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Abstract. We apply general Hardy type inequalities, recently obtained by the author. As a con-
sequence we obtain a family of Hardy—Poincaré inequalities with certain constants, contributing
to the question about precise constants in such inequalities posed in [3]. We confirm optimal-
ity of some constants obtained in [3] and [8]. Furthermore, we give constants for generalized
inequalities with the proof of their optimality.

1. Introduction. In this paper we derive Hardy—Poincaré inequalities having the form

A R e By B (R R
R™ Rn

where C > 0, 1 < p < 00, v € R, valid for every Lipschitz function £ with compact
support.
The version of this result, when p = 2,

¢ [ P+ RPY < [ VeP -+ o) do @

is of special interest in many disciplines of analysis. Let us recall some applications of
to the theory of nonlinear diffusions — evolution equations of a form u; = Au™, which
are called fast diffusion equation (FDE) if m < 1 and porous media equation (PME) if
m > 1. In the theory of FDE, Hardy—Poincaré inequalities with v < 0 are the basic
tools to investigate the large-time asymptotic of solutions [T}, [2, 4} [6]. For example, the
best constant in is used in [3 [7] to show the fastest rate of convergence of solutions
of fast diffusion equation and to bring some information about spectral properties of the
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elliptic operator Ly qu := —hy_~ div(h_,Vu), where ho = (1 + |2]?)®. We refer also to
[4, Bl [16] [17] for the related results.

We are interested in with v > 1, and we take into account all p € (1, c0), not only
p=2.

Our considerations are based on our recent result from [15], where we derived a one
parameter family of Hardy type inequalities having the form

[ 1€P matdn) < [ 1VEP o atd),
Q Q

where 1 < p < 00, € : @ — R is a compactly supported Lipschitz function, and €2 is an
open subset of R™, not necessarily bounded. The involved measures p; g(dz), p2,g(dx)
depend on a certain parameter S and on v — a nonnegative weak solution to the partial
differential inequality

—Apu>® in Q, (3)

with a locally integrable function ® (see Theorem . The proof in [15] is inspired
by the techniques from papers [10] and [I4], dealing with the nonexistence of nontrivial
nonnegative weak solutions to nonlinear problems in R™.

As a consequence, in [I5] we retrieved the classical Hardy inequalities with optimal
constants and obtained various weighted Hardy inequalities, among them those with
radial measures.

In this paper we concentrate on with ua(z) = (14 |x\17%1)_0‘, a > 0, and prove
inequality as well as optimality of the obtained constants for a range of parameters.

It appears that in some cases we improve the constants obtained by Blanchet, Bon-
forte, Dolbeault, Grillo and Vézquez in [3], as well as those by Ghoussoub and Moradifam
from [8]. In the case p = 2, v = n, our constant is the same as in [3] and proven there
to be optimal. Moreover, we show that our constants are also optimal for p > 1, when
y>n+1-— %, but we do not know if they are optimal for a wider range of parameters,
either in the case p = 2, or generally for p > 1. We finish this paper with a summary of
the known values of constants, and their optimality, in different cases.

2. Preliminaries. In the sequel we assume that p > 1 and that Q is an arbitrary
open subset of R™. By p-harmonic problems we mean those which involve the p-Laplace
operator A,u = div(|Vu[P~2Vu).

DEFINITION 2.1 (Weighted Sobolev space). By Wvll’f’w (R™), where nonnegative measur-
able functions vy, vy are given, we mean the completion of the set of functions u € C*°(R™)

with [, [ulP vide < oo and [,

lullwg ey = ([ JaPvrda+ [ [9up v do)
’ R R

In [I5] we derived Hardy—Poincaré inequalities from differential inequalities defined
as follows.

Vu|P vadz < oo, under the norm

1/p
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DEFINITION 2.2. Let 2 be an open subset of R™ and let ® be a locally integrable function
defined in ©, such that for every nonnegative compactly supported w € W1 ()

/chw dx > —o0. 4)

Let u € WL P(Q). We will say that
—Apu > @,

if for every nonnegative compactly supported w € W1?(Q), we have
(—Apu, w) ::/ |Vu|P~2(Vu, Vw) dz > / dw dz.
Q Q

In [I5] we obtained the following result.

THEOREM 2.3 ([I5], Theorem 4.1). Assume that 1 < p < oo and that u € W,-P(Q) is a
nonnegative solution to the PDI —Apu > ®, in the sense of Deﬁm’tion where O is
locally integrable and satisfies the condition
(®,p) op:=—inf{o €R: @ -u+0oVu’ >0 ae. in{u>01NQ}ER,
where we set inf ) = —oo. Assume further that 3 and o are arbitrary numbers such that
B>0and >0 > o0g.

Then, for every Lipschitz function £ with compact support in §2, we have

[ 1er ) < [ (9P o), )
Q Q

where
—0 p—1 s
pa(de) = (2=5)" @k o Vup] - w s do (6)
pa(dz) = uP~" X (1 gul0) da. (7)

3. Main result. Hardy—Poincaré inequalities with optimal constants. In this
part we show that application of Theorem with a special function u, namely u,(z) =

(1+ |x|y%l)_a with a > 0, leads to the following theorem.

THEOREM 3.1. Suppose p > 1 and v > 1. Then, for every compactly supported function
§ € WL, (R"), where vi(z) = (1+ |I|#)(p71)(771), va(z) = (1+ |x|ﬂ@%1)(p71)7, we
have

C/ EP[(1 + [ 7)) da < / IVEP[(L+ Ja|7T )P~ dz,  (8)
R™ R™

with Cyy . p = n(%)pd. Moreover, for v >mn+1— 2, the constant Cy.n.p is optimal
and it is achieved by the function u(z) = (1 + \x|%)1_7.

Proof. First we note that, by standard density argument, it suffices to prove for every
compactly supported Lipschitz function £. Indeed, let £ € WP (R™) and

V1,02
1, lz] < 1,
o(x) = —lal +2, 1<lz[<2,  or@)=o(5

). €al@) = E@)or(a).
0, 2 < |x|.
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An easy verification shows that £g — & in W )B, (R™). A standard convolution argument

shows that every compactly supported function u € lepvz (R™) can be approximated in
Wj{pv2 (R™) by compactly supported Lipschitz functions.

Let us consider the function ug(z) = (1+ |z|7°1)~® with a > 0. Now the proof
follows by steps.

Step 1. We recognize that u, € VV1 P(R™) and that it is a nonnegative solution to

PDE
—Ay(ug) = d(1 + |z|77T)*P~P(1 4 klz[7°7) = @ a.e. in R, (9)

where

ap a+1

p—1

p—1
d=d(n,a,p) = ( ) n and k=&k(n,a,p)=1— . (10)

Moreover, ® satisfies . For the reader’s convenience the computations are carried out
in the Appendix.

Step 2. In our case condition (P, p) becomes

. U pf 1
op 1= fessmf(lvua'p) i ——(n—pla+1)) eR (11)

Indeed, by the formulae @ and , we have
(25)" (L lal 7)™ (0 4 (1 (ot D))
(p 1) <1+ |x|p 1) P(a-&-l)lmlﬁ

n+ (n—(a+1p)la|7T _ (= 1) {mfm (n — (a+1)p)|a|7T
(p 1)|x|p ! ap
(p=Dn—(a+1)p)
ap '

Step 3. For given o > —v, define 8 = (p — 1)(2 + 1). We apply Theorem

For this we require that 8 > 0 and that ¢ € R is such that 8 > ¢ > oy. This is
equivalent to the condition v > max{—a,1 — %}, which obviously holds for all v > 1,
a> 0.

We are going to compute the measure given by @ Let by = (ﬂ)p -o. We note that

gg — — inf

= —inf

B
|z[7=7

p—1
v = oz(p%1 —1)and —p(a+ 1)+ a(B+1) = (p—1)(y — 1) — 1 and recall that d and «
are given in . Applying these formulae to @, we obtain

_onp-1
pi(dz) = (i_ T)p (@ ug + 0| Vua |Pluy? " do

a(f+1) da
(12)

—o\e-1 d(1+ k|z|FT by |z|7oT "
:(%)p {( ( H|x| ) 1|m‘ a+1)]'(1+|$”—1)

1+ [ 70)POY (1 4 [z)5)™
- () e s 2
x (1+ |x\ﬁ)71 + \x|ﬁ)p71]%l dz,
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while after substitution of 8 = (p*l)aﬂ, we obtain from
_B— _P_\—a1p—pB—-1 _P_\p—1
po(dz) = uP=" "X{vulzoy dr = [(1+ |z]77T) ]p Pl iy = [(1+ \x|p*1)p ]de.
Step 4. We choose o := (p_l)a& and realize that

(p—D(e+7) —B>0>0y= (p—1D(e+1—-n/p)

because v > 1. Then, in (12), the expression in curly brackets equals n(1 + |z|7°7). This
leads to the inequality with the constant as required.

Step 5. In this step we prove the optimality of the proposed constant under the
assumption vy >n+ 1 — %. It suffices to show that both sides of , for u, := u defined
below, are equal and finite.

We prove first that the function w(z) = v(|z|) = (1 + |2|7°7)1~7 satisfies

—div(ve|Val|P~2Va) = C, , pr1u? . (13)

For the reader’s convenience the computations are carried out in the Appendix.
Now we concentrate on . Simple computations show that u € Wvll’f’vz (R™). It suffices
to prove equality in for @. Due to 7 we obtain

C_"y,n,p/ |ﬂ|p (]. + |£C‘T’pf1)(p71)(771) dr = C_"Y,Tb,p/ u? V1 dx
Rn Rn

= —/ div(ve|Val|P~2Va) - udr = — lim div(ve|ValP~2Va) - udr =: L.
. R—o0 |z|<R
We apply Gauss—Ostrogradski Theorem and observe that for an outer normal vector
ng = % to OB(R) we have (Vu,n,) = |Vau|. This implies

||

£ = lim (/ v2|Vﬂ|pdx—/ wlVal - udS) = lim (A B),
R—=oo\J|z|<R |z|=R

R—o00

where dS denotes the surface measure on the sphere S"~!(R). To deal with the limit we
require v > n+1— 2. Let us observe, that limg_,,, B = 0, because it is up to a constant
equal to f\rlz r U(x)|z| dS. Moreover, we notice that finiteness of the limit of A is ensured
by

1 —(y— -
ng/ (1+|z|ﬁ) (v 1)dx§/ (1+|x|)_p<;11> dz,

v,m,p
which is finite if the power of (1 + [x[) is smaller than —n, i.e. fory>n+1— 2.
This finishes the proof. =

REMARK 3.2. Careful analysis of the quotient

b(R) L f]R” |[Vug|P(1+ |x|ﬁ)(?‘1)"/ dx )
a(R) " Oy fron lurlP(1 + [2]777) = DO=D gy’

where ur = ¢ru, leads to optimality result also in the case of y =n+1 — %. We point

out that when v = n+1— 2 the function u does not belong to Wlp (R™). We will prove

V1,2

optimality in this case in another way in Corollary 1.3
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4. Discussion on constants

4.1. Comparison with the classical Hardy inequality. We start with showing that
constants in Hardy—Poincaré inequalities are not smaller than in the classical Hardy
inequalities. At first let us recall the classical results. We refer to [9, [I1} [12] for more
information on the best constants in various classical Hardy type inequalities.

THEOREM 4.1 (Classical Hardy inequalities). Let 1 < p < oc.

1. Assume thaty # p—1 and £ is an arbitrary Lipschitz function with compact support
in (0,00). Then

TN =Py
2Vdr < Hyqp |& P da, (15)
0 z 0

where the constant H., 1, = (ﬁ)p is optimal.
2. Assume that v # p—n and £ is an arbitrary Lipschitz function with compact support
in R"\ {0}. Then

[Pl e < oy [ (9Pl (16)
R™\{0} R™\{0}
where the constant H., , , = (ﬁ)p is optimal.

REMARK 4.2. The constant HP, ,, = 1/6_‘%,@, where C_'%n,p is the constant from
Hardy—Poincaré inequality , is not smaller than the constant Hp, , , from Hardy

inequality , namely
Hpynp < HPynp.

Proof. Let us consider with function & (y) := &(ty)

Comp / e[+ 7P dy < / V&) P+ |y 7)1 dy,

n

and realize that it is equivalent to
Cop [ It PP (75T 4ty 1]
< [ o1 pe T [ + P d

We multiply both sides by t?(*=1) and substitute = = ty, getting

Coym / E@)P 7T + 7T de < / IVE@)P[7 + Ja|7=)P 7] dy.

n

It suffices to let ¢ — 0 and divide the inequality by Cf’%nyp, to obtain

[ le@plapt Yy < BP0y [ 196@P I dy. (1)
R R
We already know from Theorem that the smallest possible constant is Hjy . ®

Applying this observation, we obtain the following result.
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COROLLARY 4.3 (Optimal constant). Suppose thatp >1,n>1 andy=n(l1—1/p)+1.
Then, for every monnegative Lipschitz function £ with compact support, inequality
holds with optimal constant C, ,, , = nP.

Proof. We first notice that HP, ., = HP,0—1/p)+1,np = %(p(’;ill))p_l = nP =
(ﬁ)p = Hpynp (as py # p —n), and due to Remark we recognize the op-
timality of this constant. m

4.2. Hardy—Poincaré inequalities with improved constants. In this section we
concentrate on the classical case p = 2. We show that, for some values of parameters
~ and n, our results improve the previously known constant in the Hardy—Poincaré in-

equality (2).

Links with results by Blanchet, Bonforte, Dolbeault, Grillo and Vazquez in
[2, B]. In [2], the authors apply inequality with v < 0 to investigate convergence of
solutions to fast diffusion equations. In [3], the following constants in are established.

REMARK 4.4 ([3]). For every v € W2 (R") where vi(z) = (14 [2>)77!, vp(x) =
(1 + |z|?)7, the inequality

A / W21+ |22yt de < / Vo1 + |2 ) dr,

holds with A, ,, defined below.

1. For n =1 and v < 0 the optimal constant is

-2 ifye[-3,0
A%1: (’Y 2) iy [ 2 )al (18)
—2 if v € [-00,—3).
2. For n = 2 and v < 0 the optimal constant is
2 if y € [-2,0),
S L (19)
-2y ify € [—o00,—2).
3. Forn>3
e and v < 0 the optimal constant is
(n—2+29)%/4 ify e [-252,0)\ {52},
Ay =4 —4v—2n if v € [-n, —2F2), (20)

—2 if v € [—00, —n).
e and v = n the optimal constant is A, , = 2n(n — 1),
e and v > n the constant is A, , = n(n+v —2),
e and n > v > 0 the constant is A, =~y(n+v—2).
REMARK 4.5. Here we compare our results with the above ones.

1. We preserve the optimal constant if n > 3 and v = n.
2. We extend the above optimality result for v = n > 3 also to the case v = n = 2.
Indeed, we recall that Corollary [£.3] applied to p = 2 gives the optimal constant
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C'(n+2)/2,n’2 = n? when n > 1. In particular, we obtain Ass = 2-2(2 —1) =
Ca42)/2,2,2- B

3. In the case n > 3, v > 2, and n # v, our constant C., ,, o = 2n(y — 1) is better than
the constant in [3]:

e if y>nthen Cy o> Ay, =n(n+vy—2),
e ifn>~v>2then Cypno> Ay, =v(n+7v—2).
4. In the case n > 3, 2 > v > 1 our constant becomes worse than A, .

Links with results by Ghoussoub and Moradifam [8]. In a recent paper [§] by
Ghoussoub and Moradifam, some improvements to the results of [2] are obtained. In
particular, some new estimates for constants from [2] are proven. We can further improve
the constants from [8] for some range of parameters.

Among other results, one finds in [8] the following.

THEOREM 4.6 ([8], Theorem 2.13, part II). If a,b,«, 5 > 0 and n > 2, then there exists
a constant ¢ such that for all & € C§°(R™)

/ (a -+ bla|™)P =% €2 da < / (a + blz|*)? |VE]® da, (21)
R» Rn

and moreover (%‘2)2 = <c< (WQTH)Q

A very special case of the above theorem (when a =b =1, a = 2, and 8 = ) covers
also our case, therefore we present it below and discuss the related constants.

COROLLARY 4.7. If v > 0 and n > 2, then there exists a constant ¢; > 0 such that for
all £ € C§°(R™)

o [ 1EP+laP) o < [ IVER(+ faP) da, (22)

and moreover (%52)" = ey < & < (5=2)”.

Note that we have already pointed out in Remarkthat c < (%)2 Therefore,
we may concentrate only on the lower bound.

REMARK 4.8. Here we compare our results with the above one. The constant C, , , is
the left-hand side constant derived in Theorem [3.]for v,p > 1, n > 1 and it is proven to
be optimal for y > n+1 — %. Let ¢; be the constant from Corollary where v > 0,
p =2, n > 2. We may compare it only when v > 1, p =2, n > 2. We have

n—2\2
ny,n,Q = 2”(7 - 1) > ( 9 ) = C1, (23)

for every v > max{%, 1}. This shows that for those 7’s Theorem gives the
inequality with the constant better than the one resulting from Corollary Fur-

thermore, we notice that (23) holds also for *y € ((";2) 1+ %), when we do not have

the optimality of C7 n,2- When v = 1 (";‘2) we have ¢; = C%n’g, but for such v we do
not prove the optimality of C’7 n,2-

Comparison of the values of the constants C’W n,2, Ay n, c1 under common assumptions,
in the case when C’V n,2 is not proven to be optimal, is given in Romark .
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4.3. Summary of results and open questions. We collect here all the known infor-
mation about the constants in the Hardy—Poincaré inequality . We point out that we
consider the left-hand side constant, and so the biggest possible one is optimal.

Let us recall that the constants ¢, A, and C_’%n,p:

i) ¢, comes from [8], see Theorem [1.6]and Corollary
ii) Ay comes from [3], see Remark {4.4] 4]
iii) Cv n,p 1s derived in Theorem . 1| for p,v > 1, n > 1, and proven to be optimal

—fory>3(p—1)+1in Theorem
— for vy = %(p —1)4+1in Corollary

For p = 2, we have év,na = 2n(y — 1), and moreover

v constant optimality

n>1 v>1 Cyn2 for v > X2 here

n>1 v = "—“ C’an yes, here

n>1 v < 0 Ay yes, [3]

n=2 vy=2 (727272 yes, here

n>3 vy=n C_Ynyn’z yes, [3]

n>3 ¥ >n C_’%nyg > Aypn>c1 yes, here

n=2 0<vy<1 c1 77

n>3 ~€(0min{y,1} e >A,, 77

n>3 Ye <y <1 An>ar 77

n>2 1<y <y clzé%w 77

n>2 v > Y C_Y%n’g > for v > "T“, here
where 7. = @(n —2), 75 = (";12)2

As we can see above, for sufficiently big values of v (y > ”7"'2) our constant is optimal,
thus Cyn2 > max{A%n,cl}. In the following remark we compare the values of the
constants in the case when all three of them are defined (namely p =2, n > 3, v > 1)

and when v < "+2

REMARK 4.9. We compare all the mentioned constants under assumptions: p =2, n > 3,
and 1 < v < ’%”2 We note
i) a1 < Ay, if and only if . <v; ¢1 > A, ,, if and only if v, > ~;
ii) O’y,n,Q < ¢y if and only if v < 7g4; éy,n,Q > ¢ if and only if v > ~,;
iii) Cyno2 <Ay, ifand only if v < 2; C,y 50 > A, if and only if v > 2.

Therefore for p =2, n > 3, and n > v > 1 we have v, < ”*2 1<y, < ”—*2 , moreover

constants 0 such v exists for
Cynz >N, pn>c € (max{2,7.}, =2) n>3

Cyn2 > > Ay € (Vg Ve) n>12

Ay >Chnp >0 € (74,2) n € [3,11]

Ay >c1>Cn0 € (max{1,7.},7g) n € [3,11]

1> My >0 € (1,min{2,~.}) n>7

1> Chna>MNn vE(2,7,) n>12
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For p > 1, n > 1, due to Theorem we have C, ,, , = n(M)p_l, and

p—1
0 constant optimality
~ _ (v—1)\p— T
veM -1 +1) Cynp=n("7") ??
7=5p-1)+1 Cynp =nP Corollary
v > %(p -1)+1 Comp = n(%)p_l Theorem 3.1

Open questions

e We do not know the optimal constant in (22)) for v < § + 1.
e We do not know the optimal constant in (8)) for v < n + 1-2 and our methods do
not give any estimates for the constant when v < 1.

5. Appendix

Proof of Step 1 of Proposition , We recall u,(z) = (1 + \x|ﬁ)fa and compute first
everything which is needed to find its p-Laplacian.

e

Vg (z) = —a(l+ |x|vzl) 2]

—ap p_\—a—1
— il 1_|_ p—1 p—1 ——
p 1( |x‘p ) |x|p |x| I’

Vuta(@)] = | 25| (4 fal757) ™ a7

_ ap |p—2 _p_\—(a+1)(p—2), ,p=2
Vua(@)P = = [ 25| (1 fal75) VOB,
_ ap | ap |p—2 2\ —(at+1)(p—1
[Vue (z)P Wy (r) = —E E (1 + |x|P*1) (et D)(p )x = K1TU(a+1)(p—1) (Z),
where k; = ;ff &P~ 2,

Then (as o > O) we have

O(|Vtta (2) [P~ Vua(z))

Ap(ta (@) = div(|Vua(@)l"*Vua(2)) = 3 o

_ “12 “(a+1az;zl)( 7))

— (Z 8(U(a+18):(ﬂz:1)($)) Ti + Uat1)(p-1)(T) Z giz)

= m(—(a ! 11(]5 R IR IZ| | %t i) (@ »)

=K1 (—(a + 1)p(1 + |:1ﬂ|ﬁ)aﬂlpﬂwﬂd”%1 + ”“(a+1)(p—1)(ff))

« p—1 _P_\oa—ap— _p_ _p_
= (05) @l T (e Dplel 7T = (1 + el 7)),
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Therefore, our ® has a form
® = — div(|Vuu ()P *Vuu(z))
= () 0+l P (0t (- (ot D).
Proof of in Step 5 of Theorem . The proof follows from the technical lemmas

below (Lemmas and [5.3). They show that, under assumption of Theorem
u satisfies an equation equivalent to equation . Therefore u satisfies as well.

LEMMA 5.1. Let a(z) = v(|z|) € C%(R\ {0}) be an arbitrary function, ®,(\) = [A[P72),
va(r) = (1+ rﬁ)(p_l)v then

(@,(Va(@))) = @y(0'(2]) - 2,
) div(Ry (V) = (D= 10" (o) + (= ) H4D),

]
II

Proof. We reach the claims i)—iii) and v) by elementary calculations. Then applying i)—iii)
we prove claim iv) as follows

(@,(V)) = div(®, (' (2]) ) = V(B,(0'(1a])) - & + B0/ ([e])) div(Z)

= &0/ (Ja])) V2 ([a]) -

- ,%%(v’(lfcl))v”(lfcl) =
(0 (e (Jal) + @, (v () 2

= DI e + ) o (Jef)

LEMMA 5.2. Equation 1.) where u(z) = v(|z]) € C*(R\ {0}) is an arbitrary function,
vi(r) = (1+77 )(p Do ), va(r) = (1+ Tﬁ)(pfl)v, is equivalent to the equation

o _ 1 n—1 ’ _ p%l "
—a:=={((w+n-1Dlal o )Y+ = D (L fel ) )
= Cynp (14 |2 77) 772 0P () (v (|2]) "2 = B. (24)
Proof. We concentrate first on the left-hand side of :

—LHS = div(vs - ®,(Va)) = Vg - (Vﬁ) + v div(® (Vﬂ)) =I1+11I,

I= (1 [el75) 0 al o) li QI
= p(1+[al71) V7 a7 () ' (a),
b —1 _ 1
11 = (1l 751) 7 (P72 (0 = 1 ) ) * )
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Therefore,

= LHS = (1+ || 77 )@= ' ("

(= DI ) 4 T ) + = D+ 2l ),

while the right-hand side of (13| E equals

RHS — C’yn,p(l"l“xl )(’Y 1)(p—1) P~ 1(|.’17|)

As LHS = RHS, by multiplying this equation by (1 + |z|7-1)=Y@=D+1 |o/(|2|)| (p=2),
we obtain (24). =

LEMMA 5.3. If a =1 —~ <0, the function v(z) = (1 + |z|7-1)* satisfies 29).

Proof. We will need the following computations, where we identify v(x) with the one
variable function v(r)

v = apl (1+ r%)a_lrﬁ’
p—
-1 p 1 p p—
v = (IR ety Lyt
@ _p=2
= T (= D )
[0 _p _ 2 _p—2
= ﬁ(l +re-1 )a 2(((04 - 1)p—|— 1)7‘?31 +r p—l)
= o T (L (0= Dp+ 1),
p—
v (1 +r7r)®h L U
|v'[P=2 y:ﬂLF‘Q1,+r;%fya—1xp—mr%5% (14 r7T)@-DE-2)
_ 2 Y
_’p 1 p— rfpff(l_i_rp,l)aﬁ’p 9
When we take into account the above results and substitute v = —a 4 1, we have on the

first line of the equality

—A=((w+n—1)l7 "|;|1)v'(\x|> + (= 1)(1+ |2l 7)o" (|a])

n—lyl—ﬂp

P _ 1
|| —7 L f2[PmT) ]

= (O +n—Dlal77 +

_p 1— P 1 p—2 _p
+ (0= D1+ ol S =R+ 16l 1) a5 (14 (—p el )
= U224 o) a5 (0= 1) + (o = D)
*Wﬂmv”l) lal TF (L4 (=p o+ D] 7T)

1 - p p= 1- p -
ZnW(HIwIPH M| 5T (1 4 |2|7T 1)=n<p71>p (1 + || 727) 7+ o5
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and on the second line of (24)

1
= g1 a7y 2 o)

o () P2
= P —1 p—2 e »

= Conp(1+ |x|ﬁ>—p+2(<f_—1)p) 2] 7FE (14 Jaf 7)o
p—1 \p-2 e pe2
- ( ) <(7 — 1)p) (1 + Ja|7=7) 7 | 7=

ya

—2
(= 1) 2 (14 faf 751 o,
We recognize that —A =B forally>1,n>1,p>1. =
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