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Abstract. In the paper, a fractional continuous Roesser model is considered. Existence and
uniqueness of a solution and continuous dependence of solutions on controls of the nonlinear
model are investigated. Next, a theorem on the existence of an optimal solution for linear model
with variable coefficients is proved.

1. Introduction. In the last few decades, fractional calculus plays an essential role
in the fields of mathematics, physics, electronics, mechanics, chemistry, etc. (cf. [CM],
[GO], [KST], [SKM], [WG]). Many physical phenomena are modelled accurately by using
fractional partial differential equations. For instance, the fractional diffusion equations
have been studied by many authors (cf. [L], [MP], [SW]). Moreover, the kinetic and
advection-dispersion equations have been investigated very well (cf. [SZ], [LATZ]).

In our paper we consider the following fractional nonlinear continuous control system

t, xl(t)a ‘T2(t)» u(t))7

(D31+t1331> t)=h
(Dazy 1,72 (1) t, @1 (L), w2(t), u(t)), (1.1)

(
a2+ to = faf
t = (t1,t2) € P =[a1,b1] X [az,bs] a.e.,
{(I;lfil 1)(a1,t2) =0, ta € [ag,bo] ace.,
(1;24‘:‘%2 ) (t1,a2) =0, t1 € [a1,b1] a.e.,

u(t)ye M CR™, teP,
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with the performance index

(a1, 2, 1) = /P Folt z1(8), (1), u(t)) d @)

where f; : PXR*"XR*"x M — R” fo: PxR*"xR*"x M — R, o; € (0,1) for
i=1,2, Dy’ +.4,%i denotes the left-sided Riemann-Liouville derivative of order a; of the

—o

function z; with respect to variable t;, I ; Lt x;i—left-sided Riemann—Liouville integral

of order 1 — a; of the function x; with respect to variable ¢; (i = 1,2).

If a3 = as = 1 then system is an extension of 2-D continuous Roesser model of the
first order, which is a counterpart of 2-D discrete Roesser model introduced by Roesser in
1975 (|[Roes]). Such models (continuous and discrete), which are applied to the research
of transformation of images and chemistry processes, have been investigated by many
authors (cf. [I1], [I2], [W]). In paper [W] a theorem on the existence and uniqueness of
solution and the maximum principle for problem 7, with oy = ag = 1, in the case
when fy, f1, f2 are linear, have been proved. In [[2] the maximum principle for linear
control system and nonlinear performance index has been derived. Moreover, in [I1] for
such a problem, a theorem on the existence of an optimal solution in the case when a
function f9 is convex with respect to variables (z1, 2, u) has been obtained. In [[1] an
existence and uniqueness of solution and a continuous dependence of solutions on controls
for the nonlinear Roesser model of the first order also have been proved.

In the paper [R] the fractional linear continuous Roesser model of type 1) with par-
tial Caputo derivatives is investigated. The boundary conditions are described by partial
derivatives of the integer and zero order. Particularly, a general response formula for such
a problem is derived. This model is applied in fractional diffusion and transmission line
equations (cf. [RI]).

The aim of this paper is obtaining analogous results for problem f as in [I1] for
the continuous Roesser model of the first order.

In Section 2 some basic definitions and facts concerning the fractional calculus of
functions of two variables are given.

Next (Section 3), we prove a theorem on the existence and uniqueness of a solution to
system (1) for any control u € L?(P, M) (Theorem[3.1)) and a theorem on the continuous
dependence of solutions on controls (Theorem |3.2). Finally, in the case when functions
f1, fo are linear, we derive a theorem on the existence of an optimal solution for problem
(1)-() (Theorem [4.4) and demonstrate a simple illustrative example (Section 5).

To the best knowledge of the author, the problems studied in Sections 3 and 4 have
not been considered yet.

2. Preliminaries. In this section we give basic definitions and facts connected with the
fractional integrals and derivatives of functions of two variables.

Let P = [a1,b1] X [ag, b2] C R? be a fixed bounded rectangle.
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DEFINITION 2.1 ([SKM, Formula 24.4]). Let ¢ = ¢(t1,t2) € L'(P,R") and o > 0. The
functions I¢ | , ¢ and Ij} _ , ¢ of the form

o L[ p(n,te)
(IalJr’tlQD) (tl,tg) = F(a) /a1 (tl — Tl)l_a d7_17 (t17t2) S (ahbl) X (a’vaQ) a.c

o 1" o(m,ta)
(15 4 @) (t1,t2) == (o) /75 T —t)i= dri, (ti,t2) € (a1,b1) x (az,b2) a.e
1

are called left-sided and right-sided Riemann—Liouville integrals of order o on P of the
function ¢ with respect to variable ¢1, respectively.
If o = 0 then we put
Igﬁ’tlgo = ¢ and Iﬁ77t1g0 = .
REMARK 2.2. It is easy to show that the functions

(al,bl) X (ag,bg) > (tl,tQ) (Ig]+ " ) (tl,tg) S R™
(al,bl) X (ag,bg) > (tl,tg) — (Ib1f,t190) (tl,tg) c Rn

are defined almost everywhere, summable and consequently almost everywhere finite on
(a1,b1) % (az,b2). Moreover (cf. [M| Lemma 1.4]), for every a;y,as > 0 we have

(151, 122, o) (tte) = (Io1F929) (ti,t2),  (t1,t2) € (a1,b1) X (az,b2) ae.,  (3)
(Ilt)xllf,tlloff tl(p) (tl, tg) (Iallj?f(p) (tl, tz), (tl, tg) S (al, bl) X (ag, bg) a.e. (4)
REMARK 2.3. We identify functions that are equal a.e. on P.

Analogously, one can define fractional Riemann—Liouville integrals of functions
¢ € L'(P,R") with respect to variable t,.

We shall formulate next theorems and lemmas in this section for the function Ig | ; ».
The other fractional integrals introduced above have analogous properties.

Similarly, as in the case of functions of one variable (cf. [Kl Lemma 1]) we can prove
the following lemma.

LEMMA 2.4. If p € LP(P,R™), 1 < p < 00, a > 0, then
|(Igl+t1 ) thtg }p Cl( a1+t |(,0‘ )(t17t2), (tl,tg) cP a.e.,

where ¢; = ((by — a1)*/T(a + 1))p_ . Consequently, I3 , , ¢ € LP(P,R").

<
<

Now, we shall prove two lemmas.

LEMMA 2.5. If g€ L*(P,R"), a >0 and (I$ , , g)(t1,t2) = 0 for a.e. (t1,t3) € P, then
g(t1,t2) =0 for a.e. (t1,t2) € P.

Proof. Condition implies that
t1

0= (L0 0)(t1,ta) = (Lo 00 I8 41 9) (b1, ta) = (In, 4 4, 9) (t1, t2) :/ g(s,t2)ds

1
for a.e. (t1,t2) € P. It means that g(t1,t2) = 0 for a.e. (t1,f2) € P and the proof is
completed. m
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LEMMA 2.6. Let a > 0 and 1 < p < oo. Then the operator Ig  , : LP(P,R") —
LP(P,R™) is bounded; precisely, for any function ¢ € LP(P,R™)

HI<?1+,t1(pHLp < Ky ||90||LP )
where Ky = (b1 — a1)*/T(a +1).
Proof. From Lemma 2.4 and the Fubini Theorem it follows that

[Fesme :/P‘(Igl+,t1‘P>(tlat2)|pdt1 dts <01/P(131+,t1 lp[”) (1, t2) dty dts
ba by t1 P
C1 lo(71,t2)] )
= == dr ) dt; | dt
T(a) / (/ (/al (tr—m)i= 1) e )t
bo b1 by
o C1 1
= F(a)/ (/ (\@(7'17152 P / TS dtl) dﬁ) dts

bs b1
Tl,tg b1—7’1) dTldtg
Cl(bl— )' (b1 —a1) p
<7 — (= 1
< Al oy, — (=) i,

for any ¢ € LP(P,R™), where ¢; is the constant from Lemma "

DEFINITION 2.7. By AC(t1) (AC(t2)) we denote the set of all functions z : P — R™ such
that

ty
Z(thtg) = / l(Thtg) d’Tl -I-p(tg) for a.e. (tl,tg) e P

1

ta
(Z(tl,tg) :/ l(t1,72)dre + p(t1) for a.e. (t1,t2) € P)

2

with I € L'(P,R") and p € L'([az,bo], R™) (p € L*([a1,b1],R™)).

REMARK 2.8. From the above definition it follows that the function z € AC(t)
(z € AC(t3)) is summable on P and satisfies the condition z(a1,t2) = p(tz) for a.e.
ts € [ag, bo) ( (t1,a2) = p(ty) for a.e. t; € [al,bl]). Moreover, there exists the partial

derivative g—fl (gé) a.e. on P and
0z
(‘)t (tl,tQ) l(tl,tg), (tl,tg) € P a.e.
0z
(675 (tl,tg) = l(tl,tg) (tl,tg) epP a.e.).

REMARK 2.9. From the previous remark it follows that the representation of z from
Definition [2.7] is unique.

DEFINITION 2.10. Let p > 1. By I, ; (L?) we shall denote the set
IS (LP) = {f:P=R": f(t) =I5 1, ¢)(t), t € Pae., where p € LP(P,R")}.

Analogously, one can define the sets I¢, , (LP) and Ij} _, (LP), i=1,2.

)
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Now, we shall prove the following
PROPOSITION 2.11. Let f € LY(P,R"), a >0 and 1 < p < +oo. Then
JEIf, (L) e IS, JeACP () and (INf,f)(ar) =0,
where ACP(t1) := {h € AC(t1) : § € LP(P,R") and h(ay,-) € LP([ag, by],R™)}.
Proof. Let us assume that f € I, , (L?). Then there exists a function ¢ € LP(P,R")

such that f(t1,t2) = (I$ 1 ,,¢)(t1,t2) for a.e. (t1,t2) € P. Thus from property we
obtain

t1
(L2 f) (b te) = (I, 20 I 0) (1 t2) = (In 40, 0) (f1,82) 2/ (71, t2) dmy

ay
for a.e. (t1,t2) € P. Consequently, I;:ﬁtlf € ACP(t1) and (I;:ﬁtlf) (a1,-) = 0 (cf.
Remark .

Now, let
I;:ﬁtlf € ACP(t1) and (I;:ﬁtlf)(al, ) =0.
Then there exists (Remark a function ¢ € LP(P,R™) such that
t1
(Lo L0, f) (t1,12) =/ p(rista)dn = (Ig, 40, 9) (tista),  (t1,t2) € P ace.

ai

Using once again property , we get
(I;:ft,tl f) (tl’tz) = (I;1+,t1 (P) (tl’tz) = (I;:ﬁtllaaﬂr,h QD) (tl’tz)’ (tl’tz) er a.€.,
and consequently
(I;I_'Eitl (f B (Igl+7t1 S0)))(t1’t2) =0, (tl’tQ) € Pae.

From Lemma it follows that f = I, , ¢ a.e. on P,so f € I3 |, (LP). The proof is
completed. m

Analogously we can prove the following proposition.

PROPOSITION 2.12. Let f € L'(P,R") and a > 0. Then

feIs (L) <= 1,0 f€ACP(ty) and (150, f)(a2) =0,
fely ,(IP) < I, feACP(ty) and (I,7%, f)(b1,") =0,
fely ,(IP) < I, feAC’(tz) and (I, %, f)(-,b2) =0.

DEFINITION 2.13. Let a € (0,1) and f € L'(P,R"). We say that the function f pos-
sesses the left-sided Riemann—Liouville derivative Dg | ; f of order a with respect to
variable tq, if I ;ff,tl f € AC(t1). By this derivative we mean the classical partial deriva-
tive é)itl (I;l_f,tlf) (existing a.e. on P) of the function (I;I_"!(‘thlf)’ it means
0
(Dgl"ﬁtlf) (t1,t2) = 671(

Similarly, we say that the function f possesses the left-sided Riemann—Liouville derivative

Dg, . ., f of order o with respect to variable t3, if I;;_ﬁtzf € AC(t2). By this derivative

I;l__fitlf)(tl,tg), (tl,tg) € P a.e.
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. . . . ) 11—« .
we mean the classical partial derivative 7~ (I, fots f), it means
7]

(Do 1, f) (1, t2) = %(Ig;ﬁtzf) (t1,t2), (ti,t2) € P ae.

REMARK 2.14. Analogously we define the right-sided Riemann—Liouville partial deriva-
tive of a of the function f € L'(P,R™). Precisely
9 (1
(Dl?r,tif) (t1,t2) := _g(fzi_,tif)(thtz), (t1,t2) € P ae.,
K]
provided I;;Oftlf € AC(t1), when i = 1 and I;z_ffbf € AC(t2), when i = 2.
REMARK 2.15. From the above definition, Remark Proposition [2.11| and its proof it
follows that, if v € (0,1) and f € I, , (L?) (f € If'_, (L?)), i = 1,2, then f possesses
the left-sided (right-sided) Riemann-Liouville derivative of order o Dg, ;. f (D?'i_;ti f)
and then DY, f = (Dg_, f =) ae. on P, where ¢ (¢) is such that f = I, , ¢
(f = Ili—,tidj)'
Now, let us define a norm in I , , (LP) (Ibo‘lf’t1 (L?)) in the following way:
11z, e = 108 flee (Ul ey o= IDB—y flss).

Similarly, we can introduce a norm in Ig, , , (LP), Ij: _, (LP). It is easy to check that
the spaces under consideration with the norms introduced above are completed.

Later on, we shall use a theorem being the counterpart of some facts ([KST, Lemmas
2.4, 2.5a, 2.6a]) for fractional partial derivatives.

THEOREM 2.16. Let0<a<1l,1<p<ooandi=1,2.
1. If f € LP(P,R™), then
(Dg s e f)(tr,te) = fti,t2)  and  (Dg_ 4 I5_ 4, f)(t1,t2) = f(t1,t2)
for a.e. (t1,t2) € P;
2. if fely . (LP), then
(Igéri-,tingz-ﬁ-iif) (t17t2) = f(tl,tg), (tl,tQ) € P ae;
3. df f eIy, (LP), then
(Ilif,tiDl?if,tif)(tlth) = f(tl,tg), (tl,tg) € P a.e.
One can easy deduce the first property by using the definition of fractional partial
derivative and conditions , . The other properties of this theorem follow immediately

from the first property.
By using the above theorem and Lemma [2.6] we shall prove the following

LEMMA 2.17. Let a € (0,1), 1 < p < 00, (zF)pen C I, 4, (LP) and 2° € I, , (LP). If
the sequence (z¥)ren tends to x° in Ig  , (LP), then it tends to a° in LP(P,R™).

Proof. Let 2* k—> 20 in I¢ ., ; (LP). From Theorem [2.16{and Lemma we get
—00 ’

l2* =2l L = [T e D8 (@ = 20|y < B[ DG, (2" = 20)]

= K1||;Uk _ xOHI;¥1+,t1(Lp) k:}O 0.

It means that ¥ — 20 in LP(P,R"). m

k— o0
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Let ;5,8 > 0,1 =1,2,1<p< oo, a= (al,ag) B = (61,52), a = (a1,a2),
b= (b1,b2). We define the set I3, (LP)(t1,12) (Iﬁ )) in the following way:
I3 (LP)(t, te) v= 151, 4, (LP) X 1;1224- 1 (LP)
(1) (LP)(tr,ta) o= I, (LP) x I}, (LP)).
In Ig (LP)(t1,t2) (Ié{(L”)(tl, t2)) we introduce a norm in the following way:
1 llzg, 2oyt t) = D& Ol o + 1(DE2 4 1 F2) | 1o

(Hf||157(LP)(t1,t2) H b1—,t1fl)HLP + H Dgzz— t2f2)HLP>’

where f = (f1, f2). From the fact that 77, ;. (LP), (Il’il,ti (LP)), i =1,2, are complete it
follows that I3, (LP)(t1,t2) (If_ (LP)(t1,t2)) are complete.
From Lemma [2.17 we obtain immediately

LEMMA 2.18. Let ay,az € (0,1), 1 < p < 00, (2")pen = (2f, 28 )ken C IS 14, (LP)(t1,t2)

and 20 = (29, 29) € I |, (LP)(t1,t2). If the sequence (z*)ren tends to a° in the space

I . o (LP)(t1,t2), then it tends to 2° in the space LP(P,R?").

3. The fractional Roesser control system. In this section, we shall consider frac-
tional control system .

By a solution to this problem we mean a function x = (z1,22) € Ig, (LP)(t1,t2).

It is easy to see that the existence of a solution to system (1)) in the set I$ (LP)(t1,t2)
is equivalent to the existence of a solution to the system

_ 1 " (T, 1) o1 2 po(ty,T) -
*"l(t)‘fl(t’ rmn/al (- 7 Do) / & - mie 7 (t))

_ 1 " pi(r,t2) 1 2 oty T) (5)
@Q(t)—fg(t, F(al)/al (- 7)o dr, T(an) /a PR dr,u(t))

te P ae.
in the set LP(P,R2").
Indeed, if = (z1,22) € I3, (L?)(t1,12) is a solution to problem , then there exists
a function ¢ = (1, p2) € LP(P,R?") such that
xi(t) = (I3, 0i)(t), tePae.,i=12,
and (cf. Theorem p- 1)

wi(t) = (Dg:+,ti-r¢ii+,tﬁpi)(t) = (Dgf} t; xz)( ) = fi(t,21(t), 22(t), u(t))
= filt: (I8} 1, 01) (1), (1524 102) (D), u(d),  i=1,2,

for a.e. t € P.

Conversely, if ¢ = (¢1,p2) € LP(P,R?") is a solution to problem ({5)), then x =
(z1,22) = (Igh 1,01, Io2y 1, 02) € 19 (LP)(t1,t2) and (cf. Remark [2.15)
(Dot i) (8) = @i(t) = filt, (I 1, 01 (1), (174 1 02) (8),u(t)) = fit, 2a(1), 22(t), u(t))
for a.e. t € P, i = 1,2. Moreover, from Propositions 2.11] and 2:12] it follows that the
boundary conditions ([]2) are satisfied.
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3.1. Existence and uniqueness of a solution. Applying the Banach contraction
principle, we shall prove a theorem on the existence and uniqueness of a solution = =
(21, x2) of system (1] for any control v € LP(P, M) (1 < p < o0).

THEOREM 3.1. Let ay, a2 € (0,1) and 1 < p < oo. If (fori=1,2)
1. fi(,21,22,u) is measurable on P for all x1,29 € R™, w € M and f;(t,x1,xa,") is

continuous on M for a.e. t € P and all x1,z5 € R™;
2. there exists a constant N > 0 such that

|fi(f,$1,$2,u) - fz‘(t,yhyz,u)| < N(|561 —y1| + |z2 — y2\)

for a.e. t € P and all x1,x2,y1,y2 € R", u € M;
3. there exist a function r € LP(P,R{) and a constant v > 0 such that

|fi(£,0,0,u)| < r(t) + v|ul
fora.e.te€ P andallue M,

then problem possesses a unique solution x € Ig (LP)(t1,t2) corresponding to any
control w € LP(P, M).

Proof. To prove this theorem it suffices to show that for any control u € LP(P, M) there
exists a unique fixed point of the operator ®, = (®, ®2) : LP(P,R?*") — LP(P,R?"),
07 (01(),02() = fi TSk 0 01) (s (To24 1y 02) ()su(), i =1,2.

First, let us notice that the operator ®,, is well defined. Indeed, from Lemma[2:4]it follows
that ( ol .@i)() € LP(P,R™) (i = 1,2). In particular, it means that the functions

Pt filt, (I 1 01)(0), (Io2 02) (1), u(t) €R™, i=1,2,
are measurable. Moreover, by assumptions 2 and 3, for i = 1,2, we have
| filt, (Tak 1, 01) (1), (L5241 02) (1), u(1))
<2 (it (12 M)( ) (122, o) (8),u(t)) — £i(t,0,0,u(t)) [ + |fi(t, 0,0,u(t)I")
S2PTINP(|(154 e 01) (0] + | Tags 1,0 )(t)|)p +207 1 (r(t) + 7|u(t)|)p
< 2PANP (|15 1 o) O] + [(I524 1,02) (D]7) + 22772 (r () + 27 |u(®)]?)
for a.e. t € P. It means that the operator ®, belongs to LP(P,R*").
Let us consider, in the space LP(P,R?"), the Bielecki norm given by the formula

1/p
lelle = [ e ot o) ) ©)
P
where k£ > 0 is any fixed constant. It is clear that

e716(‘““2)||<P||LP(P,]R%)~ (7)

Consequently, the space LP(P,R?*") with Bielecki norm is complete.
Now, we shall show that ®, is contracting in the space LP(P,R?") with norm @
Indeed, using [KST), Lemma 2.7a], Lemma the Fubini Theorem and assumption 2,

e RO+ || o)l Lo preny < gl <
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we obtain

[@u(0) = a7 = [ 7 OHD F(e, (02 1) 0, U2 ) O 1)
= P U o0, (U2 02 (0, u0) | ity dis

S e (AR O NS RTO)
P

p
AR ONI S IRTSIORTON
| Fa b U o) (O, L2 00) (1), (D))

— Fot I8 000, (52, ) (0, u(t)|) dty dts

<2 [ IO (I3 o= ) O] + |22 2 = ) O] dbr
P

< 2PN /P eI ((IR1 (o1 = 00)) O + (1524 4, (02 = 2)) (D)) by dt

<2riNre [ O (I oy = )0 + (T2 e — 0al)(0) disdea
P

bo by
_22P1Npc(/ (/ R (TR (1 = GalP (5 12)) (1) diy ) dt
az

ai

+/ab1 (/abz ,kp(t1+t2)([a2+t2(|@2 — o|P(ty, - )))(t2)dt2> dtl)

1 2

b2 bl
— 22P1Npc(/ </ o1 = 1l (tr, t2) (T, e P0H2)) (1) dtl) otz
as ai
by ba —a
+/ (/ 02 — ol (t1, 1) (Ty,— gy " F)) (1) dtz) dtl)’

1 2

where ¢ = max;—12{¢;} and ¢;, i = 1,2, are constants from Lemma [2.4] n applied to the
operators I', ; , 15>, , . Here Ia +.t, is the left-sided integral operator of order a; of a
function of one variable ¢;.

It is easy to calculate that

—a 1 b1 e—kp(T+t2) 1 b1 —t1 e—kp(wtti+ts)
(Ib11_7t167kp(-+t2)) (tl) == / ( dT = ) /0 R T —— dw
t1

I'(aq) T —t)l—n I'(aq wl—x
_ by —
_ e~ kp(tit+tz) / 1—t1 T
[(an) 0

S PO e A
kpL(e1) Jo (kp) =

e*kp(t1+t2) kp(b1—t1) )
[ — T — d
(kp)*1T(a) /0 o

e—kp(ti+t2) /00
< ——5—— e Tl dp = e FPtitte) (fppy—en
(b Tan) Jo (ke)
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Similarly, we assert that
(Tzvz_t @7kp(t1+'))(t2) < efkp(t1+t2)(kp)fa2.

Consequently,

1@ () — Pu()]|? < 22P1Npc</P lo1 — 1 |P (t)e~*Ptitta) (kpy=er dt) dt,

+ /P |02 — " (£)e P (kp) =22 diy dtQ)
< 277 NPemax{(kp) =, (kp) 2}

o /Pefkp(tﬁh) (Jo1(t) = L1 ()| + |2(t) — b2 (t)|) dty dts
< 2P NPemax{(kp)~*, (kp)~**}

x /P e PO (1) — h(t) B dt

= 2 NPcmax{ (kp) =", (kp)~** }|l¢ — ¥|I7.

Let us notice that for sufficiently large k the constant 4N(19;11>§{cz-} @zli}é{(kp)’o‘i})l/p

lies in (0, 1). It means that the operator ®,, is contracting in the space LP(P,R?*"). Using
the Banach contraction principle, we assert that this operator possesses a unique fixed
point. m

3.2. Continuous dependence of solutions on controls. In this part of the paper,
we shall prove a theorem on the continuous dependence of solutions of problem on
controls. We have

THEOREM 3.2. Let ay,as € (0,1), 1 < p < oo. If all assumptions of Theorem are
satisfied and the sequence of controls (u');en tends to @ in the space LP(P, M), then the
sequence of corresponding solutions (z');en = (24, 24)1en of system tends to & =
(%1,T2) in the space 15, (LP)(t1,t2).

Proof. Assume that the sequence (u');ey tends to the function @ in the space LP(P, M).
Using analogous arguments as in the proof of Theorem [3.I] one can show that for any
fixed k >0 and all [ € N

le' = @l = [|2'(¢") — ()], < [|2(¢") — @' (@)l + [|2'() — 2D,
<l = @llk + || 24(@) — 2(d)]],.»

where p 1= 4N(maxi:1,2{ci}maxi:172{(kp)_o‘i})l/p, ®, ! LP(P,R?*") — LP(P,R*"),

3p()= (@1(')a§02(')) = (fl ('a (I311+,t1%01)(’)7 (1322+7t2302)(-),ﬂ(~))7
P (5 (24 01) O (1221122 (), 80)) ),
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o' > o(-) = (@1(')7802(')) (fl( ( a1+ tl@l)( )s (Igé;Jr,tg‘PZ)(')uul('))v
P (s (T 01) O (321 122) (), 0)) ),

¢!, ¢ are fixed points of the operators ®!, ®, respectively.
Consequently (using also inequality (7)), for sufficiently large k > 0, we obtain

. ~ ~ - e—k(a1+a2) . o
" = Bllx < - (I’(‘P)Hk < ﬁ H(I) (@) — (¢ HLP(PRQ")
U«1+a2) B o N I
Tl (/ ‘f (Tt 21) (), (T4 1, 02) (1), ' (1))

D 1/p
H 6 (122 0, (52 2) (0, 00)|, dn dtz)

for all I € N and additionally pr € (0,1). Moreover, using the Lebesgue dominated
convergence theorem, one can prove that

L7z e 0. 022 o) 0.4 0)

p
S 120 8 O, (12, 22) 0. 30)|) | didts — o

It means that [¢! — oo ||k . 0. Since

=" — 53”1‘* (L)t = |74 = xl”zgl+ LT o5 — 332”1522“2@@
||I:1111+ tl (l1+ tlclelo‘l (Lp + HI;X;—F t2¢é 71:22+,t2¢2||1a2 . (LP)
= HDa1+ tllgll“r ne1 — Doty Ialy, t#’lHLP + HDa2+ tolant 1P D322+ tzIang tQS"?HLP

2ek(b1 +b2

= |l¥t =@l . + H% ~ @2l <2[l0" = Bl o prony S

the proof is completed. m

4. Existence of an optimal solution of some optimal control problem con-
nected with the fractional Roesser model. Let us consider the following fractional
optimal control problem

(Dals 1) (8) = A (t)a1(t) + Aa(t)a2(t) + Ba(tu(t)

(Dg2, ,,@2)(t) = As(t)a1(t) + As(t)z2(t) + Ba(t)u(t), (8.1)
t= (tl,tg) eP= [al,bﬂ X [a27b2] a.e.

{(Ic}+ 1 21)(an,t2) =0, o € [as, bo] ace. 5. (8)
(I(l2-ﬁt2x2)(tlva2) =0, the [Gq,bl] a.e.,

u(t)e M CR™, teP,
J(x1,x2,u) = [p fo(t,z1(t), z2(t), u(t)) dt,
where A; : P - R™", j=1,...,4, By : P> R k=12, fo: PxR"xR"xM — R,

x = (z1,22) and o; € (0,1) for i=1,2.
Let us fix p € (1,00) and let Ups := {u € LP(P,R™) : u(t) € M, t € P}.
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DEFINITION 4.1. We say that a pair (z*,u*) € I$, (LP)(t1,t2) xUny is an optimal solution
of problem , if * is a solution of system 1)72) corresponding to control u* and

J(x* u*) < J(z,u)
for all pairs (x,u) € I3, (LP)(t1,t2) x Unr satisfying (81), 2).

REMARK 4.2. From Theorem [3.1] it follows that, if the functions Aj, B, j = 1,...,4,
k = 1,2, are essentially bounded, then there exists a unique solution =% to system 1)7
2) corresponding to any control u.

In the next theorem, we shall use the following lemma (cf. [Maw]).

LEMMA 4.3. Let U be a convez, closed and bounded subset of a reflexive Banach space.
If the functional F: U — R is convex and lower semicontinuous on U, then there exists
an element u, € U such that
foranyu elU.

Now, we shall prove a theorem on the existence of an optimal solution to problem .

THEOREM 4.4. Let assume that

1. the set M 1is convex and compact,

2. fo(-,x1,22,u) is measurable on P for all 1,29 € R™", u € M, fo(t,-,-,+) is contin-
wous on R™ x R™ x M for a.e. t € P,

3. fo(t,,+,-) is convex on R™ x R™ x M for a.e. t € P,

the functions A;, By, j =1,...,4, k=1,2, are essentially bounded,

5. there exist a function a € L*(P,R) and a constant v, > 0 such that

[foltsz1, 2, u)| < a(t) + 7 (e + |a2f?)
fora.e.t € P and all x1,20 € R", u e M.

>

Then problem possesses an optimal solution (x*,u*) € I, (LP)(t1,t2) x Ups.

Proof. Using the same arguments as in the proof of Theorem 3 in the paper [[1], we assert
that the existence of an optimal solution to problem (8) in the space Ig, (LP)(t1,t2) x Uns
is equivalent to the existence of an optimal solution to system 1)72) with the cost
functional

J Uy > us / fo(t, @1 (t), 24, u(t)) dt,
P

in the space Uy, .

Moreover, analogously as in the mentioned paper, we obtain that Uy, is the convex,
closed and bounded subset of the reflexive Banach space LP(P,R™) and the functional .J
is convex.

Finally, we shall prove that the functional J is continuous on Uy. Indeed, let

k F — 2% in I (LP)(t1,t2). From Lemma
k—o0

u® — u® in Uy;. Theorem implies that x
k—o0

it follows that x* " 2% in LP(P,R?"). To show the convergence
—o0

fo( 2 (), u" () = Jol2"(), ()
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it suffices to use [IR) Theorem 2] with the spaces Ly = LP(P,R?*"), Ly = Up;, L = Ly x Lo
and the functional f El From [Bl Theorem.4.9] and by assumption 5 it follows that f
satisfies assumptions of Theorem 2 from paper [IR]. So, from this theorem it follows that

o2 () u () — fol2°(). ().
Consequently, from Lemma we get the existence of an optimal solution (z*,u*) €
I (LP)(t1,t2) x Ups to problem . n

5. Example
EXAMPLE 5.1. Let us consider problem with the following data:
A1 =A4,=A4,=0, A3 =1, By =1, By =—1,
folt,x,u) = fo(t1,te, x1, 22, u)

4 1/2 2 4 1
=1 — 2w + (I‘(?M)F(B/Q) (1= )41 =)'/ - I'(7/4) (1= 02)*" - F(1/2)>u7
1 3

M:[Ovl]; P:[O,l]x[o,l]a 0[125, OZQZZv p:2

Let
Z={t=(t1,t2): 3 <t <landt; €[0,1]}.

One can show (see [K1]) that (z*,u*), where

“(t) 1, teZ
u =
0, teP\Z,

r 1 3\ 1/2
r'(3/2) (tl B Z)
1 3\1/2 3.4 1 34|’ tez
ST D ) P . e
z*(t) = { ! } =< [T(3/2)0(7/4) 4 2 I(7/4)
x3(t) -
8] ) te P\ Z

for a.e. t € P, is the only pair, which can be an optimal solution to problem . It is
easy to check that all assumptions of Theorem are satisfied. Consequently, (z*,u*) is
an optimal solution to problem .
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