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Introduction. The Temperley—Lieb algebra appeared originally in Statistical Mechanics
and is important in several areas of Mathematics. In his seminal work V. F. R. Jones
[12] constructed a Markov trace on the Temperley—Lieb algebra, leading to unexpected
applications in knot theory as well as to a fertile interaction between Knot theory and
Representation theory. In algebraic terms, the Temperley—Lieb algebra, TL, (u), can be
defined as a quotient of the Iwahori-Hecke algebra, H,, (u).

In [I4] the Yokonuma—Hecke algebra Y, (u) (defined originally in [25]) has been de-
fined as a quotient of the modular framed braid group Fg,, which comprises framed
braids with framings modulo d, over a quadratic relation involving the framing genera-
tors t; by means of certain weighted idempotents e; (Eqgs. and @) By setting d = 1,
the algebra Y7 ,,(u) coincides with the Iwahori-Hecke algebra. The Yokonuma—Hecke al-
gebras have been studied in [25] [T4] 16}, 24, [4]. Further, in [14] the second author found
an inductive linear basis for the algebras Yg ,,(u) and constructed a unique Markov trace
tr on these algebras depending on parameters z,z1,...,z4_1. Aiming to the extraction
of framed link invariants from tr, as it turned out in [I9], tr does not re-scale directly,
according to the framed braid equivalence, leading to conditions that have to be imposed
on the trace parameters x1, ..., x4_1; namely, they had to satisfy a non-linear system of
equations, the E-system . The z;’s being d-th roots of unity is one obvious solution.
Gérardin found in [19, Appendix] the full set of solutions of the E-system. Given now any
solution of the E-system, 2-variable isotopy invariants for framed, classical and singular
links were constructed in [I7], [I8] [19] respectively, which are studied further in [2] [5].

In this paper we define an analogue for the Temperley—Lieb algebra in the context
of framed braids, the Yokonuma-Temperley—Lieb algebra, denoted by YTLg (). It is
defined as a quotient of the Yokonuma—Hecke algebra over a two-sided ideal I ( and
Definition , analogous to the classical case. For d = 1 the algebra YTLq ,,(u) coincides
with the Temperley—Lieb algebra. We first show that I is a principal ideal and we give
a presentation for YTLy ,(u) with non-invertible generators, analogous to the classical
case. We then give a spanning set X4, for YTLg,(u), in which every word contains the
highest and lowest index braiding generator exactly once. Moreover, any word in g,
inherits the splitting property from Yy, (u), that is, it splits into the framing part and
the braiding part. We also present the results of Chlouveraki and Pouchin [3] on the
dimension and a linear basis for YTLg ,,(v). From the spanning set X4 ,, they extracted
an explicit basis for YTLg ,,(u) by describing a set of linear dependence relations among
the framing parts for each fixed element in the braiding part. Finally, using the dimension
results of [3] we find a basis for YTLg 3(u) different than the basis in [3].

Next, we seek conditions such that the trace tr, defined on the algebras Y, (u),
passes to the quotient algebras YTLg ,,(u). More precisely, we compute first the values of
the trace parameter z that annihilate the trace of the generator of the defining ideal I.
These are the roots of a quadratic equation . Then we annihilate the trace values of all
elements of Y, (u) that lie in I and so we end up with a system (X) of quadratic equations
in z (55a)-(55d). If we demand that () has both roots of as common solutions,
we end up with sufficient conditions for the trace tr to pass to the quotient algebras
YTLg ,(uw). In particular, Theorem [5| states that if the trace parameters z1,...,Tq—1
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are d-th roots of unity and z = —u%rl or z = —1, then the trace tr passes to the
quotient algebras YTLg,(u). Note that these two values for z are precisely the ones
that Jones computed such that the Ocneanu trace on the algebras H,, (u) passes to the
quotient algebras TL,, (u). If we let (X) to have one common solution for z we obtain
the necessary and sufficient conditions for the trace tr to pass through to the quotient
algebras YTLg ,(u). More precisely, Theorem |§| states that the trace tr passes to the

quotient algebras YTLg ,(u) if and only if either the conditions of Theorem are satisfied

or the trace parameters z1, . .., 4—1 comprise a solution of the E-system (other than d-th
roots of unity) and z = —%. This is our main result.
In [2] it is shown that if the trace parameters x1, ..., 241 are d-th roots of unity, then

the classical link invariants derived from the algebra Y, (u) coincide with the 2-variable
Jones or Homflypt polynomial. Using Theorem@and the results in [2], we obtain from the
invariants for framed and classical links in [I8, [19] related to Y, (u), 1-variable framed
and classical link invariants through the algebras YTLgy ,,(u), which coincide with the
Jones polynomial for the case of classical links.

The paper is organized as follows: In Section 1 we recall the definition and basic prop-
erties of the classical Temperley—Lieb algebra and the Yokonuma-Hecke algebra. In Sec-
tion 2 we define the Yokonuma—Temperley—Lieb algebra as a quotient of the Yokonuma—
Hecke algebra over a two-sided ideal (Eq. and Definition , which we show that
is a principal ideal (Lemma . Finally, we give a presentation for YTLg,(u) with non-
invertible generators (Proposition [2). In Section 3 we present the spanning set %4, for
YTLg,,(u) and the results of Chlouveraki and Pouchin [3] on the dimension (Proposi-
tion [5) and a linear basis for YTLg, (u) (Theorem . We also give a different basis for
YTLs 3(u). Section 4 focusses on the necessary and sufficient conditions under which the
trace tr on Yq,(u) passes to the quotient algebra YTLg(u) (Theorems [5] and [6). Fi-
nally, in Section 5 we discuss the invariants for classical and framed links that can be
constructed through the trace tr and we recover the Jones polynomial.

Acknowledgments. We would like to thank the Referee for the careful reading and for
his/her valuable remarks.

1. Preliminaries

1.1. Notation. Throughout the paper we shall fix the following notation. By the term
algebra we mean an associative unital (with unity 1) algebra over the field C(u), where
u is an indeterminate. The following two positive integers are also fixed: d and n.

As usual we denote by B,, the braid group on n strands, that is, the group generated
by the elementary braids o1, ...,0,_1, where o; is the positive crossing between the i-th
and the (i+1)-st strand, satisfying the well-known braid relations: ¢;04110; = 01100511
and o;0; = o0, for |i — j| > 1.

We denote by S,, the symmetric group on n symbols. Let s; be the elementary trans-
position (é,7 + 1). We denote by I the length function on S,, with respect to the s;’s.

Let Cy = (t|t? = 1) be the cyclic group of order d. Let t; = (1,...,1,¢,1,...,1) € C},
where t is in the i-th position. Let also

Ciam 1= C2 % Sy,
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where the action is defined by permutation on the indices of the ¢;’s, namely s;t; = t, ;5.

Finally, we denote by H, (u) the Iwahori-Hecke algebra, that is, the C(u)-algebra
defined by generators hq, ..., h,_1 which satisfy the relations:

hihjhi = hihihj, |i—jl =1 (1)
hihj = h;hi, i —j| > 1 (2)
h? = (u — 1)h; +u. (3)
1.2. The Temperley—Lieb algebra. Originally, the Temperley—Lieb algebra, over C,
was defined by generators fi,..., f,—1 subject to the relations:
ff=1

fififi=4dfi, li—jl=1
fifi=Ffifi, li—jl>1
where § is an indeterminate (see [§], [I1], [I2]). The generators f; are non-invertible. One
can define the Temperley—Lieb algebra with the invertible generators (see [I1])

hi=(w+1)fi—1 (4)

where u is defined via the equation =! = 2 4+ u + u~1. The Temperley algebra TL,,(u),
over C(u), is then defined by generators hq, ..., h,_1 (we use the same symbols as for the
algebra H,,(u) by abuse of notation) under the relations (T)), (2), and the relations

1+hi+hj+hihj+hjhi+hihjhi :07 IZ—jl =1. (5)

Note that, for n > 3, relations are symmetric with respect to the indices 1, j,
so relations follow from relations . Relations 7 are the well-known defining
relations of the Iwahori-Hecke algebra H,,(u). Therefore, TL,,(u) can be considered as a
quotient of H, (u) via the morphism: h; — h;. It turns out that the set

{(hjshjy—1 . hj g ) (jyhgs—1 . By —iy) oo (hy Ry 1o Ry i) }
wherel <j1 <jo<...<jp<n—landl < ji—k <jo—ks <...<j,—kp, furnishes a
linear basis for TL,,(u) and the dimension of TL,, (u) is equal to the n-th Catalan number
Cn = %H (*™) [IT} [12]. Recall finally that, Ocneanu constructed in [7] a unique Markov
trace on the algebras H,, (u):
THEOREM 1 (Ocneanu). For any ( € C* there exists a linear trace T on |J,; Hy(u)
defined uniquely by the inductive rules:

1. 7(ab) = 7(ba), a,b€ H,(u),
2. 7(1) = 1,
3. 7(ahy) =(7(a), a € Hy(u).

Jones’ technique for redefining his Markov trace on the Temperley—Lieb algebra as
factoring of the Ocneanu trace on the Iwahori-Hecke algebra [11] tells us that the least re-
quirement is that the Ocneanu trace respects the defining relations . This requirement
implies:

or (=-1. (6)
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The Ocneanu trace is used in [II] for constructing the Homflypt polynomial invariant
for classical knots and links. Then, by specializing ¢ to 7#_1 the Jones polynomial was

recovered.

1.3. The Yokonuma—Hecke algebra. The group Z" is generated by the “framing

generators” tq,...,t,, the standard multiplicative generators of Z™. In this notation an
element a = (ay,...,a,) € Z" in the additive notation can be expressed as t{*...t%.
The framed braid group on n strands is then defined as

Fn =7" X By,

where the action of B,, on Z" is given by the permutation induced by a braid on the
indices:
oit; = tsi(j)cri. (7)
In particular, o;t; = t;110; and t;110; = o;t;. A word w in F, has thus the “splitting
property”, that is, it splits into the “framing” part and the “braiding” part:
w=t"...to" o,
where ¢ € B, and a; € Z. So w is a classical braid with an integer attached to each
strand. Topologically, an element of Z" is identified with a framed identity braid on n
strands, while a classical braid in B, is viewed as a framed braid with all framings 0. The
multiplication in F,, is defined by placing one braid on top of the other and collecting
the total framing of each strand to the top.

For a fixed positive integer d, the d-modular framed braid group on n strands, Fq n,
is defined as the quotient of F,, over the modular relations:

td=1 (i=1,...,n). (8)

Thus, Fq, = C} x B, where C7 is isomorphic to (Z/dZ)™ but with multiplicative
notation. Framed braids in F;, have framings modulo d.

Passing now to the group algebra CFy ,, we have the following elements e; € CC}
(see [16] for diagrammatic interpretations), which are idempotents (cf. [I6, Lemma 4]):

1d—1
e; ::thft;jl, i=1,...,n—1. (9)
s=0

The definition of the idempotent e; can be generalized in the following ways. For any
indices 7, j and any m € Z/dZ, we define the following elements in CC:

1 d—1
€ij =5 > ot (10)
s=0
and
1 d—1
el™ = ; Sy (11)
s=0

(notice that e; = €; ;41 = el(-o)). The following lemma collects some of the relations among

the e;’s, the t;’s and the o0;’s. These relations will be used in the paper.
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REMARK 1. Later on we are going to use the elements defined above inside the group
algebras C(u)G, where G could be Cy,, or Fy . We will use for these elements the same
symbols along the paper, as Cy ,, injects in all the algebras we will be considering.

LEMMA 1. For the idempotents e; and for 1 <i,5 < n — 1 the following relations hold:
tie; = et
€i+10; = 04€4 i42
€0 = 0j€; forj#i—1i+1
ejo;,0; = 0;05e;  forl|i—jl=1
€i€it1 = €€ 42
€i€iy1 = €4 ;42641

Proof. All relations are immediate consequences of the definitions. The proofs for the
first four relations can be found, for example, in [I7, Lemma 2.1]. For the sixth relation

we have:
| =1t
CiCit1 = th i+1 g Z tiatis = o AN (12)
s=0 m=0
Setting now k = m — s we obtaln
| =1t
k
€i€i+1 = de t tz+1t1+2 s
s=0 k=0
=
- d ththQ d Z t1+1tz+2 €i,i+2€i+1-
s=0

The fifth relation is proved in an analogous way. m

REMARK 2. Concerning the proof of the fifth and sixth relation, the following alternative
proof was suggested by the Referee, which is the underlying explanation for the relations,
and so adds to their understanding: These relations, in the group algebra CCY, express
the fact that in the group algebra of any abelian group the product of the idempotents
associated to two subgroups H, K is the idempotent associated to the product of the
groups. Here in additive terms the fifth and sixth relations express the fact that the
subgroup generated by (1,—1,0) and (0,1, —1) in C3 is also generated by (1,—1,0) and
(1,0,—1) or by (0,1,—1) and (1,0, —1).
The Yokonuma-Hecke algebra Y 4, (u) is defined [I4] [16] as the quotient of the group
algebra C(u)Fg,, over the two-sided ideal generated by the elements:
0?2 —1—(u—1)e; — (u—1)e;o;, for all i. (13)
Let g; be the image of o; in the quotient of C(u)Fg, by the two-sided ideal defined
above. The ideal relations imply the following quadratic relations in Yg , (u):
G =1+(w—-1e+u—-1)e;g (14)

(see [I6] for diagrammatic interpretations). Since the quadratic relations do not change
the framing we have CC} C C(u)C} C Yg4,(u) and we keep the same notation for the
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elements of CC} and for the elements e; in Yg ,,(uw). The elements g; are invertible:
g =g+ (Wt = 1)ei+ (ut = 1) eigi

For d = 1 we have t; = 1 and e; = 1, and in this case the quadratic relations become
g? = (u—1)g; +u, which are the quadratic relations of the Iwahori-Hecke algebra H,, (u).
So, Y1, (u) coincides with the algebra H, (u). Further, there is an obvious epimorphism
of the Yokonuma-Hecke algebra Y, (u) onto the algebra H,, (u) via the map:

girr D (15)
tj — 1.
We can alternatively define the algebra Y4, (u) as a u-deformation of the algebra CClyp,.
More precisely, let w € S,, and let w = s;, ...s;, be a reduced expression for w. The
generators g; of Yq,(u) satisfy the same braiding relations as the generators of \S,,, hence
together with the well-known theorem of Matsumoto [20], it follows that g, = g, - . gs,
is well-defined. Notice that the defining generators g; correspond to g,,. We have the
following multiplication rule in Y4, (u) (see [13 Proposition 2.4]):
P {gsiw for I(s;w) > l(w) (16)
Jsiw + (U —1)€;gs,0 + (u—1)eigy, for I(s;w) < l(w)

We also write gy, for t; and we define: g, = ¢, 9w = tigw. Using the above multiplication
formulas the second author proved in [I4] that Yg ,(u) has the following standard basis:

{t1* ... tor gy |a; € Z/dZ, w € Sy}

Further, we have an inductive basis of the Yokonuma—Hecke algebra, which is used in
the proof of the main theorem.

ProposITION 1 ([I4], Proposition 8). Every element in Ygn+1(u) is a unique linear
combination of words, each of one of the following types:

k k
Mpdndn—1--- giti or mntn-i,-la

where k € Z/dZ and m, is a word in the inductive basis of Y4, (u).

1.4. A Markov trace on Yg ,(u). We will denote the elements of the additive group
Z/dZ by {0,1,...,d —1}.

Using the above basis, the second author constructed in [14] a linear Markov trace on
the algebra Y, (u). Namely:

THEOREM 2 ([I4] Theorem 12). For indeterminates z, x5, where s € Z/dZ, s # 0, there
exists a unique linear Markov trace tr:

tr : U Yin(u) — Clu)[z,x1,...,24-1]
n=1
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defined inductively on n by the following rules:
tr(ab) = tr(ba)
tr(1) =
tr(agn) = ztr(a) (Markov property)
tr(at) 1) = xstr(a) (s=1,...,d—1)
where a,b € Yqn(u).
Note that the first rule of tr is the standard rule for a trace function, the second rule
is the basis of the inductive computation of tr, the third rule is the so-called Markov

property that takes care of the highest index braiding generator in the word, whilst the
fourth rule takes care of the highest index framing generator in the word.

REMARK 3. We will define zy := 1, so z; is defined for all s € Z/dZ.

By direct computation, tr(e;) takes the same value for all i. We denote this value
by E, that is:

1
E = -
“ig e
For all m € Z/dZ, we also define:
E(m) =t (m) me—&-sxd Ex)

where egm) is defined in . Notice that E = E©,

1.5. The E-system. In order for an invariant for framed knots and links to be con-
structed through the trace on Yy, (u), tr should be normalized and rescaled properly.
In [19] it is proved that such a rescaling is possible if the trace parameters x; are solutions
of a non-linear system of equations, the so-called E-system.

DEFINITION 1. We say that the set of complex numbers {xg,x1,...,2q-1} (where z¢ is
always equal to 1) satisfies the E-condition if z1,...,z4—1 satisfy the following E-system
of non-linear equations in C:

EM™ =g E 1<m<d-1),

or equivalently,

meJrsxd_s =T, Zzsxd_s (I1<m<d-1). (17)

In [19, Appendix] it is proved that the solutions of the E-system are the functions zg
from Z/dZ to C, parametrized by the non-empty subsets S of the cyclic group Z/dZ as

follows:
Ty = Z €XPg, (18)
|S| ses

where exp, (k) = exp(2imsk/d) and exp denotes the usual complex exponential function.
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REMARK 4. It is worth noting that the solution of the E-system can be interpreted as a
generalization of the Ramanujan’s sum. Indeed, by taking the subset P of Z/dZ consisting
of the numbers coprime to d, then the solution parametrized by P is, up to the factor | P|,
the Ramanujan’s sum cq(k) (see [21]).

Equivalently, g can be seen as an element in CCy, namely
d—1
g = Zxktk, (19)
k=0

where ), = ﬁ Y oses xs(t*), k =0,...,d — 1, and y; is the character of Cy; defined as

Xs i t™ > exp,(m). So, the coefficient x), of t* in corresponds to zg(k) in (18).
Recall now that on the group algebra CG of the finite group G, we have two products,

one of them is the multiplication coordinate-wise, also called the multiplications of the

values, which is defined as:
(Z agg) . (Z bgg) = Z agbgg.
geG geG

geG
and the other product is the convolution product:
(Z agg) * (Z bhh) = Z Z agbrgh = Z (Z ahbghfl)g. (20)
gea heaG geG heG geG heG
LEMMA 2. In CCqy consider the element x = o\ -4 1 zith. We have:
r*xr=d Z EO¢
0<e<d—1

and

rxrxr=d E tr(efes)t’.
0<e<d—1

Proof. The expression for z*x follows immediately by direct computation. For the second
expression we have

rxx*xxr=d Z EOt x o =d Z EO# « Z mktk

0<e<d—1 0<e<d—1 0<k<d-1
=d g E(Z)xkt“'k =d g Toxo_stpttTE
0<l,k<d—1 0<t,k,s<d—1
¢
=d g Tslp—s_prptt = d? tr(eg )62). n
0<l,k,s<d—1

For each a € Z/dZ the character x, defines, with respect to the convolution product,
an element i, of CCy,
i, == Z Xa(8)t°.

0<s<d—1

. (dia ifa=0b
ig xip =
"o ifa#b

One can verify that
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that is, i, /d is an idempotent element. On the other hand, if we regard §, := t* as element

in CCy, it is clear that
6o ifa=0d
§o - 0y = { s

0 ifa#b.

The connection between the two products on CCy is given by the Fourier transform.
More precisely, the Fourier transform is the linear automorphism on CCy, defined as:

X = Z ast® = T := (z*is)(0) = Z ag xs(d—1£). (21)
0<s<d—1 0<e<d—1

With the above notation we have

LEMMA 3. The following hold in CCy:

Proof. The proof is just a straightforward computation (see [23]). =

2. The Yokonuma—Temperley—Lieb algebra. In this section we define a framed
analogue of the Temperley-Lieb algebra, as quotient of Y4, (u) over an appropriate two-
sided ideal.

2.1. The Hecke algebra, H, (u), can be considered as a u-deformation of the CS,,, while
TL, (u) is the quotient of H,,(u) over the two-sided ideal:
J = (h; j |for all 4, j such that |i — j| = 1),
where h; ;’s are the Steinberg elements
hij =14 h; +h; + hih; + hjh; + hihjh;.
It is well-known that J is a principal ideal. Indeed,
J = (h1,2).
Notice now that h; ; can be rewritten as
hij= Y ha,
aEW,;

where W; ; is the subgroup of S,, generated by s; and s; (clearly, W; ; is isomorphic
to S3). On the other hand, Y4, (u) can be regarded as a u-deformation of C[C} % S,,].
The symmetric group S, can be considered as a subgroup of C7 x S, therefore the
subgroups W; ; of S;, can be also regarded as subgroups of C7} % S,,. Thus, in analogy to
the ideal J of H,,(u), it is natural to consider the following ideal I of Y4, (u):

I := (g, |for all 4, j such that |i — j| = 1), (22)

where

Gij = Z 9o =1+9i+9; + 995 +9i9 + 9:9;9i- (23)
acW; ;
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We then introduce the definition:

DEFINITION 2. For n > 3, the Yokonuma-Temperley-Lieb algebra, YTLg ,,(u), is defined
as the quotient:

Y
YTLq,p(u) = d’;(“) .
In other words, the algebra YTLg ,(u) can be presented by the generators g1, ..., gn—1,
t1,...,t, (by some abuse of notation), subject to the following relations:

9i95 = 9i9i» li—jl>1 (24)
9i+19i9i+1 = 9i9i+19i (25)
g2 =1+ (u—1)e; + (u—1)e;g; (26)
tit; =t;t; foralli,j (27)
td =1 foralli (28)
giti = tit19: (29)
gitit1 = tigi (30)
gitj =tjg; forj#iandj#i+1 (31)
1+ gi + git1 + 9iGi+1 + giv19i + 9igi+19: = 0. (32)
We shall refer to relations (32) as the Steinberg relations.
Notice that relations f are the defining relations of the algebra Y, (u). Note
also that relations are symmetric with respect to the indices i, ¢ + 1, that is:
9i9i+19i = —1 — i — git1 — GiGi+1 — 9i+19i = Yi+19iGi+1,
so for n > 3 relations follow from relations .
REMARK 5. In analogy to the Yokonuma—-Hecke algebra, YTL; ,,(u) coincides with the al-
gebra TL,,(u). Further, the epimorphism induces an epimorphism of the Yokonuma-—
Temperley-Lieb algebra YTLg,(u) onto the algebra TL,(u). Also, by relations

and , any monomial in YTLg ,,(v) inherits the splitting property of Yq ,(u), that is,
it can be written in the form

W=t 2 Giy e Gigs (33)
where aq,...,a, € Z/dZ.
We now have:
LEMMA 4. The ideal I is principal.

Proof. Observe first that (o1, 02) is conjugate to (0;,0;41) in the braid group, hence also
in Fq,. This proves that the pairs (g1,92) and (g;,gi+1) are conjugate in Yq,. This
conjugation maps the elements g; 2 to g; 41, and the ideal I is principal. m
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COROLLARY 1. YTLy ., (u) is the C(u)-algebra generated by the set

{t1, o sty 91y s Gn-1}
whose elements are subject to the defining relations of Y4, (u) and the relation
g1,2 = 0.
Proof. The result follows by the multiplication rule defined on Y, (u) and Lemma |4 =
2.2. A presentation with non-invertible generators. In analogy with one can

obtain a presentation for the Yokonuma-Temperley-Lieb algebra YTLg ,(u) with the
non-invertible generators:

1
et (34)

In particular we have:

PROPOSITION 2. YTLg4,(u) can be viewed as the algebra generated by the elements
li,. . lp—1, t1,. .., tn, which satisfy the following defining relations:

td=1, for all i (35)
titj = t]‘ti, fOT’ all ’L,] (36)
Litj =t;l;, forj#tandj#i+1 (37)

1
liti =1 lz —(t; — t; 38
i+ (b= ) (39)
1
Litivr = il + m(tHl —t) (39)
—1)e; +2

12 = (uil L. 4

[ u+1 T ( O)
lilj = ljli, |’L —j| >1 (41)

(U — 1)6Z + 1
lili li = lz 42
+1 (ut1)2 (42)

Proof. Obviously, YTLg ,(u) is generated by the I;’s and the ¢;’s. It is a straightforward
computation to see that relations (24)(32)) are transformed into the relations (35))-(42).
However, we shall show here how it works for the quadratic relations and the Stein-

berg relations . From we obtain
gi=(u+1); -1 (43)
We then have
g; = ((u+ 1l = 1)%,
which is equivalent to
T+ (u—1)e; + (u—1)eigi = (u+ 1217 —2(u+1)l; + 1

or, equivalently,
(u—1)(u+ eil; = (u+1)%12 = 2(u + 1)1,

which leads to Eq. .
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For the Steinberg elements g; ;41 using we have
giit1r = L4 gi+giv1 +9igin1 +9i19i + 9igit19i = (u+ 1) Lilipili — (u+ 1)1 + (u+ 1)1
From the Steinberg relation and we have
(u+ 1)l l; = ((u— 1)e; + 1)1
or, equivalently,
(u—1)e; +1

(u+1)2 b

lilivali =

which is (42). =

REMARK 6. Setting d = 1 in the presentation of YTLg ,(u) in Proposition [2, one ob-
tains the classical presentation of TL, (u), as discussed in Subsection Note also that,
substituting in the braid relations the g;’s using , we obtain the equation:
(u - 1)€i +1 (u - 1)€i+1 +1
Lilip1l; — T li = livalilip1 — ENCESIEE liva
which becomes superfluous, since it can be deduced from . This was to be expected,
since the braid relations were also superfluous.

3. A spanning set for the Yokonuma—Temperley—Lieb algebra. In this section
we discuss various properties of a word in YTLg,(u) and we present a spanning set for
YTLg ,(u) (Proposition . Furthermore, using the work of Chlouveraki and Pouchin
in [3] we give their formula for the dimension of YTL,,(u) (Proposition [5)) and we also
discuss their results on the linear basis of YTLg ,,(u) (Theorem [3]). We finally compute a
basis for YTLg 3(u) different than the one of Theorem

3.1. We have the following definition:

DEFINITION 3. In YTLg ,(u) we define a length function [ as follows:

1(t%giy - i) =1 (85 -+ 8i,),
where !’ is the usual length function of S,, and t® :=¢t{* ... %" € C%. A word in YTLg ,, (u)
of the form will be called reduced if it is of minimal length with respect to relations

@9 @), B2

PROPOSITION 3. FEach word in YTLg ,(u) can be written as a sum of monomials, where
the highest and lowest index of the generators g; appear at most once.

Proof. An analogous statement holds for the Yokonuma-Hecke algebra Y, (u) where
only the highest index generators appear at most once [I4, Proposition 8]. Since
YTLg ., (u) is a quotient of the algebra Y ,(u) the highest index property passes through
to the algebra YTLy ., (u). The idea is analogous to [12, Lemma 4.1.2] and is based on
induction on the length of reduced words, use of the braid relations and reduction of
length using the quadratic relations . For the case of the lowest index generator g; we
use induction on the length of reduced words and the Steinberg relations . Indeed,
clearly, the statement is true for all words of length < 2, namely for words of the form

taa tag’ia tag’igj'
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For words of length 3: Let w = t“g;g;9;. Applying relation will violate the highest

index property of the word, so we must use the Steinberg relation and we have
t'9igjgi = —t* —t"g; —t"g; — t"9ig; — t"9;9:-

We assume that the lowest index generator appears at most once in all reduced
words of length < r, and we will show the lowest index property for words of length
r+ 1. Let w = t%g;, gi, - - - i,,, be a reduced word in YTLg,(u) of length r 4+ 1, and
[ = min {7;17 PPN 7ir+1}-

Let first w = t*w,g;wog,w3, and suppose that wy does not contain g;. We then have
two possibilities:

If wo does not contain g;41, then g; commutes with all the g;’s in wy and since there
cannot be a g7 term in a reduced word, we have, using the induction hypothesis:

w = t*wigwagiws = t*wiwagiws
= t'wiwz (1 + (u — 1)e; + (u — L)egi))ws
= t*wiwows + (u — L)t*wiwaeqws + (u — 1)t*wiwee giws.
If wo does contain g;41, then, by the induction hypothesis, ws has the form wy = v1g;41v9,
where in v, ve the lowest index generator is at least g;42, hence
w = t"w1gv1gi+1v2g1ws = tYW1V1G1G1+191V2W3.

Applying now the Steinberg relation we obtain a linear combination of words each
of which has at least one less occurrence of g; than w. Note also that in the case where
l+1=m = max{éy,...,4+1}, no contradiction is caused with respect to the highest
index generator. Continuing in the same manner for all possible pairs of g; in the word
we reduce to having g; at most once. m

The following proposition gives us a precise spanning set for YTLg ,, (u).

PROPOSITION 4. The set of reduced words
San = {t"(Gisgir-1 -+ Gir—k) Gi2Gin—1 - Gin—ks) - - (G Gip—1 - - Gip—ky) } (44)
where
t“:t‘fl...tﬁ,"eC’g, 1§Z‘1<7:2<...<Z'p§77,71,
and 1<i;—k; <i2—]€2<...<ip—kp7

spans the Yokonuma—Temperley-Lieb algebra YTLg,(u). The highest index generator
is gi, of the rightmost cycle and the lowest index generator is g;, —x, of the leftmost cycle
of a word in X4 ,.

Proof. We present here an elegant proof suggested by the referee. An element w in a
group is called fully commutative if any reduced expression for w can be obtained from
any other by means of braid relations that only involve commuting generators. Through
relations 7 any word is a linear combination of words of the form t%g;, ... gi,,
where g;, ...¢;, is the image of a fully commutative word of the braid monoid and it
is well-known that a fully commutative word can be written under the form given in
the statement of Proposition [l For facts about fully commutative elements the reader is
referred to [22], [10], [6], [1].
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The interested reader could also find our original direct proof (by induction on the
length of a word) in [9]. =

M. Chlouveraki and G. Pouchin in [3] have computed the dimension for YTLg ,(u)
by using the representation theory of the Yokonuma—Hecke algebra [4]. More precisely,
they proved the following result.

PRrROPOSITION 5. The dimension of the Yokonuma—Temperley—Lieb algebra is

Aim(YTLy . (1)) = de, + 20D S (Z) !

k=1
where ¢, is the n-th Catalan number.

3.2. To find an explicit basis for YTLg,,(u) Chlouveraki and Pouchin in [3] worked as
follows: As mentioned in Remarkeach word in YTLg ,, (u) inherits the splitting property.
For each fixed element in the braiding part, they described a set of linear dependence
relations among the framing parts (see [3} Proposition 5]). Using these relations they
extracted from Sy, (recall (44)) a smaller spanning set for YTLy,,(u) and showed that
the cardinality of this smaller spanning set is equal to the dimension of the algebra.
Thus, it is a basis for YTLg ,(u). Before describing this basis, we will need the following
notation:
Let ¢ and k be the p-tuples:

i=(i1,...,0p) and k= (ki,...,kp)
and let Z be the set of pairs (i, k) such that
1<ii<...<ip<n—1 and 1< -k <...<ip—kp,<n-—1
We also denote by g; 5 the element
ik = (9irGir—1 - - - Gir—k1)(GiaGio—1 - - - Gi—hs) - - - (9, Gip—1 - - - Gip—ky )-
Then the set X4, can be written as
San={t1" . " Gir|r1,. .. 0 € L)AL, (3, k) € T}.
The degree of a word w = ' ...t7"g;, ... ¢;, in Yq,(u), denoted by deg(w), is defined
to be the integer m. Set:
Sin i ={s € Xyn| deg(s) < deg(w)}.

The group algebra C(u)(Z/dZ)™ is isomorphic to the subalgebra of Yg,(u) that is
generated by the ¢;’s but not to the subalgebra of YTLg ,,(u) that is generated by the ¢;’s.
Further, the group algebra C(u)(Z/dZ)™ has a natural basis, Bg,n, given by monomials
inty,...,th:

Bin={t"...t;"|r1,...,mn € Z/dZ}.

Thus, any element of C(u)(Z/dZ)™ can be written as a linear combination of words in
By, There is a surjective algebra morphism from C(u)(Z/dZ)™ to the subalgebra of
YTLg ,(u) that is generated by the t;’s. We will denote by b the image of an element
b € By, into the subalgebra of YTLg4,(u) that is generated by the ¢;’s. We then have
the following theorem:
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THEOREM 3 (Chlouveraki-Pouchin). The following set is a linear basis for YTLg ,(u):
San = {bik 9ik| (k) € T, big € Ban(9i)}
where Bqn(gi k) is a proper subset of Ba, such that
{bik + R(9ik) [bik € Ban(9ik)}
is a basis of the quotient space C(u)(Z/dZ)"/R(gi k), and where R(w) is the following
ideal of C(u)(Z/dZ)"
= {m e C(u)(Z/dZ)" |mw € Spanc,)(E5w)}-

3.3. For d =2, n = 3 it is relatively easy to find a basis for YTLs 3(u). We will give

here a basis different than the one in Theorem [3] Before continuing, we need the following
technical lemma that will be also used in the proof of Theorem [5]

LEMMA 5 (cf. [15, Lemma 7.5]). For the element g1,2 we have in Yq ,(uw) (recall (10 . for

(1) g1912 = [1 4 (u—1)er]gi 2

(2) g2g12 = [14 (u — 1)ea]g1 2

(3) 9192912 = [L+ (u—1)er + (u—1)er 3 + (u—1)%erea]gr 2

(4) 9291912 = [1+ (u—1) e + (u— 1)er 3 + (u— 1)%erea]gn

(5) 919291912 = [1+ (u—1)(e1 +e2 + e13) + (u— 1)*(u+2) ereagi 2

Analogous relations hold for multiplications with g1 2 from the right.

Proof. The idea is to expand the left-hand side of each equation and then use and
Lemma [1] We will demonstrate the proof for the indicative cases (1) and (4). The other
cases are proved similarly.

For case (1) we have:

91912 = 91+ g7 + 9192 + G192 + 919201 + 19201
=g +[1+(u—1)er+ (u—1)eigi]
+ 9192 + [92 + (v — 1)e1ga + (u — 1)e1g192]
+ 919291 + [9291 + (u — 1)e1gagr + (u — 1)e1919291]
=g12+ (u—1)eig 2.
Case (2) is completely analogous. In order to prove case (4) we will use cases (1) and (2):
9291912 = g2(g12 + (u — 1)e1g12)
= 92912 + (u—1)e1,39291,2  (Lemma [I]
=1+ (u—1)e2]gr2 + (u—Ders(1 + (u—1ez)gue
=[1+ (u—1)ea]gio+ (u—1)e1 3912+ (u — 1)%e; 3e0912 (Lemmall)
= [14 (u—1)ea + (u—1)ers + (u—1)%eres)gr 2.

To find a basis for YTLy 3(u): From Proposition [5| we have dim(YTL3 3(u)) = 28. On
the other hand, the spanning set X5 5 of YTLg 3(u) of Proposition contains 40 elements.
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Thus, any relation wygy swe = 0 with wq, we € Yg 3(u) reduces to having wy, ws € Xo 3.
Further, if any of wq, ws contains braiding generators, then by Lemma [5| (after pushing
framing generators in wy to the right) these get absorbed by g1 2. Thus, and since e; ; =
%(1 +t;t;) for d = 2, it suffices to consider the system of equations

wigr,2we =0 wi,wg €T, (45)

where T := {1,t1,ta, t3, t1t2, t1t3, tats, t1tats }. For finding all possible linear dependencies
in ¥, 3, after substituting gig2g1 by —1 —¢1 — g2 — 9192 — 9291 in , note that some of
these 64 equations reduce trivially to g1 2 = 0; for example if we = 1 or wy = t1tats (since
it commutes with g1 2). From the rest one can extract 12 linearly independent equations
which, applied on the spanning set X5 3, lead to the following basis for YTLg 3(u):
Sas = {1,t1,t2, t1ta, g1, tag1, tag1, tatsgn, g2, t192, tsga, titsge,
9192,t19192,t29192, 39192, t1t29192, t1t39192, t2t39192, t1t2t391 92,

9291, 119291, 29201, t3g291, t1t2g2g1, titsgagu, tatsgagr, titatsgags }-

4. A Markov trace on YTLg ,(u). The following section is dedicated to finding the
necessary and sufficient conditions for the trace tr on Y4, (u) to pass to the quotient
algebra YTLg ,(u), in analogy to the classical case, where the Ocneanu trace on H,, (u)
passes to the quotient algebra TL,, (u) if the trace parameter ¢ satisfies some appropriate
condition.

4.1. It is clear by now that if the trace passes to YTLg,(u) then it has to kill the
generator g2 of the principal ideal through which the quotient is defined, that is, if
tr(g1,2) = 0. We have the following lemma:

LEMMA 6. For the element g; o we have:
tr(g12) = (u+1)2° + (u—1)E +3)z + 1. (46)
Proof. The proof is a straightforward computation:
tr(g1,2) = tr(1) + tr(g1) + tr(gz) + tr(g1g2) + tr(gz2g1) + tr(g19291)
=14+22+222+ 2+ (u—1)Ez+ (u—1)2*
=w+D22+((u—-1)E+3)z+1. =
Lemma [0} together with the equation
tr(gr2) = (u+ 122+ (u—1)E+3)z2+1=0 (47)

gives us the following values for z:

—(w=1)E+3) £/ (u—)E+3) —4(u+1)
2(u+1) '
We shall do now the analysis for all conditions that must be imposed on the trace
parameters in order that tr passes to YTLg (). If we have in mind Corollary [1jand the
linearity of tr, it follows that tr passes to YTLg,(u) if and only if the following equations
are satisfied for all monomials m in the inductive basis of Y, (u):

tr(mgm) =0. (49)

2y = (48)
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Let us first consider the case n = 3. By Proposition [1| the elements in the inductive
basis of Y4 3(u) are of the following forms:
tit5ts,  tLguEtts,  tithgaqut], tit5gats, tigitigats, t{gitigegit.  (50)
Using Lemma [5] and the following notation:
Zape = (u+ 1)22xa+b+c + ((u — 1)E(a+b+c) + ToTpre + TpToaye + xcxa+b)z + ToTpTe
Vabre = (u+1)220qpre + (u+ 1)zE(a+b+C) + 2 XqTpae + N ACano)
Wab,e = (u+ 1)z2xa+b+c + (u+ 2)2E(a+b+c) + tr(ega%ﬂ)eg)
we obtain by and the following equations, for any a, b, c € Z/dZ:

Zape =0 (51)
Zape+ (u—1)Vapre=0 (52)
Zape+ (u—1[Vapte+ Voatre + Wape =0 (53)
Zape+ (u—D[Vabte + Voate + Veatrs + Wane] = 0. (54)

Equations f reduce to the following system of equations of z, x1,...,x4_1 for any
a,b,c € Z/dZ:

Zape=0 (55a)
(%) Vappe =0 (55b)
Wa,b,c =0 (55C)

Notice that fora = b =c = 0 Eq. becomes Eq. . If, now, we require both solutions
in to participate in the solutions of (X), then we are led to sufficient conditions for
tr to pass to YTLg 5(u) (Section 4.2). If not, then we are led to necessary and sufficient
conditions for tr to pass to YTLs 3(u) (Section 4.3).

4.2. Suppose that both solutions for z from participate in the solution set of (X).
Then we have the following proposition:

PROPOSITION 6. If the trace parameters x; are d-th roots of unity, x; = 21,1 <i <d—1,

and z = *%-H or z = —1, then the trace tr defined on Yq3(u) passes to the quotient

YTLg3(u).

Proof. Suppose that (3) has both solutions for z from . This implies that there exist
Ain C(u)(x1,...,24—1) such that

Zap,e = A 0,0-
From this we deduce that
A= Tatbte
TaTpte + TpTogpe + TeTatp = 3Tatpic

BT = gy o B (56)
Tatbic = TaTpTe. (57)

Since this holds for any a,b,c € Z/dZ, by taking b = ¢ =0 in we have
E@ = z,E, (58)
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which is exactly the E-system. Moreover, by taking ¢ = 0 in we obtain
Lqlp = Ta+b- (59)

This implies that the z;’s are d-th roots of unity, x; = z¢, 1 < i < d — 1, which is
equivalent to F = 1 [19, Appendix]. In order to conclude the proof it is enough to
verify that these conditions for the xz;’s satisfy also f of (X). Since the z;’s are
solutions of the E-system, Eq. is immediately satisfied. We will finally check .
One has tr(egm)eg) = 2,,E? as soon as the z,, satisfy the E-system. Once this has been

noticed, Eq. (55¢) becomes the same as by using and E=1. u

Using induction on n one can prove the general case of the sufficient conditions for tr
to pass to YTLg ,(u). Indeed we have:

THEOREM 4. If the trace passes to the quotient for n = 3 then it passes for all n > 3.

Proof. By induction on n. In Proposition [6] we proved the case where n = 3. Assume that
the statement holds for all YTLg x(u), where k < n, that is,
tr(aggi12) =0

for all a, € Yqr(u), k < n. We will show the statement for k = n + 1. It suffices to prove
that the trace vanishes on any element in the form a,4191,2, where a,,41 belongs to the
inductive basis of Yg,+1(u) (recall Proposition , given the conditions of the theorem.
Namely:

tr(any191,2) = 0.
Since ap+1 is in the inductive basis of Yy ,,41(u), it is of one of the following forms:
Ap+1 = pGn - - .gitf or Qpy1 = antflﬂ,
where a,, is in the inductive basis of Y4 ,(u). For the first case we have
tr(ani191,2) = tr(angn - . git; 91.2) = 2tr(angn—1. .. git} g1.2)

and the result follows by induction. Therefore the statement is proved. The second case
is proved similarly. Hence, the proof is concluded. m

The above theorem allows us to state the following:

THEOREM 5. For m > 3, if the trace parameters z; are d-th roots of unity, z; = xi,
1<i<d-1, and z = *%H or z = —1, then the trace tr defined on Yq,(u) passes to
the quotient YTLg ,(u).

4.3. Moving on, we investigate the possibility of the z;’s being solutions of the E-system,
other than d-th roots of unity. We have the following;:

THEOREM 6. The trace tr passes to the quotient YTLg ,(u) if and only if the x;’s are
solutions of the E-system and one of the two cases holds:

(i) For some 0 <my < d—1 the xy’s are expressed as
= exp,, (f) (0<L<d-1).

In this case the xy’s are d-th roots of unity and z = —— or z = —1.
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(ii) For some 0 < my,mge < d— 1, where my # ma, the xy’s are expressed as
1
Ty = §(expm1(€) + exp,,, (E)) 0<e<d-1).
In this case we have z = f%.

Note that case (i) captures Theorem

Proof. Observe that the xz,’s expressed by (i) are indeed solutions of the system (X). We
will now assume that our solutions are not of this form. This implies that =, # F(® for
some 0 < a < d— 1, and this will allow us to have this quantity in denominators later.
We will use induction on n. We will first prove the case n = 3. Suppose that trace tr
passes to the quotient algebra YTLg 3(u). This means that (X) has solutions for z any

one of those in 7 for any a, b, c € Z/dZ. Subtracting (55a)) from (55b)) we obtain:
(:Uaxb+c + TpTate — 2E(“+b+c))z = - (maxbxc — xcE(‘”b)) . (60)

Forb=c=0in and since we assumed that there is an a such that z, # E(®
we obtain: z = —1. On the other hand, subtracting Eq. (55a]) from (55d) we have

(3E(“+b+c) — LaTpte — TpTate — xca:a+b)z = ToTpTe — tr(egaerJrc)eg). (61)

For the value a such that z, — E(® %0 and for b= ¢ =0 in we obtain

o — tr(ega)eg)

3w, — B@) (62)

z=—

By combining and we have
(a)

1 xq —tr(ef e2)

2 3(x, — EW@)
or, equivalently,
3(xzq — B@W) = 2(2, — tr(e{Vey)).

By Lemma [2] this is equivalent to

3 2
3x—gx*x=2x——x*x*x.

22
Taking the Fourier transform (see Lemma [3)) we arrive at
2 53 3.9 4
ﬁx3—&x2+x20.

Assuming that T = > _,.,_; yet" we have the following expression for the coefficients
ye in the expansion of Z:

yz(%y? — %ye + 1) = 0.

So eitheryy =0ory, =dory, = %d. So, if we take a partition of the set {£: 0 < ¢ < d—1}
into sets So, S1, S1/2 such that y, takes the value i-d on S; (i = 0,1,1/2), we then have

from Lemma [3 .
z= Y i+ 5 > i

meSy meSy
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From zg = 1 we obtain the conditions
1

This means that either S; has only one element and Sy, = 0 or S; = @ and Sy /5
has two elements. The first case corresponds to the case (i) where the x’s are d-th roots
of unity. In the second case, if S;/o = {m1, m2} we obtain the following solution of the
E-system:

1
ve = 3 (XD, (0) +exp,,, (1), (0<C<d—1), (63)
which corresponds to z = —%.
We can now check that these solutions satisfy the system (). Since z = —3 and

FE = %, we have E¢) = 20/2, Vearb = Wape = 0. Thus Z, . = 0 reduces to

LqTph+c + TpTa+c + Tela4+b = Tatbtc + 2£Ua.%'bill'c,

which can be checked to be satisfied by the values x, given in .
The rest of the proof (the induction on n) follows by Theorem 4] =

REMARK 7. The values for the trace parameter z in Theorems |5(and 6} z = *#—1 and
z = —1, in order that tr on Yy, (u) passes to the quotient YTLg,(u) are the same as
the values in @ for ¢ of the Ocneanu trace 7 on H,, (u), so that 7 passes to the quotient

TL,(u) (recall Section 1.2).

5. The Jones polynomial from YTLg ,(u). The 2-variable Jones or Homflypt poly-
nomial, P(\,u), can be defined through the Ocneanu trace on H,, (u) [II]. Indeed, for any
braid a € |J, B, we have

~ 1—Adu \n1 e(a)
POW@ = (-5 y) (@)
where A\ = , m is the natural epimorphism of C(u)B,, onto H, (u) that sends the
braid generator o; to h;, and () is the algebraic sum of the exponents of the ¢;’s in a.
Further, the Jones polynomial, V' (u), related to the algebras TL,(u), can be redefined
through the Homflypt polynomial, by specializing ¢ to —u%rl, see [IT]. This is the non-
trivial value for ¢, for which the Ocneanu trace T passes to the quotient TL,, (u). Namely:

V(u)(a) = (_%)”*1(\/@)@)7@(0{)) = P(u,u)(@).

As mentioned in Section 1.5, given a solution of the E-system parametrized by a
subset S of Z/dZ, one can obtain an invariant for framed knots and links [19]:

_ n—1

Tas(w,u)(@) = (—ﬁ) (\/E)E(a) tr(y(a)), (64)
where w = M, ~ the natural epimorphism of the framed braid group algebra
C(u)F, onto the algebra Yg4,(u), and a € |J, Fn. Note that if the input braids «
have all framings zero, then I'q ,(w, u) restrict to invariants of classical knots and links,
denoted by Ags(w,u). In [2] it is shown that for generic values of the parameters u, z
the invariants Ay g(w,u) do not coincide with the Homflypt polynomial except in the

1—u+(¢
U
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trivial cases u = 1 or E = 1. More precisely, for £ = 1 an algebra homomorphism can be
defined, h : Yg,(u) — Hy(u), and the composition 7 o h is a Markov trace on Y, (u)
which takes the same values as the specialized trace tr, whereby the z;’s are specialized
to the d-th roots of unity. For details see [2, §3]. Yet, as computational data [5] indicate,
they may still be topologically equivalent to the Homflypt polynomial.

Recalling now the conditions of Theorem [f] for the trace tr to pass to the quotient
YTLg ,(u), we note that in both cases the x;’s are solutions of the E-system, as required
by [19], in order to proceed with defining link invariants. We do not take into consideration
case (i) for z = —1 and case (ii), where z = —1,
and therefore they are of no topological interest. For example, the trace tr for these two
values of z gives the same result for all even (resp. odd) powers of the g;’s, as it becomes

since crucial braiding information is lost

clear from the following formulas from [19], for m € Z>°:

tr(gzm):(uu_’_l )Z+(uu+1 )E+1 if m is even
and 1 g
tr(9§")=<u+1 )Z+(u+1 )E—E if m is odd,

since, for z = —1 and z = —% we find from E=1and E = % respectively. The only
remaining case of interest is case (i) of Theorem [6] where the z’s are the d-th roots of
unity and z = —%H. This implies that £ = 1 and w = u in (64). So, by [2] and [11], the
invariant Ay s(u, u) coincides with the Jones polynomial.
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