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Abstract. The lower semicontinuity of functionals of the type f o f(z,u,v, Vu) dx with respect
to the (Wl’1 x LP)-weak™ topology is studied. Moreover, in absence of lower semicontinuity, an
integral representation in W' x LP for the lower semicontinuous envelope is also provided.

1. Introduction. In this paper we consider energies depending on two vector fields with
different behaviours: u € W11 (Q;R™), v € LP(£;R™), Q being a bounded open set of RY.
Let 1 < p < +o0, for every (u,v) € WHL(Q;R™) x LP(Q; R™) define the functional

J(u,v) ::/Qf(x,u(x),v(x),Vu(w)) dx (1)

where f: Q x R® x R™ x R™*N — [0, +00) is a continuous function with linear growth
in the last variable and p-growth in the third variable (cf. (H1,) and (Hls ) below).

The energies (I, which generalize those considered by [14], [I5] and [§], have been
introduced to deal with equilibria for systems depending on elastic strain and chemical
composition. In this context a multiphase alloy is represented by the set €2, the deforma-
tion gradient is given by Vu, and v (when m = 1) denotes the chemical composition of
the system. We also recall that our result may find applications also in the framework of
Elasticity, when dealing with Cosserat’s theory, see [19]. In [I4], the density f = f(v, Vu)
is a convex-quasiconvex function, while in our model we also take into account hetero-
geneities and the deformation, without imposing any convexity restriction.
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We are interested in studying the lower semicontinuity and relaxation of with
respect to the L'-strongx LP-weak convergence. Clearly, bounded sequences {u,} C
WLL(Q; R™) may converge in L', up to a subsequence, to a BV function. In this pa-
per we restrict our analysis to limits u which are in W11(Q;R™). Thus, our results can
be considered as a step towards the study of relaxation in BV(Q; R™) x LP(;R™) of
functionals (|1f). (For the definition and properties of BV spaces we refer to [3].)

We will consider separately the cases 1 < p < oo and p = oco. To this end we introduce
for 1 < p < 400 the functional

Jp(u,v) := inf{liminf J(up,,v,) : u, € WHH (G R™), v, € LP(;R™),
Up, —uin L' v, = vin LP}, (2)
for any pair (u,v) € Wh(;R") x LP(Q;R™), and for p = co the functional
Joo(u,v) := inf{liminf J (up, v,) : up, € WHH(QGR™), v, € L (Q;R™),
u, = uwin L', v, > ovin L™}, (3)
for any pair (u,v) € WHH(Q; R™) x L®(Q;R™).
For any p € (1, +00] we will achieve the following integral representation (see Theo-

rems [12] and [T4):
jp(u,v) = /QC’Qf(x,u(x),v(:c),Vu(x)) dx,

where CQ f represents the convex-quasiconvexification of f defined in @

2. Notation and general facts. In this section we introduce the sets of assumptions we
will make to obtain our results. We prove some properties related to convex-quasiconvex
functions and we recall several facts that will be useful through the paper.

2.1. Assumptions. Let 1 < p < +00, to obtain a characterization of the relaxed func-

tional jp in , we will make several assumptions on the continuous function
frOXR® x R™ x RPN [0, +00).

They are inspired by the set of assumptions in [I7] for the case with no dependence on v.

(H1,) There exists a constant C' such that
1
ol +1€) = € < f(z,u,v,6) < C(1L+ [of” + [€]),

for every (z,u,v,£) € Q x R™ x R™ x R™*N,
(H2,) For every compact set K of € x R™ there exists a continuous function wgx : R —

[0, +00) with wg (0) = 0 such that

|f (@, u,0,8) = f(@',u',0,8)| Swk (|2 — 2’| + Ju—u/[)(1 + [v]” +[¢])
for every (z,u,v,£) and (2/,u',v,€) in K x R™ x RN,
Moreover, given xg € Q, and € > 0 there exists § > 0 such that if |z — x| < § then
v(uavvg) S R™ x R™ X RnXN f(&u,v,f) - f(xmu,v,f) Z _6(1 + |,U|p + |£|)
In order to characterize the functional J., defined in (3)) we will replace assumptions

(H1,) and (H2,) by the following ones.
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(Hls) Given M > 0, there exist a bounded continuous function G : @ x R™ — [0, +00)
and Cj; > 0 such that if |[v| < M then for all (z,u,&) € Q x R x RN
1
o, G wlgl = Cur < fla,w,0,€) < Cy G, u)(1+ €]).
(H24) For every M > 0, and for every compact set K of  x R™ there exists a continuous
function was, i : R — [0, +00) with was x(0) = 0 such that if |v| < M then
f(@,u,0,€) = f(2', 0/, 0,8)| < wa k(|2 — 2| + Ju—/[)(1 + [€])
for every (x,u,§), (z',u', &) € K x RN,
Moreover, given M > 0, 2y € Q, and € > 0 there exists § > 0 such that if |v| < M
and |z — xg| < J then
V(’U,, 5) € R™ x RTLXN f(xaua Uag) - f('rOaua ’U,g) > —€GM($, U)(l + |§|)7
where the function G is as in (Hl).

2.2. Convex-quasiconvex functions. We start recalling the notion of convex-quasi-
convex function, presented in [I4] (see also [19, Definition 4.1], [I5] and [I3]). This notion
plays, in the context of lower semicontinuity problems where the density depends on two
fields v, Vu, the role of the well known notion of quasiconvexity introduced by Morrey
for the lower semicontinuity of functionals where the dependence is just on Vu.

DEFINITION 1. A Borel measurable function h : R™ x R"*Y — R is said to be convez-
quasiconvez if there exists a bounded open set D of RY such that

1
) < o5 /D h(v+ (). € + V() da, (4)

for every (v,&) € RMxR™*N € Wy (D;R") and ) € L=(D; R™) with [}, n(z) dz = 0.
REMARK 2.

(i) Tt can be easily seen that, if h is convex-quasiconvex, then condition is true for
any bounded open set D C RY.
(ii) We recall that a convex-quasiconvex function is separately convex.
(iii) Through this paper we will work with functions f defined in Q x R™ x R™ x R**¥
and when saying that f is convex-quasiconvex we mean the above definition with
respect to the last two variables of f.

The following result adapts to the context of W' x LP, i.e. growth conditions ex-
pressed by (H1,), a well known result due to Marcellini in [20] (see also Proposition 2.32
in [10] or Lemma 5.42 in [3]). Indeed, the following proposition follows as a particular
case of [9, Proposition 2.11].

PROPOSITION 3. Let f: Q x R® x R™ x R**N & R be a separately convez function in
each entry of the variables (v,§), satisfying the growth condition

@0, )] < L+ [€]+ [o]7) Wla,u,v,6) € 2 x R™ x R™ x R™N
for some p > 1. Then, if we denote by p’ the conjugate exponent of p, there exists a
constant v > 0 such that

£ u,v,8) = Fla,u, v, €) < [lE = €1+ L+l + P 41 +1€17 ) o=
for every £,& € RN v o' € R™ and (z,u) € Q x R™.
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A similar result holds for W11 x L (i.e. growth conditions expressed by (Hly)).

PROPOSITION 4. Let f: Q x R" x R™ x R"™N — R be a separately convex function in
each entry of the variables (v,£), satisfying assumption (Hly,). Then, given M > 0, there
exists a constant S(M,n,m, N) such that

|f(z,u,0,8) = f(z,u,0, &) < B+ €]+ €] —o'| + BlE = €, (5)
for every v,v' € R™, such that |v| < M and |v'| < M, for every £,& € R™N and for
every (z,u) € Q x R™.

We introduce the notion of convex-quasiconvexification with respect to the last vari-
ables for a function f: Q x R" x R™ x R"*N — [0, +-00). This notion is crucial in order
to deal with the subsequent relaxation processes.

If h: R™ x R™*N — R is any given Borel measurable function bounded from below,
the convezx-quasiconvexr envelope of h can be defined as the largest convex-quasiconvex
function below h:

CQh(v,§) :=sup{g(v,&) : g < h, g convex-quasiconvex}. (6)
Moreover, by Theorem 4.16 in [19]

CQh(v,&) = inf{ﬁ /D h(v+n(z), &+ Ve(z)) d :

ne LX), [ p@ydo =0, pe WE=(DEY}. (@

D

Consequently, given a Carathéodory function f : © x R” x R™ x R™*N — R, by
CQf(x,u,v,&) we denote the convex-quasiconvexification of f(z,u,v,£) with respect to
the last two variables.

As for convex-quasiconvexity, condition can be stated for any bounded open set
D c RY and it can be also showed that if f satisfies a growth condition of the type
(H1,) then in and the spaces L™ and W™ can be replaced by L? and W',
respectively.

The following results will be exploited in the sequel. We omit the proofs since they
are very similar to |21} Proposition 2.2], in turn inspired by [10].

PROPOSITION 5. Let 1 < p < +o00. Let Q C RY be a bounded open set and f : Q x R x
R™ x R™N — [0,+00) be a continuous function satisfying (H1,) and (H2,). Let CQf
be the convex-quasiconvezification of f in (7). Then CQf satisfies (H1,), (H2,) and is a
continuous function.

Analogously we have

PROPOSITION 6. Let Q@ C RY be a bounded open set, let o : [0, +00) — [0,+00) be a
conver and increasing function, such that a(0) =0 and let f: Q x R® x R™ x R™N
[0,4+00) be a continuous function satisfying the following conditions:

o For a.e. (z,u) € Q x R™ and for every (v,£) € R™ x R™*N

& (allol) + I ~ O < fle,u,0,6) < O(1+a(lol) +1¢]). ®)
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o For every compact set K C Q x R™ there exists a continuous function wh : R —
[0, 4+00) such that Wi (0) =0 and
‘f(xa u,v,ﬁ) - f(x/a ul7va€)| < W/I((|x - ‘rl| + ‘U - ul|) (1 + a(|v|) + ‘£|)a (9)
for all (z,u), (z',u') € K and (v,&) € R™ x RN,
e For every xg € Q2 and € > 0, there exists 6 > 0 such that
|z —zo| <0 = flz,u,v,&) — f(xo,u,v,&) > —5(1 + a(jv]) + |§D7 (10)
for all (u,&) € R™ x R™ x R"*N,
Let CQf be the convex-quasiconvezification of f (see @) Then CQf satisfies conditions
analogous to , @D and . Moreover, CQf is a continuous function.

REMARK 7. We observe that from one hand , @, generalize (H1,) and (H2,),
and from the other hand they can be regarded as a stronger version of (Hl,) and (H2).
In order to provide an integral representation for 7p in and J o in on Whtx Lp
(1 <p < +o0) and WH! x L respectively, we prove some preliminary results.
For every p € (1,+00] we introduce the functional Jogr : L' (;R™) x LP(Q;R™) —
R U {400} defined as

s eQf (zu(x),v(x), Vu(z)) de if (u,v) € WH(QR™) x LP(Q;R™)
Jch(u, 1}) =

400 otherwise,
and its relaxed one, also defined in L!(Q;R") x LP(; R™),
Jogs(u,v) == inf{iminf Jog s (un, vn) ¢ (Un, v,) € WHHQR™) x LP(Q;R™),
up — win LY, v, = v in Lp}.
LEMMA 8. Let f : Q x R® x R™ x R™*N — [0, +00) be a continuous function. Let
p € (1,400] and consider the functionals J and Jogy and their corresponding relaved
functionals J, and Jogys. If f satisfies conditions (H1,)-(H2,) (if p € (1,+0)), and
both f and CQf satisfy (Hle)—(H2) (if p = +00), then
Jp(u,v) = Joqs(u,v) (11)
for every (u,v) € WH1(Q,R™) x LP(Q;R™).
REMARK 9. First we observe that the same proof shows that equality holds also in
BV(Q;R™) x LP(Q;R™), p € (1, +0o], up to the extension to L' (2;R™) x LP(Q;R™) of J
in as
() / [z u(@),v(z), Vu(z)) dz if (u,v) € WHH(Q;R") x LP(Q;R™),
u) = Q
400 otherwise,

and the subsequent extension of J, and J to L'(Q;R™) x LP(;R™) via formulae (2))
and .

We recall that a function v € L*(£;RY) is said to be of bounded variation, and this
is denoted by u € BV(Q;RY), if the distributional derivative of u is representable by a
Radon measure in €.

For more details concerning the theory of functions of bounded variation we refer the
reader to [3].
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We emphasize also that in the above lemma, by virtue of Proposition ifp e (1, +00),
it is enough to assume growth and continuity hypotheses just on f (and not on CQf). If
p = +o0, by virtue of Proposition [f] we can also only make assumptions on f, replacing

conditions (Hle) and (H2s) by (8)-(L0).

Proof. The argument is close to the proof of [2I, Lemma 3.1]. First we observe that,
since CQf < f, we have Jogf < J,. Next we prove the opposite inequality in the
nontrivial case that Jogs(u,v) < +oo. For fixed § > 0, we can consider (un,v,) €
WLHQ;R™) x LP(S; R™) with u, — u strongly in L'(Q;R™), v, — v in LP(;R™) and
such that

Jogr(u,v) > lim C’Qf(x, Un (), vn (), Vun(m)) dx — 6.
noJo

By the results from [§] and [J], for each n there exists a sequence {(uy, x, vn k) } converging
to (un,vy,) weakly in WH(Q;R™) x LP(£;R™) such that

/QCQf(ar,un(x), vn (), Vun(x)) dr = li}gn/Q f(x,un,k(x)wn,k(x), Vun,k(:v)) dx.
Consequently
Jogs(u,v) > lirrlnlilgn/Q [z, un 6 (2), v, 1(2), Vg i (2)) da — 6, (12)
h}}lhin ltne — ullLr =0,

and
vn’kivian as k — +oo and n — +oo.

Via a diagonal argument (remind that weak LP and weak* L*°-topologies are metriz-
able on bounded sets), there exists a sequence {(Un k, ,Vnk, )} satisfying u, r, — u in
LY R™), vy g, — v in LP(€; R™) and realizing the double limit in the right hand side
of . Thus

Jogf(u,v) > lim/ f(m, Un, ko, (X)), Vn ko, (2), VU g, (x)) dx — 6 > J,(u,v) — 0.
n Ja
If we let § go to 0 the conclusion follows. =

2.3. Some results on measure theory. Let ) be a generic open subset of RY, we
denote by M(2) the space of all signed Radon measures in {2 with bounded total vari-
ation. By the Riesz Representation Theorem, M () can be identified to the dual of the
separable space Cy(f2) of continuous functions on € vanishing on the boundary 0. The
N-dimensional Lebesgue measure in RY is designated as £V while HV~! denotes the
(N — 1)-dimensional Hausdorff measure. If ;1 € M(Q) and A € M(Q) is a nonnegative
Radon measure, we denote by Z—’; the Radon—Nikodym derivative of p with respect to A.
By a generalization of the Besicovitch Differentiation Theorem (see [2, Proposition 2.2]),
it can be proved that there exists a Borel set E C € such that A(F) = 0 and

dp \ _ iy M2+ 20

@)= i e
for all z € Supp i\ F and any open convex set C containing the origin. (Recall that the
set F is independent of C.)
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We also recall the following generalization of Lebesgue—Besicovitch Differentiation
Theorem, as stated in [I8, Theorem 2.8].

THEOREM 10. If pu is a nonnegative Radon measure and if f € L (R% u) then
1

lim, 1 e0) L+EC |f(y) — f(@)]du(y) =0,

for p-a.e. x € R and for every bounded, convex, open set C containing the origin.

In particular, if v € L>(£; R™), then, for LN-a.e. z € Q
1

lim B0 J. 0 lv(y) — v(z)|dy = 0. (13)

In the sequel we exploit the Calderén—Zygmund theorem for v € BV, cf. [3] Theorem
3.83, page 176]
1

lim ——— w(y) —u(z) — Vu(z)(y — z)|dy =0 LN-ae. z € Q. 14
1 ] o, 110~ 0 Ve )l dy (14)

3. Lower semicontinuity in W11 x LP, 1 < p < 4+o0o. This section is devoted to
provide a lower bound for the integral representation of J, in under assumptions
(H1,) and (H2,), as stated in Theorem [14] Clearly this is equivalent to proving the lower
semicontinuity with respect to the L!-strong x LP-weak topology of

/Q CQf(x, u(x), v(z), Vu(x)) dx,

when (u,v) € WH(Q;R™) x LP(Q; R™).
Indeed, we prove the following result

THEOREM 11. Let Q be a bounded open set of RN, and let f : Q@ x R® x R™ x R™*N
[0, +00) be a continuous function. Assuming that f satisfies hypotheses (H1,) and (H2,),
and it is convez-quasiconvez, we deduce that [, f(z,u(z),v(z), Vu(z)) dz is lower semi-
continuous in WH(Q; R™) x LP(Q;R™) with respect to the (L-strong x LP-weak) con-
vergence.

Proof. The proof is mostly a combination of the theorems in [I§] and [I4], which used
already some ideas from [I7]. For convenience of the reader we present here some details,
however we may refer to some separate results in the papers mentioned above.

Let

G(u,v) = /Qf(x,u(a?),v(a:),Vu(sc)) dx.

It is enough to prove that for every (u,v) € WH1(Q;R™) x LP(Q;R™), G(u,v) <
lim inf J (u,,, v,) for any u, — u in L' with u,, € WH1(Q;R") and v,, — v in LP.

Using the same arguments as in [I, Proof of Theorem II.4] (see also [I7, Proposi-
tion 2.4]) and the density of smooth functions in LP, we can reduce to the case where
u, € C(RY;R") and v, € C§°(RY; R™).

Moreover, we can also suppose

liminf J(uy,, v,) = Um J(upn,v,) < +00.
n— oo n—oo
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Then J(uy, v,) is bounded and so, up to a subsequence, i, := f (2, Upn, Vn, Vi, )dz = p
in the sense of measures for some positive measure p.

By the Radon-Nikodym theorem, = gL~ + p, for some g € L(Q), with yu singular
with respect to £V. It will be enough to prove the inequality

g(z) > f(w,u(a:),v(a:), Vu(z)), LN-ae. xeq. (15)
Indeed, once proved , since fi, — u, by the lower semicontinuity of p, and since
ls is nonnegative,

lim J(up,v,) = lim [z, un (@), vn(2), Vg () do

n—+o0o n——4o0o Q
> [ dute) = [ gl@rdo+ [ dunte) = [ £ u@),v(@), Va(o) de.
Q Q Q Q
In order to prove (15]), we follow the proofs of Theorem 2.1 in [17] and condition (2.3)
in [I4]. We start by freezing the terms x and u. This will be achieved through Steps 1-5.
By the Besicovitch derivation theorem
- p(B:(x)) N
=lim ———* R -a.e. Q. 1
g(x) lim B.(0)| € LY-ae x € (16)
Let xg be any element of ) satisfying , and (notice that such an xg
can be taken in Q up to a set of Lebesgue measure zero) and prove that g(zg) >
f(zo,u(zo), v(xo), Vu(wo)). First remark that, as noticed before, since v,, — v in LP,
we have ||vn||ze, 0|l < C.
Step 1. Localization. This part can be reproduced in the same way as in [I7], pages 1085—
1086. We present some details for the reader’s convenience. We start providing a first

estimate for g. Observe that we can choose a sequence e — 01 such that M(aBE(wo)) =0.
Let B := B;(0). Applying Proposition 1.203 4iz) in [I6], we have

g(xo) = lim —

F (W un(y), vn(y), Vun(y)) dy

=limsup lim ———
e0 noto0 eV (Bl g ()

1
= limsup lim @ / f(xo + ex, up (T + £x), vp(xo + €x), Vu, (xo + Ex)) dx
B

e—0 Mt

1

> limsup lim —- / f(zo + ez, u(z0) + ewn e (x), vy (T0 + €2), Vi o (x)) d
c—0 n—+oo |B| Jp

where wy, ¢ (z) = (un(xo + ) — u(zp))/e.

Step 2. Blow-up. Next we will “identify the limits” of w, . and v,(xo +€-) in a sense to
be made precise below. Define wg : B — R™ by wg(z) = Vu(xg)x. Then

. . o . Un (20 +ex) — u(zo)
il—)r% ngrfoo ||wn,s wOHLl(B) o f;ll—I}%) nll)rfoo /B’ € VU(ZL'()).’E de

1
= lim ——— u(y) — u(xg) — Vu(zg —x9)| dy=20
/ng' () — u(wo) — Vu(zo)(y — x0)| dy

where we have used in the last identity.
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Let ¢ be the Holder conjugate exponent of p. Since L7 is separable, consider {¢;} a
countable dense set of functions in L9(B). Then
;i_% HETW‘/B(vn(xO +ex) —v(z0))r(w) dac‘ = gi_r%‘/B(v(xo +ex) —v(z0)) () daz‘ =0

where we have used in the last identity the fact that xg is a Lebesgue point for v.
Step 3. Diagonalization. Arguing as in [18] and [14] we can use a diagonalization argument
to find e, € R, w,, € WH(RY;R") and v,, € LP(B;R™) N C$(RY;R™), such that
en — 0, w, — wo in L'(B;R"), v,, — v(xg) in LP(B;R™) as n — +oc and
1
g(zg) > lim E/ f(zo + enz, u(z0) + enwn(z), v, (2), Vo, (2)) da.
B

n—-+o0o
Step 4. Truncation. We show that the sequences {w,} and {v,} constructed in the
preceding steps can be replaced by sequences {w,} C WI})’COO(]RN ;R™) and {v,} C
LP(B;R™) N C5°(RY;R™) such that ||@y|lwia(prey < C, W, — wo in L®(B;R™),
0l e (BRry < O Uy — v(20) in LP(B;R™) and

g(xo) > lim L/ f(xo + enz,u(zo) + enWn (), 0p (), Vﬁn(x)) dz.
n—oo ‘B| B

Let 0 < s <t < 1and > 1 and define ¢, a cut-off function such that 0 < ¢,; <1,
Psi(T) = 1if 7 <5, s 4(7) = 0if 7 > ¢ and ||} 4]0 < <

— t—s"
Set
N Un (T
Wn (T3 A) i= |wp(x) — wo ()| + | /(\ ) ,
Wi (@) 1= wo () + a1 (n (23 1)) (wn () — wo(x)),
Vi (@) = 0(20) 4 a1 (0 (25 1)) (vn () — v(0)).
Clearly,
Hw;”’t’\ —wol_ <t and vi’t)‘ — v(xp) in LP as n — +oo. (17)
Define
hn(z,8,b,A) = f(;co + ez, u(zo) + €ns, b, A). (18)
By the growth conditions there exists ng € N such that for all n > ng,
(b +[A]) = C < b (2, 5,0, A) < C(|b|” + [A] + 1) (19)

for some constants ¢, C > 0. Consequently there exists a constant C' > 0, possibly de-
pending on xg, such that

—C < hp(z, wo(z),v(x0), Vwo(z)) < C. (20)
Also

hn (a?, wZ’t)‘ (x), U?”f‘ (x), VwZ’t)‘ (x)) dx

o

hn, (x,wn,vn,an) dx

BN {an (z;2)<s} (21)
n,A vn)\ \v4 n,A

+/ hn(xawsta st o wst>daj
BN{s<t, (x;)) <t} ’ ’ ’

+/ b (2, wo (), v(wo), Vwo(x)) do = I + I + Is.
BN{wy, (z;\) >t}
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By the growth conditions and the definition of h,, we have
IggC’{xEB:wn(x;)\)>t}‘. (22)
On the other hand, if s < W, (x; ) < ¢ then
YVl (@) = Vu(@o) + s, (Wn (23 M) (Vg (z) — Vg (x))
+ (wn(@) = wo(®)) ® L (1)) V (10 (2 1))
By we have

L <C 1+ |[Vwy(z) — Vwe(z)] + [vn(z) — v(z0)|” do
Bn{s<w.(@N)<t}

=7
U= 8 JBn{s<wn(z;))<t}
We remark that for almost every ¢t and A

|wn () — wo ()| [V (@ (z; X)) | da. (23)

lim (1 + [Vwy(x) — Vu(zo)| + |vn () — v(z0)[") dz =0 (24)

s J L, (z0) <t}
and by the coarea formula

. 1 /
lim
s=t= t = 8 Jpnfs<ib, (z:0) <t}
. 1
< lim
s=t= 1= 8 JBA{s<wn (z:0)<t}
<tHN T ({z € B dn(z3)) = t}).
Due to the fact that {v,} is a C§5°(RY;R™) sequence, for every C' > 0, for every n there
exists A, € [1,400) such that A\, < A\y1, Ay = +00 as n — +oo and

Vv,
/ [Vienll 4, < (26)
B M
On the other hand, by (19 and (20)
IV ([wn (#) = wo(x)])| dx

|wp (x) — wo(z)] |V(zi)n(x,)\))| dx

(W (25 0)) |V (@n (23 M) | da (25)

/Bﬂ{wn(m;/\n)ﬁl}

<

/ (|Vawn (2)| + C) dz
Bn{wn(z;An)<1}

< C’/B(hn (z,un(z),vp(2), Vwy(z)) + 1) dz < C

since {wy,} and {v,} are convergent.
Thus, by

|V (@ (25 An))| d < C.
B, (2:7n) <1}

Recall that by the previous step {v,} is weakly converging in L?, thus [, [v,|Pdx < C
and by Holder inequality also || g [vn| dz < C. Consequently, since A, — +oo it follows
that [, % dx — 0 as n — 4o00. Hence, by Lemma 2.6 in [I7] there exists

Un 1/2 Un 1/3
b€ (I — woll o+ 2202Y 72 (G, g 4 Dlesy 2]
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such that and hold (with ¢t = t,,), and

C
In ([ — woll» + 50%)
Observe that the right hand side of tends to 0 as n — 400 since

and%%Oasn%—i—oo.

According to and we may choose 0 < s,, < t,, such that

/ (1 + |Vwy (x) — Vu(zo)| + |vn () — v(x0)|p) dx = O(1/n), (28)
{sn<tn(z;An)<tn}

(27)

thNJ({x € B :Wn(x; M) = tn}) < /6"

|wy,, — wollpr — 0,

1
/ (3 An)) |V (o (5 M) | de
tn — Sn BN{sp<tWn (2;An)<tn} (29)
1
< tn’HN_l({x € B :wy,(z;\,) = tn}) + O(ﬁ)
Set
~ M ~ A
Wy (2) = wy " (x),  Unlz) =07 ()
thus by
|wn — wol| o, <t =0, Up — v(x0) in LP as n — oo.

We get the following estimates using Step 3 in the first inequality, in the second
inequality, while for the third inequality we exploit the equality defining I7, I and I3
in (21), and the estimates obtained for I3 in and for I» in (23)), together with (27),

and (29):

g<>>hmuﬂ/ (w0 + 20, ulw0) + Enwa(2), va(2), Vi (2)) da

> lim inf — ! b (2, wn (), v (2), Vo, (2)) da
n—0 | Bl /i, (2:3n)<s}
> lim inf — / b (2, W (2), U (2), Vo, (2)) do — O<l>
n—oo |B| n
C

— —Cl{z € B:wy(x; \p) >ty }]

lonll L1 s —-1/6
In(||lw, — woll 1 (py + %)
_hnn—1>1<>I<1>f| |/ (2, Wn(2),0n(2), Vb, (z)) dz,
since
[onllz1(m) \ /2
tn 2> (Hwn - 'LU0||L1(B) + HT())
and thus
N 1 ||UnHL1 B
{a € B : (23 M) >t} < g(||wn — woll 1 ) + T())

[onll L1 () 1/2
< (IIwn —woll1(p) + )\7()) —0

The bound of {||Vw,| .} follows from (19).
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Step 5. Fizing xo and u(zg). We now fix in f the value of 2 and u. Indeed, using hypothesis
(H2,) and the fact that Vi@, and |9,|P have bounded L' norm, one gets

olw0) > limsup 1 / (20 + ent, 1(z0) + Ention (), (), Vi (2)) de

n—-+oo

> lim sup |B|/ 2o, u(wo), Un(z), Vi, (z)) dz.

n——+oo

Step 6. Slicing. At this point we are in an analogous context to [14] and the desired
inequality follows in the same way. It relies on the slicing method in order to modify
the sequences {¥,} and {w,} obtained in the previous steps, and exploit the convex-
quasiconvexity of f. Namely it is possible to find new sequences, denoted by {v;} C
LP(B;R™) N Cg°(RY;R™) and {w;} such that

1
E/Bﬁj(z) dz = v(zo) and w; € wo + Wy ™ (B;R™).

Let, for each k € N, L), = {z € B : dist(z,0B) < 1/k} that we call a layer. Consider
the layer Lo and recall that, by construction of ¥; and w; made in Step 4, there exists
c € R such that sup;ey |9 r(B) + supjen [IV@;ll1 () < ¢ Then if we divide Ly in
two sublayers, say S and S3, we have

Vj €N /S (16,(2) P + [V (2)]) d= <

2

or /Sgw<z>|p+ij<z>|)dzs

N o
N o

Thus for some subsequences of ¥; and w;, say ¥;, and @;,, and one of the sublayers
S3 or S3, say Sa, we have

N o

Vs €N / (155 (2) [P + |V, (2)]) d= <
Sa

Note that for some 0 < ay < 82 < 1/2 we can write
Sy ={z € B:ay < dist(z,0B) < f2}.

Define then a cutoff function 7, : B — [0,1] such that ns = 0 in IB U {# € B:
dist(z,0B) < aa}, and 772 = 1 in {z € B :dist(z,0B) > 82} and ||V <

Since

i [ote0) = g [ ()02 = foteo) 1= 57 [ ez

for j(2) € {j2} sufficiently large we have

ﬁ2 g’

v(xg) — \T%?I fB ng(z)ﬁj(g)(z) dz

< [o(zo)| + 1

‘ \B| fB n2(z dz‘

1 5
@/S |@;(2)(2) = wo(2)| dz <

and

N)M—l
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Repeating the procedure in the layer Ls (now working with three sublayers) and
so on for the next layers, we get j(k) € N increasing with k, S := {z € B : ap, <
dist(z,0B) < Bi} layer of diameter ]?127 and 7, cutoff function on B such that n; = 0 in
OB U{z € B :dist(z,0B) < ai}, and n, =1 in {z € B : dist(z,0B) > S}

[v(@0) = g7 [ e (2)50 () d

U b Sy o) de] < Polao) 1. (30)
/k(wﬂk)(z)'p + [V (2)]) dz < % (31)

and
|571,€| /Sk @iy (2) — wo(2)| dz < % )

Then, defining

v(zo) — \7113| S5 e (2)05 1) (2) dz
1— ‘—%ﬁ,' S5 e(2) dz

vk (2) == (1 —ni(2)) + 1k (2) 05k (2) (33)

and
wy(2) = (1 = mr(2))wo(z) + 1k (2)W; (k) (2) (34)

we have vy, € LP(B;R™) N Cg°(B;R™) with
! / v (2) dz = v(xg)
=7 k = v(Zo
1Bl /5
and wy, € wo + WOLOO(B; R™). Therefore, since

/ F (w0, u(xo), 0x(2), Vi (2)) dz
B

= / f(zo,u(xo),ﬁj(k)(z),Vﬁ)j(k)(z)) dz
{z€B:dist(2,0B)>B }

—|—/Sk f (0, u(z0), U (2), Viog(2)) dz

+/ f(x07u(m0)717k(z),vwk(z)) dz
{z€B:dist(z,0B)<ay}

§/Bf(xmu(xo),f}j(k)(z),Vzbj(k)(z))dz—l—/ f(wo,u(xo),ﬁk(z)7vwk(z))dz

Sk

_|_/ f(xo,u($o)75k(z)avwk(z)) dz,
{z€B:dist(z,0B)<ay}
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from Step 5, using the convex-quasiconvexity of f, assumption (H1,), the definition of 7,

69, B1), B2, B3) and B9,

g(xg) > limsup —
(o) 2 B3P )
1

> limsup — B [/ f (0, u(zo), U (2), Viog(2)) dz

k—-+o0

/ To, u(To), Tk (2), V) (2 ))d

- /s F (o, ulwo), 04 (2), Vg (2)) d=

_ / f(:co, u(xo), vk (2), th}k(z)) dz]
{ZGB‘dist(z OB)<ay}

[|B|f(xo, (o), (o), Vulao))

> hmsup 3]

— C(1+ |ox? + |v(zo)|P + |Vg(2)]) dz
Sk

7/ C(1+ |v(zo) P + |[Vu(zo)]) dz}
{z€B:dist(z,0B)<ai}

= f(z0, u(zo),v(x0), Vu(zg)).

In this way we achieved the desired inequality. m

4. Relaxation in W1 x L°. This section is devoted to characterizing the relaxed
functional .J, introduced in . Indeed we prove the following relaxation result

THEOREM 12. Let Q be a bounded open set of RN, and let f: Q x R x R™ x R™*N —
[0, +00) be a continuous function. If f and CQf satisfy hypotheses (Hly) and (H24)
then

Joo(u,v) = /Q CQf(x,u(x),v(x),Vu(x)) dr,
for every (u,v) € WHL(Q; R™) x L®°(Q; R™).

REMARK 13.

1) We recall that if the hypotheses (Hl) and (H24) are replaced by (8)—(L0), Propo-
sitions [6] and [§] guarantee the validity of Theorem [I2| under the assumption that only f
satisfies 7.

2) We also observe that Theorem |12 can be proven also imposing (H1l.) and (H2)
only on the function f but with the further requirement that f satisfies .

To see this it is enough to argue as in [5] in analogy with the proof of formula (6.1)
therein, namely one can reproduce the proof of Theorem [12| until the introduction of the
Yosida transform in page Then, recalling that standard arguments (as those exploited
in [I0]) allow to replace test functions in , by periodic ones, with 0 average. Thus in
order to estimate as in one replaces the sequence u, by w, = u x 9, + ¢, (as in
formula (6.11) in [5]), where ¢ is a periodic function almost realizing the infimum in
(say with an error 5 > 0, where clearly ¢ depends on ), and ¢, (z) := ry¢(;%), with
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rn — 0. Clearly also w,, — u in L'(€;R™). Then the integral in can be estimated in
an analogous way to Theorem

3) We also stress that if f satisfies (H1,) and (H2,) then clearly J,(u,v) < Joo(u,)
for every (u,v) € BV(Q;R™)x L>(Q; R™), where the extension to L (2; R™)x L>(Q; R™)
of jp and Jo, can be defined as in the first part of Remark @

Proof of Theorem [I4 The assertion will be achieved by double inequality. Clearly the
lower bound can be proven as for the case W1 x LP, with a proof easier than that of
Theorem since it is not necessary to ‘truncate’ the {v,} which are already bounded
in L°°. For what concerns the upper bound, we divide the proof into several steps after
having observed that, by virtue of Lemma [§] there is no loss of generality in assuming f
already convex-quasiconvex.

Step 1. Localization. In order to provide an upper bound for J., we start by localizing
our functional. The following procedure is entirely similar to [4, Theorem 4.3]. We define
for every open set A C  and for any (u,v) € BV(€;R") x L>(;R™) (see Remark [9]
for the definition of BV spaces)

Foo(u,v, A) := inf{lim inf F(u,, v, A) : u, = u in L' (4 R™), u, € L' (A4 R™),

v, = v in L®(A;R™), v, € L®(A4;R™)}

where

Fluv,4) = {fAf(x,u(x),v(x),Vu(x))d:v if (u,v) € WHI(A;R") x L®(A;R™),

+00 if (u,v) € (L*(A;R™) \ WH(A;R™)) x L®(A;R™).

We start by remarking that (H1l.) implies that for every u € BV(Q;R") and for
every v € L°(Q;R™) such that ||v||p~ < M, there exists a constant Cj; such that
Foo(u,v, A) < Cor(|A] + |Dul(A)). Moreover, one has

1) Fy is local, i.e. Foo(u,v, A) = Foo(u', v, A), for every A C Q open, (u,v), (u',v") €
L'(A;R™) x L>=(A;R™), such that (u,v) = (u’,v') a.e. in A.

2) Fo is sequentially lower semi-continuous, i.e. Fo(u,v,A) < iminf Foo(tn, vy, A)
for all A C Q open, for all u,, — u in L'(A;R") and v, — v in L=(4;R™);

3) Foo(u,v,-) is the restriction to A(2) := {4 C Q: A is open} of a Borel measure in
B(£2) (the Borelians of Q).

Condition 1) follows from the fact that the adopted convergence does not see sets
of null Lebesgue measure. Condition 2) follows by a diagonalization argument, entirely
similar to the proof of (ii) in [I4]. Condition 3) follows applying De Giorgi-Letta criterion
(cf. [12]) and indeed proving that for any fixed (u,v) € BV(Q;R"™) x L*°(£; R™),

Foo(u,v,A) < Foo(u,v, B) + Foo(u,v, A\ C) VA, B,C € A(Q)), A€ B e C.

We omit the details, since they are very similar to the proof of Theorem 4.3 in [4]. The
only difference consists of the fact that one has to deal with both u’s and v’s and exploit
the growth condition (H1s,).

Step 2. Blow-up. Since Joo(u,v) = Foo(u,v,Q) and Fo(u,v,-) is the restriction of a
Radon measure on the open subsets of  (i.e. A(Q2)) absolutely continuous with respect
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to |Du| 4+ LV, it will be enough to prove the inequality

dfoo sy Uy
%(m) < f(z,u(z),v(z), Vu(z)), LN-a.e. z € Q.
The proof of this inequality follows closely [18], [4] and [5].
Assume first that (u,v) € (WHH(Q;R?)NL>®(Q;R™)) x L*°(; R™). Fix a point g €
such that
dF o (u,v, )
dﬁij\,(ﬂ?o) (35)
exists and is finite, which is also a Lebesgue point of u, v and Vu and a point of approx-
imate differentiability for u. Clearly £V -a.e. z € (2 satisfy all the above requirements.

As in [I8] (see formula (5 6) therein) we may also assume that

T |Q o S /(W) — (o) |(1+ [Vu(z)|) dz = 0, (36)
lim —— [v(z) — v(xo)| [Vu(z)| dx = 0, (37)

e—0 |Q($07 ) Q(zo,¢)

(where we used Theorem [10[since v € L (£; R™) with respect to the measure |Vu|LY).
Choose a sequence of numbers ¢ € (0, dist(zg, 9)). Then, clearly for any sequences {u, },
up — uin L' | {v,}, v, = v in L™,

M T Foo(uavaBE(xO))
oy o) = lim ==

1
< hﬂéﬂf Egi{g’ Bzo)l . f (2, un(2), vo(2), Vg (z)) do. (38)
By virtue of Proposition 2.2 in [2] we can replace the ball B.(z) in by a cube
of side length ¢, and in fact from now on we consider such cubes.

As in Proposition 4.6 of [4] (see also [I8] and [15]), we consider the Yosida transforms
of f, defined as
fA(,I,U,U,f) = sup {f(x',u'7v,§)—)\Hm—x/|+|u7u/”(1+|§|+|v|)}
(z',u)EQXR™

for every A > 0. Then

(i) fnlz,u,v,8) > f(z,u,v,8) and fi(x,u,v,£) decreases to f(x,u,v,£) as A — +o0o.
(i) Az, u,v,8) > folx,u,0,€) if X <nfor every (x,u,v,€) € @ x R® x R™ x RV,
(iii) |f)\(xv u, v, f) *fk(zlv u/a v, §)| < )\(‘IE*Q:/‘ + "LL*U/D(1+ ‘€| + |U|) for every (Iv u, v, §)7

(', u',v,€) € A x R® x R™ x RP*N,
(iv) The approximation is uniform on compact sets. Precisely, let K be a compact subset
of Q x R™ and let § > 0. There exists A > 0 such that

f(@,u,0,6) < faw,u,0,8) < flw,u,0,8) +6(1+ |vf + [€])

for every (z,u,v,€&) € K x R™ x R™*N,
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Let x¢ be such that and hold, let {0,} be a sequence of standard symmetric
mollifiers and set u, = w* gpn, vy, := v. Then u, — u in LYQ(x0,€);RY), v, = v in
L®(Q(x0,); R™). Fix § > 0 and let K := B(xq, 232092 5 B(0, ju o). By (i)-(iv),
f(x,un(x),v(x),Vun(w)) < iz, up(2),v(x), Vu, (z))
< falzo, u(xo), v(z), Vun () + Az — zo| + |un(2) — u(zo) ) (1 + |v] + [Vun(z)])
< f (o, u(z0), v(2), Vin(2)) + 8(1 + [Vun(2)| + [v(2)])
+ (|2 = o] + [un(2) — u(@o)]) (1 + [Vup(2)] + Jv(2)]).

Since Vuy,(x) = (Vu * 0,)(2),

Foo(u,v,Q(xg,¢)) < liminf/Q( )f(x,un(a:),v(x),Vun(x)) dz

n—-+o0o

< lim inf/ f(zo, u(zo), v(x), Vuy(z)) do
Q(wo,¢)

n—-+o0o

+ limsup/ §(1+ [Vug(2)] + |v(2)])
Q(zo,¢e)

n—-+oo

+ Az = @0l + Jun () — u(@o)]) (1 + [Vua(2)| + [v(2)]) do

< lim inf / £ (20, u(wo), v(z0), Vu(o)) da (39)
Q(xo,¢)

n—-+oo

n—-+o0o

tlimsup [ G(1+ [Vuao)] + |(Tu s 02)(2)lofe) - viao)]| do
Q(z0,¢)

+ lim sup/ B1(Vu * op)(x) — Vu(xp)| da
Q(wo,¢e)

n—-+oo

+ limsup/ §(1+ |Vup(z)] + v(z)])
Q(zo,¢)

n—-+o0o
+ A(Jz = 2ol + |un(z) — u(zo)]) (1 + [Vun(2)| +|v(2)]) dz
(where the constant 3, depending on ||v||1,, is the constant appearing in )
Since Vu * 0, — Vu € LL _(Q;R"*N) we obtain

loc

lim sup /Q( )5 |(Vu * 0,)(z) — Vu(ao)| de < S |Vu(z) — Vu(zo)| dz. (40)

n—+00 Q(zo,e)
Passing to the limit on the right hand side of , exploiting , we get
Foo (u,v,Q(x0,)) < 1Q(wo,€)| f (0, u(xo),v(z0), Vu(zo))
FB0+ VaGeo)) [ Jola) = vfao)] da

Q(o,¢e)

+ limsup g8 [Vu* g, |v(z) — v(z0)|dz + B [Vu(z) — Vu(zo)| dz
n—-+o0o Q(zo,¢) Q(z0,¢)

+ (Ae+0)[(1 4 O)|Q(z0,2)|] + )\limsup/ |t — u(z)|(1 4+ C + |Vuy,|) da.
Q(zo,€)

n—-+oo
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Recalling that x( is a Lebesgue point for v, Vu and that holds, we have

ﬂO+WVMMM)/ o) — v(zo)|dz = 0

(1/,0 78)

lim sup

1
eot |Q(zo,€)]

1
lim su 7/ Vu(z) — Vu(zg)| dz = 0.
P 1000, S ey ¥ ) T Vo]

e—0+
Moreover, by virtue of and arguing as in the estimate of formula (5.11) of [I§]

we can conclude that

A
limsupilimsup/ lun — u(20)|(1+ C + [Vuy|) dz = 0.
csot |Q(0,8)| notoo Q(zo0,¢)

Then we can exploit (37) and argue again as for (5.11) in [I8] in order to evaluate
. B . /
lim sup ———— limsup |Vu * o, [v(z) — v(zo)| d.
cmot |Q(%0,€)| no+too Q(x0,e)

We will apply [I8, Lemma 2.5] and the dominated convergence theorem with respect to
the measure |Vu|dz, obtaining

limsup/ [v(x) —v(zo)| |Vun(z)| dz
Q(zo,¢)

n—-+oo

< limsup/ (\1} —v(xo)| * gn)|Vu(a:)| dx < / |v(z) —v(xo)| |Vu(x)| de.
Q(zo,e+1/n)

n—+o0 Q(zo,¢€)

One obtains from that

1
limsup limsup ——— v(x) — v(xg)| |Vup(x)| dx = 0.
0t m—toc ‘Q(m0a5)| Q(zg,s)‘ ( ) ( 0)|| ( )‘
Consequently,
dF o (u,v)(x
a(wo) = L= ) < pa ufan). o(w0). Vulwn) + (1 +C)o

acyN
Finally, sending d to 0 we conclude the proof when (u,v) € (Wh(£; R™)N L2 (Q;R")) x
L>(Q;R™).

Step 3. Passage from WH1(Q;R™) N L>(Q;R™) to WH1(Q;R"). To conclude the proof,
we can argue as in [I8] Theorem 2.16, Step 4], in turn inspired by [4], introducing the
following approximation.

Let ¢, € C(R™;R") be such that ¢,(y) = y if y € B,(0), |[Von|lr~ < 1, where
B,,(0) is the ball centered at 0 with radius n. By [3, Theorem 3.96] ¢,,(u) € WH1(Q;R™)N
L>(;R™) for every n € N. Since ¢,,(u) — u in L', by the lower semicontinuity of J
we get

Joo(u,v) < liminf/Q f(z,dn(u),v, Vo, (u)) dz.

n—-+oo

Arguing in analogy with [4, Theorem 4.9] one can prove that

limsup [ f(e.6u(u), 0. Von(w) do < [ flo.u,0.Vu) o
Q Q

n—-+oo

which concludes the proof. m
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5. Relaxation in W1 x LP. This section is devoted to the proof of the following
theorem. It relies on Theorem (12| and on some approximation results (see [4]).

THEOREM 14. Let 1 < p < 4o00. Let Q be a bounded open set of RY, and let f :
Q x R® x R™ x RN — [0, +00) be a continuous function. If f satisfies (H1,) and
(H2),), then

JIp(u,v) = /QCQf(:E,u(x),v(m),Vu(x)) dx,
for every (u,v) € WHLH(Q;R™) x LP(;R™).

Proof. The lower bound follows from Theorem For what concerns the upper bound,
without loss of generality, by virtue of Lemma [§] and Proposition [f] we may assume that
f is convex-quasiconvex.

Observe first that since f fulfils (H1,) and (H2,), then it satisfies (Hlo,) and (H24)
in the strong form (8)—(10). Consequently, up to the extension to L' (Q; RY) x L>°(; R™)
of J, and J. proposed in Remark

Jp(u,0,9) < Joo(u,v,9) (41)

for every (u,v) € BV(;R™) x L>®(; R™).
For every positive real number A, let 7y : [0, +00) — [0, +00) be defined as

o [t HosEsA
T ol
A 0 ift> A

For every v € LP(Q;R™), define vy := 7x(|v[)v. Clearly [, [vA[P dz < [, [0 dz and vy —
vin LP(Q;R™), as A — +oc. By the lower semicontinuity of .J,, , and Theorem
for every sequence {A} such that A — +oo we have

Jp(u,v) < H/\m inf J,(u,vy) = lim inf/ f(z,u(z),va(z), Vu(z)) dz.
— 00 Q

A—+o0

Lebesgue’s dominated convergence theorem entails that

Tyluso.) = [ f(ou(o).v(e), Vu(o)) da,
Q
for every (u,v) € WhH(Q;R"™) x LP(£2;R™), and this concludes the proof. =
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In this note, we correct a mistake present in [2]. The theorems stated remain valid
but the proof of Theorem 11 should be slightly modified. Namely, in Step 4, the sequence
v:’f‘ has to be defined in a different way to obtain the weak convergence in L” stated in
condition (17).

In detail, in the proof of Theorem 11 define

0 (@) = 7o, (00) (@) + @t (Dn (23 X)) (v (2) = 72, (0(2))),

thus ensuring the second convergence in formula (17). Replace also formula (20) by

—C+ %\TLW, (vn)(@)[P < b (2, wo (), 71, (vn(2)), Vwo(x)) < C(1 + |71, (v (2))[7).

Here the sequence 77, (v,) is obtained from v, according to the Decomposition Lemma
below, whose proof can be found in [I, Lemma 8.13].

LEMMA 1. Let1 < p < 400, and let {v,} be a bounded sequence in LP(Q;R?). For L > 0
consider the truncation 7, : R4 — R? given by
z if 12| < L,
() =02 > L

2]
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Then there exists a subsequence of {v,} (not relabeled) and an increasing sequence {L,},
with L, — 400, such that the truncated sequence {7, o v,} is p-equi-integrable and
7L, © Un — UnllLag) — 0 for all 1 < q < p.
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