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Abstract. We consider second order semilinear hyperbolic functional differential equations
where the lower order terms contain functional dependence on the unknown function. Existence
and uniqueness of solutions for ¢ € (0,T), existence for t € (0, c0) and some qualitative properties
of the solutions in (0, c0) are shown.

1. Introduction. In the present paper we consider weak solutions of initial-boundary
value problems of the form

u’ () + Q(u(t)) + (@) (u(t)) + H(t,z;u) + Gt,z;u,u')=F, t>0, xze€Q, (1)
w(0) = ug, u'(0) = uy, (2)

where 2 C R” is a bounded domain and we use the notation w(t) = u(t,z), v’ = Dyu,
u” = D?u, Q may be a linear second order symmetric elliptic differential operator in
the variable z; h is a C! function having certain polynomial growth, H and G contain
nonlinear functional (non-local) dependence on w and «’, with some polynomial growth.

There are several papers on semilinear hyperbolic differential equations, see, e.g.,
[3], [], [10], [13] and the references therein. Semilinear hyperbolic functional equations
were studied, e.g. in [5], [6], [7], with certain non-local terms, generally in the form of
particular integral operators containing the unknown function. First order quasilinear
evolution equations with non-local terms were considered, e.g., in [I12] and [14], second
order quasilinear evolution equations with non-local terms were considered in [I1], by
using the theory of monotone type operators (see [2], [9], [15]).

This paper was motivated by the classical work [9] of J.-L. Lions where the equation
was considered in the particular case Q = —A, o = 1, K'(n) = nln|*, H =0, G = 0
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(semilinear hyperbolic differential equation). The proofs are based on Galerkin’s method
and imbedding theorems in Sobolev spaces. The aim of this work is to show that the
ideas of [9] can be applied to semilinear hyperbolic equations, containing non-local terms
of rather general form which may be of different types (integrals with respect to the space
or time variable or terms with discrete delay etc.).

In Section 2 the existence of weak solutions will be proved for ¢t € (0,7) and in
Section 3 we shall prove existence and certain properties of solutions for ¢t € (0,00),
finally, in Section 4 the uniqueness of the solution will be shown.

2. Existence in (0,7T). Denote by 2 C R" a bounded domain having the uniform C*
regularity property (see [1]), Q7 = (0,T) x Q. Denote by W2(£2) the Sobolev space of
real valued functions with the norm

ol = [ f (32 1o+ ) aa] ™

Further, let V' € W'2(Q) be a closed linear subspace of W12(2) containing Wy?(Q2)
(the closure of C§°(Q)), V* the dual space of V, H = L?(2), the duality between V*
and V will be denoted by (-, -), the scalar product in H will be denoted by (-, -). Denote
by L?(0,T;V) the Banach space of the set of measurable functions u : (0,7) — V with
the norm

T 1/2
lullzoirry = [ [ I ot

and by L*°(0,T;V), L>(0,T; H) the set of measurable functions w : (0,7) — V,
u: (0,T) — H, respectively, with the L°°(0,7) norm of the functions ¢ — |lu(¢)|v,
t — ||u(t)||m, respectively.

Now we formulate the assumptions on the functions in .

(A1) Q:V — V*is a linear continuous operator such that

for all 4,9 € V with some constant ¢y > 0. Further we shall use the notation

(Qu)(t) = Qu(t)).

(A2) ¢ : Q — R is a measurable function satisfying
c1 < p(x) <cg foraa. z e

with some positive constants ¢y, cs.
(A3) h:R — R is a continuously differentiable function satisfying

h(n) >0, |h'(n)| < const |n|* for [n| > 1
n

where 1 < A < Mg = 2ifn23, l< A< xifn=2.
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(AL) h: R — R is a continuously differentiable function satisfying with some positive
constants cs, ¢4
h(n) >0, csln|> < |W(n)| < caln|® for |n| > 1, n >3 where A > \g = LQ,
n—
|W (n)| < caln* for |n| > 1, n =2 where 1 < X < cc.

(A4) H:Qr x L*(Q1) — R is a function for which (¢,x) + H(t,z;u) is measurable for
all fixed u € L?(Q), H has the Volterra property, i.e. for all t € [0,T], H(t,x;u)
depends only on the restriction of u to (0,¢); the following inequality holds for all
t €[0,T] and u € L?(Q):

¢ ¢
/ / |H (7, z;u)|? de dr < const/ / h(u(r)) dx dr.
0 Jo 0o Jo

Further, for any fixed functions wy, wa, ..., w, € V (if (As) is satisfied) and
Wy, Wa, . .., Wy, € V N LA(Q) (if (A%) holds), respectively, for every K > 0 there exists
Y € LY(0,T) such that for |(c1,c2,...,cm)| < K

{/Q‘H(t,x;ic;cwo ’2dm} v <(t), telo,T).
k=1

Finally, (uz) — u in L?(Qr) and (uz) — u a.e. in Qr imply
H(t,z;up) = H(t,x;u) for a.a. (t,x) € Q.

(As) G:QrxL3*(Qr)x L>(0,T; H) — R is a function satisfying: (t,z) — G(t, z;u, w) is
measurable for all fixed u € L*(Qr), w € L>(0,T; H), G has the Volterra property:
for all t € [0,T], G(t, x; u,w) depends only on the restriction of u,w to (0,t) and

|G(t, z;u,w)| < eslw(t)] + cg
with some constants cs, cg.
Further, if
(ug) — w in L*(Qr) and a.e. in Qr, (wp) — w weakly in L>°(0,T; H)

in the sense that for all fixed g; € L'(0,T; H)

T T
/ (91 (8), we (b)) dt — / (g1(8), w(t)) dt,
0 0

then
G(t, z;up, wg) = G(t, x;u,w) weakly in L>(0,T; H).

THEOREM 2.1. Assume (A1), (As), (A3z), (Ag), (As). Then for all F € L%*(0,T;H),
ug € V, uy € H there exists u € L*°(0,T;V) such that

u' € L0, T; H), " e L*0,T;V*),
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u satisfies in the sense: for a.a. t € [0,T], allv eV

(' (0).0) + Q). ) + [

gp(w)h’(u(t))vdm—i—/ H(t,x;u)vdz
Q Q
+/ﬂG(t,w;u,u’)vdw=(F(t),v) (3)

and the initial condition is fulfilled.
If (A1), (A2), (A), (Ay), (As) are satisfied then for all F € L?(0,T;H), up € V N
LML), uy € H there exists u € L>=(0,T;V N LAY(Q)) such that

u' € L=(0,T; H),
u” € L*(0,T;V*) + L>®(0,T; LAY/2(Q)) ¢ L2(0,T; [V 0 LAMY(Q)]*)

and u satisfies (1)) in the sense: for a.a. t € [0,T], allv € VN LM1(Q) holds, further,
the initial condition 1s fulfilled.

REMARK 2.2. v € L*(0,T;V*) + L>®(0,T; LA*D/X(Q)) means that for the distribu-
tional derivative u” = D?u we have

u" = uy + up where uy; € L2(0,T;V*) and uy € L(0,T; LATV/2(Q)).
Since in this case
(W) =u" € L*(0,T; [V N L MHQ)]*)
and v’ € L>(0,T; L*()) C L*(0,T; [V N LM(Q)]*),
by Lemma 1.2 in Chapter 1 of [9]
u' € C([0,T]; [V 0 LM*HQ)]),

thus the initial condition u/(0) = u; € H makes sense since H C [V N LA 1(Q)]*.
Similarly, if (As) is satisfied, by

u” € L*(0,T;V*), o' € L>®(0,T;L*(Q)) C L*(0,T;V*),
we have v’ € C([0,T]; V*), so the initial condition v'(0) = u; € H makes sense.

Proof. We apply Galerkin’s method. Let wi,ws,... be a linearly independent system
in V if (A3) is satisfied and in V N LAML(Q) if (A}) is satisfied such that the linear
combinations are dense in V and V N LA1(Q), respectively. We want to find the m-th
approximation of u in the form

um(t) = Zglm (t)wy (4)
=1

where g;,, € W22(0,T) if (A3) is satisfied and g, € W22(0,T) N L*(0,T) if (Aj) is
fulfilled, further, for all j =1,...,m

(ul (8), w5 + (1)), w5) + /Q (@) (i ()0
—|—/§2H(t,x;um)w]— dx—i—/QG(t,x;um,um)wj de = (F(t),w;), (5)

Um (O) = Um0, u;n (0) = Um1 (6)
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where Umo, Um1 (m =1,2,...) are linear combinations of wy, wa, ..., w., satisfying
(tmo) — ug in V and V N LM1(Q), respectively, as m — oo (7)
and  (up,1) — uy in H as m — oo. (8)

It is not difficult to show that all the conditions of the existence theorem for a system
of functional differential equations with Carathéodory conditions (see [8]) are satisfied.
Indeed, (As), (A%), (Ay), (As), imply that all the terms in containing the coefficients
qim(t) are continuous with respect to gi,(t) and they can be estimated by a Lebesgue
integrable function if the variables g;,,(t) and gj,,(¢) are in a small neighbourhood.

Thus, by using the Volterra property of G and H, we obtain that there exists a
solution of , @ in a neighbourhood of 0. Further, the maximal solution of , @ is
defined in [0, 7). Indeed, multiplying by g;,,,(t) and taking the sum with respect to 7,
we obtain

(1), g (1)) 4 (Quma (1)), (1)) + / () (i (t) )iy, (t) dx

Q
/H (t, @5 wm )ul,, (t )dx+/QG’(t,x;um,u'm)u;n(t) dr = (F(t),ul,(t)). (9)

Integrating the above equality over (0,¢) we find by Young’s inequality and by using the
formulas

/ (Ot (7)), 1 (7)) i .
0

(Qum (1)), um (1)) = 5 (Q(um (0)), um(0)),

MM—A

[ )ty dr = 5 01 = 5 1 O
(see [15)]):

3 1Ol + 5 (@00 (0) + [ la)hun () do

/ /HTxum (T )dx} dT+/ /erum,um) ;n(T)d$:| dr

- / (F )t (1) dr + 5 [0t O] + 3 ((Qun) (0), 1 (0)) + /Q (@) (1 (0))

0

1
/ | E(7)||% dr + = /Hu m)||3 dr + const  (10)

where the constant is not depending on m and t. Indeed, by @f., U (0)) is bounded
in V and V N L*1(Q), respectively, and (u/,,(0)) is bounded in H; (Qu,,)(0) is bounded
in V* by (A;). Further, (h(u,,(0))) is bounded in L(2) since by (A3)

/Qh(um(())) dx < Const/ (14 (um (0)M] dz

Q

< const/ [1 + (um(o))(2n—2)/(n—2)] de < const/ [1 + (um(0>)2n/(n—2)] de
Q Q

and by Sobolev’s imbedding theorem W'2(Q) is continuously imbedded into L*>"/(*=2)(Q)
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and if (A%) is satisfied then
/ h(um(0)) dx < const/ [1+ (um (0)*] dz < const
Q Q
because (uy,(0)) is bounded in LA1((Q).
By using (As), (A4), (As) and the Cauchy—Schwarz inequality, we obtain from
1 1~
3 N )1+ 5 (@ (), un(0) + 1 [ hlun(®) do

Q

1 T t t
< / | F ()13 dT—i-const/ llul, (T)]% dT+c0nst/ [/ h(tpm (1)) da:] dt + const
0 0 o LJa

=2
t
:const/ [Hu%(r)”%—l—/ h(um(T))dx] dr + const. (11)
0 Q
Consequently,

||u;n(t)||§{+/ﬂh(um(t))d:cSconst{1+/0t{|uﬁn(7)|%,+/Qh(um(r))dx} dT}

where the constant is not depending on ¢ and m. Thus by Gronwall’s lemma

(1 + | A (0)) di < const (12)
Q
Hence by and (A1) we obtain in a neighbourhood of 0

[[tn (8) ]| < const (13)

and the constant is not depending on ¢ which implies that the maximal solution of ,
(6) is defined in [0, T]. Further, the estimates (12), hold for all ¢ € [0,T] and in the
case A > A\g, n >3

[[ttm () [lvnza+1(e) < const, (14)
thus
Hum||L°°(O,T;VﬂL>\+1(Q)) < const. (15)

By , , if (A3) is satisfied, there exist a subsequence of (u,), again denoted by
(Um) and u € L*(0,T; V) such that

(um) — u weakly in L>°(0,T;V), (16)
(uy,) = u' weakly in L>(0,T; H) (17)
in the following sense: for any fixed g € L*(0,T;V*) and g; € L'(0,T; H)

T T
/<¢mww»me/kmmmmm,
0 0
T T
/Xmmmumﬁﬁjkm@met
0 0

Similarly, in the case A > Ao, n > 3, there exist a subsequence of (u,,) and a function
u € L>=(0,T;V) N LM1(Q)) such that

() — u weakly in L>(0,T;V N L)), (18)
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which means: for any fixed g € L'(0,T; (V N LAM1(Q))*)

T T
/ (9(8), um () dt — / (g(t), u(t) dt
0 0

Since the imbedding W12(Q) into L?(Q) is compact, by 7 we have for a
subsequence
() — win L*(0,T; H) = L*(Qr) and a.e. in Q7. (19)
As Q : V — V* is a linear and continuous operator, by (16) for all v € V and
v € VN LML(Q), respectively, we have

((Quim)(t),v) = ((Qu)(t),v) weakly in L>(0,T) (20)
and by .
{um (#),v) = 7 (upn (8),0) = (u(1), ) (21)

with respect to the weak convergence of the space of distributions D’(0,T).
Further, by and the continuity of A’

o(x)h (um () — p(x)h' (u(t)) for a.e. (t,z) € Qr.
Now we show that for any fixed
ve L20,T;V), wveL*0,T;V)nLY0,T; L (Q)),
respectively, the sequence of functions
p(@) (um (t))v (22)

is equiintegrable in Q. Indeed, if (As) is satisfied then by Sobolev’s imbedding theorem
and for all t € [0,T)

l(@)h (um (£))[| 720y < const [|A' (wm (8) |72 ()
< const [1 —|—/ |Um(t)|2>‘0 dm] < const [1 + ”um(t)”%}\o} < const,
Q

thus the Cauchy—Schwarz inequality implies that the sequence of functions is equi-
integrable in Q.
If (A%) is satisfied then for all ¢ € [0, T

/ | () B (g ()| ATV da < const/ [R(um (t)) + 1] dz < const
Q

thus Holder’s inequality implies that the sequence is equiintegrable in Q. Conse-
quently, by Vitali’s theorem we obtain that for any fixed

ve L*0,T;V), wvelL*0,T;V)nLY0,T; L*(Q)),

respectively,
lim o(2)h (um (t))v dt do = / e(x)h (u(t))v dt dz (23)
Qr Qr
and
p(a)h (u(t)) € L*(0,T; V), p()h' (u(t)) € L=(0,T; LYTD/A(Q)) (24)

if (A3), (A%) holds, respectively.
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Further, by and (Ay)
H(t,x;um) — H(t,z;u) ae. in Qp (25)
and by

/ |H (t, ;U )| dz dt < const/ h(um (t)) dz dt < const,
Qr Qr

hence, by the Cauchy—Schwarz inequality, for any fixed v € L?(0,T; V), the sequence of
functions H(t, x; un,)v is equiintegrable in Qr, thus by and Vitali’s theorem

lim H(t,z; up)vdtde = H(t,z;u)vdtde (26)
m=eJQr Qr

and
H(t,z;u) € L*(0,T; V™).

Similarly, (17), and (Aj) imply
G(t, z;um,ul,) — G(t,x;u,u’) weakly in L>°(0,7T; H) (27)
and for arbitrary v € L?(Qr) and, consequently, for all v € L2(0,T;V) by
lim G(t, z;um, up, v dt de = G(t,z;u,u")vdt dz (28)
M=o JQr Qr

and
G(t,z;u,u’) € L*(Qr) C L*(0,T; V*).

Now let
veVand ¢ € C3°(0,T)

be arbitrary functions. Further, let zy = Z;\le bjw;, b; € R, be a sequence of functions
such that
(zy) = vin V and V N LAML(Q), (29)

respectively. Further, by we have for all m > N

T T
/(ﬂ%@xmwwﬁ+/<Mwﬁ»mW@ﬁ
0 0

/ / " () 2N (¢ )dtdm—i—/ /H t, @ Um) 2N (L) dt dx

+ / / Gt 23, Vo o(2) db d = / (F(t), 2x)0(t) dt. (30)
0 Q 0
By , , , , we obtain from as m — oo
T
—/<uwzmwom+/<m<» W)l dt

/ / t)zn(t) dtdx—l—/ /H t,x;u)zny(t) dt do

+ /0 /Q Glt, 230, ') enb(t) dt do — /O (F(t), 2x) (1) dt.
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From equality we obtain as N — oo

T T
- / ( (8), o) (8) dt + / (QCu(t)), vy (t) dt
0

/ / t)v(t) dtdw—l—/ /Htx w) oy (t) dt do

T
+ / Gt 5w, 0 Yo (£) dt da: — / (F(),)o(t) dt. (31)
o Jo 0
Since v € V and ¢ € C§°(0,T) are arbitrary functions, means that
u" € L*(0,T;V*) and o” € L?(0,T; (V N LAMYH(Q))*), (32)
respectively (see, e.g. [I5]), and for a.a. t € [0,T]
' 4+ Qu + o(z)h (u) + H(t, z;u) + G(t, z;u,u’) = F, (33)

i.e. we proved .

Now we show that the initial condition holds. Since w € L*(0,T;V), v’ €
L>(0,T; H), we have u € C([0,T); H) and for arbitrary ¢» € C*°[0,T] with the properties
$(0) =1, (T) =0, and all j

/ <u/(t)ij>¢(t)dt:_(u(())ij)H_/ (u(t), w; )y’ (¢) dt,
0 0

T T
/0 (U (1), wi) Y (t) dt = —(um (0), wj) —/0 (um (), w;)' (t) dt.
Hence by @, , , , we obtain as m — oo
(w0, wj)ir = M (upmo, wj)ir = lim (upn(0), w;)e = (w(0), w;)

for all j which implies u(0) = uo.

Similarly, since
u' € L®(0,T; H) and v’ € L*(0,T; V*) + L>=(0, T; LATY/A(Q))

if (A%) holds, we obtain by Remark [2.2| with a function ¢ € C*°[0, T'] with the properties
P(0)=1,9(T) =0

T T
| 0. ote) dt =~ 005 = [ (0.0
whence by @, , , , we obtain as m — oo
(wr,wi) g = Tm (i, i) = T (w,(0),w;) 0 = (0/(0),w;) i

for all j which implies u/(0) = u1. The case where (As) holds is similar. m



216 L. SIMON

EXAMPLE 2.3. Let the operator Q be defined by

n

(@) = [ [ 3 au(o)(D(D;) + da)ie] da

=1
+Z/Q[Djf1(x)/QKj(z,y)Djﬁ(y) dy} d:L’Jr/ / Ko(z,y)u dy} dx
j=1
where a;;,d € L>(Q), aji = a, Z aji(z)€& > colé]?, d > co with some positive

constant ¢y and the functions K; € L ( x 1) satisfy
K;(z,y) = K,(y,z) for a.a. z,y € Q and Kj(z,y)w(x)w(y)dxdy > 0
QxQ

for all w € L?(Q). (The last assumption means that the integral operators defined by the
kernels K; are selfadjoint and positive.) Then, clearly, assumption (A,) is satisfied.

If his a C! function such that h(n) = |n|**?1 if |n| > 1 then (A3), (A}), respectively,
are satisfied.

Further, let & : R — R be a continuous function satisfying

const [n|A+1/2 < |h(n)| < const || MY/2 for n] > 1

with some positive constants. It is not difficult to show that the operators H defined by
one of the formulas

H(t,x;u):x(t,x)ﬁ/ u(T,g)deg),

H(t,z;u) = tzﬁ(/ T:ch

H(t,zu) = (/ tgdg
where TECl O<T( S (t)>01>0

satisfy (Ay) if x € L>=(Q7).
The operator G may have the form
G(t, z;u,w) = 1 (t, z;u)w(t) + e (t, T5u)

where the values of the operators (of Volterra type) 1,19 : Qr x L?*(Qr) — R are
bounded,

(ug) — u in L*(Qr) and a.e. in Qr
imply ¢, (t, x;ug) — ¥;(t, z;u) for a.a. (t,z) € Qr (j=1,2).

Then (As) is fulfilled. The operators 11,12 may have form similar to the above forms
of H with bounded continuous functions h.

REMARK 2.4. Instead of th u(T, &) dr d€ one may consider fQ (t, 7, &)u(T, &) dr d¢

with “sufficiently good” kernel K. Similar generalizations of fot u(r,z)dr and [, u(t, &) d¢
can be considered.
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3. Solutions in (0,00). Now we formulate and prove existence of solutions for
t € (0,00). Denote by L (0,00;V) the set of functions u : (0,00) — V such that
for each fixed finite 7" > 0, their restrictions to (0,T") satisfy u|, 7y € LP(0,7;V) and let
Qoo = (0,00) x Q, L (Qso) the set of functions u : Qoe — R such that u|g, € L*(Qr)

for any finite T
Now we formulate assumptions on H and G.

(B4) The function H : Qo X L (Qoo) — R is such that for all fixed u € L2 _(Qo) the

function (¢,2) — H(t,x;u) is measurable, H has the Volterra property (see (Ay))
and for each fixed finite T' > 0, the restriction Hr of H to Q7 x L?(Qr) satisfies (A4).

REMARK 3.1. Since H has the Volterra property, the restriction Hp is well defined by
the formula

Hr(t,z;0) = H(t,z;u), (t,x) € Qr, u¢c L*(Qr)

2 (Qo) may be any function satisfying u(t,z) = (¢, x) for (¢, z) € Q.

loc

where v € L

(Bs) The operator
G: Qo x L (Qoo) X L2.(0,00; H) = R

loc

is such that for all fixed u € L2 (Qx), w € L2 (0,00; H) the function (t,z)
G(t,z;u,w) is measurable, G has the Volterra property and for each fixed finite

T > 0, the restriction Gr of G to Qr x L?*(Qr) x L>(0,T; H) satisfies (As).
THEOREM 3.2. Assume (A1)—(A3), (By), (Bs). Then for all F € L% _(0,00; H), ug € V,

loc
uy € H there exists

u € L2.(0,00; V) such that v’ € L{2.(0,00; H), u" € LE.(0,00;V*),

u satisfies for a.a. t € (0,00) (in the sense formulated in Theorem and the initial
condition .

If (A1), (A2), (A%), (By), (Bs) are fulfilled then for all F € L% _(0,00;H), ug €
VN LMYQ), uy € H there exists

u € L2.(0,00; V N LAM(Q)) such that v’ € LX,(0, 005 H),
W € L3,u(0,00: V) + L% (0,00t LOFDA Q) € LB (0,001 [V 1 LM (@),

u satisfies (1)) for a.a. t € (0,00) (in the sense formulated in Theorem[2.1)) and the initial
condition .

If there exists a finite Ty > 0 such that

fora.a.t>Ty, F(t)=0, G(t,z;u,w)=0, (34)
for a.a. t >Ty, H(t,z;u) =0 (35)
then for the above solution u we have
u e L®(0,00;V), wue L>®(0,00;VNLMYQ)), respectively, (36)
and ' € L*(0,00; H). (37)

Further, if instead of the condition
F — Fy, € L*(0,00; H) and G(t,z;u,u ) (t) > éu'(t)? (38)
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holds with some constant ¢ > 0 and with some Fy, € H such that there exists us, € V
satisfying Queo = Fio then

lu'(t)|| i < const e, ¢ € (0,00) (39)
and there exists wg € H such that
uw(T) = wo in H as T — 0o, ||u(T) — wol|sr < const e~ (40)

Proof. Similarly to the proof of Theorem we apply Galerkin’s method and we want
to find the m-th approximation of solution w for ¢ € (0,c0) in the form (see (4])).

U () = Zglm(t)wl
=1

where g;,, € W22(0,00) if (Az) is satisfied and g;,, € W52(0,00) N L2 (0, 00) if (A%) is
satisfied. Here VVI%)CQ(O7 o0) and L (0, 00) denote the set of functions g : (0, 00) — R such
that the restriction of g to (0,7) belongs to W22(0,T), L>(0,T), respectively.

According to the arguments in the proof of Theorem [2.1] there exists a solution of
, @ in a neighbourhood of t = 0. Further, we obtain estimates f and 7,
respectively, for ¢ € [0, T with sufficiently small T' where on the right hand side are finite
constants (depending on T"). Consequently, the maximal solutions of , @ are defined
in (0, 00) and the estimates (I2)—(15) hold for all finite 7' > 0 (if t € [0, T7]), the constants
on the right hand sides are depending only on T

Let (Tk)ren be a monotone increasing sequence, converging to +oo. According to the
arguments in the proof of Theorem there is a subsequence (ty,1) of (uy,) for which
(16), and hold, respectively, with T' = Tj. Further, there is a subsequence ()
of (1) for which , and hold, respectively, with T' = T5, etc. By a diagonal
process we obtain a sequence (Umm)men such that , , hold for every fixed
T > 0; further,

u € Lis.(0,00:V), ' € Lig.(0,00: H), u € L,o(0,00;V*)
and w € L2.(0,00; VN IAMY(Q)), o € L.(0,00; H),
u'" € Lie (0,003 V*) + L5, (0, 00; LATV/A(Q)),

respectively.
Now we consider the case where holds. Then by we obtain for all t > 0

3 1Ol + 5 ((Qua) () (0) + 1 [ (1)) d

1
< 1N 220,700 1w | 22 0,70,10) + B [z (0) 1
1
+ 5 (Quu) 0. () + €2 [ Al (0)da

To
+ const/ / h(um (7)) da dr + const [||ur, 120 1.rry + 1] -
0o Jo

Since the right hand side of this inequality can be estimated by a constant not depending

on m and t > 0, we obtain and (37).
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If . holds instead of (34)), we find (39 . from in a similar way. By @ Quoo=

we obtain for wy, = U, — U (since wl, u;n)

(Wi (B)wy, (1)) + (Qum) (), w),, (£)) + /Q p(2)h (m )y, (1) daz

/ H(t,z;um)w., (t) dz +/ G(t, T um, uly w), (t) do = (F(t) — Foo,wl, (t)). (41)
Q
Integrating over [0,t] we find (similarly to (L0))

3 1 01+ 3 (@m0, wm(®) + [ oMl do-+ [ [ Jug () de] a

<s/ /|w |2d:c dr 4+ C(e / |1 E(T Fm||%d7

4 3 I (O + 5 ((Qun) (0),um(0)) + /Q B (0)) d

To 1/2
+const{ / [ / h(um(T))dx] dT} Wil 2o msrry - (42)
0 Q

Choosing € = ¢/2 we obtain

t
/ [/ |w! (7)) dm} dr < const (43)
o tJa
for all ¢t > 0, m which implies ' € L?(0,00; H) because for every finite T > 0
wh, =, — u' weakly in L>(0,T; H).
Further, from , we obtain

e+ @ [ il <

with some positive constant ¢* not depending on m and ¢. Thus by Gronwall’s lemma we
find
lum )7 = W, ONF < c'e™, t>0,

which implies .

Further, for arbitrary 77 < T5
lu(T2) = w(T)llz = (u(To), w(T2) = w(T1) i — (w(T1), w(Te) — u(Th))m

Ty T>
- / (W (£), u(Ty) — u(Ty)) dt = / (! (£), u(Ty) — u(Ty))y dt

T1 Tl
T>
< [Ju(T2) _U(TI)HH/ [/ (8)| r dt
T
which implies

T
lu(Ts) — u(Ty)|i < /T &) | . (44)

Hence by

lu(Ts) — w(Th)||g — 0 as Ty, To — oo
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which implies and by , we obtain

(T — woll g/ /()| dt < conste—". m
T

4. Uniqueness of the solution
THEOREM 4.1. Assume that the conditions (A1)—(As) are fulfilled such that
G(t, z;u,u') = () (t)
where 1& is measurable and }
0 < ¢(z) < const, (45)

h is twice continuously differentiable and

R ()| < const [n|*~" for ] > 1. (46)
Further, for allt € [0,T)

t t
/ {/ |H (7, 2;u71) _H(T7J};u2)|2d$j| dr < M(K)/ {/ luy — ug|? dm} dr
o e o e
i uy € L2O.T5V) and [l =0z < K. (47)
where M (K) is a constant depending on K.

Then the solution of , (formulatgd n Theqrem is unique. Further, if u; is
a solution of (T, with F' = Fj, ug = u}, vy = uj (j = 1,2) then for

w=wu; —uy and wy(s) = /OS[Ul(’T) — ug(7)] dr

we have

[w(s) |17 + 11 ()15 < xo(Fy, upyu)e® [[|f1 = foll 2 (g, + llug —uplly + llur —uilF] (48)

where xo is a function whose values are bounded if | Fj| 12(Q,), ud|lv, ul|| g are bounded
and

K- [ By (7).

Proof. Assume that u; is a solution of , with F' = F}j, ug = ué, uy = ujl (j=1,2).
Let s € [0, T] be an arbitrary fixed number and apply (with u;) to v defined by

S
v(t) = / [ur(7) —ug(7)]drif0<t<s and ov(t)=0ifs<t<T.
t
It is not difficult to show that v € L2(0,T; V) thus we may apply to v, further,
ve C(0,T;V), o eL>®0,T;V), (49)
V() = —w(t) =ua(t) —ui(t) if t < sand v'(t) =0if s <t
and thus

(w”(t),v(t)) + <Qw(t),v(t)>+/ (@) (ur) = ' (ug)], v(t) da

Q

+ / [H(t, z;u1) — H(t, z;u)]o(t) de + [ d(z)w' (t)v(t) de = (Fi(t) — Fa(t),v(t)).
o o
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Integrating over (0, s), by (49)) we obtain

[ o, vonar + / @uivwyar+ [ [[ i)

+/OS<F1<t>—F2<> o(®) dt - /0[/Qso<x>[h<u1> W (2], <>dm}dt
—/ [/[H(t,x;ul)—H(t,x;m)]v(t)dm} dt.  (50)
0 Q

Since
we L®(0,T;V), w' €L>*(0,T;H), w' €L?0,T;V*), (51)

by and Remark we obtain
[ o owya = [ .00)d - w/0),00)
0 0
= 2 )l — 5 Iw(O)l — (w'(0),0(0)).  (52)

It is not difficult to show (see, e.g. [15], [12]) that by (A;)
| t@uio. o) it = = [1Qu 000}t =~ (Quls). o) + 5 @u(0).0(0)). (53)

Consequently, since v(s) = 0, integrating by parts, from 7 , we get,

30O + 5 .vo) + [ [ dwurad]

= [0 - R oen e+ [ w0 d“/w

+ 3 1o~ [ [ e@ib) - Wt >dm] i
,/ [/ [H(t,x;u1) — H(t, z;uz)]v(t) d:c] dt. (54)
0 Q

By using the definition of v, w and the notation wi(s) = [; w(7) dr we have

v(0) = / w(r) dr = w1(s) (55)
0
and by (Ap)
(Qu(0),v(0)) = col[v(0 )Ilv = collwi(s)[7- (56)
Further, by using the notation f;(¢) fo 7)dr, integrating by parts, we obtain by

Young’s inequality

[ 0= oy = | [{ [ 150 - oo al e

L 100 = polt ity as| < 5 [ oIt + 515 - Rl 67
Similarly, by

< el ()7 + Cr(e)[w' (07 (58)

/Qw'(O)U(O) dx
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and by

0) dz| < efwi ()T + Ca(e) [w(0)I7- (59)

(C,(e) denote constants depending on €.)
The first nonlinear term on the right hand side of can be estimated as follows:

by (As) and

/0 [/Q p(@)[A (ur) = B (u2)]o(t) dx} dt’

/Os {/Q sup{|h”(n)| : n € (a,b) Hui(t) — ua(t)||v(t)| dx} dt’

< const /OS [/Sz(ml(t)'%J + [ua (8)0 7 + 1) Jur () — ua ()| [v(t))] dx] dt (60)

< const

where
a = min{u;(¢),uz(t)}, b= max{ui(t),uz(t)}
since
|h"(n)] < const ||~ = const |n|>/ "= if || > 1
(for n =2, A\g may be any positive number).
Since V is continuously imbedded into L?(f) where ¢ = 22
apply Holder’s inequality by L + J + % =1

= n(Ao — 1), we may

/Os {/Q(lm(t)l%_l + luz(8)20 70 4 1) Jua () — ua(t)|[o(?)] dw} dt
< const /Os (s )12~ Lagy + [uz @)~ r @y + [w@ | mlo()] Lo dt

< const / a2 + a2~ + 1 fw @l lo@llv de. - (61)

Since u1, us are solutions of , , by using arguments in the proof of Theorem one
can show that the L°°(0,7; V) norm of u; can be estimated by a function of || F}||z2(0.),

lud|lv, |w) ||z, the values of which are bounded if I1F5ll 2200 [ud|lv, |ul ||z are bounded.
(See the proof of ([12)—(T5).) Therefore, since

v(t) = wi(s) — wq(t) for t < s,

we obtain from ,
/Os {/dgo(x)[h’(ul) — B/ (uz2)]v(t) da:} dt’ < x(Fj,ul), ul / lw®)|allv(@)||v dt

X(Ej, up, v} / [w®mllwr @]y + [wis)]v]dt
X(Ey, u, uf) [ellwi ()5 + Ce) /OS(IIw(t)II?{Jr lwr (D)II5) dt]  (62)

where X (F},u), u]) is bounded if ||F} l22(Qr)s [ud|lv, ||ul]l & are bounded.
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For the last term on the right hand side of we have, by using the notation

t
:/ H(T7x;uj)d7—7 j: 1527
0

/OS [ /Q (H(t,w5u1) — H(t,x;u9))0(t) dx] dt‘
/Q[/OS(X,1 () = xa()o(t) dt} dz /Q[/OS(Xl(t) — x2(t))w(t) dt} dx

<{[1[ w0 - wra]a) ] [ wopa)” o

The assumption implies

//ba 2 (6)2 dt} dz
:/QUO /Ot[H(T,x;ul)—H(T,:E;uz)]dT‘th] dx

< const/ﬂ[/oS |H (T, z;u1) — H(T,a:;u2)|2 dT} dx < M(K) /OS Hw(r”% dr (64)

if |ujll o< 0,7;v) < K where M(K) is a constant depending on K.

Choosing sufficiently small £ > 0, we obtain from , 7, 7
lw(s)IF + i ()1 < (5, uOvul)/(; Hw®)IF + o @)F] dt

+const [[lf1 = f2l72q,) + [wOF + [[w'(0)]I7]-

Hence by Gronwall’s lemma we obtain (48]). =

REMARK 4.2. By using Examples in Section [2] it is not difficult to formulate examples
satisfying the assumptions of Theorem [4.1]

REMARK 4.3. By a usual argument (Cantor’s trick) one obtains: if the solution is unique
(by the above theorem) then not only a subsequence but also the original sequence
(ur,) obtained by Galerkin’s method converges to the solution u weakly in L*(0,7;V),
strongly in L?(Qr) and (ul,,) — u’ weakly in L>(0,T; H).
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