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1. Introduction. Let (M™,g) be closed, oriented, with triangulation K. Then the char-
acteristic numbers

R e L (1)
and for n = 4k 4 _
R L A A (12)

are well defined. Here w; are the Stiefel-Whitney and p; the Pontrjagin classes.
They characterize the elements of ng. More generally, the numbers
(P - pg frR™) (M), (1.3)
where m = n — 4k, ™ € H™(X,Z), X a finite CW-complex and f : M" — X
characterize the singular bordism class of [(M, f)] € Q7°(X) modulo torsion.
If M™ is open (hence K infinite) then w;, ,; and p;,. ;, are in generally not defined.

n

More generally, we have the following simple

PROPOSITION 1.1. There does not exist any nontrivial number valued (vector valued)
invariant which is defined for all connected oriented manifolds and which is additive
w.r.t. connected sums. m

There are several ways out from this situation.

1) One should admit more general ranges of definition, e.g. K-groups (Mishchenko, Roe
et al.) and give up the condition of additivity.

2) One could impose certain restrictions, i.e. define invariants not for ”all” manifolds.
3) One could work with other definitions of characteristic numbers, e.g. more analytical
ones.

4) One could introduce relative characteristic numbers.
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The fundamental criterion for establishing such numbers should be their geometrical
meaning and the applicability.

We define in section 2 analytical characteristic numbers, study their invariance prop-
erties and applications. Section 3 is devoted to combinatorial characteristic numbers. In
section 4, we define relative characteristic numbers and apply them to bordism theory
and we study bordism theory of manifolds with nonexpanding ends and relate it with the
growth of the signature. Finally, section 5 is devoted to suitable versions of the Novikov
conjecture.

2. Absolute characteristic numbers for open manifolds. Let (M**, g) be closed,
oriented, g an arbitrary Riemannian metric, p;(M, g) the associated by Chern—Weil con-
struction Pontrjagin classes, e(M, g) the Euler class, L, the Hirzebruch polynomial. Then
there are the well known equations

omﬂ%:/iuMyra/m@mmeumuMg»:dMg> (2.1)

and for (M™, g) oriented

MMﬂ=/de=MMw~ (2.2)

These equations express in particular that the r.h.s. are in fact independent of g and are
homotopy invariants. We proved that the space of Riemannian metrics on a manifold
splits w.r.t. a canonical uniform structure into "many” components and that on a com-
pact manifold there is only one component (cf. e.g. [7]). The independence of g can be
reformulated as the r.h.s. depend only on comp(g), since the space of Riemannian metrics
on a closed manifold consists only of one component. We will extend the definitions of
the Lh.s. and the r.h.s. to certain classes of open manifolds. In some cases there even
holds equality. The main questions connected with such an extension are

1) the invariance properties,

2) applications, the geometrical meaning.

It is clear that the definition of characteristic numbers via Chern—Weil construction can
be extended to an open manifold if the Chern—Weil integrand is € L;, as a very special
case if this integrand is bounded and (M™, g) has finite volume.

Let (M™, g) be an open complete manifold, G a compact Lie group with Lie algebra
®,0:G— Uy or o: G— SOy a faithful representation, P = P(M,G) a principal fibre
bundle and E = P x g FEy the associated vector bundle which is endowed with a Hermitean
or Riemannian metric. According to the faithfulness of o, the connections on P and E are
in a one-to-one correspondence, w < V¥ = V. Denote by C(P, By, f,p) = C(E, By, f,p)
the set of all connections w < V¥ = V with bounded curvature, i.e. satisfying (By):
|R| < C, where R denotes the curvature and || the pointwise norm, and having finite
p-action

/|va|p dvol,;(g) < oc.
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We fix P and E and write therefore simply C(By, f,p). Let 6 > 0 and set
Vs = {(V,V') € C(Bo, f,p)*|"'|V = V'|gp1 = IV = V'|+ V(V -V
+HV =V, +|V(V -V, <8}
LEMMA 2.1.B={Vs}s>0 is a basis for a metrizable uniform structure >*UP1(C(By, f, p)).
Proof. We start with (Uj): For each V € B there exists V' € B such that V' C V1.
PV = Vg1 = IV = VI + IV (V' = V)| + [V = V|, + [V (V' = V).
Hence we have to estimate only
IVI(V = V)| < (V' = V) (V' = V)| + VYV = V)| < COIV = V2 + MV - V|

and

IV(V' = V)l < |(V = V)(V' = V)|, +[V(V' = V)],

<GV = V||V = V|, + [V(V' = V)],
ie.
YUV =V pa < PPV = V),
where P; is a polynomial without constant term. (U3) is done.
For (Uj): For each V' € B there exists W € 9B such that W oW C V we have to

estimate in

YUV = Valv, pa < PV = Vo, o1 + 1
V — Valv, p1. But
V = Valv,p1 = IV = Va| + Vi(V = Vo) [ + |V = Va|, + [Vi(V = V2)l,
IV = Vo + (V1 = V)V = V)| + IV(V = V2)| + |V = Val,
(Vi =V)(V = V)|, +[V(V = V2)|,

< PV = Valgpt + 28 V1 = Vg, p1 - PNV = Valopi,

together with (2.3)

PUVL = Voo, i < Po(" V1 = Vv, p1. [V = Valv p),

where P» is a polynomial without constant term. (U5) is done. m

Denote by *™Q4(&g) or Q4T (&g) or b™mOIPT (G E) the completion of

V —Valv,p1 (2.3)

only the term %!
b1

IN

2(®5) = {n € Q&) ||| = Y sup [V¥n|, < oo}
u=0 *

or

o1r(05) = {n e 0(0m) lnlyr = | 3 Vilzawl(s)) < oo}

i=0
WP (G ) = 292(EE) AU ()
with respect to ™| | or ||, or ®™[ |, = ®™||+]],, respectively. We obtain Q4P etc.
by replacing V — d.
Denote by »!CP'(By, f,p) the completion w.r.t. ®14r-!.
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THEOREM 2.2. a) »CPY(By, f,p) is locally arcwise connected.
b) In »1CPY(By, f,p) components and arc components coincide.
c) b1erY(By, f,p) has a decomposition as a topological sum

blcrY(By, f,p) Zblcompp’ Vi).
i€l

d) Pleomp? (V) = {V' € »'CP!(Bo, f,p) | "IV = V'|v p1 < oo}

= V + (completion of QY (&5, V) N Q1P (G5, V)

wort. |y p1) =V + PPN & V).

Proof. The only fact to prove is a). b) and c) are consequences of a) and d) follows
from V' = V + (V' — V). Let ¢ > 0 be so small that in U.(V) »!/- — |y ,1 and the
metric of »1CP1(By, f,p) are equivalent. Put for V/ € U.(V), "}V = V'|y p1 < &, V; 1=
(1=t)V+tV' = V4+£(V'=V). It V,, € !B, V)N P (G, V) an »
then V,; = V+t(V, = V) = V+tV' = V) =V, ie. V, € »ICP1(By, f,p). Moreover,
b’l\th - vt2 v,p,1 = ‘tl - t2| : b*1|V’ - V|v7p71 tljt; 0. m

1 — 0
vV—

LEMMA 2.3. The elements V of “'1CPY(By, f,p) satisfy (Bo) and

/\RV|§ dvol,(g) < .

Proof. By the definition of »!CP! its elements are C'! (since they arise by uniform con-
vergence of 0-th and 1rst derivatives) hence RV is defined. If V, — V, V,, € C(Bo, f,p),
V =V, + (V= V,), then, for fixed v,

1
RY = RV»*(V=V2) = RV 4 ¢V(V - V,) + 5V =V, V-V, (2.4)

Each term of the r.h.s. of (2.4) is bounded, hence RY. Moreover |RV*| € L, d¥(V-V,)|
€L,and [V—-V,, V-V, ]<C- V-V, [V-V,|€L, u

Now let w <« V¥ = V be given. After choice of a bundle chart with local base
$1,...,8n : U — E|y the curvature Q will be described as Qs; = Zj Q;; ® s;, where
(€4;) is a matrix of 2-forms on U, €;;(sk, s;) = Qij .kt = Rij . An invariant polynomial
P : Maty — C defines in the well known manner a closed graded differential form
P =PQ) = P+ P, + -, where P, is a homogeneous polynomial, P.(2) = 0 for
2r > n. The determinant is an example for P. If w is not smooth then P() is closed in
the distributional sense. Let 0,.(2) be the 2r-homogeneous part (in the sense of forms)
of det(1 + ;).

LEMMA 2.4. Fach invariant polynomial is a polynomial in o1,...,0N.

LEMMA 2.5. If w € »ICPY(By, f,p) and r > 1 then

/|JT(Q)|5 dvol,(g) < oc. (2.5)

Proof. For the pointwise norm | |, we have |[Q]2 = %Z” et 1Q%j.0]2, where Q50 =
Qij(ep,er) and e1,. .., ey, is an orthogonal base of T, M. According to our assumption we
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have [QF = [ |Q|? dvol < oo and ||, < b for all € M. The proof is done if we could
estimate |o,.(Q)|, from above by |Q|,. By definition

1 7 7
o (Q) = ] Zejll'_'_:jrrﬂiljl AN AN, (2.6)

where summation runs over all 1 < i; < --- < i, < N and all permutations (i; ...4,) —
(j1.--Jr). € denotes the sign of this permutation. We perform induction. For r = 1
01(Q) = > Q4. The inequality
1912 < 19ul2 =202 (2.7)
s,t

implies in particular |o1(Q2)[2 < 2N|Q|2. For arbitrary forms ¢, ¢ we have

lo Ale < ple - |9]e- (2.8)
For forms with values in a vector bundle we have to multiply the r.h.s. of (2.8) with a
constant. (2.6), (2.7), (2.8) and the induction assumption thus give

o ()7 < a- Q7 (2.9)
together with |22 < b? finally |0, (Q)|z =c- Q. w
COROLLARY 2.6. Let P be an invariant polynomial, w € “'CPY(By, f,p), r > 1. Then
each form P.() is an element of %121,
Proof. This follows from 2.4, 2.5 and (2.8). =

Denote by H*P or *H* the L, or bounded cohomology, respectively.

COROLLARY 2.7. Under the assumptions of 2.6, P and w define well defined classes
[P ()] € H?P(M), [Py(Q2)] € "H?(M). =

Now the natural question arises: how does [P,(£2*)] depend on w? We denote I = [0, 1],
it : M — I x M the imbedding i;(z) = (¢,2) and furnish I x M with the product metric

((1) 2). Here we write H4P14} = H9P etc.

LEMMA 2.8. For every q > 0 there exists a linear bounded mapping K : QIT1Pd(I x M)
— QIPA(M) resp. K : QT[T x M) — PQ@4(M) such that dK + Kd = if —i* — 0.
Proof. Since grxm = ((1)2) is an isometric imbedding and 4y is bounded. ¢ maps into
QaPd( M) because |di*p|, = |i*dip|. < C-|dg|.. Denote Xo = % and for ¢ € QITLPAd([x M)
wo(X1,...,Xq) = (X0, X1,...,Xy). Then ¢ € Qq’p’d(I X M), |oolw,z) < [#]t,2), and
we define

1
K@(Xl,,Xn) :/ ero(Xl,,Xq)dt
0

Thus K is bounded too. The equation dK + Kd = i} — t§ is standard. Replacing Q274
by YQ%¢ gives the same conclusions. =

LEMMA 2.9. Let f,g: M — N be smooth mappings, F : [ x M — N a smooth homotopy,
59" QEPA(N) — QePd(M), F* : QIPA(N) — QP x M) resp. f*,g* : MQ4(N) —
bQaA(M), F* : MQPY(N) — "Q24(] x M) bounded and o € QIPI(N) resp. ¢ € YQ94(N)
closed, i.e. p € Z9P(N) resp. ¢ € *Z9(N). Then we have (g* — f*)p € BIP(M) resp.
(9" — f*)p € BI(M).
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Proof. We consider the case Q9P+¢, According to our assumption we have K¢ := KF*p €
Qu=1rd(M) and (g* — f*)p = (Foty)* — (Foig))p = (i F* —igF*)p = (i —i5) F*p =
(dK + Kd)F*¢ = dKF*p = dKp. The case of bounded forms will be treated by the
same equation. m

Now we are able to prove one of our main theorems.

THEOREM 2.10. Let Q : Myn(C) — C be an invariant polynomial, + > 1, p = 1
or 2. Then each component U of »1CPY(By, f,p) determines uniquely a cohomology class
[Q(QY)] € HP2M (M) resp. [Q(QY)] € "H*"(M).

Proof. Assume wg,w; € U. Then, according to theorem 2.2, d) n := w3 — wy €
PIOLP (B g, wo) and wy = wo + t,, —0 < t < 1+ 4, is contained in U. We have to
show [@Q,-(Q24°)] = [Q,(Q“1)]. Consider

1
Q= Q%, Q= Qo+ td”n + 5152[77, nl. (2.10)

For all ¢ €] — 6,6 + 1[ we have [||Pdvol < oo and ||, is bounded at M. This
follows from (2.10) and the assumption wg,wy € U. If p:] — 6,1 + §[x M — M denotes
the projection (¢t,z) — x, P’ = p*P resp. £/ = p*E the liftings of the bundles to
] — 0,1+ 6[xM, p (which covers p) the associated mapping of the bundle spaces, then
p*wq, p*wy are connections for the lifted bundles.

tp*wi+(1—t)p*wy = p*wo+1tp*n is again a connection w’. According to (2.10), we have
O = p*Qy + P oty + % [p*n,p*n]. p* is bounded. Thus 0~ is surely p-integrable and
bounded if this holds for dP"“op*n. But this follows from the equation (p*wo)ij = p*(wo,i5)
for the connected matrix, n € »1Q4(S g, wy) and from the boundedness of p*. w’, Q'
define well determined p-integrable resp. bounded cocycles at |—§, 14 6[ x M. Let i; again
be the mapping x — (t,x). Then i§(E’,w’) resp. i (E’,w’) can be identified with (F,wy)
resp. (E,w1). i, 0 <t <1, is a smooth bounded homotopy between iy and ;. According
to 2.9, i5Q,.(Q') and iQ,.(Q') are cohomologous in H*"P resp. *H?", i.e. Q,() and
Q. () are cohomologous in H?"P resp. "H?". =

DEFINITION. For a component U of »I1CP(By, f,p) we define the r-th Chern class
¢-(PU,p) by

¢ (E,U,p) = ¢,(P,U,p) := [0,(Q)].

1
(2m)"

Then we have ¢, € H*"P, ¢, € PH?".

REMARK 2.11. For wg,w; € ®ICP1(By, f,p) the cocycles o, (0220 /(2m)", o,.(Q¥ /(27i)"
are contained in the Chern class ¢,.(F) and therefore they are cohomologous, but they
do not need to be cohomologous in H?"P. Take for example an w € QP'}(By, f,p) and
apply a gauge transformation g with w — g*w ¢ QP 4(S g, w). Then |Q¥], = |9 ¢|,.
An explicit example is given by M = R?, P = M x Uy, w the canonical flat connection,
the gauge transformation g at the point (z,y) given by i@ +y%) -id, where id denotes the
unit matrix. Then |w — g*w| () = (971 dg|(n,y) = |i(z dz —ydy)-id |5, = [N (z? +12)|2
is neither bounded nor p-integrable. For this reason our approach above seems to be
suitable for the general situation on noncompact Riemannian manifolds. m
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DEFINITION. For o : G — Oy, E = P xg R" denote by E¢ or P¢ the complexification
of E or P, respectively. Any connection w on E resp. P extends in a canonical man-
ner to a connection on E€ resp.P¢ and we have an inclusion of the components U of
b1ceL(P, By, f,p) into the components U¢ of ®CP1(PY, By, f,p). Then we define the
k-th Pontrjagin class px(P,U,p) by
pk(Pa Uap) = pk(Ea Uap) = (71)k62k(PCa Ucap)'
Let P be the Pfaff polynomial for skew symmetric 2N-matrices, ¢ : G — SOan,
E = P xg R?*V. Then for a component U of »1CP'(PY By, f,p) we call
1

(2m)N
the Fuler class of U. Then e € H*NP(M), e € "H*N (M).

e(E,U,p) = Pf(QY)

Now come in characteristic numbers. Consider ¢ : G — Uy, let dim M = 2k and Q
an invariant polynomial, w € ®CP1(PY By, f,p), Q(Q*) = a + Q1(Q) + --- + Qwn(Q).
Then Q;,..i, = Qi N+ AN Q4 with 41 + -+ + i = k defines a characteristic 2k-form
and a characteristic number [ Q;, . = Qi,. 4. (P,w)(M) if the latter integral exists. In
particular we consider the classes ¢;, .4, 1= ¢i; A+ Ac;, and have to ensure the existence
of the corresponding integral.

LEMMA 2.12. a) If k=1 and w € »'CYY(By, f,1), then [,, c1 converges.

b) If k> 1 and w € »'CYY(By, f,1) or w € »1C*Y(By, f,2) then fM Ciqy.i

Proof. a) is clear. We have to prove b). At each € M, ¢;,. ;, is a sum of monomials a.
Qi jy A AQy . - According to lemma 2.5 [Q;, 5, A+ ALy, g |z < D1+ | resp. < Do+ |Q2
ifp=1resp.p=2. m

k

L, COMVETgES.

COROLLARY 2.13. Under the assumption of 2.12, for any invariant polynomial Q, the
integral ), Qi,..q, converges.

Proof. This follows from 2.4 and the proof of 2.12. =

Lemma 2.12 b) is also valid in the case ¢ : G — O, dim M = 4k for p;,. 4., 41 +
coo+ip =k, k > 1, resp. in the case o : G — SOsy, dim M = N for the Euler form
e(E,w,1,9) (2.12 a) for N =1, 2.12 b) for N > 1).

The above characteristic numbers until now are defined only for a chosen connection
w. One would like that the characteristic numbers are constant on least on the components
of »1CP1(By, f,p). This is in fact the case for p = 1.

THEOREM 2.14. The characteristic numbers are constant on the components of the space
b,lcl,l(BO’ f, 1)'

Proof. If w, w' are contained in the same component U, then according to 2.10, Q;, . 4, (w)
and Q;, . ;, (w') define the same cohomology class in H2*:1(M) resp. H**:1(M), i.e. there
exists an absolutely integrable ¢ with dp = Q;, i, (W) — Q4.4 (W'). A fundamental

result of Gaffney then says [, dp = 0 for (M,g) complete and dy itself absolutely
integrable ([12]). m

Thus one gets characteristic numbers Q;, . i, (P, U)(M).
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REMARK 2.15. For w,w’ € »1C%Y(By, f,2) and deg(Q;,..;,) > 4 the characteristic num-
bers Q;, i, (W)(M), Qiy.. 4, (W) (M) are defined. If Q;, i, (w), Qi; .4, (W) define the same
cohomology class in H2?K1(M?F) resp. H**! resp. H?N1, then the characteristic numbers
coincide. m

A very special but interesting case in our considerations is the case vol(M) < oc.
Consider »1C(By). It is defined by means of B = {Vs}s>0, where V5 = {(V,V’) €
C(By)? | PV - V'|y < 6}

THEOREM 2.16. If vol(M) < oo then characteristic numbers are constant on each com-
ponent of ®'C(By).

Proof. According to 2.10 each component U of »'C(By) determines uniquely a cohomol-
ogy class [Q;, ;] in PH?*(M?*) or PH* or *H?VN respectively. Taking two cocycles of
this class, there exists a bounded C'-form ¢ such that there difference equals to dy. o,
dp are bounded, vol(M) < oo, thus ¢, dp are absolutely integrable and the theorem of
Gaffney gives the desired result. m

REMARK 2.17. vol(M) < oo implies »1C(By) = »'CP}(By, f,p). Thus the conclusion
of 2.16 also holds for the components of »1CP*(By, f,p). =

We call the quasi isometry class of ¢ the uniform structure US(g) generated by g. For
all metrics of US(g) the cohomology spaces H*P(M™,g’') coincide. The same holds for
bH*(M™, g"). This leads immediately to

THEOREM 2.18. The cohomology classes Qi,. i, (w) resp. the characteristic numbers
Qiy.ip (W)(M) in 2.10 respectively 2.5, 2.5 are the same for all metrics g € US(g). m

The situation completely changes if w itself depends on g. Then it is not true in
general that for ¢’ € US(g), c(w(g)) ~ c(w(g')). The case w = w(g) is essentially the case
P = bundle of orthogonal frames of (M", g), V = Levi-Civita connection V9. Therefore
we briefly describe the metrics which come into question and describe their admitted
variation (for fixed M).

Let
M(By,p, f) = {g|g complete, satisfies (Bp) and /\Rg|§ dvol,(g) < oo},
b2)g — 9 lgp2 = 2g — glg+19—9gp2
=Yg =gy + IV = V] + VIV = V)]
1 1
/1p 9\t (79 g'\|p g
([ (9= a1+ 197 = 97 ) avola(a))
i=0
and set

Vs ={(9,9") € M(Bo,p, [)*|C(n,8) g < ¢’ < C(n,8)g and **|g — ¢’y 5.2 < 8}
Here C(n,d) =1+ 8§+ d§y/2n(n—1).
LEMMA 2.19. B = {Vs}s>0 is a basis for a metrizable uniform structure. m

Denote by ®2MP2(By, p, f) its completion.
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PROPOSITION 2.20. a) »2MP2(By,p, f) is locally arcwise connected.
b) In "2 MP2(By,p, f) coincide components with arccomponents.
c) B2 MP2(By,p, f) has a representation as a topological sum
b72Mp72(B07p7 f) = Z b72compp72(gi)'
icl
d) comp(g) = {g’ € "*MP?(Bo,p, f)|"?|g — ¢'lgp2 < 00}. m
PROPOSITION 2.21. If ¢’ € comp(g) then VY e comp(VY) is the sense of theorem 2.2, d).

Hence we obtain well defined characteristic classes C(V9) = C(g) and characteristic
numbers C'...(VI)(M) = C...(g)(M) as above. The main important cases are the Euler
form e = E(g),

x0r.g)= [ Blg)
M
and the signature case

(M, g) = /ML@),

where L(g) is the Hirzebruch genus.
The following natural questions arise.

1) How does E(g) depend on g7
2) What is the topological meaning of x(M™, g)?
3) Under which conditions, x(M™,g) = x(M™), i.e. the Gaufi-Bonnet formula holds?

The same questions should be put for o(M™, g), o(M™). To the first question we have a
partial answer.

PROPOSITION 2.22. If ¢’ € »2comp’2(g) then
X(M",g) = x(M",g')
and
o(M", g)=0o(M",g'). m

In the case ¢’ ¢ “2comp'?(g) we can’t say anything. The examples in [3] for
X(M", g) # x(M™,g"), o(M",g) # o(M"™,g’) are of this kind, i.e. ¢’ does not lie in
the component of g.

Concerning the second question, we start with a simple case in dimension two which

has been discussed by Cohn—Vossen [5] and Huber [16] and has been endowed with
particular short proofs by Rosenberg [22], which we present below for completeness.

THEOREM 2.23. Let (M™,g) be a finitely connected complete noncompact Riemannian
surface with curvature K.

a) If K € Ly then x(M) > [,, K dvol,(g).
b) If vol(M?,g) < oo and K € Ly then

X(M) = /M K dvol, (g) = x(M, 9).
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Proof. M? is diffeomorphic to a compact surface with p points deleted. A neighbor-
hood of each point is diffeomorphic to S* x R, and the metric can be put in the form
g11(0,1)d6? + dt>. Set My, = M \ | J} S*x]k, 0o[. The GauB-Bonnet theorem for surfaces
with boundary yields x(My) = ka K dvol,(g) + faMk w12, where wis is the connection
1-form associated to an orthonormal frame on M. x(M) = x(My), hence one has to
show limy_, o f[‘)Mk wiz > 0 for a) and limg_, faMk wiz = 0 for b). W.r.t. the orthonor-
mal frame 6! = V/911d0 and 62 = dt the first structure equation df' = wip N 62 gives
wiz = 4(,/g11)df and the second one gives K dvol,(g) = Q2 = dwiz = %(\/ﬁ)dﬁdt.
Sy K dvol,(g) < oo implies limy o fOMk %\/gjdﬁ =0 or limg_.o0 f[‘)Mk j—;\/ﬁdﬁ =
const = C. In the case b), vol(M,g) < oo, ie. [,,\/gi1dfdt < oo which implies
limy, oo [y, +/11d0 = 0, hence limy oo [y, wio = limg oo 5 [ /g11d0 = C, C = 0.
In the case a), fBMk Vg11d0 ~ C-k+ D as k — oo. C < 0 would imply faMk Vg11df =0
for k sufficiently large. But this is impossible for a positive integrand. =

In the case of arbitrary n, there are many approaches to study the equation x (M, g) =
x(M). To have x (M) defined, one must require that each homology group over R is finitely
generated. Sufficient for this is that M has finite topological type, i.e. it has only finitely
many ends €1,. .., &g, each of them collared, U(e;) = 9U; x [0, 00[. Then M can be given
a boundary OM to get a compact manifold M. The case of n odd is absolutely trivial.

PROPOSITION 2.24. Assume (M?**+1 g) is of finite topological type, g arbitrary. Then
XO1) = [ Elg) = x(3.9) if and only if x(031) 0.
M

Proof. For n = 2k + 1, the Euler form FE(g) vanishes since the Pfaffian of an odd di-
mensional skew symmetric matrix is zero, [ E(g) = x(M,g) = 0. On the other hand,
=x(M U M) =2x(M) = x(0M) = 2x(M) — x(0M). =

The more interesting case are even dimensional manifolds. We recall some definitions.
For a local orthonormal frame 61, ..., 6" the connection 1-forms w;; satisfy the equa-
tions
= Zwij A 67 and Wji = —Wij.
J
They are related with the curvature 2-forms €2;; by

Qi = dw;j — E Wik N Wi

Denote by S(M) the tangent sphere bundle which is a (2n — 1)-dimensional manifold.
For a point (z,€) € S(M) let 61,...,0™ be a frame such that 6 is dual to £&. We put

(2.11) II(g) :=
Z Ck Z sign(a)Qa2)a3) A A Qa@k)a@k+41) A Wa2rk+2)1 A A Wan)1s
0<k<n @

where we will not specify the ¢; and ) means the sum over all permutations « of
{2,...,n}. II(g) can be understand as pull back on an (n — 1)-form on M to S(M) by
means of pr: S(M) - M. If X € TS(M) at (z,§), X = X; + X with X; tangent to
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M and X» tangent to S?~! then Q;;(X) = Q;;(X1) and similarly for w;;(X). If M is
compact with boundary M and g is the section of S(M) over M given by the outward
normal vector, then ¢*;;(X) = Q;;(X1), the same for w;;. Then, according to Chern,

/E / 0*11(g /E / I1(g). (2.12)

Assume now that (M",g) = (M?™,g) is even-dimensional and of finite topological
type. By gradient flow of an appropriate Morse function we can introduce coordinates
(x1,...,Tpn—1,Ty, = 1) at each end such that 0 <r < 00, gipn =0, 1 <i<n—1, g, = L.
Let as above M}, be characterized by x, = r < k. Then
X0 =x01) = [ Elo)+ [ 11(g) (213)
My, aMk
At each end e TM|. splits as TM = W & R. Suppose additionally that W splits as
W=We@---aW,,, 1r>2, [Wi,Wj]ZO if 4 # 7, (2.14)
and that with respect to this splitting g has the form
g=1)g2& & f(r)gn, +dr*. (2.15)
Then S. Rosenberg calculated in [23] the expression (2.11) at each end can could show if
fi(r ) — 0, fi(r) — 0, then Jur, E(9) — [y, E(g) and [, II(g) — 0. We will not

repeat the really simple calculations but state Rosenberg’s

THEOREM 2.25. Let (M™,g) be open, complete and of finite topological type. Assume
that in an open neighborhood of each end € M splits as a product manifold Ny X --- X
N,. x R with the metric f3(r)gs @ - 69 f2(r )gri —|— dr?, where g; is a metric on Nj. If
fJ( ) — 0 and fi(r) wd 0, then x(M) = [,, E(g9) = x(M, g). In particular, any even-
dlmenszonal manifold of finite topologzcal type admzts complete warped product metrics
satisfying Gaufi—Bonnet (setting No = OM ). m

COROLLARY 2.26. Assume the hypothesis of 2.25 and additionally g € "> MY2(By, f,1).
If g € "comp"?(g) then x(M) = [}, E(¢') = x(M,g'). =

REMARK 2.27. We see in 2.26 a considerable improvement of 2.25 since now the admitted
class of metrics is much larger. =

If one gives up the integrability of the Ws in (2.14), i.e. the product structure of the
es then one must strengthen the conditions to the f;. This has been done by Rosenberg
too.

THEOREM 2.28. Let (M™,g) be open, complete and of finite topological type. Assume
that in an open neighborhood of each end €, TM|. = Wa @ --- & W,_ @R and the metric
is of the form f3(r)gs & --- & f2.(r)gr. + dr? with g; a metric on Wy. If fi(r) — 0,

fi(r) — 0 and f;f7 and (f;f;') are bounded for all r,i,j then
T—00

K3

x01) = [ Eg). »
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EXAMPLE. Let M\G/K be an arithmetic quotient of an even-dimensional split rank-one
symmetric space. Then at each component OM; of IM, M is the total space of a fibration
over a torus 77 with a torus T» as fiber. We have TM|yxgr = W1 @ Wa @ R for open
V' C OM where the fibration restricted to V is trivial. W; is the tangent space to the
torus T;. But in general the G-invariant metric g does not respect this splitting. Donnelly
has shown in [6] that each end e has the structure N x R, N at most two-step nilpotent.
The Lie algebra n of N splits as a sum n = V5, @ V5 of root spaces, V3 = Z(n), and the
invariant metric at the identity of N has the form

e gy + e Mgg + dr?, (2.16)

where g9 is a metric on Vs, g3 a metric on Va. [n,n] C Z(n) and the G-invariant distribution
V5 is not integrable. Hence theorem 2.25 is not applicable in general. In the hyperbolic
case G/K = S0(n,1)/SO(n), one has Vo = n, which yields Gau-Bonnet. m

COROLLARY 2.29. Assume that the hypotheses of theorem 2.28 hold and additionally
g €"*MY*(Bo, f,1). If g' € "2comp"?(g) then x(M) = [ E(¢') = x(M.g'). m

There is another Gauf3-Bonnet case which does not fall under 2.2-2.29.

PROPOSITION 2.30. Let (M?™, g) be open, complete, of finite topological type and the
metric at oo constant with respect to r, i.e. there exists an ro > 0 such that g(ri,x) =
g(ra,x) for all x € OM and r1,79 > ro9. Then

xwﬂj&E@EMMw-

Proof. Let k > rg + . Then My U M}, yields a smooth closed manifold. Hence

X(M U My) = / E(gm,unm,) =2 E(gn,),
M UMy My,
X (Mg U M) = 2x(My) — x(0M) = 2x(M)
X(M) = /M E(ga,)- (2.17)

Forming limy_, in (2.17) gives the desired result. m

A special case of 2.28 would be a metric cylinder at infinity, gy (o) = gon ® +dr.
This is simultaneously a warped product with warping function f(r) = 1. f(r) = 1
does not satisfy f(r) — 0, 2.25 is not applicable. Clearly, such an (M?™, g) satisfies
(Bp) but either fU(OO) |R|P dvol,(g) = 0 or fU(OO) |R|P dvol,(g) = oo, similarly either
Ju(ooy [E(g9)] dvols(g) = 0 or [, |E(g)] dvols(g) = oc. In the second case [ E(g) exists
but |E(g)| ¢ Ly, p > 1.

Another class of examples which yields very useful insights are surfaces of revolution.
We state from [23] without proof

PROPOSITION 2.31. Let f : ]0,00[ — R be smooth, f(0) = f'(0) =0 and (M? = {z =
f(2? +y?)}, induced metric from R3) be the associated surface of revolution. Then

xX(M) = % /M K dvol,(g9) = x(M, g) (2.18)
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if and only if

r2f/(r) — +oo. m
T—00

Hence, if f is for all » > 0 strongly convex or concave, (2.18) holds. In both cases M
has for r > 0 positive curvature and infinite volume. On the other hand, we have 2.15 in
the case of 2.23 (b) in the finite volume case, i.e. one can have x(M) = x(M, g) as in the
finite volume case. For this reason we should find additional conditions which assure in
the finite volume case or the infinite volume case, respectively, that

1) x(M,g) is a (proper) homotopy invariant,
2) x(M, g) = x(M) if M has finite topological type.

We start with vol(M™, g) < oo and |K| < 1 where the latter (after rescaling) is equivalent
to (Bp). Then

xX(M,g) = / E(g)
M
is well defined and for ¢’ € ®2comp!?(g)

X(M,g) =x(M,g"). (2.19)

LEMMA 2.32. Let (M™, g) be complete, vol(M, g) < oo and |K| < 1. Then M™ admits an
exhaustion by compact manifolds with smooth boundary, M{* C My C ---, U, M} = M,
such that vol(OM}) — 0 and for which the second fundamental forms II(OM]) are
uniformly bounded.

Proof. This is just a corollary of theorem 2.33 below. m

If we take such an exhaustion as just described then

M) = x(Mpg) + [ o) (220)

Jorrn 1I(OM, g) " 0, x(M]') € Z, hence for k sufficiently large x(M]',g) € Z, but
k 00

we are far from a certain convergence of (x(M]',g))r and don’t know anything about
the topological properties of such a limit if it exists. To obtain more insight and definite
results we follow [3] and consider the following additional hypothesis.

For some neighborhood U(co) C M, some profinite or normal covering space U (c0)
has the injectivity radius at least (say) 1 for the pull back metric,

Tinj(Uso)) > 1. (2.21)
Together with |K| < 1 on U(co) we write geo (M) < 1. If U = M then we denote

geo(M ) < 1. In any case we assume in this hypothesis that U or M are profinite or
normal coverings.

Here M — M is profinite if there exists a decreasing sequence {T';}; of subgroups of
finite index, T'; C (M), such that (\T; = 71 (M).

The key for everything is the following very general theorem which assures the exis-
tence of sufficiently ”smooth” exhaustions and which yields 2.32 in the case of
vol(M, g) < oco.
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THEOREM 2.33 (Neighborhoods of bounded geometry). Let (M™, g) be complete, X C M™
a closed subset and 0 < r < 1. Then there is a submanifold U™ with smooth boundary
OU™ such that for some constant c¢(n) depending only on n

a) X c U C T,(x) = r-tubular neighborhood of X,

b) vol(oU) < ¢(n) - vol(T,.(X)\ X) - r~ 1, (2.22)

c) [II(U)| < c(n)-r~t. (2.23)
We refer to [4] for the proof. m

Now we will discuss x(M,g) in the profinite or normal case, geo(M) < 1. Here
we follow [3]. Put for j : A; C As and real coefficients 3°(A1, As) = dim{j*(H*(Az2))
C Hi(Ap)} and B(A) = dim{j*(H*(A,0A)) C H'(A)}. b’ shall denote the usual Betti
number. Then for A1 C Ay C A3 C A4 and A C Y a finite closed and f : Y — Z,
g : Z — Y simplicial, determining a homotopy equivalence,

B'(A1) C B'(As) < B(Az, Ay) < B(As, Ay) (2.24)
and
B(AY) <B(f(A),Z) < B(go f(A),Y). (2.25)

Put for p : yr — yn profinite with ind(I';) = d; and corresponding covering spaces

~ n T Tis . i]' I — N
sup (V") = Tim T} (~1)' = 5'(P(4),¥]") < o0 (2.26)
i=1 J

and define inf Y(Y™) similarly. A — oo is defined by partial ordering of finite subcom-
plexes induced by inclusion. Using (2.24) and a diagonal argument, there are subsequences

S = er(‘e) s.t.

co > AY(Y™,8) ;= lim Iim !

A—o0 e—00 j(e)

= lim lim —— (P} (), T7,) (2.27)

A—00 00 ](e) j(e)

i p—1 )
B(Pjy(A), Yjle)

exists. From (2.25) we infer immediately that Bi(Y”, S) is a homotopy invariant. Suppose
BYY™, S) < o00,i=0,...,nand sup Y(Y™) = inf (Y™), then the latter number is also a
homotopy invariant.

THEOREM 2.34. Suppose (M™,g) complete, vol(M", g) < oo, M either profinite or nor-

mal and geo(M) < 1.

a) Then x(M™,g) is a proper homotopy invariant,
b) in the case M profinite

x(M, g) = sup x(M) = inf X(M),
) if additionally M has finite topological type,
X(M, g) = x(M).
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Proof. Assume M — M profinite, let My C My C - - -, U My = M be an exhaustion of M
by compact submanifolds with boundary and denote My, — R = {x € My|dist(x, 0M}y)=R}.
For j sufficiently large, theorem 2.33 is applicable and we apply it to p}l(Mk)—l, p}l (My,)
with e = % This yields submanifolds A; C p}l(Mk) C Bji. Given € > 0 arbitrary, there
exist ko, N(k) such that for k > ko, j > N(k)

< 'X(M”,g) S E(g)‘

1
—X(Bjk
(J) d_] By

‘X(M ,9) — 4

1/ 1
— | E(9)~ —x(Bje
7 ), Pl = 5B

We see this immediately from (2.12) and (2.22), (2.23): x(M",9) = x(M],g9) +
X(M™\ M}, g), here |[x(M™\ M]', g)| becomes arbitrarily small for k sufficiently large.

+ <e. (2.28)

n n n 1
’X / E(g)‘ < [x(M 79)_X(Mkvg)|+‘X(Mkag)_E/ E(g)‘
Bk J Y Bjk
. 1
’X My, ) = / E(g)‘ < ‘X(M;J?g)—g/ ) E(g)‘
Bjy JJPI(ME)

+

1 / 1
— E(g)——/ E(g)’
d; P (MP) dj B

1
= B(g)
3 J Bk \P; (M)

but this becomes arbitrarily small for j and k sufficiently large. Finally

1 / 1 1
— E(g) — —x(Bjk —/ 11(0Bjy
dj ;. ) d; (Bv) dj Jop,, (O]

according to (2.22). (2.28) is proven.
We obtain from (2.24)

B (Ajr) < B'(p; (M) < B (p; ' (My), M;) < b'(Bji) (2.29)

and from the exact cohomology sequence of the pair (B, Bjx \ Aji) together with the

)

— 0
j,k—00

excision property

18°(Ajr) = 0" (Bji)| < b 1(Bji \ Aji) + " (B \ Aji) :

c = H'7N By \ Aji) — H'(Bji, Bj \ Aj) — H'(Bjx) — H'(Bji \ Aji) —
> HY(Ajk, 0Ajx)
The manifold Bjy, \ A, satisfies (By), (I) for j > N(k) and for k sufficiently large,
vol(Bjx \ Ajx) < dje. (2.30)
According to a theorem of Gromov,

Zg Bjr \ Aji) < ¢(n) - vol(Bjx \ Aj1). (2.31)
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We infer from (2.29)-(2.32) that we can replace in (2.28) x(B;x) by x(p; ' My, M), hence

X(M", g) - %x(pil(Mk), M)

becomes arbitrarily small, any proper homotopy equivalence preserves a subsequence of
(dijx(pjfl(Mk), Mj)j,k’ X(M™, g) is a proper homotopy invariant. By the same argument
we conclude in the proﬁnite case assertion b). If M has finite topological type then for &
sufficiently large ﬂl( Y(My), M) = B*(M;) and

X(p; " (My), M) = x(M;) - %X(Mj) = Xx(M;) = x(M)

yields assertion c). m

The case of a normal covering M — M will be discussed in theorem 2.38.

The second characteristic number of particular importance is given by o(M,g) =
Ju L , where L(M,g) is the Hirzebruch genus. For closed M it is the topological
mdex of the signature operator, i.e. it coincides with the topological signature. For simple
open manifolds this equality does not longer hold in general, as we see in section 5.
Nevertheless, we could ask for o(M, g) the same questions as for x(M, g), the question
for the invariance properties and the topological significance of o(M, g). Concerning the
invariance, a first answer is given by proposition 2.22.

But we consider also other derivations of g. A key role plays again the formula for the
compact case with boundary, OM = N,

(M, g) +n(N,g) + / IT,(N,g) = o(M), (2.32)

where I1,(N, g) essentially involves the second fundamental form and n(N, g) is the eta
invariant. If M™ is open and My C My C ---, U, M = M, an appropriate exhaustion
such that [ II,(0M;) — 0 and n(aMk) — 0 then we would have in fact o(My,g)
— o(M). Hence we should ask for conditions which assure n(0My) — 0. There is a
clear (and for our case complete) answer.

THEOREM 2.35. Let (N¥=1 g) be compact satisfying geo(N) < 1. Then there is a con-
stant ¢ = ¢(4l — 1) such that
In(N*=1)| < (4] — 1) - vol(N*1, g). (2.33)
We refer to [3], [7] for the proof. m
Now we define supa (M), inf 6(M) quite analogous to the Euler characteristic as

follows. Let M* be complete, M* — M profinite and M. ,;“ C M* a compact submanifold
with boundary. Put

1
sup &(Mk) = hmsup d_o'(Pjil(Mk)x
J J
sups (M) := 1}/[msup sup &(My))
k

and similarly inf 6(My), inf 6(M). Here as always o(M},) is defined as the signature of
the cup product pairing on j* H2 (M, oM) ¢ H2 (M.
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THEOREM 2.36. Let (M*, g) be complete, vol(M, g) < oo and suppose M either profinite

or normal and geo(M) < 1. Then we have
a) Assume M normal. Then o(M, g) is a proper homotopy invariant of M.
b) In the case M — M profinite, for any exhaustion My C My C - -, U M, = M, by
compact manifolds,
o(M,g) =sup&(M) =inf 6(M).

c) If, additionally, M has finite topological type,

1 -
o(M,g) = lim ~o(;).
j—oo dj
Proof. In the normal case M — M below a) follows from theorem 2.38. The proof
of b) is quite analogous to that of theorem 2.34 b), using a chopping of M according
to theorem 2.33, (2.32) and theorem 2.35. c) then follows from b) and the fact that for

sufficiently large k, %o(pj_l(Mk)) =J0(M;). =

We now turn to the normal case M — M, being even more explicit than in the
profinite case. The first key here is the extension of Atiyah’s Ls-index theorem for normal
coverings M — M of closed M to normal coverings M — M, M = M /T, ri,j(M) > 1,
(M™,g) complete, vol(M™, g) < oo, |K| <1. We denote by H%2(M) the space of Ly-
harmonic g-forms, by Ppaz : La(AIT*A) = Q92 — H%? the orthogonal projection.
Py has Schwartz kernel ﬁq(:c, y) which is a symmetric C* double form whose pointwise
norm satisfies

|h%(z, y)| < c(n). (2.34)

(2.34) comes from geo(M) < 1 and the elliptic estimate for the Laplacian. h?(z,y) is
invariant under the isomtries I', hence the pointwise trace tr h%(x, x) can be understood
as function on M and we put as usual

b2 (M) := trp Proainy = / tr h9(x, z) dvol,(g) < oc.
M

b%2(M) is just the von Neumann dimension dimp ﬁq’Q(M) of the T'-module Fq’2(1\~l).
Now we define the Lo-Euler characteristic and Lo-signature by

n

X(2)(M) == Z(q)qéq,z(M) and Gz (M) = trp (+Pypipar))-

q=0
Now we state the Ls-index theorem for open manifolds with finite volume and bounded
curvature.

THEOREM 2.37. Suppose (M, g) complete with vol(M™, g) < oo, |K| <1 and M — M

normal with geo(M) < 1. Then
X(M, g) = X(2)(M) (2.35)

and
(‘)’(]\/[7 g) = 5’(2) (M) (236)
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We refer to [2], [7] for the proof. m

We recall the existence of good chopping sequences My} C My C -- -, UTO M, = M,
vol(dMy,) — 0, [I1(0My)| < ¢, |hi(x,y) < c(n)|, where h{ denotes the kernel correspond-
ing to projection on the harmonic g-forms for p~*(My) C M. Then we obtain

Jim b2 (OMy) = 0 (2.37)
and
Jim bT2 (M \ My, d(M \ My)) = 0. (2.38)
Define 392(B) by
392(B) := dimr im(H?2(p~Y(B),p~ ' (8B)) c " (p~1(B))) (2.39)
and for A C B
392(A, B) := dimp im(H (p~1(B)) ¢ H"*(p~1(4))). (2.40)
It follows from the properties of dimr that
BT%(A) < B73(B) (2.41)
and
(92(A) < BT%(A, B) < b>(A). (2.42)

We remark that (2.41) and (2.42) are the reformulation of (2.24), (2.29) in the language of
dimr. We established in theorem 2.37 the equations x (M, g) = X (2) (M), 0 (M, g) = Go(M).
Now we discuss the invariance properties of the right hand sides. This is the content of

THEOREM 2.38. Let (M™,g) be complete, |K| < 1, vol(M, g) < oo and assume for some
normal covering geo(M) < 1.

a) If My C My C -+, UMy = M is an exhaustion then
Jim B2 (M) = Jim lim B2 ( My, My) = b42(M). (2.43)
This implies the homotopy invariance of the Bq’Q(M),

b) x(M, g) resp. (M, g) is a homotopy invariant resp. proper homotopy invariant of M.
c) If M has the topological type of some My C M, then

b2 (M) = b%2 (M) (2.44)
and

X(M, g) = x(My). (2.45)
Proof. b) follows immediately from theorem 2.37 and a). For ¢) suppose that M has finite
topological type. Then there exists an exhaustion M; C M, C --- s.t. each inclusion

My, — M is a homotopy equivalence. This implies
392 (My, M) = b%*(My)

and we obtain (2.44) from (2.43) and moreover x(M, g) = x(My). Hence there remains
to show a). For this we must refer to [2]. m

We apply these results on characteristic numbers to 4-manifolds.
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Let (M*,g) be open, complete and oriented, * : A>M — A2M the Hodge operator,
¥ =1, A% = AE_ @ A% . The special orthogonal group acts on the space of algebraic
curvature tensors CZ (cf. [21]). Let C2 = U + S + W be the corresponding (fiberwise)
decomposition into irreducible subspaces. Then this induces for the curvature tensor
R = RY a decomposition R=U+ S+ W.For R=RY =R, + R_, we denote as in I 1
by Ric = Ric? the Ricci tensor, by 7 = 79 the scalar curvature, by K = K9 the sectional
curvature and by W = W9 = W, + W_ the Weyl tensor. There are decompositions for
the pointwise norms ||, as follows:

1
IR = B[+ R = [UP +|S]* +[W[* =4[ W, [ +[W_* +2|Ric [ - 57*,  (2.46)
| Ric | = 6|U|* + 2|57, (2.47)
% = 24|U|?. (2.48)

We obtain other decompositions if we consider the curvature operator R as acting from
A = Ai ® A2 to A2+ @ A%, for an orthonormal basis eq, s, €3, €4

1
R(ei A ej) = 5 ZRijklek Ne = Qij,

= (£;;) = matrix of curvature forms, ;;(ex, ;) = R;jr. We can write R with respect
to the orthogonal basis e; A ey +e3 Aeg, e1 ANeg+ex Aes, e Aeg + ex Aeyg in Ai,
epr Nes+exNeyg,e1 Nea—e3Neq,e1 Neg—ex N\es inAZ_, as

w- (o)
with A= A", C=B",D=D"trA=trD= 7, B= Ric—iTg and (‘gg) -5 =W,
Wt =A-— 15> W= = D — 5. We obtain for the first Pontrjagin form p;
p1 = f#tr(R/\R) = 7# tr(ANA) +tr(D A D)

1 1

—@(—2)(|W+|2 — [W_|?)dvol = @(|W+|Q — |[W_|?) dvol
1

= 127T2(|R+\2 —|R-[?) dvol

and for o(M*,g) = [L(g) = [3p1 = = J((W4]* — [W_[?)dvol. Assuming g €
b2 MV2(By, 1, f), o(M*, g) is well defined. The Euler form E(g) has the representation

1
E(9) = 5 tr(xR)? dvol = U = |SI? +|W?) dvol
T

1 2 * 2 1
= ﬁ tI'(A — 2BB + D )dVOl = 3271'2

For g € 2 MY2(By, 1, f), [ E(g9) = x(M, g) is well defined. Hence we obtain

1
]

(|R|? — 4| Ric |> 4 72) dvol..

PROPOSITION 2.39. Let (M*,g) be open, complete, oriented and g € 2> MY2(By, 1, f).
Then (M, g) and x(M,g) are well defined and an invariant of comp(g). m

REMARK 2.40. According to (2.46)(2.48), [ |RY|?>dvol < oo would be sufficient for the
existence of o(M,g) and x(M,g). But this condition would not establish a uniform
strucutre, we would not have components and invariance properties (where we used in
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particular Gaffney’s theorem). Moreover, we need the bounded curvature property for
the connection with the theorems 2.37, 2.38. =

We obtain from proposition 2.39 and its proof the simple

COROLLARY 2.41. If (M*,g) is additionally Einstein then x(M,g) > 0 and |o(M*, g)]
< 2x(M*,g). Moreover, x(M*,g) = 0 if and only if (M*,g) is flat.

Proof. If (M*,g) is Einstein then S = 0, B = 0 and = (|W4]? — [W_|?)
2 (U + [Wi|? — [W_]?). Hence o(M*,g) < 2x(M,g). Changing the orientation
replaces o(M*, g) by —o(M*,g) and we get altogether |o(M*, g)| < 2x(M*,g) m

The same estimate holds for r—plnched Ricci curvature.
PROPOSITION 2.42. Suppose the hypotheses of 2.39 and additionally that the Ricci cur-
vature of (M*, g) is negative and %—pmched, i.e. there exists A > 0 s.t.
—Ag < Ric< —%Ag. (2.49)
Then for all ¢ € comp(g) C "2 MV2(By, 1, f),

2
lo(M*, ") < 5X(M‘l,g’). (2.50)
Proof. We have

M*,g)| = ‘/L

XOrg) = [ Blo) = g [QUP ISP+ W) dvol.

Sufficient for (2.50) would be |S|? < |U|? and sufficient for this is (2.49) as pointed out
by [21]. =

EXAMPLES 2.43. 1) Examples for 2.39 with infinite volume are e.g. manifolds M* of the
smooth type M* = M{§UOM x [0, 0o where the curvature at the cylinder Mg x [0, oo|
is bounded and asymptotically flat in the sense fang[o,oo[ |R| dvol < oo. This can be
easily realized by warped product metrics.

2) Examples for 2.39, 2.41, 2.42 with finite volume are given by hyperbolic 4-manifolds
of finite volume.

1
)| < [1Li@)avol = oy [ (Wl + W_?)dvol

and

3) Generalizations of these examples are given by variation of ¢ inside comp(g). m
THEOREM 2.44. Let (M*,g) be open, complete, vol(M*,g) < oo, |K| < 1 and suppose
that (M*,g) admits a normal covering (M, g) satisfying geo(M) < 1.

a) If x(M*,g) < 0 then M* does not admit a complete Einstein metric g satisfying
vol(M*,¢') < o0, |Ky| <1, geo(M*%, g") < 1 for some normal covering.

b) If x(M*,g) > 0 and |o(M*)| > Zx(M?*,g) then M* does not admit a complete Einstein
metric g', s.t. vol(M*,g') < oo, |K¢'| < 1, geo(M‘I,g’) < 1. Moreover, there does not
exist a complete metric g satisfying

—Ag' < Ric(g) < —%A

and |Kg'| <1, vol(M*,¢') < oo and geo(M?,g') < 1 for some normal covering.



CHARACTERISTIC NUMBERS 289

Proof. a) Suppose the existence of an Einstein metric ¢’ with the required properties.
Then x(M*,g), x(M*,g') are well defined. x(M*,g) = x(M*,g’), according to theo-
rem 2.38 b). But this contradicts x(M*,¢') = & [(|U* + |[W|*)dvol > 0. b) and c):
Quite analogously we derive by means of theorem 2.38 b), corollary 2.41 and proposi-
tion 2.42 a contradiction. m

Until now we defined characteristic numbers in the following cases:

1) R € L; and bounded, vol(M) arbitrary,
2) R bounded, vol(M) < occ.

There remains the case R bounded, vol(M) = oo. It is clear that in this case we will
not get characteristic numbers by integration. (M™, g) is called closed at infinity if for
any p € C(M),0 < A™! < p < A, A > 0 some constant, the form ¢ - dvol generates
a nontrivial cohomology class in *H"(M",g). A fundamental class for M is a positive
continuous linear function m : *Q™ (M) — R such that (m,dvol) # 0 and (m,dy)) = 0.

PROPOSITION 2.45. M has a fundamental class if and only if M is closed at infinity.

Proof. Write £(dvol) for the linear hull of dvol, 0¢ [dvol] € "H™(M) and set (m,dvol)=1,
m|vg» = 0. Then we obtain by linear extension m on £(dvol) @ *B™ as positive continuous
linear functional. The Hahn—Banach theorem for the extension of such functionals yields
the desired m. The other direction is absolutely trivial. m

Define the penumbra for K C M by
Pen™ (K,r) = CL( U B,.(x)), Pen (K,r)=CL(M \Pent(M\ K,r)).
zeK

We call an exhaustion My C My C ---, |J; M; = M, by compact submanifolds a regular
exhaustion if for each r > 0
lim vol(Pen™ (M;, 7))/ vol(Pen™ (M;,r)) = 1.

It is clear that then automatically

lim vol(Pen™ (M;,r))/vol(M;) =1,  lim vol(M;)/ vol(Pen™ (M;,r)) = 1.
EXAMPLES 2.46. 1) (M™, g) = (R"™, gstandard) admits a regular exhaustion.
2) Any (M™, g) with subexponential growth admits a regular exhaustion.
3) The hyperbolic space admits no regular exhaustion. m

Let {M;};>1 be a regular exhaustion and set for w € *Q"

1
<mi,w> = W /]\41 w.

Then |(m;,w)| < sup, |w|z = Yw]|, i.e. |m;| < 1, the m; belong to the unit ball in (°Q")*.

This unit ball is compact in the weak star topology, according to the Banach—Alaoglu the-
orem, hence the sequence {m;}; has a weak star limit point m. m is then called associated
to the regular exhaustion {M;};.

PROPOSITION 2.47. Let m be associated to a regular exhaustion {M;};. Then m is a
fundamental class for M.
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Proof. There remains only to show (m, dz/;) 0. Let ®; € C*°(M) such that 0 < ®;(z) <1,
®; =1 on M;, ®; = 0 outside Pen™ (M;, 1), [V®;| < 2. We obtain for w € *Q"

w —

Zw‘ < (vol(Pen™(M;, 1)) — vol(M;)) Ywl,

11—>oovol (/ /w)

Therefore we would be done if we could show

1
lim ———— ®;dy) = 0.
iS00 vol(M;) /M idy =0
Integration by parts yields

/(I%dv,/;:—/d@i/\w,

‘/@idz/)‘ = ‘/d(bi mp‘ < 2(vol(Pen™ (M;, 1)) — vol(M;)) ¥4,

hence

which implies the assertion. m

Define for w € »C,(By), [Qi..i, (w)] € °H™(M) a (bounded) characteristic class
and a regular exhaustion {M;}; with associated fundamental class m the characteristic
number

Q’Llik (P’ comp(w))[m] = <m7 [Q'lekb = (Qzl R )

li 1
iS00 vol(M;)
Then, according to proposition 2.47, Q;,...;, (P,comp(w))[m] is well defined. In particular
we obtain in this case average Euler numbers, average signatures, which are special cases
of Roe’s (average) topological index. Average characteristic numbers are also considered
n [17], [18], [15]. Some simple geometric examples are calculated in [17].

In all cases discussed until now, we restricted to the case of connections (or metrics)
with finite p-action or bounded curvature or both. The next proposition shows that this
is in fact a restriction.

PROPOSITION 2.48. Let (M™,g) be open, complete, satisfying (I), G a compact Lie
group, P = P(M,G) a G-principal fibre bundle, o : G — U(N) resp. O(N) a faith-
ful representation, E the associated vector bundle, p < 1. Then there exist G-connections
w such that their p-action is infinite or the curvature is unbounded or both, respectively.

Proof. Consider the closed unit ball B1(0) C R™ and set up in B;(0) constant 1-forms
Wij, Wij = —Wj; OF wij = —wjs, 1 <4, < N, respectively, such that some Q;; = dw;; —
> wik Awgj are # 0. Now consider an infinite sequence U, = U, (x,) of closed geodesic
balls with pairwise distance > d > 0, introduce in each geodesic ball normal coordinates
ul, ..., u” Z (u i)2 < &,, choose over U, orthonormal bases el vy---,en, and define
with respect to these bases local connection matrices wj; , by wi; ,(u1,...,un) = ws;. If
L, 1€ 15 dvola(g) = ay # 0, set Wi, = (ay + al,, ) 2%)” .- This connection over | J, U, is
smoothly extendable over the whole of M and gives a connection with [, [Q”[2 dvol,(g) >

i, y(
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> Ju 1R dvol,(g) > 37, 1 = oo. Setting wi;, = v (ay + %)%p-w%w yields examples
for the other cases. m

The conditions of finite p-action or boundedness can be reformulated in the language
of classifying spaces and classifying mappings.

We start with G = U(N). Let Vi i, Uk) Gn . be the Stiefel bundle over the complex
Grassmann manifold G, of all k-subspaces C C" and S the matrix valued function
on Vi defined by S(v1,...,v5) = aij := (b;;)", where v1,...,v; is a unitary k-frame,
e1,...,en the standard base in CV and v; = E;V:1 bije;.

PROPOSITION 2.49. a) vy = S*dS is a U(N)-invariant connection form at Vn .

b) Let be m = (n+ 1)(2n + 1)k3. If P is a U(k)-principal fibre bundle over a manifold
of dimension < n and w a connection form for P, then there exists a smooth bundle
morphism fp: P — Vi 1 = P,y such that fpy = w.

We refer to [20], p. 564, 568 for the proof. m

7o is called an m-universal connection for U(k). In a similar manner one defines on

the real Stiefel bundle V7 o® G, an n-universal O(k)-connection .

For an arbitrary compact Lie group G one constructs by means of a faithful represen-
tation G — O(k) an n-universal connection ¢ on the n-universal bundle P, ¢ — B, ¢
(cf. [20], p. 570).

According to proposition 2.49, we refine the bundle concept and consider instead of
a bundle P pairs (P, fp), fp : P — P, ¢ a C'-classifying bundle map.

(P, fp) is called a (p,f)-bundle if frve € C'Cp(f,p) = {w a C'-connection
[19¢|2 dvol,(g) < oo}, ie. [[Qf7¢ 2 dvol,(g) < oo. In the same manner we define
(P, fp) to be a b-bundle if fryq € C'Cy(By), i.e. Qfre| < oo

Most interesting for applications is the case assuming (Bp) and finite p-action. Hence
we assume (By) for (M™, g). (P, fp) is a (b,p, f)-bundle, if f;vc € b’lcg’l(Bo,f,p). Two
(b,p, f)-bundles (P, fp), (P, f) are called equivalent if f5vq, f'pyc are contained in the
same component of bJC%l(BO, f,p). Assume G to be a subgroup of U(N), dim M™ = 2k.
At the level of base spaces we consider classifying maps fas : M — By, ¢. A pair (M, far)
is called a (p, ¢)-bundle if all classes f3;¢i,.. iy, 1+ -+ix = k, are elements of H2kP(M).
(M, fur) is called a (b, c¢)-bundle if all classes f;ci,. 4, are elements of "H2*(M). (M, fur)
is called a (b,p,c)-bundle if all classes fi,c;,. i, are elements of *H?*P?(M). It is clear
that a given fp : P — P, ¢ uniquely determines fy; : M — B, ¢.

The case G C O(N), dim M = 4k, is quite parallel. Then we consider the p;, .,
i1+ -+ i = k and define (M, far) to be a (p,po)-bundle if all classes fr;piy. iy,
i1 +---+i, = k are elements of H**?(M). Analogously for (b, po)- and (b, p, po)-bundles
(M, fum).

If we replace p;, .., by the class of Hirzebruch genus L; then we get the notion of a
(p, Li)-, (b, Lg)- or (b,p, Li)-bundle (M, far), respectively.

THEOREM 2.50. a) Suppose G C U(N), dimM = 2k. (M,g) satisfying (By), p > 1.
A (b,p, f)-bundle (P, fp) defines a unique (b, p)-bundle (M, far). If (P, fp), (P, fp) are
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equivalent then fy;ci,. i, = f’}k\/lcilu_ik forallci,. i, , 01+ +ix = k. If additionallyp = 1
and (M, g) is complete then even the corresponding characteristic numbers coincide.

b) Suppose G C O(N), dim M = 4k, (M, g) satisfying (Bo), p > 1. A (b,p, f)-bundle
(P, fp) defines a unique (b,p,po)-bundle (M, far) which is simultaneously a (b,p, Ly)-
bundle. If (P, fp), (P, fp) are equivalent then fipi,. in = f'uPir..in and fi L =
"y L. If additionally p = 1 and (M, g) is complete then the corresponding characteristic
numbers coincide.

The proof follows immediately from the definitions and theorem 2.14. =

ExAMPLE 2.51. It is possible that bJC;’l(BO,l,f) = (. Let (M?2,g) be an infinitely
connected open complete Riemannian manifold with bounded sectional curvature K,
K=K, -K_,

K, K2>0 -K, K<O0

K — b — Y K_ — ) — Y

* {0, K <0, {0, K >0.
Then [ K_ dvol = oo (cf. [16], theorem 13). In particular [ |K|dvol = co which implies
J 19 (g)| dvol = co. The proof essentially relies on the GauS-Bonnet theorem (as one
would expect) for compact surfaces. But this theorem holds for any metrizable connection
in the orthogonal 2-frame bundle P(M?2,0(2)) over M? ([19], p. 305/306). The sectional
curvature K is defined by ;2 = K dvol. As conclusion we obtain »C,(By,1,f)=0. m

3. Combinatorial characteristic numbers. Let (M™, g) be open, complete, oriented.
We consider triangulations T : | K| =, M. Let o™ be a curved n-simplex in M". We
define the fullness (o) by 0(c) := vol(o)/(diam(o))™, where vol(¢), diam(o) means
volume and diameter with respect to g. T : |K]| =, M will be called uniform if it
satisfies the following conditions:
a) There exists a y > 0 such that for every curved simplex o™ the fullness satisfies the
inequality 0(c) > 6y.
b) There exist constants ¢; > ¢o > 0 such that for every o™ we have

ca <vol(o) < .
c) There exists a constant ¢ > 0 such that for every vertex v € K the barycentric

coordinate function ¢, : M — R satisfies the condition |V, | < c.

If one assumes a), then b) is equivalent to the existence of bounds dy > ds > 0 with
dy < diam(o) < d; for all 0 € K. a) and b) are equivalent to the boundedness of the
volumes from below and the diameters from above.

Consider the Whitney transformation W,

q
0?1 = W(o?) = wy = ¢! Z(—l)i%dapo A Ndpg N+ Ndpg,
i=0
; the barycentric coordinates.

THEOREM 3.1. If T : |[K| — (M™,g) is uniform then W induces topological isomorphisms
H*?(K) — H;P(M), H"P(K)— Hyb(M).
We refer to [13] for the proof. m
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The proof of 3.1 in [13] is performed even under weaker assumptions, K uniformly
locally finite and |dT|, |dT~'| < C.
The point is the multiplicativity which is settled by

THEOREM 3.2. Let [29] € H?P(K), /"9 € H" 7" (K), % +1=1. Then
/ W(z) A\W(2') = C(n, q)([z7] U [z, [K]). (3.1)

We refer to [8], [10] for the meaning of the r.h.s. of (3.1) and the proof of 3.2. m
In the case of n =4k, p = r = 2, iteration of (3.1) yields

COROLLARY 3.3. If (M**, g) is open, oriented, g € ®“2M?2(By,2, f) and satisfies the
condition rinj(M, g) > 0(I), then (M™, g) admits uniform triangulations T : | K| =M
and

Pis.ir.c = C(4k)Di; iy a0 (3.2)

where Pi, . 4.c OT Diy..iy,a 0T€ the combinatorial or analytical Pontrjagin numbers, respec-
tively. m

4. Bordism and relative characteristic numbers. We consider oriented open man-
ifolds (M™, g) satisfying
VIR < Ci, i=0,1,2,...,k (By)
and
rinj(M, g) = inf rinj(g, ) > 0. €]

(B"*1 gp) is a bordism between (M7, g;) and (M%, go) if it satisfies the following con-
ditions.

1) (0B,gglop) = (M1, g1) U (—M2, g2),

2) there exists § > 0 such that gp|y,o8) = gos + dt?,

3) (B, gp) satisfies (By) and inf,c g\v;(98) Tinj(98, ) > 0,

4) there exists R > 0 such that B C Ug(M1), B C Ur(Ma).

We denote (Ml,gl) (Ma, g2). (B""1 gp) is called a bordism. Sometimes we denote

additionally o by stands for bounded geometry, i.e. (I) and (By).

LEMMA 4.1. a) ~ is an equivalence relation. Denote by [M™, g] the bordism class.
b) [MUM', gUg'] = [M#M’, g#q'].
c) Set [M,g]+ [M',¢'] = MUM',gUg'| = [M#M', g#4¢']. Then + is well defined and

the set of all [M™, g] becomes an abelian semigroup. m

Denote by Q"¢ the corresponding Grothendieck group. Similarly one defines Q7¢(X)
generated by pairs (M™,g), f : M™ — X)), f bounded and uniformly proper.

REMARKS 4.2. 1) Condition 4) above looks like dgg (M, M’') < R, where dgpy is the
Gromov—Hausdorff distance (cf. [9]). But this is wrong.

2) There is no chance to calculate Q€.

3) One would like to have a geometric representative for 0 and for —[M, g]. m



294 J. EICHHORN

The way out from this is to establish bordism theory for special classes of open
manifolds or/and further restrictions on bordism.
Our first example is bordism with compact support. Here condition 1) above remains
but one replaces 2)-4) by the condition
There exists a compact submanifold " ¢ B!

such that (B\ C, gB\W) is a product bordism, i.e.

(B\ C.950) = (M\ C x [0,1], 9375 + dt*). (cs)
We write ~ . Then one gets a bordism group Q7°(cs) (= Grothendieck group).

b,cs
At a first glance, the calculation of 7¢(cs) or at least the characterization of the
bordism classes seems to be very difficult. But we will see that this is not the case. For this,
we introduce still some uniform, structures. Denote by 9™ (mf) := M (mf,nc) C My,
the set of isometry classes of complete, open, oriented Riemannian manifolds. Consider
pairs (M7, g1), (M3, g2) € MM (mf) with the following property:
There exist compact submanifolds K7 C M7 and Ky C MY
and an isometry My \ K 2 M \ Ks. (4.1)

For such pairs, we define

de,iso,rel((Mlv gl)v (MQ, 92)) =

inf{max{0, log °|df|} + max{0,log °|dh|} + sup dist(z, hfz)+ sup dist(y, fhy)|
xeMy yEMo

f € COO(Ml,MQ),g S COO(MQ,Ml), and
for some K1 C K, f|ar\x, is an isometry and g|parx = f7'}

If (M7, g1) and (Ma, g2) do not satisfy (4.1), then we define bdy, ;5o ret((M1, g1), (Ma, g2))
= 00. We have bdy, ;5o ret((Mi, 1), (Ma, g2)) = 0 if (M7, g1) and (M2, go) are isometric.

REMARKS 4.3. 1) The notions of Riemannian isometry and distance isometry coincide
for Riemannian manifolds. Furthermore, if f is an isometry f, then we have ’df| = 1.
2) Any f that occurs in the definition of dp ;s re; is automatically an element of
C>™( My, M) for all m. The same holds true for g. m

We write M7 ;. .o (mf) = M (mf)/ ~ where by definition (M1, g1) ~ (Mz, g2) if
Y isoret (M1, 91), (Mz, g2)) = 0. Set

Vs ={((M1,91), (M2, 92)) € (M)7 ss0ret(mf))? | *diisorer (M, g1), (Ma, g2)) < 6}.
PROPOSITION 4.4. L = {Vs}s550 is a basis for a metrizable uniform structure bL{L7¢so7rel. [

Denote by "7 (mf) the corresponding uniform space.

L,iso,rel
PROPOSITION 4.5. If 7i,,;(M;,9;) = r; > 0, r = min{r,r2} and de,iso,rel((Mlagl)a
(Ma, g2)) < r then My and My are (uniformly proper) bi-Lipschitz homotopy equivalent. m

COROLLARY 4.6. If we restrict ourselves to open manifolds with injectivity radius > r,
then manifolds (M, g1) and (Ma, g2) with *dy, ;so rei-distance less than r are automatically
(uniformly proper) bi-Lipschitz homotopy equivalent. m



CHARACTERISTIC NUMBERS 295

REMARK 4.7. If (M, g1) satisfies (I) or (I) and (By) and %dp, jsoret(M1, 1), (M2, g2))
< oo then (Ma, g) also satifies (I) or (I) and (By). m

We cannot show that bimzm orel 18 locally arcwise connected, that components are
arc components and “compy, ;.o (M, g) = {(M’, ¢")|%dL isorer (M, g), (M',g")) < oo} is
wrong. The reason is that we cannot connect non-homotopy-equivalent manifolds by a
continuous family of manifolds. A parametrization of nontrivial surgery always contains
bifurcation levels where we leave the category of manifolds. A very simple case comes
from corollary 4.6.

COROLLARY 4.8. If we restrict bULﬂ'so,Tel to open manifolds with injectivity radius
> r > 0, then the manifolds in each arc component of this subspace are bi-Lipschitz
homotopy equivalent.

Proof. This subspace is locally arcwise connected and components are arc components.
Consider an (arc) component and two elements (M, g1) and (Ma, g2) of it, connect them
by an arc, cover this arc by sufficiently small balls, and apply 4.6. =

By definition, we have

YL isoret (M1, 1), (Ma, g2)) < 00 = dr (M, g1), (M2, g2)) < o0,
where dy, is the Lipschitz distance of [9]. Hence, (Maz, g2) € compy (M7, g1), i.e.

{(Ma,g2) € M (mf)|%dL isoret(Mi, 1), (M, g2)) < 00} C compy (My,g1).  (4.2)

For this reason, we denote the left hand side {. .. } of (4.2) by gen *compy, ;. yei(M1,91) =
{...}={...}ncomp; (M1, g1), keeping in mind that this is not an arc component, but
a subset of (manifolds in) a Lipschitz arc component.

If we fix (M, g1), then in a special case, we have a good overview of the elements in
gen bcompL,iso,rel (M1, g1).

EXAMPLE 4.9. Let (Mi,91) = (R™, gstandard)- Then gen bcompL,iso’Tel(Ml,gl) is in a
1-1 correspondence with {(M™, g)|M™ is a closed manifold and g is flat in an annulus
contained in a disk neighborhood of a point }. m

This can be generalized as follows.

THEOREM 4.10. Any component gen bcompL’isoyrel(M, g) contains at most countably
many diffeomorphism types.

Proof. Fix (M,g) € gen®ompy ;.,,c(M,g) and an exhaustion K1 C K, C ...,
U K1 = M, of M by compact submanifolds, and let (M’, g') € "compy, ;.. et (M, g). Then
there are K’ C M’ and K; C M such that M \ K; and M'\ K’ are isometric. The diffeo-
morphism type of M’ is completely determined by that of the pair (K |, K ~ox K " KY),
but the set of types of such pairs (after fixing M and K7 C K5 C ...) is at most count-
able. m

Thus, after fixing (M,g), the diffeomorphism classification of the elements in
COMPy, ;501 (M, g) seems to be reduced to a "handy” countable discrete problem. This
is in fact the case in a sense which is parallel to the classification of compact manifolds.

b
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Now we connect the calculation of Q7°(cs) with the generalized components
gen bcompL,iso,rel(') - bmz,iso,rel(mf)'
REMARK 4.11. If (M1, g1), (M2, g2) € gen “compy, ;.0 yo1(M, g), then, in general, (M, g1)
#(Mz, g2) ¢ gen *compp ;50 et (M, g)-

Let Q7¢(cs, gen bcompy ;.0 01(M, g)) C Q7¢(cs) be the subgroup generated by
{IM', ¢/leal (M, g') € gen "compy o1 (M, 9)}-

We know Q°(cs) completely if we know all Q7%(cs, gen ®compy, ;.0 (M, g)), and we
know

QZC(CSa bcompL,iso,rel(M’ g))
completely if we know a corresponding generating set. However, the elements of such a
set are completely determined by their (relative) characteristic numbers.
Fix (M™, g) € gen "compy, ;.0 . (M™, g), where M is oriented. Assume that (My, g1) €
gen “compy, ;.o e (M", g), and let ® : M\ K — M; \ K; be an orientation preserving
isometry. Define the (relative) Stiefel-Whitney numbers of the pair (M7, M) by

wit . owir(My, M) = (witocowle [Kq]) 4 (wit . owle [K]). (4.3)
Similarly, for (M, M) and n = 4k, we define the (relative) Pontrjagin numbers
pit . (M, M) = / pit .. ot (M) —/ it (M) (4.4)
K K

and the (relative) signature by
o(My, M) :=0(K;) +o(—K). (4.5)

LEMMA 4.12. The numbers wi* ... wy(My, M), pi*...pF(My, M), and o(My, M) are
well defined, and we have

wit . owpr (M, M) = (wit . win (K UK), [K; UK, (4.6)
P (M, M) = (1 g (Ky U =K, [y U =), (4.7)

and
o(My,M) =0c(K;U-K). (4.8)

Proof. The equations (4.3), (4.4) are clear. (4.5) comes from Novikov additivity of o.
Hence we have only to show the well definedness, i.e. the independence of the choice of
K C M, Ky C M. Start with (4.4). If K| D K1, K' D K, ®|yp\g : M\ K’ =, M\ K}
orientation preserving isometric, then

[ fomfoof (L) as

But [, o o= [ 0. =0since K]\ K, and K’ \ K are isometric under ® by
K1 K'\K o I
assumption. The analogous conclusion can be done for K{ C K3, K" C K, ®: M\ K —
o I
M\ K, already an isometry. In the general case K7, K{, K, K’ one considers Kj N K7,

KNK'’ and reduces to the first two considerations after smoothing out K] NK;, K'NK by
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arbitrary small perturbations. The proof for (4.3) is quite similar replacing integrations
in (4.9) by application of cocycles to cycles. The independence of (4.5) comes again from
Novikov additivity, applying it several times. =

THEOREM 4.13. Fiz (M1,91),(Ma,g2) € gen bcompLJsomel(M,g). Then (Mi,g1) o

,CS

(Mas, g2) if and only if all characteristic numbers of (My, M) coincide with the corre-
sponding characteristic numbers of (M, M).

Proof. Assume (M1, g1) o (M3, g2). Choose C"*1 C B"*! large enough such that with

IO = 9,0 U 0,C U3C, 0,0 = Ky C My, 05C = Ky C Ma, 35C = 9K, x [0,1] we
have M, \Io(l (’f M\[O(, My \f(g @% M\IO( Then after smoothing out by arbitrary small
1

2

perturbations, 0C' is diffeomorphic ot K3 % —Ky, ® = 9(®,'®;). Hence char.n.(K; %
—K3) = charn.(K; éJ —K) + charn.(K = —K3) = charm.(M;, M) + char.n.(M, Ms) =
1 CI);

char.n.(My, M) — char.n.(My, M), i.e. charn.(My, M) = char.n.(Msy, M). Conversely, if
char.n.(My, M) = char.n.(Msz, M) then char.n.(K; g —K3) =0, K3 Y —K is 0-bordant,

K1U—Kz = 00"+ Form K1 U (9K, % [0,1])U~K>) which equals 90"+, glue (M, \ K1)

x [0,1] = (M \ K) x [0,1] = (M, \ K3) x [0,1] and smooth out (the topology and the
metrics). The result is a bordism (B"*1, gp) with compact support between (M, g) and
(Mz,9). =

COROLLARY 4.14. Description of all elements of QI'“(cs) reduces to "counting” the gen-
eralized components of "M} ;.. .., (mf). m

EXAMPLE 4.15. Consider M; = (M} U OM] x [0,00[, ¢;), i = 1,2, M/ compact, OM] =
OM3, (OM] x [0,00[, g1,4,00) isometric to (M3 x [0,00], 92,a,00)s Gi,a,c0 = Gilons! x[a,col-
Let M = (D™ U S™ x [0,00[, gstandard)- If o(M]) # o(M}) then (My,g),(Ms,g) €
gen bcompL,iSOJel(M, g) are not cs—bordant. m

There is a simple approach to calculate the local algebraic structure of Q*¢(cs). Con-
sider as above QI°(cs, M) = Q¢(cs,gen “compy, ;40 . (M)) and let Q, be the usual
bordism group of closed oriented n-manifolds. Then there exists a map ® = ®,, : Q,, —
Qr¢(es, M), ®([N]) := [M#N, grm#n]ces- Here the bordism class in Q7°(cs, M) is inde-
pendent of the metric of N. Moreover, we have a map ¥ = Wy, : Q(cs, M) — Q,,
U([M',¢]) := [K' U—=K], where (M"\ Io(l,g’\M/\Io(/) is isometric to (M \ [O(,g\M\Io().
It is very easy to see that Wy, is well defined: Let (M”,¢") € [M’,g'].s. Then there
exist K/ ¢ M", K, ¢ M', K, € M such that M"” \ K/, M’ \ K}, M \ K, are
isometric. By assumption and according to theorem 4.12 we have char.n.(M”, M) =
charn.(M’, M), ie. charn.(K{ U —K;) = charn.(K] U —K;) = charn.(K' U —K),
[K{U—Kilq, = [K'U—K]q,. We have U, @y, =id : (U®)[N] = U([M#N]) = [N] an
Oy Wy = id: (PU)([M', g]) = ([K'U K]) = [M#(K' U —K), g (xru-1)] = [M', ']
since charn.(M’, M) = char.n.(M#(K' U —K), M). Here ®; and ¥, are 1-1 maps.
Moreover we have maps
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Dpr X Doy Qpy X Q — Q1(es, M) x Q1(cs, M),

D x Pap([N1], [Na]) = ([M#N1, grrgn, |, [M'# N2, grrr 4w, )),
Qe+ Qy — (s, M#M'),

[Nla, — [M#FM'#N, grrgmr 48 ]es,

O X Q, ([V1], [V2])
! !
Q, [N1#N2]
and
Qnf(es, M) x Qp(es, M'), (M1, 1], [M1, 91])
! !
Q"¢ (cs, M#4M') [Mi#M7, g1#4}]
PRrOPOSITION 4.16. The diagrams
O x QTSN Qne(es, M) x Q1 (cs, M)
! ! (4.10)
Q, . o Ore(cs, M#M')
and

@MX‘I)M/
—

Qr(cs, M) x Qi¢(cs, M") Qn x Qp,
1 ! (4.11)

) /
0 (cs, M#M') = 0
commute. m

REMARK 4.17. It is important that we consider (4.10), (4.11) at bordism class level.
In (4.11) e.g. (K1 U—K)#(K{U—-K') # K1#K{ U —(K#K'), but their bordism classes
coincide. m

The 1-1 property of ®,;, ¥, moreover implies

PROPOSITION 4.18. Modulo torsion (which is well defined at the ,-level) we have
Q¢ (cs, M) =0 forn 4k, forn=dk, [M#P21 (C)x- --xP¥t(C), gyrp2r ) o (0)]
are independent generators for Q¢(cs, M™) over Q, iy + -+ i =k. m

REMARKS 4.19. 1) 4.13, 4.14, 4.18 provide sufficient means to characterize cs-bordism
classes and to calculate £27¢(cs).
2) An analogous procedure can be applied to calculate e.g. Qne*P(cs M), where

bcompy, ;40 rer (M) is now a component consisting of Spin-manifolds. m

As we pointed out, a contentful theory should be developed under three aspects.

1) A convenient characterization of bordism classes is desirable.

2) It should be possible to exhibit sets of independent generators, at least for the inter-
sections with gen-components.

3) A geometric realization of zero and the inverse are desirable.
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The general bordism group Q7'° did not satisfy any of these three wishes. 27(cs) satisfies
the first two wishes. We develop below a bordism theory which satisfies the second and
the third wish. This will be the bordism theory for manifolds with a finite number of
ends, each of them nonexpanding.

Let € be an isolated end of (M™,g). A ray in € is a geodesic v defined on [0, co[ which
is a shortest geodesic between any two of its points and such that some neighborhood
of £ contains up to a finite segment the whole of |y|. Then the latter holds for any
neighborhood of €.

LEMMA 4.20. Let € be an isolated end of (M™, g).

a) Then there exists a ray in €.
b) If (M™,g) additionally satisfies (I) then there exists a ray in & with a uniformly thick
neighborhood.

Proof. A proof of a) is e.g. contained in [11], p. 43. b) follows immediately from a) and
(I). m

We call an end ¢ of (M™, g) nonexpanding if there exist a ray 7 in € and an R =
Ryr > 0 and an element G € € such that G C Ug(|y]), roughly written € C Ugr(|v|).

In the sequel we restrict to open manifolds satisfying (I), B( ), with finitely many
ends, each of them nonexpanding.

EXAMPLES 4.21. 1) Consider the sphere S"~! c R" C R"*! of radius r and
che™(r) := (S™~! x [0,00[UD", gst),

i.e. the closed half cylinder of radius r with a standard metric gs; which should be the
product metric of S?~1 x [0, 00[ smoothly extended to the glued bottom D! and with
standard orientation. Then chc™(r) is an open manifold with one nonexpanding end,
satisfying (I), (Boo)-

2) #%_ che(r;) has finitely many nonexpanding ends.

3) Any manifold (M™ = M'UOM’ x[0, 00|, gns) where M" is compact and gas|oar x[a,00] =
dt? + gor satisfying (I), (Bs) and has finitely many nonexpanding ends.

4) The same is true if we allow gps of 3) to vary in comp? " (gpr) N C*°.

5) If we consider M of smooth type of 3) and garlons x[a,00] = dt? + f(t)%gonr with
co > f(t) >ec1 >0, # bounded for all v, t > a then M has finitely many nonexpanding
ends. m

We define now a slightly sharpened bordism relation.
Let (M™, g), (M'",g') be as above, each with finitely many nonexpanding ends

€1,...,E5 OL €], ... &%, respectively. Let yar1, ..., Vas,s OF Yarr 1,5 - - -, Y ,sr corresponding
rays as above. From (M, g) ~ (M’,¢') and all ends nonexpanding follows in particular
g

that for all sufficiently large compact C"*t! C B"*! there exists R = R > 0 s.t.

’

B\ " c | JUr(vmol), BTN C™ C | JUr(Ivarr o).
1 1
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We require additionally the additive compatibility of the inner y-distance and the (B\C')-
distance for points ., y, on the v’s.
There exist C" ™' € B"™! and ¢/ > 0 s.t. for z.,y, € |7\ C,

dv(x“/vyv) —d < dB\C(x"/vy"/) < dv(xwyv) +c. (GH)
Here «y stands for vas 1, ..., YM,s, VM’ 15 - - -, VM7 s, TeSpectively and d(-,-) = dist(, -).
We denote (M,g) ~ (M’',g') if they are bg-bordant by means of (B, gp) satisfy-
ing (GH). .
REMARKS 4.22. 1) The right hand inequality of (GH) trivially holds. We added it only
for symmetry reasons.
2) It was essentially Thomas Schick who pointed out to the author the meaning of

the condition (GH) or (GH;) and who proposed to include them into the definition of
bordism. m

We consider instead of (GH) the condition:
There exist C"™! € B"*! and ¢/ > 0 s.t. for all z,y € U(e),
dUs($7y)_c§dB\C(xay) SdU(&)(‘Tﬂu)—’_c (GHl)
Here ¢ stands for €1, ...,¢, €1,...,¢. and U(e) for a neighborhood of €, U(e) N C = .
LEMMA 4.23. (GH) and (GHy) are equivalent.

Proof. Assume (GHp). Then (GH) holds since for z,y, € |y| C U(e), U(e) N C =0,
du ey (2, Yy) = dy(2+,yy). If conversely x,y € U(e) then there exist z.,,y, € |y| C U(e)
s.t. dyey (2, 24) < Ry, dyey(y,yy) < Rar. Then the assertion follows from

du ey (2,y) — due) (2, yy) < duey (@, 24) + due) (Y, Yy )
du ) (z,y) — due) (%, 24) — du(e) (Y, Yy) < doy (24, Yy)
=dy(2y,y,) =+ < dp\c (T, Yy) + d,

dy(ey — 2Ry — ¢ < dp\c (T4, 4y),

duey — 4Ry — d < dp\c(z,y). =

REMARK 4.24. (GH7) immediately implies that dgg (B \ C,U(¢)) < oo, where dg m (-, *)
is the Gromov-Hausdorff distance between proper metric spaces. This follows from the

following facts. dgu (B \ C,U(¢)) < oo if we endow U(e) with the induced length metric
and use B\ C C Ug(U(¢)). Then we use dgr (U(¢)), its own length metric, U(e), induced
length metric < oo, which follows from (GH;). As a matter of fact, we introduced (GH)

to assure dgg(B\ C,U(g)) < c0. =

PROPOSITION 4.25. ~ is an equivalence relation.
ne

Proof. Reflexivity ((B = mx [0,1],dt?+gas)) and symmetry ((—B, gp)) are immediately
clear. For transitivity, the only point in the proof is (GH) or (GH;). Let (B2, g12) and
(Bas, g23) be fe, ne-bordisms between (M7, g1), (M2, g2) and (Ma, g2), (Ms, gs), respec-
tively and set (Bis, g13) = (B12 U Bas, g12 U g23). We assume w.l.o.g. global Riemannian
collars at the boundaries. Let C{LQH C Bia, Co3 C Bag as required in (GH;) and choose
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C = C’&‘H D C12 U Ca3. Let € be one of the ends of My, U(e) C M;. Then we have to
show
dU(s) (CL‘, y) —c< d313\c($(}, y) (412)

We write in the sequel d; = da,\c, @ = 1,2, di2 = dp,,\c, d23 = dp,,\c; d13 = dp,,\c-

The required ¢ in (4.12) exists for all pairs z,y € M; \ C s.t. di(x,y) can be realized
by a curve in By \ C. Let 2,y € M; \ C be pair which does not have this property and
let z(t) be a curve in Byz \ C' which realizes di3(x,y), 2(0) = 2 = a1, 2(1) = y = y1.
Then there exists a first point x2 € My \ C on {z;}+ and a last point y, € M \ C on z.

Let moreover x5 € My \ C and y, € M, \ C be points which realize the distances
dis(z1, M2\ 6‘) and di3(y1, Ma \(07), respectively. Then

diz(wy,y5) — diz(z1,y1) < dig(wy, %) + diz(y1, va),

di3(xh, y5) — 2R12 < dis(@1,91), (4.13)
CLAIM. There exists a ¢’ > 0 s.t.
dQ(xl27 y/2) - C/ < d13($/2a yé) (Cl)

for all b, y, € Mo\ C.
LEMMA 4.26. (CI) implies (4.12).
Proof. We infer from (4.13) and (C1)

da(73,y5) — ¢ — 2Ri2 < diz(w1,91). (4.14)
Moreover
dia (2, y5) < da(3,5), (4.15)
dia(x1,y1) — 2R12 < dia(h, 5), (4.16)
di(z1,y1) — c12 < dya (w1, 91)- (4.17)

Here (4.17) is the condition (GH;) for Bia. (4.13)—(4.17) yield dys(z1,y1) > da(ah, yh) —
¢ —2Ri1p > dia(2h,y5) — ¢ —2R19 > dya(x1,x2) —4R12 — ¢ > di(21,y1) —4R12 — ¢ — 12,
i.e. we obtain (4.12) with ¢ =4Rj2 + ¢ +c¢12. m
There remains to establish (C1), i.e.

dQ(x/Qayé) —c < d13(x/27y/2)' (Cl)
Unfortunately (C1) is wrong and hence the whole approach to prove transitivity. Uwe
Abresch has constructed an explicit ingenious counterexample. Nevertheless, we per-
formed the proof of transitivity until (Cl) to indicate the crucial point. It is in fact
possible that an appropriate winding around the middle Ms, M5 again and again pen-
etrating curve has a much shorter Bis-length than the Ms-distance of the initial and
the other intersection points in Ms. From this it is clear that one should forbid such a
By3-distance diminishing curve. But this can be achieved by forbidding a distance real-
izing curve to move out from the collar. That is if x,y € U(e) C My or M3 (or z,y €
the corresponding geodesic ray, which is equivalent) then a Bys-distance realizing curve
should remain in the collar of M; or M3, respectively. For this we perform a conformal
change in the metric g1o U go3 of Bi3.
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We consider in Us (0B13) Gaussian normal coordinates which give for boundary points
€ 0B;3 coordinates only for a half ball. Nevertheless we have still about xo € Us(9Bs3)

a‘ff(xo)|§|2 < 913,45 (x){ifj < b?gB(xo)MP, dist(zg,0B) < dist(z, z¢) < §/2
and about xy € Bi3 \ U%(;(BBB)
afs (x0)[€]* < g1s.ij(2)€'¢ < b0 (w0)[€]?,  dist(zo,2) < 5/2.

Set a’??)B = SUPg,cUs(0B) a(laSB(:CO)v b?fiB = infonUs(aB) b??yB(:CO)v a% = SUPg, asabove a%(l‘o),
bE = inf,, asabove b1y (70). All these numbers are > 0. Then we have for z € Us(0Bi3),
y € B3\ Us;(0Bi3) and 0 # £ € R

QIS,U(CU)ff > 013 = 053 |€‘ = 0B a13|§| > a33913,1j(y)€ §
13 13

boB o
< ( o5 T 1)913,1';'(?/)515- (4.18)
Define now ¢ € C*°(Bjy3) as follows: 413

¢ =1o0nUs;s(0B).

Ut
Y = a—B+1 on 813\U%6(88).
13

¢ is increasing in inward normal direction in Us(M;) and decreasing in outward normal
direction in Us(M3),
[Vio| < D;, i=0,1,2,....

The existence of such a ¢ in the case of bounded geometry is standard (cf. [1]).

LEMMA 4.27. a) g13 = ¢ - g13 s a metric of bounded geometry.
b) (Bi2,d13) is a bordism between (M, g1) and (Ms, g3) in the bounded geometry nonex-
panding sense.

Proof. a) Inside the g—collar nothing changes. g and ¢’ are quasi isometric. Moreover for
i >11|Vi(G—9g) = |(Vig-g)| < ¢ for all 4, i.e. § € »*®comp(g). The assertion now
immediately follows.

b) By assumption By C URlz(M'L) = UwEMi URlz(l‘), 1 = 1,2, Bag C URgg(M'L) =
Ua;eMi UR%(I), i = 2,3, hence B3 = Bys U Byg C Ua:EMi U312+323(I) = URls(Mi>7
1 =1,3. g and ¢’ are quasi isometric, hence B3 C Ug,,(M;), i =1,3. (B3, §13) satisfies
(GH) since for x.,y, € |y|\ C in M; no distance realizing or approximating curve in Byg
will leave U 1 s(M;), i =1 or 3. This follows from indroducing normal charts and applying
(4.18). But in the collar Uy 5(M;), (GH) holds. According to the Pythagoraen principle
the curve remains in M;, it is even ~. This finishes the proof of proposition 4.25. =

Qrc(ne) = Q"°(fe,ne, by) is again defined as Grothendieck group. Next we develop
geometric realizations for 0 and —[M, g]n. in Q7°(ne).

Let (M™, g) be as above, i.e. oriented, with (I), (B), finitely many ends &1, ..., &5,
each of them nonexpanding. Let ¢ be one of them, C' C M compact and so large that € is
defined by one of the components of M\ C, U. C M\ C a neighborhood, 7 a ray in U(e).
7 admits a tubular neighborhood of radius d3 > 0. Consider (B, gg) = (M x I, gps +dr?).
Then ¢ x I = {Uj(e) x I}jes is an end of M x I, U(e x I) = U(e) x I a neighborhood
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disjoint from Cjsxy = C x I, and for 0 < §; < 1, the curve v5, = v x {01} = (7,61) is a
ray in U(e x I). € x I is nonexpanding. s, admits a tubular neighborhood with a radius
92 >0, T5, (’751)'

THEOREM 4.28. 9Ty, (vs,) has bounded geometry, one nonexpanding end and
OT5,(75,) v che™(b2), 62 > 0.

Proof. First we show that 0T = 0T, (s, ) has bounded geometry. Consider the point
T = expy (61 - u), dyu L 45, (t), @ € OT, and the equation By + RM*IB, = 0
along o(1) = eXPo; (1) 7(61u) for the endomorphism valued function By : 7 — By(7),
By(t) : (%)* — (%)%, with the initial conditions By (0) = ((1)8), B (0) = (8171071).
Then |V:By|(d1) < C;, C; independent of u and t since the curvature tensor RM*!
satisfies (Be). According to [24], p. 57, the second fundamental form S, (z) at z =

eXp,; (t)(61u) is given by
S, (x) = (By By )(61).

Hence Ss, satisfies (By) since B does. According to Gauss’ equations, gar = gux1|oT
satisfies (B ). Similarly it follows that 0T satisfies (I) since 7, s, and the fibres have
bounded from below diameter. We omit the trivial considerations at the bottom. (0T, gar)
has one end and this end is nonexpanding: 0T = J, ¥¢, where X, is the geodesic da-sphere
in M x I about ~s, (t). Each such sphere intersects vs, +5, = (7,91 + d2) once and there
is a common constant Ky which uniformly bounds the circumference of all such geodesic
spheres. The latter comes from Rauch’s comparison theorem. Hence 0T C U xy, (|75, 46, |)-
Next we construct a bibounded diffeomorphism from chc™(d2) onto 9T

Consider in R™*! the standard basis ey, ..., en+1, the geodesic t - e,,4+1, the parallel
translation of eq,...,e, along t - e,y1, and the map (x1,...,2,),27 + -+ 22 = §y —

T = expy, , (z1€1+- - +xpne,). Do the same in M x It Let Ey, ..., Eyqq be orthonormal

XA
ot?

consider the map (y1,...,yn), 45 + -+ y2 =02 = y = expwl(t)(ylEl + -y Ep).
Then we get a diffeomorphism ® = XD () oWo exp{ei — from che™(d3) onto T, where

at the beginning of vs,, E,41 = 4s,, E1 =0y = translate this parallel along ~s,, and

U(zie1+---+xpe,) =21E1 4+ -+ x,E,. We omit the very simple considerations at the
bottoms, respectively. According to [7], the exponential maps are C'*°-bibounded, ¥ too,
hence @, and ®*gsr is a second metric of bounded geometry on che”(dz2). (0T, gar) and
(che™(82), @*gor) are isometric hence ne- (and bg-) bordant. Finally we want to show that
(chc™(d2), ®*gor) and (chc™(02), gstandard) are ne-bordant. We perform this in two steps.
First we show that they are bg-bordant and thereafter we verify after conformal change
the conditions (GH). ®*gor and g live in the same ®°°component: For X € T chc"(d2)
we have

|X|q>* = |¢*X‘98T S |¢*||X‘gst7

gor

|X gst — |(I);1(I>*X gor S ‘q);lH(I)*X‘gBT = |¢);1||X

P*gor

i.e. ®*gyr and gy are quasi isometric. There remains to show that

(V9 (@ gor — garl = (V)" (%" gor)] (4.19)
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remains bounded for all 7. Here we use that the (Fermi) coordinates of z € D x [0, 00]
and of ®(z) € Ts,(7s,) are the same, where we extended ® to the full tubes. But then
(4.19) follows.

According to theorem 4.28, (chc"(d2), ®*gsr) and (che™(d2), gs¢) are bg-bordant. Let
(B"*1 ggp) be a bg-bordism as in the proof of 4.28, i.e. (B"*1 gp) = (chc"(d2) x
[0,1],0(t) + dt?), p(t) = ®*gar, 0 < t < 5, p(t) = gty 1 =6 <t < 1, and @(t) =
smooth convex combination of ®*gsr and g5 for § <t < 1—4 (smoothed out at 4, 1 —9).
There remains to establish (GH) or (GH;). We prove (GH) and change for this the met-
ric in B"* = chc”(82) x [0,1]. Choose smooth functions 11,5 : [0,1] — [0,1], ¢ = 1,
0<t<1- %5, decreasing on [1 - %5,1 — %5], =0 on [1 — %5,1], P =0,0<t < %5,
increasing on [%6, %5}, =1 on [%5, 1}, and set our new gg = V1P gor + oge + di.
Then again (B, gg) is a bg-bordism between (chc”(d2), P*gsr) and (chc™, gst). We recall
that if v is a ray in (M™, gar) then vy = (v,)) is a ray in (M x [0,1], ga + dt?), in
particular s, 15, C 9T5,(7s,) is a ray in (M x [0, 1], gar + dt?) and hence in 9T, (7s, )-
This can easily be proven by distinct methods. Hence ® =15, 1 5,(2,0,...,0,7) is a ray in
(chc™(d2), ®*gor). Let & = (02,0,...,0,71), y = (d2,0,...,0,72) be € (chc"(d2), P*gar)
and {c(s)}o<s<o be a curve in (B, gp) connecting = and y. The tangent vector ¢(s) of
é(s) = (zx(s),t(s)) decomposes as orthogonal sum ¢(s) = @x(s),{(s) = t(s)* + {(s) and
we obtain

o2

ength(e(s) = [ 1805 o+ [ 1i6)aads

g2 g2
zA|m%M@=A|m%meWmm. (4.20)

We consider several cases. The first case is that c(s) remains in chc”(d2) x [0,1 — 2]
which implies

[(5) [0 gor+vage = [E(8) o gor- (4.21)
But zx(s), x(s), is a curve in (chc™(d2), P*gor) and hence
o2
length(zx(s)) = / \t(s)J‘|q>*g8Tds > | -7 (4.22)
0
according to the ray property above. Altogether, in this case

length(c(s)) > |71 — 72| = d(ehen (55)-9* gor) (T, Y)- (4.23)

The second case under consideration is the case that at s = s1, ¢(s) leaves chc™(d2) X
[0,1— 24], returns to it at s = s and then remains in chc”(82) x [0,1— 26]. In this case

g2 S1 S2 g2
| s = [ s+ [ i s+ [ i) s

82
S1 X
> [ i)
0

o2 S§2
B+ gor dS —i—/ lt(s)* B+ goyrds —i—/ lt(s)* 9., ds. (4.24)
S2 S1
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Let 562(81) = (52, 0, ey 0,7’11), 562(81) = (52, 0, ey 0,7’22). Then

6 g s = I =l (1.25)
/02 |£(5) " |@= gor ds > |72 — Taal, (4.26)
-
[ s > s = (1.27
which immediately implies )
length(c(s)) > /O " i) ouds > [ — 7ol (4.28)

The most general case would be that c(s) oscillates between (chc”(d2), [0,1—26]) and its

complement. In this case we have many times inequalities of type (4.25) — (4.27), sum up,

apply the triangle inequality and end again at (4.28). Altogether for z,y € ® 175, 44,,
d(B.g5) (@, Y) = d(cher (62),8% gor) (T, Y)- (4.29)

If 2,y € v5, C (chc"(d2), gst) then we replace in (4.20)—(4.28) ®*gar by gs: and calculate
as above,

d(B,gB) (SC, y) > d(chc”(éz),gst) (1‘, y) (430)
(GH) is established. m

We shall see (chc™(0), gst) will play the role of our zero in Q7°(ne).

LEMMA 4.29.
a) Forry <rg is chc™(ry) ~ che"(rq). (4.31)
ne
k
b) [# che"™(1)]ne = [che”™ (X)]ne for r >r1 + - -+ 1g. (4.32)
i=1

Proof. a) is immediately clear (or follows from b)). Set for b) r = ri + -+ + 7 +
d, place chc"(r1) U --- U che"(rg) all with parallel [0, 00[ direction into int(chc™(r)),
where int(chc™(r)) corresponds to lo)f x]0, oo[. Then CL(int(chc™(r)) \ int(che™ (r1)U-- - U
chc™(rg))) defines the desired ne-bordism. m

THEOREM 4.30. For any oriented manifold (M™,g) of bounded geometry and a finite
number of ends, each of them nonexpanding, we have

[M™, glne = [(M™,g) U (che"(r), gst)]- (4.33)

Proof. We must construct a ne-bordism between (M™, g) and —((M™, g)U(chc" (1), gst))-
Let (B"*,g5) = (M x [0,1],ga + dt?), € be an end of M, v a ray in ¢, form s, =
(7,61) € M x [0,1], Ts,(7s,), 62 < inf{%,rinj(M)ﬂ} and set B, = B"1\ intTy, (vs,)
with the induced metric. From our assumption ri,; > 0 it follows easily that 075, (vs,)
has a smooth collar Us(0T). Endow Ua with the product metric gs and form on U; — Us
the smooth bg-convex combination of gs and gp getting gp. . Endow 0T, (vs,) with the
induced orientation. Then (B, gp. ) is a bg, ne-bordism between (M",g) and (M",g) U
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(0T5,(7s,), gor). Theorem 4.28 yields

(M",g)U (IT, gor) ~ (M"™,g) U (chc"(d2), gst). m

THEOREM 4.31. Q7¢(ne) = Q7°(bg, ne) is an abelian group with —[M™,g] = [(=M", g)]
and 0 = [che" (1), gst). w

Our next goal is to produce independent generators of 27°(ne). As we shall see in the
sequel, infinite connected sums of complex projective spaces (or their cartesian products)
supply such elements. We prepare this by several assertions.

LEMMA 4.32. Let (M, 9;), i = 1,2, be open, oriented of bounded geometry and with a
finite number of ends, each of them nonexpanding. Let further (B"*' gg) a ne-bordism
between them and K C B compact such that the ends of B coincide with the components
of B\K. Let C. C B\ K a component of B\K and xo € C.. Then there exists a constant
C1 > 0 such that the diameter of any metric sphere

So(wo) = {z € C¢ldp(z, z0) = o}
is < C1. Here the diameter is with respect to the induced length metric dg of B.
Proof. We start with the case that M; \ K contains exactly one end of M;, respectively.
Then there are geodesic rays v; C M; \ K C C. C B\ K. For sufficiently large o, S,(z0)
intersects +; in some points of a geodesic segment I, ., ; C |y;| of length at most ¢,
where
d% (.23, y) —C1i < dB(J?, y)
for all z,y € |y|. Let x; = suplyc, i (|vi| is totally ordered), i = 1,2. We would be
done if we could show that dp(z,z1) were uniformly bounded for all z € S,(zo) and
for all o > 0. Since C. C Ug(|y;|) for some R > 0, there exists for each « € S,(zo) an
Tiyy = T~ (T) € 75| such that x; -, (x) € || (which is equivalent to € Ugr(z; ~,(2))).
If dp(x;, % ~, (x)) were uniformly bounded then we would be done:
A, 2i) < d(wi, @i, () + A2y, (2), ) < d(i; i, () + R
Suppose o = v1(0). If 21 4, (z) < 1 then we obtain

dp(zo,x) < dp(z1,,(x),20) + dp(z1,4,(2),2) < dsy, (T14, (), 20) + R.  (4.34)
0 < —dy, (v15,(z),21) + 0+ R, (4.35)
dy, (214, (), 21) <R, dp(z1,(x),21) <R. (4.36)
In the case w1, () > 71 We obtain
0+ dy, (x1,21,4,(2)) —c11 < dp(xo,x) +dp(x, 21,4, () < 0+ R, (4.37)
dp(21, 21,4, (2)) < dvy, (21,214, (2)) < R+c11. (4.38)
If 2o ¢ |y1| then we have to add to the right hand sides in (4.36), (4.38) a constant. The
same estimates hold if we replace in (4.34)—(4.38) 1 — 2. Assume now that M; \ K splits

into a finite number of ends €;1,...,€;,,, ¢ =1,2. Then

1 T2

C. =B\ K c|JUr(mal), C:=B\K c|JUr(In2,)-
1 1
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So(x0) has uniformly bounded diameter if S,(x¢) N Ur(|y:,;]) has uniformly bounded
diameter. But the latter case we just solved above. m

Now we recall the chopping theorem of Cheeger/Gromov (theorem 3.33 in section 3)
which is a consequence of Abresch’s habilitation.

THEOREM 4.33. Suppose (M™, g) open, complete with bounded sectional curvature | K| <
C. Given a closed set X C M™ and 0 < r <1, there is a submanifold, U™, with smooth
boundary, OU™, such that for some constant c¢(n,C)

X cUcCT.(X),

vol(9U) < ¢(n, O) vol(T(X) \ X)r~ 1,

|[T1(0U)| < ¢(n,C)r~*.

Moreover, U can be chosen to be invariant under Z(r,X) = group of isometries of

T-(X) which fir X. m

In our case, X = X, = By(zg) C B""!. To apply 4.33, we form (V"' gy) =
(B"UB™ ! gpUgp) which is well defined and smooth since we assumed the Riemannian
collar gglcollar = 9oB + dt?. Now we set Xy = X U X and apply 4.33. Fix 0 < r < 1.
Then we get Uy, Hy v, = OUy.

Xy CcUy CT.(Xy)(={z € Vl|dy(z, Xv) <r}), (4.39)
vol(H, v.,) = vol(dUy) < c(n + 1,C) vol(Tr(Xy) \ Xv)r* (4.40)
|[T1(0Uy)| < ¢(n+1,C)r~ ! (4.41)

and Uy is invariant under Z(r, Xy ).

The main idea of the proof consists in considering the distance function F' = d(-, Xy')
where for points € V' \ Xy, d(-, Xv) = d(-, X,) = d(-,S,). Then one applies Yomdin’s
theorem (cf. [Yomdin]) to F in Abresch’s smoothed out metric. All constructions are
invariant under the metric involution and this involution remains an isometry also with
respect to Abresch’s smoothed out metric.

Restricting the obtained Uy, Uy to B, we obtain the desired result for X = B, (o) C
B. Restricting for o large to C. and using the construction of U as preimage under the
smoothed F, we obtain in C. a hypersurface H = H, which decomposes C. into a
compact and noncompact part C. . and Uemc, respectively. Under our assumptions (0B
is totally geodesic) it is possible to arrange that H™ intersects 0B transversally under an
angle > ¢ and that there exists a constant C; independent of ¢ such that

[11(0H})| < Ch. (4.42)

We infer from (4.40), bounded curvature and lemma 4.32 that for fixed 0 < r < 1 there
is a constant C > 0 such that
vol(H}) < Csy (4.43)

for all 9. Moreover, H}' has bounded geometry (at least of order 0) according to (4.41)
and to the bounded geometry of B.

Now we are able to present independent generators of 7¢(ne). Let P?*(C) be the
complex projective space with its standard orientation and with its Fubini-Study metric,
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fix two points 21, 25 and form by means of fixed spheres about 21, z5 the infinite connected
sum

M = (M g) = %P%(C), (4.44)

always with the same glueing metric. Then (M**, g) is oriented, has bounded geometry,
one end which is nonexpanding.

THEOREM 4.34. M** = #%° P2*(C) defines a non zero bordism class in Q¢ (ne).

Proof. Suppose [M*] = 0. Then there exists a bordism (B"*! gg), 0B = M* U
— che*(r), 98lusoB) = gop + dt*, Ur(M**) D B, Ugr(chc**(r)) D B and dp > dys — ¢,
dp > dawe — c. We choose 29 € PP(C), K = ) and obtain for any ¢ > 0 a com-
pact hypersurface H;““ C B = B\ ® = C. which decomposes B into a compact and

noncompact part B. and B, respectively, and which satisfies (4.42), (4.43) and has
Bék-{-l _

bounded geometry at least of order 0 with constants independent of . Then 9
(OBH* 1N M*)U H, U (0B N che®). Here o(0BF T Nche**) = 0. o(9BF) must
be zero since it is 0-bordant (if one wants, after smoothing out). Hence

0 =0 (0B N M) — o(HF). (4.45)

But
o(HF) = / L+n(0H,") + / expression(11(0H,")). (4.46)
Hik OH Lk
The first expression on the r.h.s. of (4.46) is bounded by a bound independent of o
according to (4.43) and (By) for H,*. The same holds for the second expression according
to
In(OH®)| < Cyvol(OH)

and for the third expression according to (4.42), (4.43). On the other hand, choosing g
sufficiently large, o(9B4*+1NM**) can be made arbitrary large. This contradicts (4.45). m

Looking at the proof of theorem 4.34, we immediately infer

THEOREM 4.35. Let (M**,g) be open, oriented, of bounded geometry and with a finite
number of ends, each of them nonexpanding. If for any exhaustion My C My C --- by
compact submanifolds, | | M; = M, we have

lim o (M%) = o
71— 00

then [M** g] # 0 in QJE(ne). w

COROLLARY 4.36. #5°P?*(C), or, more generally, P?"1(C) x - - - x P11 4 P21 (C) x - - - x
Pradb o iy iy =k, 14+ Jr, =k, ... are not torsion elements in Q¢ (ne). m

A special case of theorem 4.35 is given by manifolds M** of the type
Mk — g JVEL
1

vol(M#*) < Cy, |K(gi)| < Cay Tinj(gi) > C3 > 0, o(M**) > 0 for i > ip and > 0
for infinitely many i > ip. Then, in particular, Hay o( M**) is infinite-dimensional and
[M* g] # 0 in Q¢(ne), i.e. adding a finite number of closed manifolds with negative
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signature and an infinite number of closed manifolds with zero signature (such that the
bg, ne-end struture remains preserved) does not transform a nonzero element into zero
in QJf(ne). A finer characterization of nonzero elements in Qjf(ne) will be presented
elsewhere. Moreover there are very interesting specializations of the theory developed
until now and generalizations, e.g. the restriction to manifolds with warped product
structure at infinity or with prescribed volume growth of the ends etc. This will be the

topic of another investigation.

5. The Novikov conjecture for open manifolds. As is very well known, the Novikov
conjecture for closed manifolds stimulated many outstanding topologists to prove this and
on this road deep results in C* algebraic topology, C* K-theory and geometric group
theory have been achieved. Hence, the Novikov conjecture has not only its own meaning
but even more meaning as a stimulating question.

If M™ is open and we consider the classifying diagram

M
!
M — B,
f
and a € H*(B;) then
(L(M) - f*a, [M])
will not be defined in general. For this reason, Gromov proposes to consider
oa(M) = (L(M) - f*a, [M])

for a € H(B;). Then the NC for open manifolds would mean the ”invariance of o, (M)
under proper homotopy equivalences”. Probably much more appropriate would be an
approach in the sense of our ”open category”, i.e.

1) everything is uniformly metrized, we have (I), (By), uniform triangulations etc.,

2) maps are bounded and uniformly proper, in particular this holds for homotopy equiv-
alences,

3) one works within functional algebraic topology.

Hence one should consider
(L(M) - f*a,[M]) with L(M) €Ly, fa€ Ly,
Of particular meaning would be the cases
L(M) € PH*(M) and ac H*'(B;) (5.1)

or
L(M) e H**(M) and a€ H**(B,), (5.2)
respectively. If we suppose (M, g) satisfying (Bg) then automatically L(M) € *H*(M).
(Bo) does not restrict to topological type since any open manifold admits a metric g
satisfying even (By,) and (I).
In the second case one should additionally assume

info—e(A*(Mag)kkcrA*)J‘) > 07 (53)
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i.e. there is a spectral gap of A, above zero. In this case H*? = H*2? = Ly-harmonic
forms, C*2, C, 5 are La-complexes and form an La-Poincaré complex. Every La-(co-)ho-
mology class can be represented by an Lo-harmonic (co-)cycle. Bordism of Lo-Poincaré
complexes can be defined easily.

We proved in [8] that (5.3) is invariant under bounded uniformly proper homotopy
equivalences. W.l.o.g., classifying maps can be assumed to be bounded and uniformly
proper,

M"™ — B, = M" U cells.

We present now 3 versions of NC (for open manifolds).

First version. In the class of open oriented manifolds (M™, g), g € »2M?>2(By, 2, f) with
inf o (Au(9) | (kera,yr) >0 is
(L(M)f*a,[M]), a€ H*?(B,), f bounded and
uniformly proper classifying map, invariant under (NCO1)
bounded and uniformly proper homotopy equivalences.

Criticism. This version should hold only in very restricted cases. The starting point in
the compact case is the equality

o(M*) = /Lk(M) (5.4)

where the Lh.s. is a priori a homotopy invariant and the r.h.s. is a certain characteristic
number. The Ly-version of (5.4) is already wrong in simple open cases. Let (M**, g) be
an open manifold with cylindrical ends, i.e. (M**, g) = (M’4k U oM™ x [0, 00[, g) with
9lonrarx(o,00] = gloar 4 dt*. Then it is well known that

(M) = o, (M*) = / Li(M) — n(0M"™),

i.e. already the starting point which guarantees the invariance of L(M) in the simplest
case is wrong. Hence the first version of NC for open manifolds makes sense only for those
classes of manifolds for which

o1 (") = [ L(0)

in the case n = 4k.

Second wversion of NC, relative version. Fix (M",g) and suppose that M;, My €
gen bcompL,'Lso,rel(M7 9);

M\Ki 2M\K, M\K,2M\K
with a Riemannian collar at 0K, 0K, K. Then we define

o 00) = [ 1)~ [ p),

K;

O'(Ml,MQ) = J(MlaM)_U(M27M):A L(Ml)—/K L(Mg)za(Klqu)

- /K L(My) — n(0K;) — (/KZL(MQ) —n(BKz))) = 0(K1) — o(K>).
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The relative NC becomes

/ L) fia = [ rom) s (NCO2)

K>
if there exist ®15 : M1 — My, ®o1 : My — My, bounded, uniformly proper, ®o1 P15 ~
id Ml; @12@21 ~ id M2 bounded and u.p. and @21‘1’12 = id outside Kl C Ml, (1)12@21 =id
outside K5 C My and fi : M; — By are bounded and u.p. classifying maps, a € H*(B;).
This relative version has the advantage that we require no conditions for (M", g) and
NC splits to NC for the generalized Lipschitz components.

Third version of NC. Consider (M", g) open, oriented with (By), rinj > 0, embeddings
N* — M™ x RJ with trivial normal bundle and bounded second fundamental form such
that PD[N] = f*a, a € H"**Y(B,), f : M™ — B, bounded and uniformly proper
classifying map and such that o, (N*F) is defined (i.e. ~ H2*2(N) < o).

Then the number o4(M) := o, (N**) is invariant under

. - (NC03)
bounded and uniformly proper homotopy invariants.

How to attack these conjectures will be the content of a forthcoming investigation.
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