have

(3.13) w (o) ® =W N (B, x0,) C Uw,

for all s € [0,¢], where Uy, is the open neighborhood of ¢ in W that was introduced at
the beginning of the proof. Recalling that v embeds Uy, into Y, we see that the map ~
yields a homeomorphism from w~'(c.)®) to C?. By definition, v maps @' (0.)® to C!.
We then define a closed subset 55 of Y. by

(3.14) Co=c2u (| 975.07C) U fE(Ch).

s€0,¢e]
Note that we have
95C. = |J 9%£,(95C,) and C2=ClUdPC., Ct=0"C.ufi(Ch).

s€[0,¢e]
Using the trivialization (f*, 08 f), we can “squeeze” the topological m-cycle
NMNw™Hoe) :w™Hoe) = Y-

outside the ball so that the image is contained in 55. More precisely, we can construct a
homotopy from v|w=t(o.) : @ !(0.) — Y- to a continuous map 3 : w~t(o.) — Y. with
the following properties:

(8-1) The image 3(w (o)) of B coincides with C..

(5-2) The homotopy is stationary on w~*(c.)®). In particular, § yields a homeomor-
phism from @~1(0.)®) to the first piece C° of the decomposition (3.14).

(8-3) The image B(w (o.)®) of w1 (0.)® by 3 is contained in C!.
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(See Figure 1.) Since . ([o.]) is represented by v|ew~1(0.), it is also represented by the
topological m-cycle [3.

CaCA) B(w ™ (oe))

~————

Figure 1. Homotopy from ~v|w ™' (o.) to 8

From (3.13) and (3.3), (3.4), (3.5), (3.7), we see that C? (s € [0,¢]) is given in terms
of the local coordinate system z by
21 + o+ [emga [P <
z%—i—...—i—zz:s,
Im(z;))=0 (i=1,...,k),
Y = 2+ VT2 =0 (G=1,...,10).
For s € [0,¢], let G5 be the closed subset of E defined by the following equations:

(25 + (0 — 9)llv]1?) (ui + ... +uf) = 25,

v =...=v =0,
Uk+j = _gs(”'l}”) : uk+l+j (] = 17 e al)a
Vktirg = gs([Vl]) - uk+;  (G=1,...,0),

where

2s
— 2
gs([[v]]) : Vs + (o]l

Then, for s € (0,¢], the homeomorphism Ay : Y2 E maps C? to G. In particular,
the first piece C'E’ of the decomposition (3.14) of 55 is mapped homeomorphically to G.
by h.. It is easy to check that, for any s € [0,¢] (including s = 0), the homeomorphism
0Bh, : 9BY, = OF maps 08C, to G, NOE. We put

To={uesS™ | +.. +ud <2/(n+e)},

and let 7 be the closure of T.. We can easily check that the projection 7 : B — S™
induces a homeomorphism from G. to S™\ T, and that, for any s € [0,¢], GsNIFE is con-
tained in 7~ (7, )NOE. In particular, the second piece 9B C. of the decomposition (3.14)
is mapped by 0Ph,. into 7~Y(T) N OE.
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Let a be a point of $™ \ 7. Then the closed subset hZ'(7~!(a)) of Y2 intersects the
first piece C's’ of the decomposition (3.14) at only one point, which is in the interior of C’g,
and the intersection is transverse. Moreover, hZ!(7!(a)) is disjoint from the second
piece dBC. of the decomposition (3.14). The third piece fg(Cg) is a topological 2[-cycle
in (Y¥,0PY.), because C is a topological 2I-cycle in Yj.

If 2.] € Hn(Y:,Z) is zero, then 1.([o:]) = 0 by (3.11) and hence there is nothing
to prove. Suppose that [3.] is not zero and not a torsion element. Then there exists
a homology class [0] € H,,(Y:,Z) such that the intersection number [¥.] - [O] of [X]
and [©] in Y, is not zero. In order to show that the integer ¢ in (3.11) is £1, it is enough
to prove that

(3.15) Ye([oe]) - [O] = £[Ec] - [©].

Multiplying [O] by a positive integer if necessary, we can assume that [©] is represented
by a compact oriented m-dimensional differentiable submanifold © of Y, ([20]). By the
elementary transversality theorem (see, for example, [7]), we can move © in Y; in such a
way that the following hold:

(©-1) The closed subset h.(©”) of E is a union of finite number of fibers of 7 : E — S™
over points in S™\ T .

(©-2) The topological m-cycle ©F of (Y* 0BY.) is disjoint from the topological
2l-cycle fg(Cg). Here we use the assumption m > 2.

From (0-1) and (©-2), the points © N C. are contained in the interior of the first
piece C’g of the decomposition (3.14) of C~'5, and the intersections are all transverse.
Moreover, the total intersection number of © and 6’5 is equal to that of ©® and . up to
sign, because both of them are equal, up to sign, to the number of fibers of 7 constitut-
ing h.(©") (counted with signs according to the orientation). Combining these with the
properties (-1)—(3-3) of the topological m-cycle 3, we see that [3] - [0] = £[X.]-[©]. We
have seen that . ([o¢]) is represented by §. Thus we obtain (3.15). =

4. The universal family. In this section, we will construct the universal family of
the incidence varieties of complete intersections in a complex projective space P™.
First we fix some notation. Let

R= @Rd = Clzg, ... ,xy]
d=0

be the polynomial ring of n + 1 variables with coefficients in C graded by the degree d
of polynomials. We set Ry := 0 for d < 0. Let M be a graded R-module. We denote
by My the vector space consisting of homogeneous elements of M with degree d. For an
integer k, let M (k) be the R-module M with grading shifted by

M(k)a := Mjy+.q.

For another graded R-module N, let Hom(M, N)q denote the vector space of degree-
preserving homomorphisms from M to N. Let ¢ = (¢1,... ,¢;) be a sequence of positive
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integers. We assume t < n. Let us define the graded free R-module M. by

M, = @R(Ci).

An element of M, is written as a column vector. Let f = (f1,..., f:)T be an element of
(Mc)o = @ R.,, where f; is a homogeneous polynomial of degree ¢;. We denote by J¢
the homogeneous ideal of R generated by fi,..., f;. There exists a Zariski open dense
subset (M,)§" of the vector space (M) consisting of all f € (Mc)o such that the ideal .J;
defines a complete intersection of multi-degree c in P"™ = Proj R. For f € (M.)§!, let Yip
denote the complete intersection defined by J;. It is well-known that, for any integer v,
the dimension of the vector space

H(Yiy), 0(v) = (R/T5)(v)),
is independent of the choice of f € (M,)§'.

Let H,, . denote the scheme parametrizing all complete intersections of multi-degree ¢
in P". It is well-known that H,  is a smooth irreducible quasi-projective scheme. For
an element f € (M.)&, let (f) denote the point of H, . corresponding to the complete
intersection Y; ). We have a surjective morphism

qc - (Mc)gz - Hn,c

that maps f to (f). Let Ve C P X H,, ¢ be the universal family of complete intersections
of multi-degree ¢ in P™ with the diagram of the projections

Ve —= P

ge |
H, ..
PROPOSITION 4.1.
(1) The morphism qc is smooth.

(2) The morphism T¢ is smooth.
In particular, Y. is smooth.

Proof. (1) The Zariski tangent space to H, ¢ at (f) is given by
(4.1) TipyHne = H* (Yig), Ny, /on) = (Me/ Ty Me)o,

where Ny, /pn is the normal sheaf of V(s in P, which is isomorphic to EBEZI O(c;).
By (4.1) and T (Mc)§' = (Mc)o, the linear map (dgc)  : T¢(Me)§ — Ty Hp ¢ is identified
with the quotient homomorphism (Mc)g — (Mc/JfMc)o. Hence gc is smooth.

(2) Let P = (p,(f)) be a point of )., where p is a point of Yy, and let I, be
the homogeneous ideal of R defining the point p. The kernel of (dre)p : TpYe — T,P7
is mapped isomorphically to a subspace of T(yyHpc by (déc)p @ TpYe — T(ryHp,c.
This subspace coincides with the subspace (I,Mc/JfMc)o of (Me/JyMec)o under the
identification (4.1). Since dim(Mc/I,Mc)o = t, dim Ker(d7c)p is equal to dim H,, c —t =
dim ), — n for any point P € ).. =
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Let a = (aj,...,a,) and b = (by,...,bs) be two sequences of integers satisfying
condition (2.1). Instead of YV, and )}, we denote by

(4.2) | and 4|
Hn,a Hn,b

the universal families over H,, 5 and H, . For f € (Mo)§ and g € (My)§!, we denote by
Xy and Z4 the complete intersections corresponding to (f) € H, a and (g) € Hy p,
respectively.

An element h of Hom(My,, Ma)o is expressed by an rx s matrix (hg;) with hi; € Ra, ;.
When g € (My,)o is fixed, the image of the linear map Hom(My, Ma)o — (Ma)o given by
h — h(g) coincides with (J;Ma)o. The following proposition is then obvious:

PROPOSITION 4.2. The following three conditions on the pair (f,g) of f € (Ma)§
and g € (Myp)§' are equivalent:

(i) X(s) contains Z4 as a subscheme,
(ii) f is contained in (JgMa)o,
(iii) there exists an element h € Hom(My, Ma)o such that f = h(g).

Let Fu o be the contravariant functor from the category of locally Noetherian schemes
over C to the category of sets that associates to a locally Noetherian scheme S — Spec C
the set of pairs (Zg, Xg), where Zg C P"* x S and Xg C P x S are families of complete
intersections in P with multi-degrees b and a, respectively, parametrized by S such that
Zg is a subscheme of Xg. This functor Fy 5 is represented by a closed subscheme Fy, o
of Hy,p X Hpa. (The scheme Fj, o may possibly be empty.) We denote the projections
by p Fba — H,p and p : Fy, o — Hy a. The universal family over Fba is the pair
(Z X) of Z = Z Xy, beaandX =X xg, . Ipa- Wedenotebyﬂ Z—>Fbaand
g : Z — Z the natural projections. We also denote by « : Z — X the composite of
the closed immersion Z < X and the natural projection X — X. Thus we obtain the
following commutative diagram:

pr oz 2oz

(4.3) O |« It

Hn,b ¢ B Fb,a p’Hn,aa
p

x - pn

in which 7o a = 7/ 0 3 holds. A point of Zisa triple

(pa <g>7 <f>) €P" x Hn,b X Hn,a
that satisfies p € Z(5y C X(s). The projection 7 maps (p, (g), (f)) to ((9),(f)) € Fo,a
and the morphism a maps (p, (g), (f)) to (p, (f)) € X.
The right square of the diagram (4.3) is the universal family of the families (1.2)
of complete intersections of multi-degree b contained in complete intersections of multi-

degree a. Remark that the linear automorphism group PGL(n + 1) of P™ acts on the
diagram (4.3).
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REMARK 4.3. If (n,a,b) satisfies the first inequality a;, > b; (i = 1,...,r) of the
condition (2.2) in Main Theorem, then F}, , is non-empty. Indeed, we choose linear forms
Oy 0 0o 0 € Ry generally. We define g € (My)§' by g := g;b.v’. Since a; > b;,
we can define f € (M,)§ by fi == Z;bi&‘“*bi. Then ({g), (f)) is a point of F} a.

From now on to the end of this section, we assume that Fy, 5 is non-empty. We define
a vector space U with a natural morphism v : U — (M,)o by

U := (Myp)o X Hom(Mp, Ma)o and v(g,h) := h(g).
We then put
U = ((Myp)§ x Hom(Myp, Ma)o) Nt ((Ma)§)-
Note that U is a Zariski open subset of U, and hence is irreducible. By Proposition 4.2,
the map

a(g.h) = ((9), (h(9)))

defines a surjective morphism o : U® —» Fy, o, which makes the following diagram com-

mutative:
ci VU

ve — (Ma)(CJi
L
Fb,a 7’ Hn,a-
In particular, the scheme Fy, 5 is irreducible.
PROPOSITION 4.4. The morphism p' : Fp o — H, 1 is smooth.

Proof. For a non-negative integer k, we set Ay := C[t]/(t**1), and for a scheme T
over C, we denote by T(Ay) the set of Ap-valued points of T'. If we are given (g)/F+1 ¢
Hyp(Aggr) and (), (HF) € Fya(Ap) satisfying ()" = (g)FT] mod ##7, it
is enough to show that ((g)*),(f)*!) extends to an element ((g)lF*1) (f)F+1l) of
Fyy a(Ag11) over the given point (g)*+1 € H,, (A4 1). Since both of

Ga: (Ma)§" — Hpa and qu: (Mp)§ — Hup
are smooth, there exist
g™ e (My)o ®c A1 and  fM € (Ma)o & Ay
that satisfy gy (g1* 1)) = (g)FH and ga(fM) = (f)*. We put
g = gl mod ¢+ € (My)o @c Ag,
which satisfies <g[k]> = <g>[k]. By the definition of Fy, a, the ideal J ) of R ®c Ax gen-
erated by the components of gl¥l contains the ideal Jyw. Hence there exists LIS

Hom(My, Ma)o ®c Ay such that fIE = pl#] (g[k]) holds. Let A**1 be any element of
Hom(My, Ma)o ®c Ak 1 satisfying hF+1 mod ##+1 = bkl We put

£ = B (gB) € (M) B Apn

Since being a complete intersection is an open condition on defining polynomials, the
ideal Jypw41 of R ®c Agy1 defines a family of complete intersections of multi-degree a
over Spec Apy1. Thus ((g“”‘”}, <f[k+1])) is the hoped-for Ay 1-valued point of Fy, 5. =
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COROLLARY 4.5.
(1) The scheme Fy 4 is smooth.
(2) The morphism f3: Z — Z is smooth.

In particular, Z is smooth.

Let (g,h) be a point of U¢. We have the following natural identifications of vector
spaces:

(4.4) H%(Z1g), Nz, ) = T(gyHno = (My | Jg My )o,
(4.5) H(Z(g), Nx 0y 221 2 0)) = (Ma/ Ty Ma)o,
(4.6) H (X in(g)ys Nx gy /87) = Tin(e)) Hna = (Ma/ Jn(g)Ma)o-

The restriction homomorphism N, .. /pn — Nx, ., /pn|Z gy of coherent sheaves in-
duces, via (4.6), a linear map

. 0
¢ TinggyyHna — H(Zigy, Nx 00, /801 Z00))-

Under the identifications (4.6) and (4.5), the linear map ¢’ is identified with the natural
quotient homomorphism

(Ma/Jh(g)Ma)O - (Ma/JgMa)o.

In particular, ¢’ is surjective. On the other hand, since Z, is a subscheme of X (),
there is a natural homomorphism

Nz e = Nxiip /871 20)
of coherent sheaves over Z .y, which induces, via (4.4), a linear map
. 0
¢t TigyHnp — H*(Z1g), Nx 00, /271 Z 1))

Under the identifications (4.4) and (4.5), the linear map ( is identified with the homo-
morphism

(h)g + (My/JgMp)o — (Ma/JgMa)o
induced from h : My, — M,.

PROPOSITION 4.6. Let (g, h) be a point of U, and P the point o(g, h) = ({g), (h(g)))
of Fy, . Then we have the following diagram of fiber product:

d
TpFha 2% Tin(g)) Hn.a
(4.7) (dp’)pl O lc’

T<9>Hn,b T) HO (Z(g>;NX<h(g)>/P" ‘Z(_‘]))
Proof. By the identifications (4.4) and (4.6), any vectors of T\ g Hy p and Tip(g)y Hn,a
are given as elements
g =g mod(JyMp)y and f:= f mod(Jyy)Mao

of (My/JyMyp)o and (Ma/Jp(gyMa)o by some g" € (Myp)o and f’ € (Ma)o, respectively.
Let € be a dual number: €2 = 0. The vectors g’ and f’ correspond to the infinitesimal
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displacements
Zigteqry — SpecCle]  and X (p(g)4cf1y — SpecC[e]

of Zg and X (g defined by the homogeneous ideals J,; + eJy and Jy4) + €Jy of
R ®c Cle], respectively. Then the vector (g’,f’), regarded as a tangent vector to
H,p X Hya at ({g),(h(g))), is tangent to Fpa if and only if Zy4.g is contained in
X(h(g)+<f") as a subscheme; that is, there exist elements hy, hy € Hom(My, Ma)o such
that hy + ehe € Hom(Myp, Ma)o ®c Cle] satisfies

(4.8) (h1 +eh2)(g +eg') = h(g) +ef’.
Suppose that hy +chs satisfies (4.8). Because hi(g) = h(g), each row vector of the matrix
hi — h is contained in the syzygy of the regular sequence (g1, ... ,¢s), and hence every

component of h — hy is contained in J,. Therefore the two linear maps (h), and (hq),
from (My,/JgMy)o to (Ma/JgMa)o are the same. The equality hi(g") + ha(g) = f’ then
tells us that f’ mod (J,Ma)o is equal to (h),(g’), because h2(g) € (J;Ma)o. Hence (g, f')
is contained in the fiber product of ¢ and ¢’. Conversely, if (g, f') is contained in the fiber
product of ¢ and ¢’, then it is easy to find an element hy € Hom(M)y, M,)o satisfying
(h+cho)(g+eg’)=h(g)+ef'. m

Since Fy, a is reduced by Corollary 4.5 (1), we obtain the following:

COROLLARY 4.7. Let (g,h) be an arbitrary point of U,

(1) The dimension of Fy a is equal to
dim(Ma /Jp(g) Ma)o + dim(My/Jy My )o — dim(Ma/Jy Ma)o

= dim H,, o + dim H,, , — dim(Ma/JgMa)o.
(2) Let P be the point o(g, h) of Fpa. Then the dimension of the cokernel of the linear
map (dp)p : TpFyp.a — Tin(g))yHn,a is equal to
dim Coker ¢ = dim Coker(h), = dim(Ma/(JgMa + h(My)))o. =
PROPOSITION 4.8. Let (g,h) be a point of U, and let p be a point of Zgy. We put

Q = (p,(9), (h(9))),

which is a point of Z. Let I, denote the homogeneous ideal of R defining the point p.
Then the dimension of the kernel of (da)q : TQZ — Tyq)X is equal to

(4.10) dim Fy o — dim Hy o — s + dim(Ma/(JyMa + Lh(M))),-

(4.9)

Proof. Since Z is a closed subscheme of H,, pxX with p’or and a being the projections,
the kernel of (da)q is mapped isomorphically to a subspace of T\ H,, , by the linear map
d(p' o m)g. We will show that this subspace

(4.11) (d(p" om)q) (Ker(do)q) C TigyHnp
coincides with the subspace
(4.12) (I, My, /Ty My)o N Ker(h, © (My/Jy M)

under the identification (4.4). Let g’ be an element of (My)o. We put
g = ¢ mod (J;My)o € (My/JyMy)o,
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which gives the corresponding displacement Z(,, .,y — SpecCle] of Zy. The sub-
space (4.11) consists of vectors corresponding to infinitesimal displacements with p in
Z(g+egy and with Zi oy remaining in X p(4)). The displacement Z4., contains p
if and only if J, C I, holds, which is equivalent to g’ € (I,My/JgMy)o. On the other
hand, by Proposition 4.6, the displacement Z 4.,y remains in X, (4)) if and only if the
corresponding vector of Tig H, p is contained in Ker(. Since ¢ is identified with (h),,
this holds if and only if g’ € Ker(h)4. Therefore (4.11) coincides with (4.12) by (4.4). The
cokernel of the homomorphism

h)g
(IpMyp/JgMp)o — (My/JgMy)o <—’ (Ma/JgMa)o

is (Ma/(JgMa + I,h(My)))o. On the other hand, dim(My /I, Myp)o is equal to s. These
lead us to the conclusion that dim Ker(da)q is equal to
dim(My, /JgMyp)o — s — dim(Ma/JgMa)o + dim(Ma/(JgMa + I,h(My)))o,
which coincides with (4.10) by Corollary 4.7 (1). m
In the sequel, we use the following notation. For positive integers d and e, let Mat(d, e)
denote the vector space of all d X e matrices with entries in C, and D(d, e) the Zariski

closed subset of Mat(d, e) consisting of matrices whose rank is less than min(d, e). It is
easy to see that D(d, e) is irreducible. We set

0:=[1:0:...:0] €P".
For a homogeneous polynomial a € R, we put

d .
ega 4

a(0) := the coefficient of x; n a.

Let I, be the homogeneous ideal of R defining o in P™:
I, :={(z1,... ,x,) C R.
We define linear maps A; : (IoMa)o — C" for ¢ = 1,...,r and p; : (I,Mp)g — C" for

j=1,...,sby
N = (G0 5 0) o) = (520 52 0).

Let A : (I,Ma)o — Mat(r,n) and u : (I,Mp)o — Mat(s,n) be linear maps defined by

M(f) p1(g)
A(f) = and p(g) ==
Ar(f) 11(9)

Both of A and p are surjective. We define a linear map 7 : Hom(My, Ma)o — Mat(r, s)
by

Ofi

n(h) := (hi;(0)),
when h is expressed by an r x s matrix (h;;) with h;; € R4, p,. Note that, if g is an
element of (I,Mp)o, then, for any h € Hom(My, Ma)o, we have h(g) € (I,Ma)o and
A(h(g)) = n(h) - u(g)-
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We define an R-submodule N, of M, by
r—1

Na = @ R(a:) & Lo(a,).

i=1
Note that Ker A, = (I,Na)o holds in (I,Ma)o, and that an element h of Hom(My, M)
is contained in Hom(My,, Ny )o if and only if the r-th row vector of n(h) is the zero vector.
We put
(IoMy)§ = (1M )o N (My)g,
(IoMa)(C)i = (IoMa)o N (Ma)gia

(I,Na)§" = (I,Na)o N (Ma)§'.
For f € (Ma)§" and g € (My,)§, we have the following:
(4.13) (0.(f) € X = f € (LMa)§,  (0.(g9) € Z+= g€ (LM

Let I" be the Zariski closed subset of X consisting of critical points of ¢ : X — H, 5, and
IV the Zariski closed subset of Z consisting of critical points of ¢’ : Z — H,, . We put

T,:=7'(0)NI, I, :=1"""(o)NI".

For f € (I,M,)§ and g € (I,My)§, we have the following:

0
(0,(f)) € To <= A(f) € D(r,n),
9)

(4.14) ” )
(0.(9)) € Ty <= u(g) € D(s,n).

If f € (I,Na)§, then A(f) € D(r,n). Hence we can define a morphism ~y : (I,Na)§ — T
by

V() = (0, ()

PROPOSITION 4.9. The Zariski closed subset I, of X is irreducible, and the morphism
v : (I,Na)§ — T, is dominant.

Proof. By (4.13) and (4.14), the map f +— (o, (f)) gives a surjective morphism from
AH(D(r,n)) N (I,My)E to T',. Because ) is a surjective linear map and D(r,n) is irre-
ducible, A=1(D(r,n)) is also irreducible. Since A™1(D(r,n)) N (I,M,)§ is Zariski open
in A\=Y(D(r,n)), T', is also irreducible. Let f be a general element of A\=*(D(r,n)). Then
A(f) is of rank r — 1, and the vector A.(f) can be written as a linear combination

of Mi(f),..., A—1(f). Since a, > a; for i < r, there exist homogeneous polynomials
Cl,...,Cr—1 With ¢; € R,, 4, such that, if we put
fr=fr—ah—. . —cafr and = (fi, feon, ST

then A,(f’) = 0 holds, which means f' € (I,Na)o. From J; = J;, we conclude that
(0, {f)) = (0, (f")) belongs to the image of 7. Since (o, (f)) is a general point of T',, the
morphism v is dominant. m

REMARK 4.10. The irreducibility of T" and that of S, 4 = ¢(T") follow from Proposi-
tion 4.9 and the action of PGL(n + 1) on the diagram (4.3).
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COROLLARY 4.11. Suppose that (o,{f)) is a general point of T',. Then the singular
locus of X5y consists of only one point o, which is a hypersurface singularity of Xy with
non-degenerate Hessian.

We put
E=a D)\ (' ()N~ HI)) and Z,:= (10a) (o)

N
which are locally closed subsets of Z (possibly empty). A point (o, (g), (f)) of the locus
(toa) (o) C Z is contained in Z, if and only if Xy, is singular at 0 and Z g is smooth

—_
—
=

at 0. The morphism « : £ — X induces a morphism «|Z, : 2, — T,.

REMARK 4.12. Invoking the action of PGL(n + 1) on the diagram (4.3), we can
paraphrase the second condition of Main Theorem into the condition that «|Z, : E, — T,
is dominant.

We define a linear subspace V' of U = (Mpy)o x Hom(Myp, Ma)o by
V := (I,Mp)o x Hom(Myp, Na)o.
We then put V¢ := V NU® and
Vii={(g,h) € V| u(g) ¢ D(s,n)} = {(g,h) € V| Z 4y is smooth at o}.
By definition, V' is Zariski open in the vector space V, but may possibly be empty. Recall
that v: U — (Ma)o is the morphism defined by v (g, h) = h(g). We have a morphism
v[V:V — (I,Na)o and v|V%: Vi — (I,Na)S,
which are the restrictions of v to V and V!, respectively. By definition again, if (g, h) € V¥,
then (o, (9), (h(g))) € Eo. Let £ : V¥ — E, be the morphism defined by

g(gv h) = (07 <g>7 <h(g)>)

Then we obtain the following commutative diagram:

u|Vn ci
Vi =% (I,N.)§

(4.15) €] 1

o FO'

al2,

—
—

PROPOSITION 4.13. The morphism «|E, : 2, — [, is dominant if and only if the
morphism v|V%: V& — (I,Na)& is dominant.

Proof. Since v is dominant by Proposition 4.9, the commutativity of the diagram (4.15)
implies that, if 1/|Vh is dominant, then so is @|Z,. Suppose conversely that a|=Z, is dom-
inant. Let f be a general point of (I,Na)§'. Since 7 is dominant, (o, (f)) is a general
point of T',, and hence (o, (f)) is in the image of «a|Z,. Thus there exists an element
g € (I,Myp)§" such that (o, {(g),(f)) € Z,, which implies that u(g) is not contained in
D(s,n), and that there exists an element h € Hom(My, M,)o that satisfies h(g) = f.
From A.(f) = 0 and n(h) - u(g) = A(f), the linear independence of the row vectors of
w(g) implies that the r-th row vector of n(h) is a zero vector. Therefore h is in fact an
element of Hom(My, Ng)o, which means (g, h) € V9. Hence the general point f = h(g)
of (I,Na)&" is contained in the image of v|V%. m
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PROPOSITION 4.14. Suppose that o|Z, : 2, — T, is dominant. Then there exists a
unique irreducible component Z! of =, such that the restriction o|=. : 2/ — T, of a|=Z,

to 2! is dominant. The closure of the image of & : Vi 2, in 2, coincides with =

Proof. Since T, is irreducible, there exists at least one irreducible component =/
of Z, that is mapped dominantly onto I', by «|=,. Let (o, (g), (f)) be a general point
of 2. Then a(o, (g}, (f)) = (o,(f)) is a general point of T',. Since « is dominant, we
can assume that (o, (f)) is in the image of «; that is, f is an element of (I,N,)§'. Let
h € Hom(My, M,)o be a homomorphism satisfying h(g) = f. From u(g) ¢ D(s,n) and
A-(f) = 0, we see that h actually is an element of Hom(My, Na)o. Hence (g, h) is a point
of V%, which is mapped to the general point (o, (g), (f)) of Z/ by &. Therefore = is the
closure of the image of ¢ : V% — =, in Z,. Since V? is irreducible, the uniqueness of =/,
as well as the second assertion, is proved. =m

For an element (g, h) of U, we define a linear map d(4 ) : U — (Ma)o by
d(g.n) (G, H) := H(g) + h(G) (G € (Mp)o, H € Hom(My, Ma)o).
Under the natural isomorphisms T, ,)U = U and T}, (4 1)(Ma)o = (Ma)o, the linear map
d(g,n) is equal to
(dv) (g, * Tig,m)U — Tog,n)(Ma)o.
By definition, we have

(4.16) d(gn)(U) = (JgMa+ h(Mp))o,
(417) (5(9’]1)(‘/') = (JgNa+IOh(Mb>)0, and
(4.18) (9.1) €V = 6y (T) € (Na)ou (g (V) € (IoNa)o.

PROPOSITION 4.15. Suppose a, > bs. Then the following conditions on (n,a,b) are
equivalent to each other:

(i) The morphism a|Z, : E, — T', is dominant.
(ii) If (g,h) € V is general, then 041,)(V) coincides with (I,Na)o-
(i) If (g,h) € V is general, then
dim(Ma/(JgMa + Ioh(Mp)))o =n—+17—s.
(iv) There exists at least one (g, h) € V' such that
dim(Ma/(JgMa + Ih(Mp)))o <n—+71—s.
Proof. First we show the following:

CLAIM.

(1) For any (g, h) € V, dim(Ma/(JgMa+Ioh(My)))o is larger than or equal to n+r—s.

(2) If (g,h) € V is chosen generally, then dim(J,Ma + I,h(My))o is equal to
dim(JyNa + Ioh(Mp))o + 5.

Let (g, h) be an arbitrary element of V. Then (I,h(Mp))o is contained in the space
(IoNa)o = Ker A,.. On the other hand, if f € (JyMa)o, then the r-th component f, of f
is written as g1k1 + ... + gsks with k; € Rq, _p,, and A.(f) is equal to

(4.19) ki(o)pa(g) + - + ks(o)us(g)-
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Hence the image of (J;Ma+Ioh(Mp))o by A, is spanned by p1(g), ... , s(g), and therefore
is of dimension not greater than s. On the other hand, Ker A, = (I,Na)o is of codimension
n+rin (Ma)o. Hence we obtain

dim(JgMa + Ioh(My))o < dimKer A, + s = dim(Ma)o —n —r + s,

which implies Claim (1).

Let (g,h) be a general element of V. Because ¢ is general in (I,My)g, the vec-
tors p1(g),...,ps(g) are linearly independent. Let f be an element of (JyMa)o. By
the assumption a, > b, the degrees a, — b; of the polynomials k; in the expression
fr = g1k1 + ... + gsks are non-negative for all j < s. Therefore the coefficients k;(0)
in (4.19) can take any values. Hence the image of (JyMa+I,h(Mp))o by A, is of dimension
exactly s. Moreover, if f € Ker A, then k1(0) = ... = k(o) = 0. Hence Ker A, C (J4Na)o.
Because (I,h(Mp))o C Ker A, we have

(JyMa + Ih(My))o N Ker A, = (JyNa + Ih(Mp))o.

Therefore Claim (2) is proved.

Since dim(Ma/(JgMa + I,h(My)))o is an upper semi-continuous function of (g, h),
Claim (1) implies that conditions (iii) and (iv) are equivalent. By (4.17) and (4.18), the
following inequality holds for any (g,h) € V:
dim(Ma)O/a(g,h)(V) = dim(Ma/(JgNa + Ioh(Mb)))o

> dim(Ma/I,Na)o =n+r.
Condition (ii) is satisfied if and only if the equality in (4.20) holds for a general (g, h) € V.
The equivalence of conditions (ii) and (iii) now follows from Claim (2).

(4.20)

By Proposition 4.13, condition (i) is equivalent to the following:

(i)’ The morphism v|V%: V# — (I,N,)§ is dominant.

On the other hand, since d(4 ) is equal to (dv)gn) : T(g,m)U — Ty(g,n)(Ma)o via the
natural identifications T, ) U = U and T,(4,)(Ma)o = (Ma)o, condition (ii) is equivalent
to the following:

(ii)’ The morphism v|V : V — (I,N,)o is dominant.

Since (I,Na)§! is Zariski open dense in (I,N,)o, the implication (i) = (ii) is obvious.
Since V? is Zariski open in V, the implication (ii) = (i) follows if we show that V*
is non-empty under condition (ii). Suppose that condition (ii) is fulfilled. Let (g,h) be
a general element of V. Since g is general in (I,My)o, the ideal J, defines a complete
intersection of multi-degree b passing through o, and u(g) is of rank s. By (ii)’, h(g) is a
general element of (1, Na)o, and hence .Jj,(4) defines a complete intersection of multi-degree
a passing through o and singular at o. Thus we have (g, h) € Vi om

5. Proof of Main Theorem. First we prepare two easy lemmas.

Let Ly and Lo be finite-dimensional vector spaces, and let Hom(Ly, L) be the vec-
tor space of linear maps from L; to Ly. For ¢ € Hom(Lq, L), we have a canonical
identification

(51) Tg& Hom(Ll,LQ) = Hom(Ll,Lg).
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Let Sy be the closed subscheme of Hom(Ly, L) defined as common zeros of all (k + 1)-
minors of the matrices expressing the linear maps in terms of certain bases of L; and Ls.

LEMMA 5.1. Let g be a point of Si \ Sg—1. An element ¢ of Hom(Ly, Ly) is con-
tained in the subspace Ty, Sk of TyoHom(Ly, Ly) under the identification (5.1) if and
only if o(Ker ¢g) is contained in Im pg.

Proof. We can choose bases of L; and Lo in such a way that ¢y is expressed by
. I . . A|B
the matrix (%}%) . Suppose that ¢ is expressed by the matrix (?‘f) under these

bases. Then ¢ is contained in T,,, S, under the identification (5.1) if and only if the matrix

([k +08A 5g) is of rank k, where ¢ is the dual number; €2 = 0. This matrix is of rank k
& )

if and only if D = 0, which is equivalent to p(Ker o) C Imyg. m

Let X and Y be connected complex manifolds, Z an irreducible locally closed analytic
subspace of Y, ¢ : X — Y a holomorphic map, and p a point of 1 ~1(Z).

LEMMA 5.2. Suppose that Z is smooth at ¥ (p), and that
(5.2) Ty Z NIm(dy), =0 and Ty Z +Im(dy), = Ty Y.
Then ~=(Z) is smooth at p. Moreover, the dimension of ¥~(Z) at p is equal to
dim X —dimY + dim Z.
Proof. By (5.2), we have T,0p~'(Z) = (dy); ' (Ty(p) Z) = Ker(dip),,, and hence
dim T,y (Z) = dim T, X — dim Im(d¥), = dim X — dimY + dim Z.
On the other hand, the codimension of ¥~1(Z) in X at p is less than or equal to the

codimension of Z in Y at ¢(p). Combining these facts, we get the hoped-for results. m

From now on, we assume that (n,a, b) satisfies the conditions required in Main The-
orem. In particular, the morphism «|Z, : E, — I', is dominant by Remark 4.12. Let =/
be the unique irreducible component of =, that is mapped dominantly onto T, by a|Z,
(see Proposition 4.14).

PROPOSITION 5.3. Let Q = (o, {g), (f)) be a general point of =/,. Then:
(1) The morphism p : Fya — Hy a is dominant.
(2) The kernel of (da)q : TqZ — TaqyX is of dimension equal to
dim Fy o — dim Hy o — m + 21,
(3) The image of (dp)x(q) : Tr()Fo,a — T(fyHn,a is of codimension 1.

Proof. First of all, note that F}, 5 is non-empty because =, is non-empty. Note also
that V% is non-empty by Proposition 4.13, and hence is Zariski open dense in V. By

!/
o

€ : Vi — Z,. Therefore we can choose a general point (g,h) of V first, and then put
Q = &(g,h) = (0, (9), (h(9)))-
We start with the proof of (3). By Proposition 4.15, we have

(5.3) 8oy (V) = (JyNa + L,h(My))o = (I,Na)o-

Proposition 4.14, the general point Q of Z/ is the image of a general point of V' by
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In particular, we have
(5.4) dim (Ma/(JyNa + Ih(M))), = n+ 1.
By Corollary 4.7 (2), to arrive at dim Coker(dp)~(q) = 1, all we have to show is
dim (Ma/(JyMa + h(Mp))) = 1,
which is equivalent to
(5.5) dim g1y (U)/6(g,0)(V) =n+71—1,
because of (4.16), (4.17) and (5.4). We define a linear map X, : (Ma)g — C” x C™ by

()= (1100 £:0). (520 52 (0)) ).

Then 6(y,n) (V) = ({oNa)o = Ker A, holds from (5.3). Moreover, we have d(g,m(U) € (Na)o
by (4.18), and dim A\, ((Na)o) = n + r — 1. Therefore the equality (5.5) and each of the
following two conditions are equivalent to one another:

(5.6) 3(g,m)(U) = (Na)o,

(5.7) dim A\ 3¢y 1) (U)) > n+7 — 1.

We will prove (5.5) by showing that the inequality (5.7) holds. For v = 1,... , s, we define
1) = (317, W) € (M)o and 1) = (5f") € Hom(My, Ma)o by

{0 ifj#v v {0 if (i, 5) # (r,v)
T ar—b,

(v)
= ) and e
K b ! if (i,5) = (r,v).

ij
Note that a, > b, by the condition (2.2). We then define v w® e d(g,m)(U) by
’U(V) = 6(g,h) (’7(11)7 0) = h(V(V))a
w®) =541y (0,7™)) =™ (g) = (0,...,0, gy )"

xy ifj=v

Then we have

3 (0) = (o), - (o), (%’;l ). . %’Z @)).

M (w®)) = ((o, ...,0), (‘99” (0),... 20 (o))).

Oz 77 Oy

In order to prove (5.7), it is enough to show that the vectors \,(v®*)) and X, (w®)) span
a hyperplane in C" x C". Since (g, h) is general in V', the coefficients h;,,(0), Ohy, /0x(0)
and g, /0x (o) of the homogeneous polynomials g, and h;, that appear in (5.8) are
general except for the following restrictions:

hro(0) =0 (1<v<ys), hiv(0) =0 ifa; <b,,

Ohyy

8:cj

Let A be the 2s x (n +r) matrix whose row vectors are A.(v*)) and A,.(w®)). Then A is
of the shape depicted in Figure 2, in which the entries in the submatrices marked with *

are general, and the (v,7)-component in the submatrix marked with f is general except
for the restriction that it must be zero if a; < b,. Since the rank of a matrix is a lower

(5.8)

(0)=0 (1<j<n) ifa,="b,.
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semi-continuous function of entries, in order to prove that A is of rank n +r — 1, it is
enough to show that there exists at least one matrix of rank n + r — 1 with the shape
Figure 2. Condition (2.2) implies that r —t, < s —t; holds, and that the (4, i)-component
of the submatrix f is subject to no restrictions for ¢ = 1,...,r — ¢,. Condition (2.3)
implies n +r < 2s and n +r + ¢, — ¢, < 2s. Therefore we can define a 2s x (n +r)
matrix C of the shape Figure 2 by Table 1, where ¢; is the i-th column vector of C' and
e, is the column vector of dimension 2s whose v-th component is d,,,, (Kronecker’s delta
symbol). It is easy to see that C' is of rank n+r —1. Hence (5.7), and also (5.5) and (5.6),
are proved.

r—ty, te—1 n
—_—
s—1tp * |0 *
ﬁ S
ty { 0 * [0 0
0 * s
r n

Figure 2. The shape of a 2s X (n + r) matrix

Next we prove (1). Since both of Fy, 5 and H, , are smooth and irreducible, it is
enough to show that the morphism p : Fy, o — H,, o is a submersion at a general point
of Fy a. By Corollary 4.7 (2), it is therefore enough to prove that the following equality

holds for a general (g,h) € U:
(5.9) dim (Ma/(J5Ma + h(My))), = 0.

Since the left-hand side of (5.9) is an upper semi-continuous function of (g,h) € U, it

suffices to show that there exists at least one (g, 2) € U for which (5.9) holds. We will find

(g, h) satisfying (5.9) in a small neighborhood of the chosen point (g, h) in U. From (5.6),
we have

dim (Ma/(J5Ma + h(My))), < dim(Ma/Na)o = 1
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When t, — 1 > tp,

€; fl1<i<r—t,
€s—ryi1ti HTr—te<i<r

ci =40 ifi=r
€ity fr<i<s+1
€i—1 fs+l<i<n+r.

When t, — 1 < tp,
€; Hf1<i<r—t,
€s—rtiti Hr—te<i<r
ci =10 ifi=r
€i—t, ifr<i<s4te—tp
€itty—t, Hs+ta—ty<i<n+r.

Table 1. Definition of C'

for any (g, h) in a small neighborhood of (g, h) in U. We suppose that

8.5 (U) = (JgMa + h(Ms))o s of codimension 1 in (Ma)o

for any (g, h) in a small neighborhood of (g, k) in U,

(5.10)

and will derive a contradiction. For a sequence ¢ = (¢1, ... ,c¢s) of complex numbers, we
define 1 = (n;) € Hom(Mp, Ma)o by

. {o if i <r
Nij = b
ij ar—b; e
CjTg iti=r,

and consider the infinitesimal deformation (g, k) + €(0,7°) of (g, h) in U, where ¢ is the
dual number. Here we use the condition a, > b; again. By (5.6), Lemma 5.1 and the
assumption (5.10), we have

5(0’nc)(Ker 6(g,h)> - Im(s(g,h) = (Na)O

for any ¢, which means that, if (G, H) € Kerd, 1), then 7°(G) € (Na)o for any c. Hence
we have

(5.11) (G, H) € Ker 5y —> G € (I,Mp)o.

Because (2.3) implies 2s > n + r, there exists a non-trivial linear relation
Z A (v¥)) + Z By (™)) =0 (o, B, € C)
v=1 v=1

among the vectors (5.8) in C™ x C™. Since g is general in (I,Mp)o and s < n, the vectors
A (w)) (v =1,...,s) are linearly independent, and hence at least one of vy, ... ,a is
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non-zero. We put

(G1,Hy) - <Zaw >Zﬁn )

Then we have

Sig.my (G1, Hy) =Y o™ + 3" B,w™ € Ker A, = (I,Na)o = d(g.)(V),
v=1 v=1
where the last equality follows from (5.3). Hence there exists (Gz, Hz) € V such that
(G1 — G2, Hy — H3) € Kerdy ). On the other hand, since Gy € (I,Mp,)o and at least
one of ay,...,as is non-zero, we have G1 — Go ¢ (I,My)o, which contradicts (5.11).
Hence there exists a point (g, ) € U in an arbitrarily small neighborhood of (g, h) such
that (5.9) holds. Therefore p is dominant.

Finally we calculate dim Ker(da)g. By Proposition 4.8, we see that dim Ker(da)q is
equal to

dim Fp 5 —dim Hy, o — s + dim(Ma/(JgMa + Ioh(Mb)))O.
The fourth term is equal to n + r — s by Proposition 4.15. Since n +r — 2s = —m + 2,
we complete the proof of the assertion (2). m

Now we are ready to prove Main Theorem.

Proof of Main Theorem. For a locally closed analytic subspace A of H,, o, we denote
by
Za 24 Xy

”Al l¢A

Fy— A

PA
the pull-back of the right square of the diagram (4.3) by A < H,, a.
There exists a Zariski open dense subset U of H,, o such that

Zy 2 xy,
wl o L

FM—>U

PU
is locally trivial over U/ in the category of topological spaces and continuous maps, that
¢y is smooth, and that py is smooth or Fy, is empty. It is enough to show Fy(X;) # 0
and Im ¥y (Xp) 2 Vi (Xs, Z) for at least one point b of U, where X, denotes the complete
intersection corresponding to a point b of .

By Proposition 5.3 (1), Fp(X}) is non-empty for any b € Y.

By the assumption of Main Theorem, the morphism «|Z, : £, — I', is dominant, and
hence, by Proposition 4.14, there exists a unique irreducible component =/ of =, that
is mapped dominantly onto I', by «|Z,. Let Q := (0, (g), <f>) be a general point of =.
Then a(Q) = (o, (f)) is a general point of T',. By Corollary 4.11, the point o is the only
singular point of Xy, and it is a hypersurface singularity with non-degenerate Hessian.
In particular, the image of (d¢)a(q) : Ta(@)X — T(f)Hn,a is of codimension 1 in T\ sy Hy a-
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On the other hand, by Proposition 5.3 (3), the image of (dp)~(q) : Tr(Q)Fb,a — T(f)Hn.a
is also of codimension 1 in T #yHp,a. Hence there exists a smooth curve C'in H;, 5 passing
through (f) that satisfies

(5.12) Im(d¢)a(Q) N T<f)0 =0, Im(dp)ﬂ(Q) N T<f)0 =0,

and C'NU # (. We choose a sufficiently small open unit disk A in C with the center (f),
and consider the following diagrams:

Zo 29 Xo ZA 22 XA
(5.13) el lee amd 7| Les
Fe — C FAn — A
pc pa

We can assume that A* := A\ {(f)} is contained in /. By Lemma 5.2, the analytic space
X is smooth of dimension m + 1. Moreover, the holomorphic map ¢a : XA — A has
only one critical point, which is the point (o, (f)) on the central fiber X ¢y, and at which
the Hessian of ¢a is non-degenerate. We select a point b of U from A*. Then we have
a vanishing cycle [Xp] € Hp, (X, Z), unique up to sign, associated to the non-degenerate
critical point (o, (f)) of ¢a. It is known that V,,(Xp,Z) is generated by [Xp] as a module
over the group ring Z[m (U, b)]. (See [9].) On the other hand, the image of the cylinder
homomorphism ¥y (X}) is 71 (U, b)-invariant. Therefore it is enough to show that the
image of ¥, (X}) contains [Xp)].
We put
O:=7(Q) € Fpa.

By Lemma 5.2 and (5.12), the scheme F¢ in the left diagram of (5.13) is smooth at O,
and

(5.14) dimp Fo = dim Fb,a — dim Hn,a + 1.
From the construction of gc, we see that Ker(da)q is contained in the subspace TQZ~C

of TQZ~, and that Ker(da)q coincides with Ker(dac)g. Hence, by Proposition 5.3 (2), we
have

(5.15) dim Ker(dac)g = dim Fy, o — dim H,, o — m + 2I.

Since ZVC is a closed analytic subspace of F x Xo with m¢ and a¢ being projections, we
have

(5.16) Ker(dmc)g NKer(dac)g =0

in TQZ~C. In particular, the linear map (dm¢)g : TQZVC — ToFc maps Ker(dac)o
isomorphically to a linear subspace of T Fo. By the dimension counting (5.14) and (5.15),
this subspace

(dwc)Q(Ker(dac)Q) C T()FC
is of codimension m — 2] + 1. Hence there exists a closed subvariety F{/, of F with
dimension m — 2l + 1 that passes through O, is smooth at O, and satisfies

(5.17) ToFé N (dﬂ'c)Q(KGY(dOzc)Q) =0.
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Let us put
Fjp :=FLNFa, ZV’C = Wal(Fé) and ZVIA = ng(F’A),
and let
3% x 208 2,
(5.18) e |9 and  wh| Loa
Fe — C Fy — A
Pc Pa

be the restriction of the diagrams (5.13). The right diagram of (5.18) is the pull-back of
the left diagram of (5.18) by A — C.

Since the fiber of 7 passing through @ is smooth at @ by the definition of =,, the
holomorphic map 7’y is also smooth at Q. Moreover, from (5.16) and (5.17), we have
Ker(day)q = ToZa NKer(daa)q = (dne)g' (ToFé) NKer(dac)q = 0.

Therefore o/, is an immersion at Q. We have dim FA = m — 20+ 1. Note that H,,(X},Z)
is torsion free. Hence the right diagram of (5.18) satisfies all the conditions required in
Theorem 3.1 (2). We put

FA(XD) =gy (), Za(Xp) =7 (FA(XD)),
and consider the family
ZhN(Xp) — Xy
(5.19) |
FA(X)

of [-dimensional closed analytic subspaces of X;. By Theorem 3.1, the image of the
cylinder homomorphism

’(ﬁ{)(Xb) . Hm72l(F/A(Xb)7Z) — Hm(Xb,Z>

associated with the family (5.19) contains the vanishing cycle [X3] € Hy, (X3, Z). By the
construction, vy, (X,) is the composite of the homomorphism

Hp—o1(FA(Xp),Z) — Hp—o1(Fo(X3), Z)

induced from the inclusion FA (Xp) < F,(Xp) and the original cylinder homomorphism
b (Xp). Hence the image of 1 (X}) contains [X;]. m

‘We put
Fo(X) = ol (),
and let F//(X;) be the union of irreducible components of F{.(X;) with dimension m — 2.
Then F/i(X;) contains an (m — 2l)-dimensional sphere representing the vanishing cycle
[0b] € Him—2(FA(Xsp),Z) associated to the non-degenerate critical point O of p/y. Let T’
be the Zariski closure of o, (W/El(Fg(Xb))) in Xp. Then T is of dimension m — [, and
[Xs] = £91,(Xp)([os]) is represented by a topological cycle whose support is contained
in T'. Therefore we obtain the following:
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COROLLARY 5.4. Suppose that (n,a,b) satisfies the conditions of Main Theorem. Let
X be a general complete intersection of multi-degree a in P". Then every vanishing cycle
of X is represented by a topological cycle whose support is contained in a Zariski closed
subset of X with codimension .

6. Grobner bases method. Suppose we are given a triple (n,a,b) that satisfies
the conditions (2.2) and (2.3) of Main Theorem. We will describe a method to determine
whether this triple satisfies the second condition of Main Theorem.

First we choose a prime integer p, and put

R® .= Folzo, .- znl.

We define graded R®-modules M, Mép), NP and ideals I, Jg(p) of R®) in the
same way as in Section 4 except for the coefficient field. We generate an element g =
(g1,...,9s)7 of (LEP)M]S}’))O and a homomorphism h = (h;;) € Hom(Ml()p),Nzgp))o in a
random way. Then we can calculate

(6.1) dimg, (M®) /(P MP + 1P R(LP))),

by means of Grobner bases. If this dimension is not greater than n + r — s, then con-
dition (iv) of Proposition 4.15 is fulfilled, because this condition is an open condition.
Hence the morphism «|Z, : E, — T', is dominant.

7. Application of a theorem of Debarre and Manivel. From now on, we use
the following terminology. A sequence always means a finite non-decreasing sequence of
positive integers. For a sequence a, let min(a) and max(a) be the first and the last ele-
ments of a, respectively, and let |a| denote the length of a. Let a’ be another sequence.
We denote by aWa’ the sequence of length |a|+|a’| obtained by re-arranging the conjunc-
tion (a,a’) into the non-decreasing order. For an integer a > 2, we define (a)! to be the
sequence (2,...,a) of length a — 1, and for a sequence a = (a1, ... ,a,) with min(a) > 2,
we put

al:= (a)'W... ¥ (ar)!.

We sometimes write a sequence by indicating the number of repetition of each integer in
the sequence by a superscript. For example, we have

(2,3,3,4)! = (2,2,2,2,3,3,3,4) = (2%,3%,4).

Let n and ¢ be positive integers, and a = (ay,... ,a,) a sequence. According to [5],

we put
T

5(n,a,0) = (¢ + 1)(n Z(‘“”)

i=1

and d_(n,a,l) := min{d(n,a,£),n — 2 — |a|}.

THEOREM 7.1 ([5], Théoreme 2.1). A general complete intersection of multi-degree a
in P™ contains an £-dimensional linear subspace if and only if §_(n,a, ) > 0.
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THEOREM 7.2. Let a = (a1,...,a,) be a sequence satisfying
min(a) > 2 and Zai <n.

Let &’ be a sub-sequence of a such that max(a’) = max(a), and let a” be the complement
to &’ in a. (When a’ = a, the sequence a” is empty.) Suppose that a positive integer X
satisfies:

(7.1) d_(n—la’'l,a'l, A=1)>0, |a"|<X and n—r>2(X—]|a"|).
Let
b:= (1" wa”.

Then Fy,(X) is non-empty for a general complete intersection X of multi-degree a in P™,
and the image of the cylinder homomorphism 1y (X) contains Vi, (X, Z).

Proof. Note that | = n — |b| is equal to A — |a”|. Since max(a’) = max(a), we can
assume that a, is a member of a’. Let f = (f1,..., f;)T be a general element of (I,Na)o,
and let Y; be the hypersurface of degree a; defined by f; = 0. We put

X' = ﬂ Y; and X" := ﬂ Y;.
a;€a’ a;ea’’
By Proposition 4.9, X’ is a general member of the family of complete intersections of
multi-degree a’ possessing a singular point at o. By means of the projection with the
center o, we see that X’ contains a linear subspace of dimension ¢ > 0 that passes through
o if and only if a general complete intersection of multi-degree a’! in P*~12'l contains an
(¢ — 1)-dimensional linear subspace. By Theorem 7.1, the first condition of (7.1) implies
that X’ contains a linear subspace A of dimension A passing through o. In particular, we
have A < n — |&’|. Using this inequality and the second and the third conditions of (7.1),
we can easily check that (n, a, b) satisfies the conditions (2.2) and (2.3) in Main Theorem.

We put

Z=ANnX".
Then Z is a complete intersection of multi-degree b contained in X5 = X’ N X" and
passing through o. Moreover, since the polynomials f; (a; € a”) are general with respect
to A, the complete intersection Z is smooth. Thus the second condition of Main Theorem
is also satisfied. m

8. The generalized Hodge conjecture for complete intersections. Suppose
we are given a pair (n,a) satisfying min(a) > 2 and ) a; < n. We put

k= Kn - Zai)/max(a)} +1.

The Hodge structure of the middle cohomology group H™(X) of a general complete
intersection X of multi-degree a in P™ has the property (1.1). We will investigate the
consequence of the generalized Hodge conjecture that there should exist a Zariski closed
subset T" of X with codimension & such that every element of H,,(X,Q) is represented
by a topological cycle whose support is contained in 7'. Note that H,, (X, Q) is generated
by vanishing cycles and, if m is even, the homology class of an intersection of X and
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6 | (3)

7 (3)

8 1(2,3),(3),(4)

9 |(2,3),03),(3%),(4)

10 | (2,3),(3),(3%),(4)

11 | (2%,3),(2,4),(3),(3%),(4),(5)

12 | (2%,3),(2,3),(2,37),(2,4), (3),(3%), (3%), (5)

13 | (2°,3),(2%,4),(2,3),(2,3%),(2,4),(3), (3%), (3%), (3,4), (5)

14 | (2%,3),(2%,4),(2,5),(3),(3%),(3%), (3,4), (4), (4%), (5)

15 | (22,3),(2%,3%),(2%,4),(2,3),(2,3%),(2,3%),(2,3,4), (2,5), (3), (3%),
(3%),(3%), (4), (4%), (6)

16 | (24,3),(2%,4),(2%,5),(2,3),(2,3%),(2,3%),(2,3,4),(2,5), (3), (3%),
(3),(3"),(3,5), (6)

17 | (2%,4),(2%,5),(2,4),(2,4%),(2,6),(3), (3%),(3), (3"), (3%,4), (3,5), (6)

18 | (2%,3),(2%,4),(2%,3,4),(2%,5),(2,3,5),(2,6), (4,5)

19 | (24,4),(2%,5),(2,3),(2,3%),(2,3%),(2,3"),(2,3,5), (2,6), (3), (3%),
(3%),(3%),(3%),(3,6),(7)

20 | (2%,3,4),(2%,5),(2%,6),(3), (3%),(3%), (3), (3%), (3%,5),(3,6), (7)

21 | (2°,4),(2%,5),(22,3,5),(2%,6),(2,7)

22 | (24,5),(2%,6),(2,3,6),(2,7)

23 | (2°,4),(2%3,5),(2°,6),(3), (3%), (3%), (3%, (3%), (3%),(3,7), (8)

24 | (25,5),(2%3,6),(22,7)

25 | (24,6)

26 | (25,5),(2%,7)

27 | (2°,6)

Table 2. The 148 pairs

a linear subspace of P™. Hence, by Corollary 5.4, this consequence is verified if we can

find b with the following properties:
l:=n—|b] =k,
(8.1) : : :
(n,a,b) satisfies the assumptions of Main Theorem.

In the following, we assume m > 2k. This inequality m > 2k fails to hold if and only if
m < 2ora=(2)or (a=(2,2) and m even). In these cases, the Hodge conjecture has
already been proved.

PROPOSITION 8.1 ([14], [16]). If k=1, then b = (1"~ ') satisfies condition (8.1). If
a=(2"), then b = (1"~["/2] 2r=1) satisfies condition (8.1).

Proof. Put a’ = a in the case k = 1 and a’ = (2) in the case a = (2"), and apply
Theorem 7.2. m
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n a b n a b n a b
10 [(2%3) |(17,2) 15 [(2%,3) [(1°,2%) 18 [(2,3) [(1'2%,2)
11 [(2,3) (17,2 16 [(2%,3) |(1%°,2%) (2,3?%) [(1'%,2,3)
(2,3%) (17,2,3) (2%,3%) | (110,23, 3) (2,3%) |(1'2,2,3%)
12 [(2%,3) [(17,2%) 17 [(2%,3) |(1%3,2) (2,3%) [(1'2,2,3%)
13 [(2%,3) |(18,2%) (2%,3%)| (111,23, 3) 19 [(2%,3) |(1'2,2Y)
(2%,3%)](18,2%,3) (22,3) |(1*,2?) (24,3%)](1'2,2,3)
14 [(2%,3) [(1%,2) (22,3%)| (111,22, 3) 20 |(2%,3) |(1'3,2%)
(22732) (1972273) (22733) (111’22732) (23732) (113’2373)
(2,3) |(@1°%2) 18 [(2%,3) |(1%%,2) (2%,3%) ] (1'3, 23, 3?)
(2,3%) [(1%,2,3) (2%,3%) [ (1'3,2,3)
(2,3%) [(1%,2,3%) (22,3%) ] (1'%, 2,3%)

Table 3. Examples of triples obtained by Groébner bases method

In these cases, the consequence of the generalized Hodge conjecture is verified in any
dimension.

We have made an exhaustive search in n < 40, and found 148 pairs (n, a) that are not
covered by Proposition 8.1, but for which Theorem 7.2 yields b satisfying condition (8.1)
by taking an appropriate sub-sequence a’. We list these (n,a) in Table 2. No such (n,a)
are found if n > 27. Even if (n,a) does not appear in Table 2, the calculation of the
dimension (6.1) by Grébner bases sometimes gives us b satisfying condition (8.1). Exam-
ples of these (n,a,b) in n < 20 are given in Table 3. From these results, we can find b
satisfying condition (8.1) for any (n,a) with n < 9. When n = 10, a = (2,4) and a = (5)
appear in neither Tables 2 nor 3.

As a closing remark, let us return to the classical example of cubic threefolds ([2]).
Our method shows that, not only the family of lines b = (12), but also the family of
curves with b = (12,2) or (1,22) or (23) give a surjective cylinder homomorphism on the
middle homology group H3(X,Z) of a general cubic threefold X.
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