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Abstract. A dual space of the Tjurina algebra attached to a non-quasihomogeneous uni-
modal or bimodal singularity is considered. It is shown that almost every algebraic local coho-
mology class, belonging to the dual space, can be characterized as a solution of a holonomic
system of first order differential equations.

1. Introduction. Let f be a holomorphic function with an isolated singularity at
the origin. Let H s denote the set of algebraic local cohomology classes with support at
the origin annihilated by partial derivatives of the holomorphic function f. The set H s is
the dual space, via the Grothendieck local duality, of the Milnor algebra associated with
the isolated singularity. In this paper, local cohomology classes in Hj; are considered in
the context of D-modules.

In [8], T. Yano investigated b-functions by using algebraic local cohomology classes.
In [6], the authors of the present paper showed that if a given holomorphic function f is
quasihomogeneous, an algebraic local cohomology class o which generates H s over Ox o
is characterized as a solution of a simple holonomic system of first order linear partial
differential equations. We also proved that, in the non-quasihomogeneous cases, none of
the generators o can be characterized uniquely by means of first order system of linear
partial differential equations (see also [3], [2]).

In this paper, we mainly consider the algebraic local cohomology classes belonging
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to the dual space of the Tjurina algebra, that is, the algebraic local cohomology classes
in H s annihilated by multiplying the function f. The aim is to show that every local co-
homology class 7 in the dual space of Tjurina algebra attached to semi-quasihomogeneous
unimodal and bimodal isolated singularities, except the bimodal Z type singularity cases,
has a characterization as the solution of a simple holonomic system of first order par-
tial differential equations. The proofs of these results involve case by case computations,
which are too lengthy to include. Thus, instead of presenting a full account of proof, we
give the main idea and our strategy of the proof.

In Section 2, we consider non-quasihomogeneous cases and analyze an algebraic local
cohomology o € Hjs which is not annihilated by the function f. We introduce an ideal
Anngi (0), in the ring Dx of linear partial differential operators, generated by partial
differential operators of order at most one which annihilate o € H ;. We show that, by
adopting the same approach as in [3], [2], such local cohomology class o is not charac-
terized uniquely as a solution of the holonomic system Dy / Anngi (o). The statement
amounts to say that the system Dy / Anngi (o) is not simple as a Dx-module.

In Section 3, we introduce a dual space Hp of Tjurina algebra as a subspace of H .
We give two main theorems of the present paper concerning an algebraic local cohomology
class 7 in Hp attached to an exceptional unimodal or bimodal singularity.

In Section 4, we analyze properties of first order partial differential operators which
annihilate a zero-dimensional algebraic local cohomology class in general. We provide a
method to describe the solution space of Dy / Anng))( (o). After that, we consider semi-
quasihomogeneous cases. We present a criterion for the simplicity of the holonomic system
Dx/ Anngi (0) which is effectively used in proving the main results.

In Section 5, we explain the main idea and describe a strategy of proofs. We present
some results of computations including bimodal Z type cases.

2. Local cohomology classes in the dual space of Milnor algebra. Let X be
an open neighborhood of the origin O in the complex n-dimensional affine space C".
Let Ox be the sheaf on X of holomorphic functions. For a holomorphic function f =

f(#z1,...,2n) € Ox o with an isolated singularity at the origin O, let Z denote the ideal
0
in Ox,0 generated by the partial derivatives f; = 87f (j=1,...,n)of f:
J
IT={f1,---,fn)o-

Let HFO](OX) be the n-th algebraic local cohomology group with support at the
origin O. Denote by Hj; the vector space consisting of algebraic local cohomology classes
in Hy)(Ox) which are annihilated by every element in Z:

Hu ={0 € Hp)(Ox) |90 =0, g € T}
Let Dx be the sheaf on X of linear partial differential operators. The algebraic local
cohomology group H%](OX) has a structure of coherent Dx-module. We denote by

Anngi (o) the left ideal in Dx generated by differential operators of order at most
one which annihilate an algebraic local cohomology class ¢ € Hjys;. The Dx-module
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Dx/ Anngi (o) becomes a holonomic system supported at the origin. As a generalization
of results in [6], we have the following theorem.

THEOREM 2.1. Assume that the function f defines a non-quasihomogeneous singu-
larity at the origin. For any class o in Hy; which is not annihilated by f,

dim Homp (DX/Anng))( (o), FO](OX)) > 2.
Proof. Let us denote by F' € Dx the multiplication operator defined by F' = f. Let

0
P= Z?:l a;(z) o + ap(z) be an annihilator of the cohomology class ¢ in H . Then
j

P(fo)=PFo
— (PF — FP)o + FPo
= Z a;j(z) =—o.
=1 3zj
Since 2?21 a;(2)f; € Z, P(fo) = 0 holds. As ¢ and fo(3 0) are linearly independent,
we have
dim Homp,, (Dx /Ann) (7), Hit (Ox)) > 2. -

COROLLARY 2.1. Under the same assumption as in Theorem 2.1, the multiplicity of
the holonomic system ’DX/Anng))((o) at the origin is greater than or equal to two.

Let Annp, (o) be the annihilator in Dx of ¢ € Hjs consisting of linear partial
differential operators which annihilate o. The following holds.

COROLLARY 2.2. Under the same assumption as in Theorem 2.1, Annp, (o) is not
equal to Ann%j{ (o).

Proof. Since the holonomic system Dx/Annp, (o) is simple at the origin, the di-
mension of the solution space Homp, (Dx /Annp, (a),HE}J](OX)) is one. Therefore, if
Annp, (o) = Anngi (o), then dim Homp,, (DX/Anng))((a),Hﬁ)](Ox)) =1, which is a
contradiction. m

REMARK. We have recently shown ([4]) that if f defines an exceptional unimodal
singularity and o is a generator of H s over Ox o, then

dim Homp, (Dx /Ann) (o), Hit (Ox)) = 2.

We have also verified that Annp, (o) is generated by partial differential operators of
order at most two in this case. Please refer to [3].

3. Tjurina local cohomologies attached to exceptional unimodal and bi-
modal singularities. We define Hp to be the subspace of Hj,s consisting of algebraic
local cohomology classes which are annihilated by f:

HT:{TEHjulfT:O}gHM.

Note that the Grothendieck local duality between Ox o/Z and Hjys naturally induces a
duality between Ox,0/(Z, f) and the space Hr, where (f,Z) is the ideal generated by f
and Z. We call elements in Hp Tjurina local cohomology classes.
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Let us consider the holonomic system Dx /Anng))( (1) attached to a Tjurina local

cohomology class 7 € Hp and the solution space Homp, (Dx/Anngi (1), [”O](OX)).
We present a simple example for illustration.

EXAMPLE 1. The function f = 2* 4+ y® + az?y? is the normal form of W15 unimodal
singularity at the origin. The Grébner basis with the lexicographic ordering x > y of 7
is {5, y*z, 5y* + 3ay?2?, 223 + ayr}.

1

Let us consider a local cohomology class ¢ = [—Qﬁ + ga + amé—y} in Hps. Since

zy8
fo # 0, Theorem 2.1 yields dim Homp, (DX/Anngi (a),H[QO](OX)) > 2. Indeed, the
ideal Anngi (o), generated by
0 5 0
A A
yx o +y By + 1y,
5ay® (% — 10yx 6%/ + (—3a’y — 40)x,

yG, y4x, 5y4 + 3ay2x2, 213 + ayBx,

defines the holonomic system Dy / Anngi (o) which is not simple. In fact, a direct calcu-
lation yields that Homp, (DX/.Anng))((a),H[QO](OX)) = Span{o, [1/zy]}, which implies
Ann$) (o) # Annpy (o).

Now let T be a Tjurina local cohomology class [zglyg — 5@#] in Hrp. Anngi (1) is

5
generated by a first order differential operator a:a—(i; —|—ya% 46 and multiplication operators

defined by 4°, y3z, 5y + 3ayx? and 3. The solution space of the holonomic system
DX/.Anng})( (7) is spanned by 7. Thus, Annp, (7) = Anngi (7).

For Tjurina local cohomology classes attached to an exceptional unimodal or bimodal

singularity at the origin, we have the following results.

THEOREM 3.1. Let f € Ox 0 be a holomorphic function defining an exceptional uni-
modal singularity at the origin. For a cohomology class T € Hr,

dim Homp, (Dx /Ann) (7), Hip (Ox)) = 1.

THEOREM 3.2. Let f € Ox .o be a holomorphic function defining an exceptional bi-
modal singularity at the origin. For a class T € Hr, the following holds.

<2 if f is of type Z,

dim Homp (DX/Anng))( (7)7HE6]((9X)) ‘
=1 otherwise.

Note that Z type singularities consist of three cases. These normal forms are given by
Zig s xty+ 4 + (a4 by)ay®, Zis 2Py +ay® + (a +0y)y®, Zig - 2y + 7 + (a+ by)zy”.

COROLLARY 3.1. For exceptional families of unimodal and bimodal singularities ex-
cept Z type bimodal singularities (i.e., Z17, Z1s and Zyg), the annihilator Annp, (T)
coincides with Anngi (1) for any T € Hr.
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4. The first order differential operators. Let o be an algebraic local cohomology
class in Hj (Ox) supported at the origin. Let Z (o) denote the annihilator in Ox o of o.
Let H(o) denote the set of algebraic local cohomology classes generated by o over Ox o,
i.e., H(c) = Ox, 00, which is equal to (Ox,0/Z(0))o. Let £(0) be the set of linear partial
differential operators of order at most one which annihilate o:

{ Zaj —|—ao( )| Po =0, aj(2) € Ox0, =0,1,... ,n}.

Then Dx L(o) gives rise to the left ideal Anngi (o).

LEMMA 4.1. Let P be a first order linear partial differential operator in L(c). Then
P(H(a)) € H(o).

Proof. By the definition of H(o), any class n € H(o) is written in the form n = ho

n 0
with some holomorphic function h € Ox o. Let vp be the first order part ) a;(z) E
j=1 2

of an operator P = Z i(z ) 0 + agp(z) in L(o). Then

Pr) = Plhe)
— (Ph— hP)o + hPo
=vp(h)o € H(o).
Thus we have P(H(c)) C H(o). =

0
Let V(o) denote the set of differential operators of the form 77, a;(z) o acting
J
on H(o). Then we have

{vaa] ’UgEI( ) for all g € Z(0), aj(2) € Ox0, j=1,... ,n}.

LEMMA 4.2. The mapping from L(o) to V(o) which associates the first order part
vp € V(o) to P € L(0) is surjective.

It follows immediately from the definition of V(o) that any element v € V(o) induces
a linear map, denoted by o, acting on Ox o/Z(0):

7:0x,0/I(0) = Ox.0/Z(0).
We define (o) to be
o) ={h € Oxo0/I(c)|vh=0 for all v e V(o)}.
We have the following result ([6]).
THEOREM 4.1. For an algebraic local cohomology class o € HFO](OX),
Homp, (DX/.Anng))( (o), [O](OX)) = Span{ho | h € K(0)}.

Proof. Regarding each element of Z(o) as a multiplication operator, namely a linear
partial differential operator of order zero, we have DxZ(c) C Anngi (o). This implies

Homp, (Dx /Ann) (o), Hjo)(Ox)) € H(0).
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Thus any solution in Hf, (Ox) of the holonomic system D / Anngi (o) can be written
in the form ho with some h € Ox o/Z(0). If P € L(0), then P(ho) = (vph)o = 0. Hence
an algebraic local cohomology class ho is in Homp, (DX/Anng))((a),HFO](OX)) if and
only if vph = 0, for all P € L(o), which is equivalent to h € K(o). This completes the
proof. m

COROLLARY 4.1. The multiplicity of the holonomic system DX/Anng))( (o) at the
origin is equal to the dimension of K(o).

Let us return to the semi-quasihomogeneous isolated singularity cases. Let w =
(w1, ..., w,) € N™ be a weight vector of the quasihomogeneous part of the semi-quasiho-
mogeneous function f with respect to a coordinate system z = (21,...,2,) € X.

Here we introduce a notion of the weighted degree to algebraic local cohomology
classes with respect to the quasi-weight w.

1
DEFINITION. For a cohomology class n = [Z Ck —k} € ’I-[[”O](OX)7 we define its
keA ?

1
degree dw(n) to be the smallest degree of classes [Z—k} in n:
dw(n) = min{—(w,k} = —(wiki + ...+ wpk,) |k € A},

1

where A is a set of all exponents k = (kq,...,k,) € N of non-zero term c — in the
z

above expression of the cohomology class 7.

n 0
We also define the weighted degree d. (R) of a differential operator R = ) a;(%) 9
i=1 Zj
to be minj<;<,{dw(a;(z)) —w;}, where j runs 1 < j < n with non-zero coefficient a;(2)

and dw(a;(2)) is the weighted degree of the function a;(z). With the aid of the notion of
the weighted degree, one immediately obtains the following lemma.

LEMMA 4.3. Let f be a semi-quasihomogeneous holomorphic function with an isolated
singularity at the origin, T an algebraic local cohomology class in Hr. Assume that there
is an operator v in V(1) satisfying dw(v) = 0. Then, K(7) = Span{1}.

We call an operator with the weighted degree zero Euler operator.
Combining Theorem 4.1 and Lemma 4.3, we have the following criterion.

PROPOSITION 4.1. Let 7 be an algebraic local cohomology in Hp attached to semi-
quasthomogeneous isolated singularity. If there are Euler operators in V(7), then

Homp, (DX/Anng))( (1), FO](OX)) = Span{7}.

We give an example to illustrate the above results. Actual computations are carried
out on the polynomial ring Q[z] over the field Q of rational numbers and in the Weyl
algebra A, := Q[z1,...,2,](0/0z1,...,0/0z,). For a polynomial f € Q[z], let I be the
primary component of the ideal (0f/0z1,...,0f/0z,) in Q|z] corresponding to the origin.
Let Hys be the dual space in Hg,) (Ox) = I'(X, 'H["O](OX)) of Q[z]/I. For a cohomology
class 0 € Hyy, let I(o) and Anng, (o) denote the annihilator of o in Q[z] and in A,
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respectively. Let V(o) denote a finite dimensional vector space defined by
V(o) = {v - ; a;(2) a% ‘ a;(2) € Qz]/I(c), vh(z) € I(c) for all h € 1(0)}.

Notice that, in the definition above, all the coefficients a;(z) of v in V(o) are taken from
the quotient space Q[z]/I(c). Put

K(o) ={h(z) € Q[z]/I(0)|vh(z) € I(0) for all v € V (o)}

and H(o) = Q[z]o. The results for V(o), K(o) and H(o) presented in this section are
also valid for V (o), K(o) and H(o). Put Hr = {0 € Hy | fo =0} C Hy.

EXAMPLE 2 (W5 singularity). Let us consider the polynomial f = 2* + ¢° + ax?y?
again. The primary decomposition of the ideal (3f/dx,df/0y) is I N (3ay —10,27a° x> +
500) where I = (y%, y*x, 5y* + 3ay?x?, 222 + ayz). Put 011 = [—2# + aﬁ + %aﬁ].
The cohomology class 017 is in Hys \ Hr and there are no Euler operators in V(o11). The
operator with the smallest degree in V(o11) is v = yzd, + y?9, with dis,4)(v) =4 > 0.

We find K(oy1) = Span{1,4®} and thus, by Theorem 3.1,
dim Homp,, (DX/Anng))( (o11), H%](OX)) =2

(cf. Example 1).

H s consists of linear combinations of 7y = [%], = [L], Ty = [L}, T3 = [—2],

ri = [, 7 = [l 70 = [l 70 = [y 7o =

Ti0 = [—Qﬁ + aa:le] and oq1.

Let 7 be the cohomology class 7 = 75 + py77 € Hp with a parameter p7. 7, satisfies
77 = x73. We have I(1) = I(15) = (y*, 22% + ay®) and an Euler operator 3z, + 2yd, in
V(7) = V(7g). From Lemma 4.3, K(7) = Span{1} and thus

dim Homp (Dx/Anngi (1), FO](OX)) =1

<

Put 7 = poT9+peTe+paTs € Hr with parameters py, pg and pg satisfying pg # 0. Then
I(1) = (y*, p5x+pepay® — popay?®) and V(1) = Span{y>d,, 2psy>dx +poy*dy, (—3pspay® +
2popay?)0, + p%yay}. We use the lexicographical order x > y in computations and we
identify Q[z,y]/I(7) with Span{1,y, y?,v3}. The operator v = (—=3pspsy> + 2popay*)0s +
p3yd, of weighted degree 0 is an Euler operator in V(7). Now let G denote the zeroth order
linear partial differential operator defined to be G = pix + pepay® — popay? € I(7). The
first order part of the differential operator v+ 30, G becomes (—popsy? + 3p3x)0s + piyd,
which also acts on Q[x,y]/I(7). Notice that the term “Euler operators” in this paper is
consistent with the classical one.

5. A strategy of proofs and examples. Theorem 4.1 says that the determination
of the local cohomology solution space of Dx / Anng))( (o) amounts to the computation of
the space K (o). It follows immediately from the definition that the space K (o) depends
only on the annihilator I(o), namely we have the following,.

LEMMA 5.1. Let o and o' be two algebraic local cohomology classes in H[%]((’)X).
Assume that I(c) = I(c’). Then K(o) = K(o').
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The observation above yields the following strategy to examine the holonomic system
Dx /Ann$) (o).

Step 1. Classify I(o).
Step 2. Compute V(o).
Step 3. Look for Euler operators.

If there are Euler operators, we have

dim Homp,, (Dx/Anngi (o), 'H["O](OX)) =1,
else, compute explicitly K (o). Then
dim Homp, (Dx /Ann) (0), it (Ox)) = dim K (o).

We executed the above procedure for the exceptional family of unimodal and bimodal
singularity cases.

Unimodal singularities. There are 14 types of exceptional unimodal singularities.
Computing V(o) for each normal forms of exceptional unimodal singularities, we have
found Euler operators. Thus we arrived at Theorem 3.1.

In order to illustrate the procedure presented above, we give an example.

EXAMPLE 3. The function f = 23 + 29® + ay® defines E;3 unimodal singularity at
the origin (a # 0). A basis of the space Hr is given by 79, 72,...,711 where 79 = [ﬁ],
r= (] = [ = [l 7 = [ 75 = [l 70 =[], 70 = [a].
T8 = [ﬁ], Tg = [_31_31;6 +z%y}, T10 = [-3%4- ﬁ], T11 = [—Bﬁ + mg—lyg +%aﬁ]

According to the form of the annihilator I(7), Tjurina local cohomology classes, rep-
resented by linear combinations of 7; with parameters p; (j = 0,1,...,11), fall into
the following 17 cases listed below. There is an Euler operator (i.e., an operator of the

weighted degree 0) in V(7) for each case (i)—(xvii). This yields
dim Homp (DX/Anng))( (1), FO}(OX)) =1
for any 7 € Hp. The computation is carried out with the lexicographical order z > y.

Classification of local cohomology classes in Hr.

(i) 7= Ejl-lzopﬂj with p11 # 0.
H(t) = Q[z](p11711 + p1oTi0 + p777).
I(1) = (y8, —15p11y°z + (24proa — 5p7)y” — 24p11ay, 322 + ¢°).
V() = Span{y0,,y°0y, Y 0, y*2 0y, yx0,, (—4day*z + 5y*) 0, + 520y, y" 0y, y°0,,
Y20y, y10y, 5y* 20, + 2430, ((192a%y? + 125y)x — 40ay*)d, + 50420,
(((—36864p11a* —19200p19a® 4+4000pra)y® +4800p11a’y +3125p;1 )z
+ (7680p11a® 4+ 3000p10a — 625p7)y* —1000p11ay®) 9, +1250p11y0, }-
(i) =3;20 ;7 with pio # 0.
H(7) = Q[2](p10T10 + PoTo + P7T7 + P5T5)-
I(r) = <y7, 3ptovie + (—prpo + Psp10)y® + prp10y®, 322 + y5>.



(iii)

(vi)

(vii)

(viii)

(ix)
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V(1) = Span{y%0,, y° 0, yxd,, 2y* 0, + 320y, y%0y, y> 0y, y* 0y, Y30y,
(15p10yx — pry*)0a + 6p10y2dy, ((3p2p10y + 45p3))x
+ (9p7p10pe — 9Ipspio + PHy* — 3prpiey?) 9. + 18pToydy }-

T= E?:opﬂj with pg # 0, p7 # 0.

H (1) = Q[z](poTo + psT8 + p7T7 + P57T5)-

I(r) = <y67 IpZyx + (3pspy + pspr)y® + 3prpoy?, 322 + y5>.

V(1) = Span{y®0,, y*0y, yxdy, —4pryzdy: + 3pexdy, y* 0y, y*y, Y20y, 2yx0, + Y20y,
(((9p8 + 6prpspy + 2psp3)y + 12p3pg )z + 3p7p3y®) ds + 6p2poydy }.

T= Z?:opﬂj with pg # 0, pr = 0.

H(7) = Q[z](poTo + psTs + P5Ts5 + P373).

I(1) = (y°,9p3yx + (3pspo + psps)y® + 3pspoy*, 322 + y°).

V() = Span{y®0,,y*0; + 320y, y°0y, y*0,, y>0y, psy*0u — Poy?0,,
(—15p3= + (3papo + psps)y™* + Pspoy®) D — 6Py, }-

T= Zf:opﬂj with pg # 0, p7 # 0.

H(7) = Q[2](psTs + p777).

I(r) = (y°, psy’x — pry*, a?).

V(1) = Span{y?x0,, yx0y, y* 0y, y> w0y, yx0y, Ap720; + Py, y 0y, y30y, y20,,
0y + 3, ).

T= Z?:opﬂj with ps # 0, p7 =0, ps # 0.
H(7) = Q[z](psTs + p6Te + P5T5 + P373)-
I(1) = (y°, pyx + (—psps + peps)y* — pspsy®, a?).
V() = Span{y*d,, 3p3yds + p3ady, y*dy, y° 0y, 2p5y> 0y + sy 0y,
(23 + (psp3 — Peps)y®) 0w + PRYIy }-
T = Z?:opﬂj with ps # 0, pr = ps = 0.
H(7) = Q[z](psTs + psTe + p373 + P171)-
I(r) = (y°, 3z + (—psp1 + peps)y* — pspsy®).
V() = Span{y*dy, y>dy, 3psy* 0x +y>9y, ((4psp1 —4peps)y* +3pspsy®) 0x +pgydy }.
T= E;:opﬂj with p7 # 0. H(1) = Q[2](77).
I(r) = <y4,x2>.
V(1) = Span{y3x0,, y?20y, yx0y, 20y, Y10y, Y2 w0y, yx0y, Y30y, y> Oy, YOy }.
T= Z?:o p;T; with pe # 0, ps # 0.
H(7) = Q[2](p676 + P575)-
I(r) = (y*, pey’z — psy®, %),
V(1) = Span{yz0,, y> 0., yxdy, 3p5x0; + pexdy, y> Oy, y? Oy, v0y + ydy }.
T= E?ZOpjTj with pg # 0, ps = 0.
H(7) = Q[2](p6T6 + paTa + p373 + p171)-
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I(1) = (y*, pix + (—pep1 + pap3)y® — Pepsy?)-
V(1) = Span{y®dy, 2p3y>0: + pey*dy. ((3psp1 — 3pap3)y® + 2pep3y?)Ou + PEydy }.

(xi) 7= Z?:o p;T; with ps # 0.

H(7) = Q[z](s).

I(1) = <y3,x2>.

V(1) = Span{y?20,, yx0,, x0,, y2x8y, yx0y, y28y, YOy }.
(xii) 7= 3"7_op;7; with ps # 0, ps # 0.

H (1) = Q[2](paTs + p373), pa # 0.

I(r) = (y°, payx — psy?, 2?).

V(1) = Span{y?0,, 2p310, + pax0y, y28y, 20y + Y0y }.

(xiil) 7= E?:opjTj with ps # 0, p3 = 0.
H(r) = Q[z](pa7a +p171).
I(7) = (y*, paz — p1yy?).
Vir) = Span{y28y, 201920, + pay0y }

(xiv) 7= Z?:o p;T; with ps # 0.
H(7) = Q[z](3).
I(r) = <y2,x2>.
V(1) = Span{yz0,, 05, yx0y, yo, }.
(xv) 7= Z?:o p;T; with pa # 0.
H(7) = Q[2](p2m2 + p171)-
I(1) = (y?, p2x — p1y).
V() = Span{p1y0; + p2ydy}.
(xvi) T = p171 + poTo with p; # 0.
H(r) = Q[2](m1).
I(r) = <y,x2>.
V(r) = Span{zd, }.

(xvii) T = poTo.
H(r) = Q[z](7o)-
I(r) = <y,x>

Bimodal singularities. There are 14 normal forms of exceptional bimodal singularities.
For these normal forms except Z type (i.e., Z17, Z1s, Z19), we have found Euler operators
in V(7) and have verified that the dimension of the solution space of Dx /Anngi (1)
equals one. For the case of Z type singularities, we have found that the situation is
a little bit different and subtle. We have explicitly computed K(7) to determine the
dimension of the solution space of Dy / Anngi (1) and we have verified dim K (1) < 2 by
direct computation. This yields Theorem 3.2.
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EXAMPLE 4. The polynomial f = 22z + yz? + 2y* + (a + by)y® defines S;5 bimodal
singularity at the origin. The following 14 local cohomology classes constitute a basis of

Hr: To = [ﬁ]’ 1= [rylz?]’ T2 = [eryz] » T3 = [mylZZ] » T4 = [%ry%ZZ - mglyz] )y T5 = [12122]’
. = (X _ _1 — [_1_ 1 i1 1

T6e = [my?’zl’ 7 17 12 zy322 r3y221’ 78 71 x2y3z]’ T9 = [my z}’ TlO 2 zytz2 z3yl3z ’

i1 = [7 Tyz3 +132y4z]’ Ti2 = [2wy5z - 3:2y22:|7 T3 = [ ;cy6z + 2z y2z2 + 2ax2y4z T riyz ]

Cohomology classes in Hrp fall into 25 cases and there are Euler operators in each V (7).
Put, for instance, 7 = Z;io piTi, pis # 0, pro # 0. Then I(r) = <y6, Apisyiz
+ (6pisa + p11)y® piayr® + (—2proprz — prp13)y® — propisy®, —2* + 5,07 + 2zy,
2z +y*, —p11y® +p13z2> as the Grobner basis with the lexicographical order z > x > y.
There is an Euler operator
(((—48p3opTsa — 8p1opis — 8piop11pis — 24p7piop1s — 48p12pTo)y — 72p1op13)®
— 8pioptsy” + (= T2pioptsa — 16pTopis — 12pi0p11p13)2) On — 48PTop13Ydy
+((12pTopisa + 8piopls — 46p3op11pTs + 24p7piop1s + 48p12pty)a”
+((—48p1opis + 144pTopiipis)a — 12pis + 56propipis — 48p7piopis
+(24piopis — 96p12p10)P13)y” + 8piopisy)®
+((=72p10pis + 216pTop11pTs)a’ + (—18pls + T2p10p11p3s — 36p7pTopis
+(72pT0pT) — T2p12p3)p1s)a — 3pripls + 14p1optipis + 42p7pTop11p1s
+(6pTopy + 84p1apiopin) )yt + (—8pTopis + 48piop1ipia)y’ — 96piop132) 0.
in V(7).
Let us see the cases of Z type bimodal singularities Z17, Z1s, Z19. We use the lexico-

graphical order with x > y.

EXAMPLE 5. For the normal form 23y + y® + (a + by)zy® of bimodal Z;7 singularity,
I = (y'° —289a%ySz + 480by° — 408ay®, 3yz? + by” + ay®, —289a%z® — 1734a3y
— 336007y +2856aby® —2312a%y"). Hr has the following 15 cohomology classes as basis:

n= [l n = () = ()6 = [ m = [l = ] = (],
1

= [ 7 = [l =[], mo = Tab], = Tl ) 7 = o — ),
ris = [Py — aza). Tu = [-3hoky ~ a5,

For each class, K(7;) = Span{l} (j =0,... ,1 ) However, for 7 = Z;iopjTj with
pra # 0 and p?y — 48p1ap1o + 576p?, # 0, we have K(7) = Span{l,y7}. Otherwise,
K(1) = Span{1}.

EXAMPLE 6. The polynomial f = 23y+2y°+ (a+by)y? is the normal form of bimodal
Z1g singularity. Then the following 16 local cohomology classes constitute a basis of Hr:

o= ol n = (5] m = 5] o = el n = ) = [ - ()
T:[_}T:ﬁ TZ[% 102—210 TIIZ[LG;TIQ_I:l =]
7 wyzl 5 18 z2y y» 19 Ty ? x ? xy 6 x 7Y
T13 = [Sj - ﬁ] T4 = [31; - x31y3] Ti5 = fgﬁ - %a’ 21y6 - a:"y ]

xr
Although the local cohomology class 715 satisfies fr15 = 0, K(715) = Span{1,4%}. Put
T = ijo p;Tj. If p15 # 0, there are no Euler operators in V(1) and K () = Span{1,y®}.
Even if p;5 = 0, if neither p;o nor pi4 are equal to zero, there are no Euler operators
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in V(7) and K(7) = Span{1,y"}. The condition pi5 = p14 = 0 or p15 = p12 = 0 implies

K(1) = Span{1} and thus dim Homp, (DX/Anng))( (1), H[QO](OX)) =1 for this case.

EXAMPLE 7. The polynomial f = 23y+y°+ (a+by)zy” is the normal form of bimodal
Z19 singularity. A basis of Hp is given by the following 17 local cohomology classes.
w0 =[] n = [l =] m = [5p] no = [mp] w = 5] 7 = [F5]
7 =[5l s = [mpl = [55] mo = [m] mo = [55] me = (2] ns = [57]
ria = (b — asb], mis = Bk — azdka], s = [~3body + 3asly — Zodo —a? b ],

Put 7 = Z;GZO p;Tj. If pre # 0 and 729p3 — 5dp1apie + Pl # 0, there are no Euler
operators in V(7) and K(7) = Span{1,3®}. Otherwise,

dim Homp (DX/.Anng))( (T),Hfo](OX)) =1
Remark that the method given in this paper to examine the solution space
Homp, (Dx /Ann) (o), Hi (Ox))

is also available for any isolated singularities.
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