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Abstract. For every Lie groupoid Φ with m-dimensional base M and every fiber product pre-

serving bundle functor F on the category of fibered manifolds with m-dimensional bases and

fiber preserving maps with local diffeomorphisms as base maps, we construct a Lie groupoid FΦ

over M . Every action of Φ on a fibered manifold Y → M is extended to an action of FΦ on

FY → M .

Charles Ehresmann introduced the r-th prolongation Φr of an arbitrary Lie groupoid Φ

and clarified that if Φ acts on a fibered manifold Y , then Φr acts canonically on the r-th

jet prolongation JrY of Y , [2]. These ideas are of fundamental importance for the general

theory of geometric object fields and for the theory of natural bundles and natural oper-

ators, [9]. The principal bundle form of the Ehresmann’s construction was developed by

P. Libermann, [10], and the author, [9]. The theory of principal prolongations of princi-

pal bundles has found important applications even in the gauge theories of mathematical

physics, see e.g. [4].

The main purpose of the present paper is to generalize the Ehresmann’s construction

to an arbitrary fiber product preserving bundle functor F on the category FMm of fibered

manifolds withm-dimensional bases and fiber preserving maps with local diffeomorphisms

as base maps. The functor Jr of r-th jet prolongation is the best known special case.

Our approach is essentially based on a complete characterization of F in terms of Weil

algebras, [8].
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In Section 1 we recall the basic concepts and the original construction by Ehresmann.

Section 2 is devoted to the classical interpretation of the product preserving bundle

functors on the category Mf of all manifolds and all smooth maps as the A-velocities

functors TA, where A is an arbitrary Weil algebra, [9]. One sees immediately, that the

TA-prolongation of Lie groupoid Φ over M is a Lie groupoid TAΦ over TAM and every

action of Φ on a fibered manifold p : Y → M is canonically extended into an action of

TAΦ on the fibered manifold TAp : TAY → TAM . In Section 3 we recall the description

of a fiber product preserving bundle functor F on FMm in terms of Weil algebras, [8].

This enables us to introduce, in Section 4, the F -prolongation FΦ of every Lie groupoid

Φ. This is also a Lie groupoid over the same base. Then we compare this construction with

the principal F -prolongation of a principal bundle defined in [1]. In Section 5 we discuss

in detail the basic examples, namely the r-th jet prolongation Jr, the vertical A-functor

V A and the r-th vertical jet prolongation Jr,v. Section 6 is devoted to F -prolongations

of actions. Finally we remark that our ideas can be applied to smooth categories as well.

All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise

specified, we use the terminology and notations from [9].

1. In the algebraic sense, a groupoid is a category in which all elements are invertible.

We write a or b for the right or left unit map (also called source or target), respectively.

A smooth groupoid Φ
a

//

b
//M is a groupoid such that Φ and M are manifolds, both a,

b : Φ →M are surjective submersions and the partial composition law

(1) κ : Φa ×M Φb → Φ, Φa := (Φ
a
−→M), Φb := (Φ

b
−→M)

as well as the unit injection e : M → Φ are smooth maps. The product groupoid is of the

form

(2) M ×G×M,

where M is a manifold, G is a Lie group, a = pr3, b = pr1, e(x) = (x, eG, x), where eG is

the unit of G, and

κ((x3, g2, x2)(x2, g1, x1)) = (x3, g2g1, x1),

the product g2g1 being in G. A smooth groupoid is called a Lie groupoid, if it is locally

isomorphic to the product one, [11].

For every Lie groupoid Φ and every x ∈M ,

Φx := {θ ∈ Φ, aθ = x}

is a principal bundle, whose structure group Gx is the isotropy group of Φ over x. Con-

versely, if P (M,G) is a principal bundle, then the space of all equivalence classes

PP−1 = P × P/ ∼, (v, u) ∼ (vg, ug), u, v ∈ P, g ∈ G,

is a Lie groupoid over M with respect to the composition {w, v}{v, u} = {w, u}. We

write vu−1 for the equivalence class determined by (v, u) ∈ P × P . In the product case,

(M ×G×M)x is the product principal bundle M ×G. Conversely, (M ×G)(M ×G)−1 =

M ×G×M .
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An action of a Lie groupoid Φ on a fibered manifold p : Y → M is a map λ :

Φa ×M Y → Y such that

p(λ(θ, y)) = b(θ), λ(κ(θ2, θ1), y) = λ(θ2, λ(θ1, y)), λ(e(x), y) = y.

Every left group action l : G× S → S induces an action of M ×G×M on the product

fibered manifold M × S →M by

(3) λ((x2, g, x1), (x1, s)) = (x2, l(g, s)).

In the principal bundle form, M × S is a fiber bundle associated to M ×G.

Ehresmann introduced the r-th prolongation Φr of a Lie groupoid Φ as follows, [2]. The

elements of Φr are r-jets jr
xσ, where σ is a local section U → Φa such that b ◦σ : U →M

is a local diffeomorphism. The composition κ
r is defined by

(4) κ
r(jr

x̄σ̄, j
r
xσ) = jr

xκ(σ̄ ◦ bσ, σ), x̄ = b(σ(x)).

We write ar, br := Φr → M and er : M → Φr for the source and target projections and

the unit injection of Φr. For every action λ : Φa ×M Y → Y , the induced action

λr : (Φr)ar ×M JrY → JrY

is defined by

(5) λr(jr
xσ, j

r
xs) = jr

x̄(λ(σ, s) ◦ (bσ)−1), x̄ = b(σ(x)),

where σ or s is a local section of Φa or Y , respectively, [2].

The main problem of the present paper is to extend the Ehresmann’s construction to

an arbitrary fiber product preserving bundle functor F on FMm. We underline that we

cannot apply F to κ, for κ is not an FMm-morphism.

2. But we can use the description of F in terms of Weil algebras deduced in [8].

The space D
r
k = Jr

0 (Rk,R) is an algebra with respect to the addition and multiplica-

tion induced by the addition and multiplication of reals. A Weil algebra A can be defined

as a factor algebra of D
r
k. Algebra A defines a bundle functor TA on Mf in such a way

that TD
r

k = T r
k is the classical functor of (k, r)-velocities, [9], [7]. The elements of TAM

are called A-velocities on M and are written as

(6) jAγ, γ : R
k →M.

For every smooth map f : M → N , TAf : TAM → TAN is defined by TAf(jAγ) =

jA(f ◦ γ). A fundamental result reads that all product preserving bundle functors on

Mf are the Weil functors. Moreover, if A and B are two Weil algebras, then the natural

transformations TA → TB are in bijection with the algebra homomorphisms µ : A→ B,

[9]. We write µM : TAM → TBM for the value of the natural transformation on M .

One verifies easily that for every Lie groupoid Φ
a

//

b
//M , TAΦ

T Aa
//

T Ab

//TAM is also a

Lie groupoid with partial composition TA
κ and unit injection TAe : TAM → TAΦ. If

λ : Φa ×M Y → Y is an action of Φ on Y , then TAλ : (TAΦ)T Aa ×T AM TAY → TAY is

an action of TAΦ on TAY → TAM .
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3. We recall that two FM-morphisms f, g : Y → Y with base maps f, g : M → M

determine the same (q, s, r)-jet at y ∈ Y (denoted by jq,s,r
y f), s ≥ q ≤ r, x = p(y), if

jq
yf = jq

yg, js
y(f | Yx) = js

y(g | Yx), jr
xf = jr

xg.

A bundle functor F on FM is said to be of the order (q, s, r), if

jq,s,r
y f = jq,s,r

y g implies Ff | FyY = Fg | FyY.

We say that r is the base order of F .

Even the fiber product preserving bundle functors on FMm can be characterized by

means of Weil algebras. The basic examples of such functors are the r-th jet prolongation

Jr, the vertical Weil functor

V AY =
⋃

x∈M

TA(Yx) with TAf defined fiberwise,(7)

the r-th vertical jet prolongation

Jr,vY =
⋃

x∈M

Jr
x(M,Yx) with Jr,vf defined fiberwise,(8)

their iterations (e.g. the r-th nonholonomic jet prolongation J̃r) and subfunctors (e.g.

the r-th semiholonomic jet prolongation J r).

According to [8], every such functor F of the base order r is identified with a triple

(A,H, t), where A is a Weil algebra, H : Gr
m → AutA is a group homomorphism and

t : D
r
m → A is an equivariant algebra homomorphism under the identification of the r-th

jet group Gr
m in dimension m with Aut D

r
m given by (g,X) 7→ X ◦g−1, X ∈ D

r
m, g ∈ Gr

m.

Given A, H and t, the functor F = (A,H, t) can be reconstructed as follows. In the

product case of M ×N →M ,

F (M ×N) = P rM [TAN,HN ]

is the fiber bundle associated to the r-th order frame bundle P rM with standard fiber

TAN and the action HN of Gr
m on TAN determined by the natural transformations

H(g)N : TAN → TAN . In the general case of p : Y →M , FY is the subset of F (M×Y ) =

P rM [TAY,HY ] formed by the equivalence classes {u, Z} satisfying

(9) tM (u) = TAp(Z) ∈ TAM, u ∈ P rM, Y ∈ TAY,

where tM : T r
mM → TAM and P rM ⊂ T r

mM . For an FMm-morphism f : Y → Y over

f : M →M , we have

Ff = {P rf, TAf},

where P rf : P rM → P rM and TAf : TAY → TAY form a morphism of associated

bundles.

4. Consider the F -prolongation of Φ
a
−→ M and write π : F (Φa) → Φa for the bundle

projection and a = a ◦ π, b = b ◦ π : FΦa →M . Let ΠrM
α

//

β
//M be the groupoid of all

invertible r-jets on M . Hence (a, b) : FΦa → M ×M and (α, β) : ΠrM → M ×M , so

that we can construct ΠrM ×M×M FΦa.
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Definition 1. The F -prolongation of a Lie groupoid Φ is the subset

(10) FΦ ⊂ ΠrM ×M×M FΦa

of all pairs (v ◦ u−1, {u, Z}) satisfying tMv = TAb(Z).

Hence the elements of FΦ are the equivalence classes, with respect to the action of

Gr
m,

(11) {v, Z, u} satisfying TAa(Z) = tMu, TAb(Z) = tMv,

u, v ∈ P rM , Z ∈ TAΦ. Given another {w,Z, v} ∈ FΦ, we define the composition by

(12) {w,Z, v} ∗ {v, Z, u} = {w, TA
κ(Z,Z), u}.

Write ã, b̃ : FΦ → M for the projections determined by (10). Define ẽ : M → FΦ by

ẽ(x) = {u, jAê(x), u}, where ̂ denotes the constant map of R
k into e(x). Then one

verifies directly

Proposition 1. FΦ
ã

//

b̃

//M , with the partial composition law (12) and the unit injection

ẽ is a Lie groupoid over M .

We remark that the Lie algebroid of FΦ was constructed in the principal bundle form

in [6].

We recall Πr
R

m = R
m × Gr

m × R
m. In the product case of Φ = R

m × G × R
m, we

have

(13) FΦ = R
m ×Gr

m × TAG× R
m.

In [1], the principal F -prolongation WFP of a principal bundle P (M,G) is defined

by

(14) WFP = P rM ×M FP.

This is a principal bundle over M , whose structure group is the semidirect product

WA
HG = Gr

m ⋊ TAG with the multiplication

(15) (g1, X1) (g2, X2) = (g1 ◦ g2, HG(g−1
2 )(X1) ···X2),

the product ··· being in TAG. Using (13), one verifies easily that

F(PP−1) = (WFP )(WFP )−1.

5. We are going to discuss the basic examples from Section 3.

Example 1. For F = Jr, we have A = D
r
m, H = id Gr

m
, t = id Dr

m
, so that tM = id T r

m
M .

Hence the elements of JrY can be interpreted as the equivalence classes

{u, Z}, u ∈ P rM, Z ∈ T r
mY satisfying T r

mp(Z) = u.

In this situation, Z ◦u−1 = jr
xs, where s is a local section of Y . The elements of J rΦ are

the equivalence classes

{v, Z, u}, Z ∈ T r
mΦ, u = T r

ma(Z), v = T r
mb(Z).
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We have Z ◦ u−1 = jr
xσ, where σ is a local section of Φa. Then T r

mb(Z) = v implies

v ◦ u−1 = jr
x(b ◦ σ). So our set J rΦ and the set Φr by Ehresmann coincide. Consider

another {w,Z, v} ∈ J rΦ. Then (12) yields

(16) {w,Z, v} ∗ {v, Z, u} = {w, T r
mκ(Z,Z), u}.

Writing Z ◦ v−1 = jr
x̄σ, we find T r

mκ(Z,Z) ◦ u−1 = T r
mκ(Z ◦ v−1 ◦ v ◦ u−1, Z ◦ u−1) =

jr
xκ(σ ◦ bσ, σ). So even the composition in J rΦ coincides with that one introduced by

Ehresmann.

Example 2. Consider the vertical Weil functor F = V A. The base order of V A is 0,

P 0M = M and G0
m is the one-element group. Further, D

0
m = R and t is the zero homo-

morphism. Hence

VAΦ = {Z ∈ TAΦ, TAa(Z) = jAx̂1, T
Ab(Z) = jAx̂2},

where x1 = ã(Z), x2 = b̃(Z). In other words, the elements of VAΦ are of the form

jAϕ(τ ), aϕ(τ ) = x1, bϕ(τ ) = x2 for all τ ∈ R
k.

For another Z ∈VAΦ, Z= jAψ(τ ), aψ(τ )=x2, bψ(τ ) = x3, the composition κ(ψ(τ ), ϕ(τ ))

is defined for all τ ∈ R
k and we have

(17) Z ∗ Z = jA
κ(ψ(τ ), ϕ(τ )).

Example 3. In the case F = Jr,v, we have A = D
r
m, H = id Gr

m
, and t : D

r
m → D

r
m is

the zero homomorphism. Hence for every u ∈ P r
xM we have tMu = jr

0 x̂. So the elements

of Jr,vY can be interpreted as the equivalence classes

{u, Z} satisfying T r
mp(Z) = jr

0 x̂,

u ∈ P r
xM , Z ∈ T r

mY . In this situation, Z ◦ u−1 = jr
xs, where s is a local map of M into

Yx. Write

Φx2,x1
= {θ ∈ Φ, aθ = x1, bθ = x2}.

For every manifold N , κ induces a map

κ̃N : Jr(N,Φx2,x3
) ×N Jr(N,Φx1,x2

) → Jr(N,Φx1,x3
),

κ̃N (jr
zψ(τ ), jr

zϕ(τ )) = jr
zκ(ψ(τ ), ϕ(τ )), z ∈ N.

Having {v, Z, u} ∈ J r,vΦ, the conditions T r
ma(Z) = jr

0 x̂1, T
r
mb(Z) = jr

0 x̂2 are equivalent

to Z ∈ T r
mΦx1,x2

. Hence the elements of J r,vΦ are the pairs

(X,S), X ∈ ΠrM, S ∈ Jr
x1

(M,Φx1,x2
), x1 = αX, x2 = βX.

Consider another (X,S) ∈ J r,vΦ of the form {w,Z, v}. Formally, the product is defined

by the same formula (16). But now we have

T r
mκ(Z,Z) ◦ u−1 = κ̃M (Z ◦ v−1 ◦ v ◦ u−1, Z ◦ u−1).

Hence the jet formula for the composition in J r,vΦ is

(18) (X,S) ∗ (X,S) = (X ◦X, κ̃M (S ◦X,S)).
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6. Consider an action λ : Φa ×M Y → Y .

Definition 2. We define Fλ : (FΦ)ã ×M FY → FY by

(19) Fλ({v, Z, u}, {u,Q}) = {v, TAλ(Z,Q)},

u, v ∈ P rM , Z ∈ TAΦ, Q ∈ TAY .

Analogously to Section 4, one verifies directly

Proposition 2. Fλ is an action of FΦ on FY →M .

In Example 1, if {v, Z, u} ∈ J rΦ and {u,Q} ∈ JrY so that Z ◦ u−1 = jr
xσ, v ◦ u−1 =

jr
x(b◦σ) and Q◦u−1 = jr

xs ∈ JrY , then T r
mλ(Z,Q)◦v−1 = T r

mλ(Z◦u−1, Q◦u−1)◦u◦v−1 =

jr
x̄(λ(σ, s) ◦ (bσ)−1). This is the original formula (5) by Ehresmann.

In Example 2, if S = (x̄, jAϕ(τ ), x) ∈ VAΦ and Q = (x, jAψ(τ )) ∈ V AY , then

(20) VAλ(S,Q) = jAλ(ϕ(τ ), ψ(τ )).

In Example 3, for every manifold N we have the induced map

λ̃N : Jr(N,Φx1,x2
) ×N Jr(N,Yx1

) → Jr(N,Yx2
),

λ̃N (jr
z (σ, s)) = jr

zλ(σ, s), z ∈ N.

Given {v, Z, u} ∈ J r,vΦ and {u,Q} ∈ Jr,vY , we have

T r
mλ(Z,Q) ◦ v−1 = λ̃M (Z ◦ u−1, Q ◦ u−1) ◦ (u ◦ v−1).

Hence the jet formula for J r,vλ is

(21) J r,vλ((X,S), T ) = λ̃M (S, T ) ◦X−1,

X ∈ ΠrM , S ∈ Jr
x1

(M,Φx1,x2
), T ∈ Jr

x1
(M,Yx1

).

7. We remark that our construction can be applied to every smooth category

C
a

//

b
//M with the composition κ : Ca ×M Cb → C, [3], [5]. (Two simple examples

are the category CE of all linear maps between the individual fibers of a vector bundle

E →M and the category Jr(M,M) of all r-jets of a manifold M into itself.) One defines

FC as a subset

FC ⊂ ΠrM ×M×M FCa

analogously to (10). The composition in FC is introduced by the formula (12).
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1755–1757.

[3] C. Ehresmann, Prolongements des catégories différentiables, Topologie et Géom. Différ-

entielle 6 (1964), 1–8.

[4] L. Fatibene and M. Francaviglia, Natural and Gauge Natural Formalism for Classical

Field Theories, Kluwer, 2003.



184 I. KOLÁŘ
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[7] I. Kolář and A. Cabras, On the functorial prolongations of principal bundles, Comment.

Math. Univ. Carolinae 47 (2006), 719–731.
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