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Abstract. We study an integro-differential operator ® : H' — L? of Fredholm type and give
sufficient conditions for ® to be a diffeomorphism. An application to functional equations is
presented.

1. Introduction. Let us consider the Fredholm nonlinear integro-differential operator
b
q):ﬁlau(-)Hu’(~)—/F(~,7’,u(T))dT€L2, (1)
a
where [a,b] C R, F : [a,b] x [a,b] x R" — R", n € N and H' is the space of absolutely
continuous functions u : [a,b] — R™ such that u(a) = 0 and v/(-) € L? = L?([a, b],R"),
i.e.

H' = {uec AC([a,b],R") : u(a) = 0, v’ € L*}.
The operator leads to the integro-differential equation

b
u'(t) = / F(t,r,u(r))dr + at), te€a,b]ae., (2)
with the initial condition
u(a) =0, (3)

where o € L?, which is quite frequently used in mathematical biology, electrodynamics
and economics (see [4, [7]).
The space H! with the inner product

b
() = [ (w0 wy(0) de
a
is a Hilbert space.
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It is easy to see that the problem f can be written in an equivalent form as

t b
u(t):/ / Fls,mu(r)) drds +y(t), telab],

where y(t) = f; a(s)ds.

In the next theorem and later we shall use Palais—Smale (PS for short) condition. Let
X be a Banach space and 1 : X — R be a functional of class C' in the Fréchet sense.
We say that (see [6]) the functional 1 satisfies the PS-condition if every sequence {u;}
in X such that {¢(u;)} is bounded and ¢'(u;) — 0 in X* has a convergent subsequence
(¢ (u;) is the Fréchet differential of ¢ at u;).

Our main tool is the following

THEOREM 1.1. If f: H* — H" is of class C' and the linear equation

fluo)h =g (4)
has a unique solution for every ug,g € H' and the functional Oy H' = R given by
oy (u) = 3 f(u) = yll7 (5)

satisfies the PS-condition for every y € H', then the mapping f is a diffeomorphism, i.e.
the nonlinear equation

flu)=y (6)
has a unique solution u, = f~'(y) for every y € H' and the operator y — uy s Fréchet-
differentiable.

Proof. The above theorem is an obvious consequence of Theorem 3.1 from the paper [3]
for X = H = H! (cf. also [3, Remark 3.1]). m

Theorem asserts that if the operator f is a local diffeomorphism (guaranteed
by ) and the corresponding functional ¢,, given by , satisfies the Palais—Smale
condition, then f is in fact a global diffeomorphism. Using this theorem we show that,
under assumptions (al)—(a3) given in Section 2:

1. the Cauchy problem f has a unique solution u, for every o € L?,

2. the solution u, depends continuously on the parameter «, i.e. the system f
is stable,

3. the operator L? 3 o+ u, € H' is Fréchet-differentiable.

The systems satisfying condition (3) are called robust systems and are frequently used in
the technical literature (see [§]).

2. Fundamental lemmas. We start with the following
LEMMA 2.1. If the function F satisfies the assumptions:

(al) F(-,-,u) is measurable on Q := [a,b] X [a,b] for any u € R™ and F(t,7,-) s of
class C' on R™ for a.e. (t,7) € Q;
(a2) there exists a function w € L?(Q,RT) such that ||wl||zz < (bf‘/ia) and
|y (t, 7, u)| < w(t,T)
for a.e. (t,7) € Q, u € R™,
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then, for any ug,g € HY, the integral equation
tr b
h(t) = g(t) +/ {/ Fu(s,m,uo(7))h(7) dT:| ds, te€]a,b], (7)

has a unique solution in H'.

Proof. Let ug,g € H' and K : H* — H' be the operator given by

t b
()0 = [ [ [ Fulsruo(r)hir)ar] ds. (s)
a a
The equation can be written as
h=g+Kh. (9)

Using an iterative method we shall prove that the above equation has a unique solution
in the space H'.
Indeed, let hy = 0 and
hjt1 =9+ Kh; (10)

for 7 =0,1,2,.... Of course,
hlzgv
hy =g+ Khi =g+ Kg,
hs =g+ Khy = g+ Kg+ K?g,
(11)

hjipi=g+Kg+...+Kg,

where K7g = K(K’~'g) for j = 1,2,... and K’ = g. So, h; is the partial sum of the
Neumann series (see [I])

ZKig. (12)

Now, we shall show that there exist constants M; such that
1K gllg: < M;, i=0,1,...
and the series Y~ M; is convergent. Indeed, from (8) we have

b
Kol = |

< [ 1Rt 7ot 1atrar] as

< /ab[(/:‘FU(S,T,uo(T))‘QdT)l/Q(/ab |g(7’)||2d7')1/2:|2d3

b b
2
= ol [ [ 1Putss o) dr s

b 2
/aFu(&mo(T))g(T)dT‘ ds

(13)
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Using (a2) we get
1K9l5 < lwlZallglZe-

In general,

b
IKig|Z, = /
a

K7 gll7: = /ab|K(Kj_lg)(t)|2dt
N /ab /at [/ab Fu(s,7,uo()) (K7~ g)(7) dT] ds

< / (/ [/ab\Fumuo<r>>H<Kj-1g><r>| dr| d8>2dt

2

< K7 gl /j(/at[/:|Fu(5777u0(7))|2dr]1/2ds> at
< K 1g|2, /ab(t—a)(/at/abyFu(s,T,uo(T))ﬁdes) dt

(b—a)?
2

b , 2 ,
[ Fulsrouam) (7 )y e ds < ol gl

and

2
dt

< 1K gl wllZ

for j=1,2,.... So,

_a)Q

2 )

_a)4
22 7

(b~ a)°
129022 < gla ol 25

(b
15 gll7z < llglZ:llwlz:

1529117 < llgllZzlwlz:

(b—a)¥

A )i
1K glIZ: < NlgllZz wll e 57—

Consequently,

, NG i1
1K gll g < llgllezllwl 22 (2(b—a)llw||m =: M; (14)

for j = 1,2,.... Additionally, we put My = ||g|| 1. From assumption (a2) and inequal-
ity it follows that the sequence {h;} of functions defined by is convergent in H!
to some function hg. It is easy to see (cf. and g)|3. < (b—a)?|g||%, for g € H')
that the operator K given by is continuous. Hence, using we conclude that hg
satisfies the equation @, i.e.

h0:g+Kh0.
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To begin the proof of the uniqueness of the solution hg, we suppose that there exists
another solution h; € H' of the equation @ Then,

hi —ho = K(hy — ho) = K*(hy —ho) = ... = K’ (hy — hg)
for 7 =1,2,.... So, by ,
V2 7
1 = hollgr < [[h1 = holl L2 |[w] L2 (2(5 —a)ljw|
for j =1,2,.... Since the right hand side of the inequality tends to 0 as j — oo (cf. (a2)),
hl(t) = ho(t) for t € [a, b]
Our solution is thus unique and the proof is completed. =

Let f: H — H' be the operator given by

t b
Flw)(t) = u(t) 7/ / F(s,7,u(r))drds, (15)
¢y, : H' — R — the functional given by (5) for any fixed y € H'. We also put
P = po. (16)

It is easy to show that under the assumptions (al)—(a2) the operator f and, consequently,
the functional ¢,, are of class C'. From the theorem on the differentiability of composite
mapping it follows that the differential go@(u) at a point u € H! is given by

@y(uh = (f(u) =y, f'(u)h)
for h € H' and

f'(u)h //F s,7,u(t))h(T) dT ds,

for h € H'.
We now prove

LEMMA 2.2. If the function F' satisfies the assumptions of Lemma[2.1] and
(a3) there exist functions A, B € L*(Q,R") such that || ALz < 2([(1),
|F(t, 7, u)| < A(t,7)|u| + B(t,7) for a.e. (t,7) € Q, u € R™,

and

then the functional v, satisfies PS-condition for every y € H'.

Proof. Let y € H'. First, we prove that every PS-sequence {uy} C H' for the functional
¢, is bounded. This will be done if we prove that ¢, is coercive, i.e. ¢, (u) — oo when
lu|]| = oco. Of course, ¢, is coercive whenever ¢ is. We have to notice that ¢ is Fréchet
differentiable and bounded from below. So, if it satisfies the PS-condition, then it is
coercive (see [, Theorem 7]). We have

20(u) = [lullF —2/ab<u’(t),/abF(t,T,u(T))d7-> dt + ab

b b
> ||u\|%,1 — 2/ {|u/(t)|/ (A(t77)\u(7)| + B(t,7)) dT] dt  (17)

2

/b F(t,r,u(r))dr| dt
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Moreover, from the Schwarz inequality

ut) < [ W(r)ldr < VE=allul

for u € H' and t € [a, b]. Hence

b b
/ lu(t)[? dt < |lulF / (t—a)dt = 5(b—a)*ulF. (18)
Consequently, from , and the Schwarz inequality

20(u) = |lul 5

- 2/; (1) ((/b A2(t,7) df)l/rz(b_\/; lullz) + (6 a) /ab B2(t,7) dT)m) it
> ol 30~ il ([ wora)([1([ 26 ar) dt)m
_ zm(/ab |u’(t)|2dt)1/2 (/b(/b B(1,7) dr) dt>1/2

> (1= v2(b = a)llAllz2) ul G = 2vb = al|Bl 2 |ul 72
Given these facts, we get that @(u) > ¢l|lul|}, — dl|ul| g1, where
c=3(1-V2(b—a)|A|L2),
d= Vb= al| Bl
with ¢ positive (by (a3)). Therefore,
o(u) >0 as |ullgr — oo. (19)

Let {ux} C H' be a PS-sequence for the functional y. According to this sequence
is bounded in H' and hence weakly compact in H'. Without loss of generality, we may
assume that it is weakly convergent in H! to some ug. We shall show that us — ug with
respect to the norm.

Indeed,

b b
o (w)h = / (u (£), (1)) dt — / (), 1 () de

b

a

+ /ab ab F(t,7,u(r)) dr, / " Bt u(r)h(r) dr) dt
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Consequently,

(0, (ure) = @}, (o)) (wr = wo) = Ifur, = woll3 + Y tilur) (20)

i=1

ws() = [ b< / ' F(trug()) / " Bt ) s (7) — o) d7> dt,
Vo (ug) = —/:</:F(t,7', wo (7)) dr, /ab Fu(t, 7, 1o (7)) (un(7) —uO(T))dT> dt.

The left hand side of equality tends to zero. Indeed,

|0y () (ur, — o) | < [l (wr) | 2y llur — ol
and ¢ (u)(ur — uo) v 0, because ¢’ (ug) v 0 and the sequence {uy} is bounded.
Furthermore, @;(uo)( k= uo) tends to zero, because the sequence {uy} is weakly con-

vergent to ug in H'. To conclude the proof, we need to show that i (ug) k—) 0 for
—00

i = 1,...,6. As mentioned before, the sequence {uj} converges weakly to ug in H',
which implies the uniform convergence of {u} on [a,b] to up and the weak convergence
of {u},} to ufy in L%

First, consider the term 1)1 (ux). From the Lebesgue dominated convergence theorem
it follows that

b
/ (F(t, 7, un(r)) — F(t,7u0(r))) dr —s 0

k—o0

for a.e. t € [a,b]. Moreover, by (a3) and the Schwarz inequality

/ab(F(t,T, we(r)) = Ftrouo(m) de]| < (2 /ab(A(t,r)M +B(t,)dr)

b
<4(b—a) / (A(t,7)M + B(t,7))* dr,
a
where M > 0 is such that |uy(7)| < M for T € [a,b], k =0,1,.... Since the function
b
@bt [ (AN + B(t.) dr

is integrable, therefore again by the Lebesgue dominated convergence theorem we con-
clude that f; (F(, 7 up(1)) = F(-, 7, u0(7))) dr . 0 in L2. Consequently, 1 (uy) tends
—00
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to zero as a scalar product in L? of the functions

up () —uy(-) and / (F(, 7, up(7)) — F(-,7,u0(7))) dr.

Next, consider the term o (uy). As above,

b
/ Fo(t, 7, uk (7)) (ur(T) — up(7)) dr k—) 0

for a.e. t € [a,b] and
b
/ Fu(e, 7 up (1) (ug (1) — uo(7)) dr — 0

in L2. Therefore, 12(uy) tends to zero as a scalar product in L? of the functions u/},(-)

and [ F, (-, 7, up, (7)) (ug (1) — uo(7)) dr.
In a similar way one shows that 9;(u;) — 0 as k — oo for i = 3,4,5,6. m

3. Main result and example. Now we are in a position to prove the main theorem of
the paper

THEOREM 3.1. If the function F satisfies the assumptions (al), (a2) and (a3), then the
operator [ defined by is a diffeomorphism between H' and H'.

Proof. From Lemmas and it follows that the operator f given by satisfies
the assumptions of Theorem and consequently it is a diffeomorphism. m

From the above theorem we conclude that

THEOREM 3.2. If the function F satisfies the assumptions (al), (a2) and (a3), then the
integro-differential operator ® given by is a diffeomorphism between the spaces H'
and L?. Consequently, the Cauchy problem 7 has a unique solution u, € H' for
every o € L? and the mapping L? > o+ u, € H' is Fréchet-differentiable.

To illustrate the above theorem we give some example.

ExaMPLE 3.3. Let us consider the integro-differential operator

B b
S A 5 ul-) e w(-) —/ F(mu(r)) dr € L*(0, 1], R)

_ (4tr—1)utdtTu®

where F(t,7,u) = “—557 27— The function F' can be written as

4
Flt,7u) = = tru — ——
3 31+ u2)

and therefore F,(t,7,u) = %tr + 3(?17;%)2 Let us put
4 1
At,T) = 3 tr, B(t,T)= 3

and w(t,7) = A(t,7) + B(t, 7). Then
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1 .1
1 1 1 2\ 2
||A||%2:/ / —GtZTQdet:—6<f:(—f)
0 Jo 9 s1 27\

Lorta 1\2 43
2 _ = 2 _
Hw||L2—/O /0(3t7+3> det_81<2.

So, the function F satisfies the assumptions of Theorem Consequently, the oper-
ator ® is a diffeomorphism between H' and Lz([O, 1],R). In conclusion, the equation

o (t) - /1 (4t — V() + 4tTu(7)
0 3(1 + u2(7'))
possesses a unique solution u, € H' for any a € LQ([O, 1], R) and the mapping

L*([0,1],R) > a > u, € H'

Moreover,

and

dr = a(t), te]l0,1],

is differentiable.

4. Concluding remarks. Example 3.3 is purely theoretical but these kinds of equations
are used in electrodynamics, biomechanics and elasticity (see for instance [2] [7]). The
analysis of such models could be long and quite complex, therefore we are going to
devote them a separate paper.

The Cauchy problem for an integro-differential equation of Volterra type was con-
sidered in the paper [3]. Using an infinite dimensional theorem on diffeomorphisms (cf.
[3, Theorem 3.1]) and Banach’s contraction principle we have proved a result similar to
Theorem [3:2] Unfortunately, in the case of Fredholm integro-differential operators, the
contraction principle cannot be applied. In this paper we used the Neumann method
instead (Lemma [2.1).

The approach proposed in our paper is quite general and works for hyperbolic oper-
ators of the form

O(2)(x,y) = 2gy(z,y) + /I /y F(t,T7 2z (8, T), 2y (¢, T), z(t,T)) dtdr,

where (z,y) € [a,b] x [¢,d] C R%
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