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Abstra
t. We introdu
e topologi
al Q-holonomy groupoids for singular foliations (M,F) withan Ehresmann 
onne
tion Q using Q-holonomy groups, whi
h have a global 
hara
ter. We showadvantage of our groupoids over known ones.1. Introdu
tion. The 
on
ept of Ehresmann 
onne
tion for foliations was introdu
edby Blumenthal and Hebda [3℄ as a natural generalization of Ehresmann 
onne
tions forsubmersions.The 
onstru
tion of Ehresmann 
onne
tion is based on the existen
e of transfers ofhorizontal 
urves along verti
al 
urves through the verti
al horizontal homotopy. Notethat this homotopy has already been used in global di�erential geometry (see, e. g., [8℄,[10℄, [19℄).We extend the 
on
ept of Ehresmann 
onne
tion to foliations (M,F) with singularitiesin the sense of Stefan [20℄ and Sussmann [21℄ (Se
tion 3).Transversally 
omplete singular Riemannian and totally geodesi
 foliations with 
om-plete indu
ed Riemannian metri
s on the leaves have natural Ehresmann 
onne
tions.We de�ne an Ehresmann 
onne
tion Q of singular foliations (M,F) as a generalizeddistribution Q on M , whi
h is transverse to F , and a verti
al horizontal property issatis�ed [34℄. This property allows to transfer an integral 
urve σ of Q (
alled horizontal)along admissible 
urves (
alled verti
al) lying in the leaf L = L(σ(0)) of F . Unlike theregular 
ase this transfer is not unique in general (Remark 1).2000 Mathemati
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472 N. I. ZHUKOVATherefore we de�ne the ∗Q-holonomy group ∗HQ(L, a) of an arbitrary leaf L of (M,F)as the transformation group of a quotient set Ωa/ρ of the set Ωa of horizontal 
urves withthe origin in a. We stress that this group has a global 
hara
ter (Se
tion 4).For a singular Riemannian foliation this transfer keeps lengths of horizontal 
urves.We use this property and prove a 
riterion of lo
al stability of leaves of singular foliations(Se
tion 11, Theorem 5).The 
on
ept of a topologi
al holonomy groupoid was introdu
ed by C. Ehresmann [6℄.A new approa
h to the 
on
ept of the holonomy groupoid was found by J. Pradines [16℄,[17℄. He used germs of lo
al transverse isomorphisms of foliation and de�ned the notionof a di�erentiable holonomy groupoid. H. E. Winkelnkemper [23℄ suggested an equivalent
onstru
tion and 
alled it the graph G(F) of the foliation F .Under some assumptions holonomy groups of singular foliations were de�ned by M.Bauer [1℄ and P. Dazord [4℄. For Stefan foliation with only tra
table singular leaves atopologi
al holonomy groupoid was de�ned by H. Suzuki [22℄. B. Bigonnet and J. Pradi-nes [2℄ indi
ated another 
onstru
tion of a graph of a singular foliation.We introdu
e a graph G(F , Q) for regular foliation (M,F) with an Ehresmann 
on-ne
tion Q [28℄ (see also [30℄, [31℄) and prove that this graph has important advantagesover the usual graph G(F). In parti
ular, our graph is always a Hausdor� manifold, andits proje
tions onto M form a lo
ally trivial �bration. It allows to apply this graph ininvestigation of a topology of regular foliations admitting an Ehresmann 
onne
tion.R. A. Wolak [24℄ proved that a regular foliation F with an Ehresmann 
onne
tion hasno vanishing 
y
les. Relations between sets with Hausdor� and non-Hausdor� graphs ofsuspended foliations were investigated by G. Chubarov and the author [32℄.The main goal of this paper is a 
onstru
tion of a topologi
al groupoid of a singularfoliation with an Ehresmann 
onne
tion. The global 
hara
ter of the ∗Q-holonomy group
∗HQ(L, a) allows us to introdu
e a topologi
al holonomy groupoid ∗GQ(F) using our
∗Q-holonomy groups (Se
tion 6, Proposition 3).We de�ne a generalized Ehresmann 
onne
tion of a singular foliation and Q-holonomygroup HQ(L, a) of a leaf L, and by 
ontrast to the group ∗HQ(L, a) the set of horizontal
urves is formed by 
urves for whi
h only endpoints may be singular (Se
tion 8).Using Q-holonomy groups HQ(L, a) we de�ne a holonomy groupoid GQ(F) of a sin-gular foliation (M,F , Q) with generalized Ehresmann 
onne
tion Q. Under natural as-sumptions we prove some properties of the groupoid GQ(F), in parti
ular the propertyof the topologi
al spa
e of GQ(F) to be Hausdor� (Se
tion 9, Theorem 2).As 
orollary, ∗GQ(F) = GQ(F) = G(F , Q) is Hausdor� for regular foliation with anEhresmann 
onne
tion (M,F , Q), where G(F , Q) is the graph mentioned above.In parti
ular we prove that the holonomy groupoid GQ(F) of an orbit-like transver-sally 
omplete singular Riemannian foliation (M,F , Q) with a natural Ehresmann 
on-ne
tion Q = (TF)⊥ is Hausdor� (Se
tion 12, Corollary 4).We hope that the groupoid GQ(F) will be applied to singular foliations with transver-sal geometri
 stru
tures. Nowadays the most studied 
lass of these foliations is the 
lassof Riemannian foliations ([12℄). R.A. Wolak [25℄ introdu
es and investigates singular fo-liations on strati�ed manifolds admitting adapted linear 
onne
tions.



HOLONOMY GROUPOIDS OF SINGULAR FOLIATIONS 473In re
ent work of C. Debord [5℄ a Lie groupoid of a singular foliation was 
onstru
tedby a new method using lo
al Lie groupoids and their equivalen
es without holonomygroups. As indi
ated in [5℄ the foliation F of R
3 by 
on
entri
 spheres with uniquesingular leaf 0 has no holonomy groupoid in the sense of C. Debord. This foliation (R3,F)is a Riemannian foliation with the natural Ehresmann 
onne
tion Q = (TF)⊥. Thus theholonomy groupoids ∗GQ(F) and GQ(F) are well de�ned, and a

ording to Corollary 4the topologi
al spa
e GQ(F) is Hausdor�.A. Pi¡tkowski [14℄ 
onstru
ted the holonomy group of a leaf of a singular foliationwhi
h 
an be 
onsidered as an analogous of a germ holonomy group of a regular folia-tion. He proved a lo
al transverse stability of a 
ompa
t leaf with the trivial holonomygroup [14℄.Under an additional assumption the lo
al stability in the sense of Ehresmann of a
ompa
t leaf with a �nite holonomy group was proved by P. Dazord [4℄.We state a theorem about global stability of a 
ompa
t leaf L of maximal dimensionwith a �nite holonomy group HQ(L) (or a �nite fundamental group π1(L)), whi
h belongsto the author [34℄ (Se
tion 10).2. Foliations with singularities. We assume that all manifolds under 
onsiderationare of 
lass Cr, r ≥ 1, 
onne
ted, se
ond 
ountable, and Hausdor�, unless otherwisestated. All neighbourhoods are open. Paths, 
urves and maps are pie
ewise di�erentiable.LetM be an n-dimensional manifold. A map T assigning to ea
h point x ∈M a p(x)-dimensional subspa
e Tx in the tangent spa
e TxM, is 
alled a generalized distributionon M . The distribution T is said to be di�erentiable if for any ve
tor Y ∈ Tx there existsa di�erentiable ve
tor �eld X in a neighbourhood Ux of x su
h that Xx = Y , Xy ∈ Tyfor any y ∈ Ux.An immersed submanifold L of M is 
alled an integral manifold of a generalizeddistribution T if TxL = Tx for any x ∈ L. An integral manifold L is said to be maximalif L is 
onne
ted and 
oin
ides with ea
h 
onne
ted integral manifold 
ontaining L. Ifthrough ea
h point x ∈M an integral manifold passes, then the generalized distribution

T is said to be integrable.The family F = {Lα | α ∈ J} of maximal integral manifolds Lα of a generalized inte-grable distribution T is 
alled a di�erentiable foliation with singularities. Lα 
onsideredas a submanifold in M is 
alled a leaf of the foliation F .H. Sussmann proved that a C∞-smooth generalized distribution T is integrable if andonly if T is involutive (a generalization of Frobenius' theorem) [21℄.Let (M,F) be a di�erentiable foliation with singularities. It is known [4℄ that at ea
hpoint x ∈M there exists a 
hart (W,ϕ) su
h that
(F1) ϕ(W ) = U × V , where U is a neighbourhood of the origin in R

p, V is a neighbour-hood of the origin in R
q, p = p(x) is the dimension of the 
entral leaf L(x) passingthrough x, and q = n− p;

(F2) ϕ(x) = (0, 0) ∈ U × V ;
(F3) for any leaf L ∈ F , ϕ(L ∩W ) = U × l, where l := {v ∈ V | ϕ−1(0, v) ∈ L}.
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hart (W,ϕ) satisfying (F1)�(F3) is said to be �bred at x, and W is 
alled a �bredneighbourhood. Also we 
all x the 
enter of this 
hart.J. Kubarski [11℄ shown that Stefan's de�nition of a singular foliation is equivalent tothe existen
e of a partition F = {Lα | α ∈ J} ofM into 
onne
ted immersed submanifolds
Lα su
h that for ea
h x ∈M, there is a �bred 
hart at x with respe
t to F . From this fa
tand Dazord's result [4℄ follows the equivalen
e of Stefan's and Sussmann's approa
hes tothe notion of a C∞-smooth singular foliation.Let (W,ϕ) be a �bred 
hart, ϕ(W ) = U×V.Without loss of generality, we 
an assumethat U and V are neighbourhoods homeomorphi
 to R

p and R
q, respe
tively. In this workwe assume that 
harts under 
onsideration are �bred.The ar
-wise 
onne
ted 
omponent of W ∩Lα will be 
alled a lo
al leaf of the leaf Lαin 
hart or in the neighbourhood W and will be denoted by lWy , where y ∈W ∩ Lα.Note that, in the �bred neighbourhood Wx of x, the dimension p(y) of any leaf L(y),

y ∈ Wx is not less than p(x). Hen
e the leaf dimension fun
tion p(x), x ∈ M is lowersemi-
ontinuous.Sin
e p(x) ≤ n, x ∈ M , where n = dimM , there exists the maximal dimension p0of leaves of foliation F with singularities. A point x is said to be regular if a leaf ofdimension p0 passes through x. If a point x ∈M is not regular, x is said to be singular. If
dimL = p0, the leaf L is said to be regular, otherwise L is 
alled a singular leaf. A foliationwhose leaves have 
onstant dimension is 
alled regular. Therefore regular foliations forma sub
lass of the 
lass of foliations with singularities.Let us denote by M0 the union of leaves of maximal dimension p0. If x ∈ M0, and
(W,ϕ) is a �bred 
hart at x, then for any y ∈ W the leaf L(y) also has dimension p0,hen
e W ⊂M0. Thus the union M0 of regular leaves is an open subset in M .3. Ehresmann 
onne
tion for foliations with singularities. A generalized distri-bution Q on the manifold M is said to be transversal to the foliation F if on M thereexists a Riemannian metri
 g su
h that Qx is the orthogonal 
omplement to the spa
e
Tx tangent to the leaf L(x) in the Eu
lidean ve
tor spa
e (TxM, gx), i.e., for any x ∈M

TxM = Tx ⊕Qx,where ⊕ is the orthogonal sum. The subspa
e Qx, x ∈M , and ve
tors in Q will be 
alledhorizontal. A pie
ewise di�erentiable 
urve σ is said to be horizontal if its tangent ve
torsare horizontal. The distribution T tangent to the leaves of F is said to be verti
al. A
urve h is said to be verti
al if h lies in a leaf of F .A verti
al horizontal homotopy (v.h.h.) is a pie
ewise di�erentiable map H : I1×I2 →

M , where I1 = I2 = [0, 1] is su
h that for any (s, t) ∈ I1×I2 the 
urve H|I1×{t} is horizon-tal and the 
urve H|{s}×I2
is verti
al (see Fig. 1). The pair of 
urves (H|I1×{0}, H|{0}×I2

)is 
alled the base of the v.h.h. A pair of paths (σ, h) su
h that σ(0) = h(0), σ is ahorizontal path, and h is a verti
al path, is said to be admissible.Definition 1. A generalized distribution Q transversal to the foliation F with singular-ities is 
alled an Ehresmann 
onne
tion for F if for any admissible pair of paths (σ, h)
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Fig. 1. A verti
al horizontal homotopy with the base (σ, h)

Fig. 2. Di�erent verti
al horizontal homotopies H1 and H2 of the singular Riemannian foliationwith the same base (σ, h)there exists a v.h.h. with the base (σ, h). A foliation (M,F) with singularities admittingan Ehresmann 
onne
tion Q is denoted by (M,F ,Q).Let H be a v.h.h. with the base (σ, h), and σ̃ := H|I1×{1}, h̃ := H|{1}×I2
. We saythat the 
urve σ̃ is obtained from σ by transfer along h via the v.h.h. H and denote itby σ H

−→
h
> σ̃ or by σ H

−→> σ̃ and similarly h H
−→
σ
> h̃ or h H

−→> h̃.Note that, in general, an Ehresmann 
onne
tion Q is not a di�erentiable generalizeddistribution. However, Q possesses a �generalized di�erentiability� property be
ause Q isthe orthogonal 
omplement to the di�erentiable generalized distribution T tangent to F(with respe
t to a Riemannian metri
 g on M).Also note that our de�nition of Ehresmann 
onne
tion for foliations with singularitiesnaturally generalizes the de�nition of Ehresmann 
onne
tion for regular foliations [3℄.Remark 1. If (M,F ,Q) is a regular foliation with an Ehresmann 
onne
tion, it is wellknown that there exists a unique verti
al horizontal homotopy H with the given base
(σ, h). This is not true in general for singular foliations (M,F ,Q). Hen
e transfer of σalong h is a multivalued fun
tion (see Fig. 2).4. ∗Q-holonomy group for foliation with singularities. For any foliation with sin-gularities admitting an Ehresmann 
onne
tion Q we introdu
e an ∗Q-holonomy group.



476 N. I. ZHUKOVALet Ωa be the set of horizontal 
urves with initial point a. Take an equivalen
e relation
ρ on Ωa as follows. Curves σ and σ′ in Ωa are said to be ρ-equivalent if there exist averti
al loop h0 at a homotopi
 to the 
onstant loop ea in L(a) and a v.h.h. H with thebase (σ, h0) su
h that H|I1×{1} = σ′ (Fig. 3).

Fig. 3. The 
urves σ and σ′ are ρ-equivalentOne 
an dire
tly 
he
k that ρ is an equivalen
e relation in Ωa. Let us denote by [σ]ρthe ρ-equivalen
e 
lass of a 
urve σ, and by Ωa/ρ the set of equivalen
e 
lasses.Proposition 1. The map
Φa : Ωa/ρ× π1(L, a)→ Ωa/ρ : ([σ]ρ, [h]) 7→ [σ̃]ρ,where [h] ∈ π1(L, a), H is a v.h.h. with the base (σ, h), and σ

H
−→> σ̃, de�nes a righta
tion of the fundamental group π1(L, a) of L(a) on the quotient set Ωa/ρ.Proof. Let us demonstrate that Φa is 
orre
tly de�ned, i.e., does not depend on1) the 
hoi
e of the loop h in the 
lass [h] ∈ π1(L, a) and the 
hoi
e of the v.h.h. Hwith the base (σ, h);2) the 
hoi
e of σ in the 
lass [σ]ρ.1. In a leaf L let us take paths h and h′ joining a with b. Suppose that h is homotopi
to h′ in L, and σ is a 
urve in Ωa. Let H, H ′ be v. h. hs with the bases (σ, h) and

(σ, h′), respe
tively, and σ H
−→> σ̃, σ H′

−−→> σ′. Let us prove that [σ̃]ρ = [σ′]ρ. Sin
e h ishomotopi
 to h′ in L, the loop φ0 := h−1h′ is homotopi
 to the 
onstant path eb in L.Then we set
K(s, t) :=

{
H(s, 1− 2t), if (s, t) ∈ I1 × [0, 1

2 ];

H ′(s, 2t− 1), if (s, t) ∈ I1 × [12 , 1],and obtain that K is a v.h.h. with the base (σ̃, φ0) su
h that K|I1×{1} = σ′. Hen
e
[σ̃]ρ = [σ′]ρ.2. Let σ ∈ Ωa, h be a verti
al loop at a, and H be a v.h.h. with the base (σ, h).Take any path σ∗ ∈ [σ]ρ. Then there exists a v.h.h. K with the base (σ∗, h0), where
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[h0] = [ea] ∈ π1(L, a), whi
h provides the ρ-equivalen
e between σ∗ and σ, i.e., K(s, 0) =

σ∗(s), K(s, 1) = σ(s), s ∈ I1, and K(0, t) = h0(t), t ∈ I2. Let us de�ne the map
H∗ : I1 × I2 →M :

H∗(s, t) :=

{
K(s, 2t), if (s, t) ∈ I1 × [0, 1

2 ];

H(s, 2t− 1), if (s, t) ∈ I1 × [12 , 1].Sin
e K(s, 1) = H(s, 0) = σ(s), s ∈ I, we have that H∗ is a v.h.h. as well as K and H.The pair of paths (σ∗, h0h) is the base of H∗. In addition, σ∗ H∗

−−→> σ̃. Sin
e [h0h] =

[h] ∈ π1(L, a), from the de�nition of Φa we get that Φa([σ∗]ρ, [h]) = [σ̃]ρ. Thus the map
Φa is 
orre
tly de�ned.One 
an easily 
he
k that Φa de�nes a right a
tion of π1(L, a) on Ωa/ρ.Definition 2. The kernel of the a
tion Φa, ∗KQ(L, x) := ker Φa = {[h] ∈ π1(L, a) |

(∀[σ]ρ ∈ Ωa/ρ) Φa([σ]ρ, [h]) = [σ]ρ}, is a normal subgroup in π1(L, a). Hen
e we have thequotient group
∗HQ(L, a) := π1(L, a)/ kerΦa.Let us 
all the group ∗HQ(L, a) the ∗Q-holonomy group for the singular foliation withan Ehresmann 
onne
tion (M,F ,Q).As in [15℄, the ∗ indi
ates that ∗HQ(L, a) is a holonomy group of foliation withsingularities, whi
h di�ers from the known holonomy groups. For a regular foliation ea
hequivalen
e 
lass [σ]ρ 
onsists of one horizontal 
urve σ, hen
e the set Ωa/ρ is bije
tive tothe set Ωa. In this 
ase ∗HQ(L, a) 
oin
ides with the group HQ(L, a), whi
h was de�nedin [3℄ (and was 
alled the Q-holonomy group in [28℄, [30℄). It is not di�
ult to show thatthe following statement takes pla
e.Proposition 2. For any points a and b in a leaf L of the foliation (M,F ,Q) there existsan isomorphism ∗HQ(L, a)→ ∗HQ(L, b), whi
h is unique up to inner automorphisms ofthese groups.By Proposition 2 we 
an speak about the ∗Q-holonomy group of a leaf L with under-standing that this group is the algebrai
 group ∗HQ(L) whi
h does not depend on a ∈ L.We say that a leaf L has �nite ∗Q-holonomy group if this group is �nite.5. Subordinated 
harts. Let (M,F , Q) be a singular foliation with Ehresmann 
on-ne
tion. Let us 
onsider a �bred 
hart (W,ϕ) at a point a, ϕ(W ) = U × V . Then

FW := {ϕ−1(U × {y}) | y ∈ V } is a simple foliation in W , and let π : W → W/FWbe the proje
tion on the spa
e of leaves. We say that the distribution Q has the propertyof lo
al transversal proje
tability if at an arbitrary point a ∈M there exists a �bred 
hart
(W,ϕ) with 
enter a su
h that, for an arbitrary 
urve σ ∈ Ωa in W at ea
h point y inthe lo
al leaf lWa there exists a 
urve σy ∈ Ωy smoothly depending on y and satisfying
π ◦ σy = π ◦ σ.After this we assume that for a foliation (M,F , Q) the Ehresmann 
onne
tion Q hasthe property of lo
al transversal proje
tability.Definition 3. Let (W,ϕ) and (V, ψ) be two �bred 
harts with 
enter in a and b ∈ L(a)respe
tively of singular foliation (M,F). We say that 
hart (V, ψ) is subordinated to the
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hart (W,ϕ) if the following 
onditions are satis�ed:(i) ϕ(W ) = U1 × V1, ψ(V ) = U2 × V2, with 0 ∈ V2 ⊂ V1 ⊂ R
q, q = n− p, p = p(a).(ii) Let L be an arbitrary leaf of F su
h that L ∩ V 6= ∅. Then for any 
onne
ted
omponent c(L∩ V ) of L∩ V the set ϕ−1(ψ(c(L∩ V ))) belongs to some 
onne
ted
omponent of the interse
tion L ∩W .For regular foliations the notion of subordinated 
harts was introdu
ed by R. Pa-lais [13℄.Let a, b be points of the same leaf L ∈ F . Conne
t a with b by a path h in L and 
overthe set h([0, 1]) by a �nite 
hain of 
harts (Wk, ϕk) with 
enter at ak = h(tk), tk ∈ [0, 1],

k = 0, . . . ,m, where (W0, ϕ0) = (W,ϕ), a0 = a, am = b. Without loss of generality we
an assume that the sets Wk ∩Wk+1 ∩ h([0, 1]) are 
onne
ted and an arbitrary lo
al leafof Wk+1 interse
ts some lo
al leaf of Wk.By analogy with [13℄ using a lo
al transversal 
ontaining a point h(τ1) ∈ W1 ∩W2,

τ1 ∈ [0, 1], we 
hange 
oordinates in the neighbourhood W1 su
h that (W1, ϕ1) be
omesa subordinated 
hart to (W0, ϕ0). If ne
essary we de
rease W1 to V1 ⊂ W1 su
h that
(V1, ψ1) be
omes a subordinated 
hart to (W0, ϕ0) with 
enter a1.After this we 
onstru
t a 
hart (V2, ψ2) with 
enter a2 subordinated to (V1, ψ1). Re-mark that the relation of subordination is transitive, so (V2, ψ2) is subordinated to (W,ϕ).By analogy in several steps we 
onstru
t a 
hart (V, ψ) with 
enter b subordinated to
(W,ϕ). Thus we have the following theorem.Theorem 1. Let (M,F) be a singular foliation and (W,ϕ) be a �bred 
hart with 
enter
a ∈ M . For an arbitrary point b ∈ L(a) there exists a �bred 
hart (V, ψ) with 
enter bsubordinated to the 
hart (W,ϕ).The analogous theorem for a regular foliation was proved by R. Palais [13℄.Moving along h−1 from b to a we 
an 
onstru
t �bred 
harts (V, χ) and (V ′, χ′) with
enters a and b su
h that ea
h of them is subordinated to the other. In this 
ase we shall
all (V, χ) and (V ′, χ′) mutually subordinated 
harts.Remark 2. Let (U,ϕ) and (V, ψ) be mutually subordinated 
harts. From the propertyof transversal proje
tibility and 
onstru
tion of a subordinated 
hart it follows that forany admissible pair (σ, h) with σ lying in U, where σ(0) = h(0) is the 
enter of U, thereexists su
h v.h.h. H that σ H

−→> σ̃, and σ̃ is 
ontained in V.6. Groupoid of ∗Q-holonomy. Let (M,F , Q) be an arbitrary singular foliation withan Ehresmann 
onne
tion Q. We denote by [h] the homotopi
 
lass of verti
al paths
ontaining h. Let x, y be both in a leaf L of F . Denote by A(x, y) the set of all pie
ewisesmooth path from x to y in L. We use notations introdu
ed above. Two paths h1, h2 ∈

A(x, y) are 
alled equivalent if and only if [h1 · h
−1
2 ] ∈ ∗KQ(L, x), where [h1 · h

−1
2 ] ∈

π1(L, x).In other words h1 ∼ h2 if and only if the homotopy 
lass [h1 ·h
−1
2 ] of the loop h1 ·h

−1
2a
ts on the fa
tor set Ω̃x := Ωx/ρ in the trivial way. We denote by 〈h〉 the equivalen
e
lass 
ontaining h.
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all the set
∗GQ(F) := {(x, 〈h〉, y) | x ∈M ∧ y ∈ L(x) ∧ h ∈ A(x, y)}a graph of singular foliation (M,F) with an Ehresmann 
onne
tion Q.The equality

(x, 〈h〉, y) ◦ (z, 〈g〉, x) := (z, 〈g · h〉, y),where g · h is the produ
t of paths g and h, de�nes a partial multipli
ation ◦ in ∗GQ(F)relative to whi
h ∗GQ(F) is a groupoid 
alled the ∗Q-holonomy groupoid of this foliation.The maps p1 : ∗GQ(F)→M : (x, 〈h〉, y) 7→ x and p2 : ∗GQ(F)→M : (x, 〈h〉, y) 7→ yare 
alled the sour
e and range maps or 
anoni
al proje
tions.Now we introdu
e a topology in ∗GQ(F). Let c = (a, 〈h〉, b) be any point in ∗GQ(F)and (W,ϕ) and (W ′, ϕ′) be arbitrary �bred neighbourhoods with 
enters a and b, respe
-tively. Suppose that there is a horizontal 
urve σ in W, σ ∈ Ωa, and a transfer σ H
−→
h
> σ̃,su
h that there exists a 
urve σ′ ∈ [σ̃]ρ ∈ Ω̃b, σ

′(I) ⊂W ′. It is equivalent to the existen
eof a path h′ homotopi
 to h and v.h.h. K su
h that σ K
−→
h′

> σ′, σ′(I) ⊂W ′. Consider twoarbitrary points x, y in lo
al leaves lW
σ(1) and lW ′

σ′(1) respe
tively. We take paths tx in lW
σ(1)from x to σ(1) and ty in lW ′

σ′(1) from y to σ′(1). Let h′ K
−→> h̃ and g := tx · h̃ · t

−1
y . Wehave an element (x, 〈g〉, y) that belongs to ∗GQ(F).Denote by V(c,W,W ′) the set of all elements (x, 〈g〉, y) of ∗GQ(F) de�ned in theindi
ated way by c and the 
harts (W,ϕ) and (W ′, ϕ′).The following lemma will be useful later.Lemma 1. If produ
ts of verti
al paths h·k and k′ ·g have 
ommon ends, then the followingequalities are equivalent

〈h · k〉 = 〈k′ · g〉 and 〈k′−1 · h〉 = 〈g · k−1〉.Proposition 3. The set Σ := {V(c,W,W ′)} forms a base of some topology τ in ∗GQ(F)relatively to whi
h ∗GQ(F) is a topologi
al groupoid. A set L := p−1
1 (L), L ∈ F is openin the spa
e ∗GQ(F) if and only if Ωa = {ea}, where ea is the 
onstant path at a ∈ L.Proof. Let V1 := V(c1,W1,W

′
1) and V2 := V(c2,W2,W

′
2) be two arbitrary sets from Σ,with V1 ∩ V2 6= ∅, and c1 := (a1, 〈h〉, b1), c2 := (a2, 〈g〉, b2). Consider an arbitrary point

z ∈ V1 ∩ V2. As z ∈ V1, so z = (x, 〈tx · h̃ · t
−1
y 〉, y) by 
onstru
tion of V1. As z ∈ V2, so

z = (x, 〈τx · g̃ · τ
−1
y 〉, y), with x ∈ W1 ∩W2, y ∈ W

′
1 ∩W

′
2, there are σ ∈ Ωa1

, γ ∈ Ωa2
,

h′ ∈ [h], g′ ∈ [g] and some transfers h′ H
−→
σ
> h̃, g′ H′

−−→
γ
> g̃ (Fig. 4).As six points x, h̃(0), h̃(1), g̃(0), g̃(1) and y lie in the same leaf L′ of F , there existpairwise mutually subordinated �bred neighbourhoods of these points 
ontained in W1 ∩

W2 andW ′
1∩W

′
2, respe
tively. Denote the indi
ated neighbourhoods at x and y by W̃1 ∋ xand W̃2 ∋ y.Let us show the in
lusion Ṽ := V(z, W̃1, W̃2) ⊂ V1∩V2. At �rst we 
he
k the in
lusion

Ṽ ⊂ V1. Consider any point w = (u, 〈tu · k̃ · t
−1
v 〉, v) in Ṽ , where k := tx · h̃ · t

−1
y andthere exists δ ∈ Ωx in W̃1 su
h that k̃ is the result of some transfer k′ H1−−→

δ
> k̃, k′ ∈ [k],
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Fig. 4. A 
onstru
tion of Ṽ ⊂ V1 ∩ V2

with δ H1−−→> δ̃, δ̃ ∈ Ωy in W̃2. A

ording to the 
hoi
e of W̃1, W̃2, there are some v.h.h.
δ

K
−→
tx

> δ1, δ̃
K′

−−→
ty

> δ̃1 in W1 and W2 respe
tively. Denote tx K
−→> t̃x, ty

K′

−−→> t̃y. We takeLemma 1 into a

ount and have 〈h̃〉 = 〈t−1
x · k

′ · ty〉. Hen
e we may put h̃′ := t−1
x · k

′ · ty.Let us 
onstru
t a v.h.h. K̃ by the formula
K̃(s, t) :=





K(s, 1− 4t), t ∈ [0, 1
4 ],

H1(s, 4t− 1), t ∈ [14 ,
1
2 ],

K ′(s, 2t− 1), t ∈ [12 , 1],

s ∈ [0, 1],

then δ1 K̃
−→> δ̃1 and h̃′ K̃

−→> t̃−1
x · k̃ · t̃y = ĥ (Fig. 4).So we have w = (u, 〈τu · ĥ · τ

−1
v 〉, v), where τu := tu · t̃x, τv := tv · t̃y. Therefore w ∈ V1.The in
lusion Ṽ ⊂ V2 
an be shown analogously. Thus Σ is a base of some topology

τ in ∗GQ(F).The 
ontinuity of the partial multipli
ation in ∗GQ(F) 
an be 
he
ked in the usualway.Now we assume the existen
e of a point a ∈ M su
h that Ωa = {ea}. In this 
asefor any b ∈ L = L(a) and arbitrary �bred 
harts (W1, ϕ1) and (W2, ϕ2) with 
enters
a, b, respe
tively, the set V = V(c,W1,W2), c = (a, 〈h〉, b), is formed by points z =

(x, 〈tx · h̃ · t
−1
y 〉, y), with x ∈ lW1

a , y ∈ lW2

b , i.e. V ⊂ L := p−1
1 (L). Therefore L is an openset in ∗GQ(F).Evidently, if L is an open set in ∗GQ(F), then Ωa = {ea}, ∀a ∈ L.Let GQ(F) be the graph of a regular foliation (M,F , Q) with an Ehresmann 
onne
-tion introdu
ed in [28℄ ([30℄, [33℄).Proposition 4. Let (M,F , Q) be a regular foliation with an Ehresmann 
onne
tion.Then the holonomy groupoid ∗GQ(F) 
oin
ides with GQ(F).Proof. Let V = V(c,W1,W2) be a neighbourhood of point c = (a, 〈h〉, b) from the base Σof topology in ∗GQ(F). Consider an arbitrary point z = (x, 〈tx · h̃ · t

−1
y 〉, y) in V , de�nedby a path h′ ∈ [h], a horizontal 
urve σ in W1 and v.h.h. H, with σ H
−→
h′

> σ̃. Re
all that
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tx and ty are paths in lo
al leaves from x to σ(1) and y to σ̃(1) respe
tively. Let γ beanother horizontal 
urve in W1 and K be a v.h.h. with the base (γ, h′′), h′′ ∈ [h], with
γ

K
−−→
h′′

> γ̃, h′′
K
−→> ĥ, and z = (x, 〈τx · ĥ · τ

−1
y 〉, y). In the regular 
ase as all lo
al leaves of�bred neighbourhoods are simply 
onne
ted, the verti
al paths tx · h̃ · t−1

y and τx · ĥ · τ−1
yare homotopy equivalent. Therefore the point z does not depend on the 
hoi
e of the
urves γ and tx, ty.Thus in regular 
ase the topology in ∗GQ(F) de�ned by Proposition 3 
oin
ides withthe topology in the graph GQ(F) introdu
ed in the usual way [30℄.7. Simple transversal bi�brationsDefinition 5. Let pi : M → Bi, i = 1, 2, be a submersion with 
onne
ted �bres. Supposethat the universal 
overing manifold of M is a produ
t of two manifolds X1 ×X2. If theuniversal 
overing map κ : X1 × X2 → M transforms �bres of the trivial �brations Fi,where F1 := {X1 × {v} | v ∈ X2}, F2 := {{u} × X2 | u ∈ X1}, to 
orresponding �bresof the submersion pi then the quintuple (M,p1, p2, B1, B2) is 
alled a simple transversalbi�bration by Ya. Shapiro and the author [18℄.Remark that two submersions pi : M → Bi, i = 1, 2, of M with 
onne
ted �bres forma simple transversal bi�bration if and only if the distribution Q1 tangent to �bres of

p2 : M → B2 is an Ehresmann 
onne
tion for the submersion p1 : M → B1.It is well known that a di�eomorphism group Ψ of manifold N is a group of 
overingtransformations of some regular 
overing map f : N → B onto the fa
tor manifoldN/Ψ =

B if and only if Ψ a
ts freely and properly dis
ontinuously, i.e. for x, y ∈ N, where y doesnot belong to the orbit Ψ · x of x, there exist two neighbourhoods V and W of x and yrespe
tively su
h that for any ψ ∈ Ψ, ψ 6= idN , ψ(V )∩W = ∅ holds. The next propositionfollows from the work of Ya. Shapiro and the author [18℄.Proposition 5. Let (M,p1, p2, B1, B2) be a simple transversal bi�bration. Let x be anarbitrary �xed point in M, xi := pi(x) ∈ Bi and Yi := p−1
i (xi), where i = 1, 2. Then wehave the following:(i) pi : M → Bi is a lo
ally trivial �bration with a standard �ber Yi.(ii) The map p : M → B1 × B2 : x 7→ (p1(x), p2(x)) is an regular 
overing map withthe group Ψ of 
overing transformations.(iii) The restri
tions p1|Y2

: Y2 → B1 and p2|Y1
: Y1 → B2 are regular 
overing mapswith groups Ψ2 and Ψ1 of 
overing transformations respe
tively, and there exist groupisomorphisms θi : Ψ→ Ψi.(iv) The a
tion of Ψ on the produ
t Y1 × Y2 given by the rule

ψ(y1, y2) := (θ1(ψ)y1, θ2(ψ)y2), ∀(y1, y2) ∈ Y1 × Y2,is free and properly dis
ontinuous. It de�nes a simple transversal bi�bration ((Y1 ×

Y2)/Ψ, f1, f2, B1, B2), where fi : Ψ · (y1, y2) 7→ Ψi · yi, (y1, y2) ∈ Y1 × Y2, and there isa di�eomorphism Ξ su
h that the following diagram is 
ommutative
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B1
p1

←− M
p2

−→ B2
f1

տ ↓ Ξ
f2

ր

(Y1 × Y2)/Ψ.(v) The in
lusion j : Yi → M indu
es an isomorphism of the fundamental group
π1(Yi, x) onto a normal subgroup Gii of π1(M,x), and Ψ is isomorphi
 to the fa
tor group
π1(M,x)/(G11 ×G22).Definition 6. The algebrai
 group Ψ satisfying 
onditions of Proposition 5 is 
alled thestru
ture group of this bi�bration.The above notion is well de�ned, i.e. it does not depend on the 
hoi
e of the 
anoni
albi�bration ((Y1×Y2)/Ψ, f1, f2, B1, B2) satisfying the 
onditions of Proposition 5. Remarkthat ea
h submersion pi forms the �bration with the stru
ture group Ψ.Definition 7. A bi�bration (M,p1, p2, B1, B2) is 
alled symmetri
 if the �brations pi : M

→ Bi, i = 1, 2, are isomorphi
 (in the 
ategory of �brations).Proposition 6. Let ∗GQ(F) be the holonomy groupoid of a singular foliation with anEhresmann 
onne
tion (M,F , Q) and p1, p2 : ∗ GQ(F) → M be the 
anoni
al proje
-tions. Let x be an arbitrary point in M , L = L(x) and L := p−1
1 (L). The quintuple

(L, p1|L, p2|L, L, L) is a symmetri
 simple transversal bi�bration with the stru
ture group
Ψ, that is isomorphi
 to the holonomy group ∗HQ(L).Proof. Let us introdu
e a smooth stru
ture in L := p−1

1 (L), L ∈ F . Let c = (a, 〈h〉, b) bean arbitrary point in L. Let (W1, ϕ1) and (W2, ϕ2) be an arbitrary mutually subordinated
harts with 
enters a, b respe
tively and V := V(c,W1,W2). Denote U := V∩L, p = dimL.The map χ : U → R
p × R

p : (x, 〈tx · h̃ · t
−1
y 〉, y) 7→ (ϕ1(x), ϕ2(y)) is a homeomorphismonto ϕ1(W1)× ϕ2(W2) = R

p ×R
p. The set of all these pairs {(U , χ)} forms a C∞-atlasof 2p-dimensional manifold in L. The restri
tions p1|L : L→ L and p2|L : L→ L be
omesubmersions onto L.We show that �bres of pi, i = 1, 2, are ar
-wise 
onne
ted. Take two arbitrary points

c1 = (a, 〈h〉, b) and c2 = (a, 〈g〉, d) in the �bre p−1
1 (a). As the formula

kt(s) :=

{
h(s(1− 2t)), t ∈ [0, 1

2 ],

g(s(2t− 1)), t ∈ [12 , 1],
s ∈ [0, 1]de�nes a homotopy of maps h and g in L, so µ(t) := (a, 〈kt〉, (h

−1 · g)(t)) is a path in
p−1
1 (a) from c1 to c2. Analogously, �bres of p2 are also ar
-wise 
onne
ted.Let ν(t) be an arbitrary path in L, and ν(0) = b. An arbitrary point z ∈ p−1

2 (b) has aform z = (a, 〈h〉, b), a ∈ L. A homotopy κt(s) := (h · ν|[0,t])(s), (t, s) ∈ I × I, I = [0, 1], issituated in L. Hen
e z(t) := (a, 〈κt〉, ν(t)) is a path in the �bre p−1
1 (a) su
h that z = z(0)and p2 ◦ z(t) = ν(t), t ∈ I. Therefore the distribution P formed by tangent spa
es toleaves of the submersion p1|L : L → L is an integrable Ehresmann 
onne
tion for thesubmersion p2|L.Thus (L, p1|L, p2|L, L, L) is a simple transversal bi�bration. The symmetry of theproje
tions p1, p2 : ∗GQ(F)→M gives rise to the symmetry of the restri
tions p1|L and

p2|L.
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ording to Proposition 5 (ii) the map p : L→ L×L : (x, 〈h〉, y) 7→ (x, y) is a regular
overing map. Using the de�nition of L ⊂ ∗GQ(F) it is not di�
ult to 
he
k that thegroup of the 
overing transformations Ψ of p is isomorphi
 to ∗HQ(L).

8. Generalized Ehresmann 
onne
tion for foliation with singularities and itsholonomy. Let (M,F) be a foliation with singularities and M0 be the union of leavesof maximal dimension. Let Q be a generalized distribution on M whi
h is transversal tothe foliation F (we use terminology introdu
ed in Se
tion 2). Q is 
alled a generalizedEhresmann 
onne
tion of F if for any admissible pair of paths (σ, h), where σ((0, 1)) ⊂

M0, there exists a v.h.h. with the base (σ, h). Thus, we extend the notion of Ehresmann
onne
tion for foliations with singularities by 
onsidering only horizontal paths withoutsingular points ex
ept for the endpoints.Let (M,F ,Q) be a singular foliation with a generalized Ehresmann 
onne
tion. Thenthe distribution Q0 := Q|M0 is an Ehresmann 
onne
tion for the regular foliation (M0,

F0), where F0 := F|M0 . Let Ω0
a := {σ ∈ Ωa | σ((0, 1]) ⊂ M0} and Ω∗

a := {σ ∈

Ωa | σ((0, 1)) ⊂ M0} then Ω0
a ⊂ Ω∗

a. If σ ∈ Ω0
a, ea
h path σ′ whi
h is ρ-equivalentto σ also lies in Ω0

a. Therefore Ω0
a/ρ ⊂ Ω∗

a/ρ. For any admissible pair of paths (σ, h),where σ ∈ Ω∗
a, there exists a v.h.h. with the base (σ, h). Let Φ∗

a([σ]ρ, [h]) := [σ̃]ρ, where
[h] ∈ π1(L, a), σ H

−→> σ̃. Similar to the proof of Proposition 1, one 
an 
he
k that
Φ∗

a de�nes a right a
tion of the fundamental group π1(L, a) on the quotient set Ω∗
a/ρ.For a singular foliation with a generalized Ehresmann 
onne
tion (M,F ,Q), we 
all thequotient group HQ(L, a) := π1(L, a)/ kerΦ∗

a the Q-holonomy group of the leaf L at a ∈ L.In the 
ase of a regular foliation (M,F) with an Ehresmann 
onne
tion Q we have
M = M0 and the groupHQ(Lα, x) 
oin
ides with theQ-holonomy group of Lα at x ∈ Lα.As ker Φ∗

a ⊂ ker Φa, we have the following assertion.Proposition 7. For any leaf L of a singular foliation (M,F ,Q) with a generalized Ehres-mann 
onne
tion there exists a group epimorphism ν : ∗HQ(L, a) → HQ(L, a) su
h thatthe diagram
π1(L, a)

α

ւ
β

ց

∗HQ(L, a)
ν
−→ HQ(L, a),where α and β are the quotient maps, is 
ommutative.Sin
e M0 is an open (possibly dis
onne
ted) submanifold in M , for any leaf L ⊂M0we have the germ holonomy group Γ(L, a), a ∈ L, whi
h is widely used in the foliationtheory. Evidently, there exists a natural group epimorphism χ : HQ(L, a)→ Γ(L, a) su
hthat χ ◦ β = γ, where γ : π1(L, a)→ Γ(L, a) is the proje
tion, whi
h maps [h] ∈ π1(L, a)to the germ of holonomy di�eomorphism 
orresponding to the path h. The followingstatement establishes a relation between di�erent holonomy groups of a regular leaf L.Corollary 1. For any leaf L ⊂ M0 of singular foliation with generalized Ehresmann
onne
tion the diagram



484 N. I. ZHUKOVA

π1(L, a)
α

ւ ↓ β

γ

ց

∗HQ(L, a)
ν
−→ HQ(L, a)

χ
−→ Γ(L, a),where α, β, γ are the quotient maps, and ν, χ are the group epimorphisms, is 
ommuta-tive.If for an admissible pair of paths (σ, h) there exists a unique v.h.h. H with the base

(σ, h), σ H
−→> σ̃, h H

−→> h̃, we say that the 
urve σ̃ is obtained by transfer of σ along h,the path h̃ is obtained by transfer of h along σ, and denote it by σ h
−→> σ̃, h σ

−→> h̃, asin the regular 
ase.9. Q-holonomy groupoid of foliations with generalized Ehresmann 
onne
-tions. Let (M,F , Q) be a foliation with generalized Ehresmann 
onne
tion. If in thede�nition of ∗GQ(F) we use the holonomy groups HQ(L, x), L ∈ F , instead of the groups
∗HQ(L, x) we shall get a groupoid GQ(F) = {(x, {h}, y)}, whi
h will be 
alled a Q-holonomy groupoid. Topology in GQ(F) is introdu
ed similarly to the groupoid ∗GQ(F).Proposition 8. Let (M,F , Q) be a foliation with generalized Ehresmann 
onne
tion.Then for any admissible pair (σ, h), where σ([0, 1)) ⊂ M0 there exists a unique verti
alhorizontal homotopy H with the base (σ, h).Proof. Given the horizontal 
urve σ ∈ Ωb with σ([0, 1)) ⊂ M0, take a path h in the leaf
L(b) su
h that h(0) = b. Sin
e F is a foliation with a generalized Ehresmann 
onne
tion
Q, there exists a v.h.h. H with the base (σ, h). Suppose that there exists another v.h.h.
K with the same base (σ, h). For any τ ∈ (0, 1), we have σ|[0,τ ] ∈ Ω0

b . In M0 thereexists the unique v.h.h. with the base (σ|[0,τ ], h), hen
e H|[0,τ ]×I2
= K|[0,τ ]×I2

, and then
H|[0,1)×I2

= K|[0,1)×I2
. Sin
e H and K are 
ontinuous, and M is Hausdor�, we obtainthat H = K.The following lemma is analogous to Lemma 1.Lemma 2. If produ
ts of verti
al paths h·k and k′ ·g have 
ommon ends, then the followingequalities are equivalent:
{h · k} = {k′ · g} and {k′−1 · h} = {g · k−1}.Let us 
onsider the following 
onditions for a singular foliation (M,F , Q) with ageneralized Ehresmann 
onne
tion.

(P1) The union M0 of leaves of maximal dimension is 
onne
ted and dense in M.

(P2) For ea
h point c = (a, {h}, b) in GQ(F) there is a neighbourhood V = V(c,W1,W2)from the base Σ of a topology in GQ(F) de�ned above satisfying the following
onditions:(i) There is a dense saturated subset M0
0 in M0 su
h that a point z = (x, {tx · h̃ ·

t−1
y }, y) ∈ V , where x, y ∈ Lα ⊂ M0

0 does not depend on the 
hoi
e of paths σ, tx,
ty and v.h.h. with the base (σ, h′), h′ ∈ [h] used by us in the 
onstru
tion of z, i.e.
z is de�ned only by x, y and {h}.



HOLONOMY GROUPOIDS OF SINGULAR FOLIATIONS 485(ii) There exists a �bred neighbourhood W̃ at point b, W2 ⊂ W̃ with the followingproperty. Let (δ−1, k) be an arbitrary admissible pair of paths in W2, where δ ∈ Ω0
band k([0, 1]) ⊂M0

0 . Let k̃ be the result of the unique transfer k δ−1

−−→> k̃ a

ordingto Proposition 8, with k̃ being a loop. Then the loop k̃ lies in W̃ , i.e. k̃(t) ∈ W̃ ,

∀t ∈ [0, 1].Theorem 2. Let (M,F , Q) be a foliation with generalized Ehresmann 
onne
tion satis-fying (P1) and (P2). Then the following properties are ful�lled:(i) The spa
e of Q-holonomy groupoid GQ(F) is Hausdor�.(ii) There exists a natural smooth stru
ture on L := p−1
1 (L), L ∈ F , and dimL =

2p, p = dimL, and the quintuple (L, p1|L, p2|L, L, L) is a symmetri
 simple transversalbi�bration, and its stru
ture group Ψ is isomorphi
 to the holonomy group HQ(L).(iii) The map f : ∗ GQ(F) → GQ(F) : (x, 〈h〉, y) 7→ (x, {h}, y) is a natural epimor-phism of groupoids.Proof. (i). Consider two di�erent points c1 = (a1, {h1}, b1) and c2 = (a2, {h2}, b2) in
GQ(F). If a1 6= a2 (or b1 6= b2) there are �bred neighbourhoods W1 ∋ a1, W

′
1 ∋ a2 su
hthat W1 ∩W

′
1 = ∅. Hen
e V(c1,W1,W2) ∩ V(c2,W

′
1,W

′
2) = ∅.Suppose that there are two di�erent points c1 = (a, {h}, b) and c2 = (a, {g}, b) whi
hare not separated. As by properties (P1) and (i) of (P2) the set M0

0 is dense in M,there exists a sequen
e {zn} ⊂ p−1
1 (M0

0 ) whi
h 
onverges both to c1 and c2. Hen
e forarbitrary �bred neighbourhoods W1 ∋ a and W2 ∋ b in M there is a member of thesequen
e zm ∈ V1 ∩ V2 ∩ p
−1
1 (M0

0 ), where V1 := V(c1,W1,W2) and V2 := V(c2,W1,W2).Consider V1 and V2 satisfying the assumption (P2).By the de�nition V1 point zm ∈ V1 ∩ p
−1
1 (M0

0 ) if and only if the following 
onditionsare satis�ed: 1) there is a horizontal 
urve σ ∈ Ω0
a in W1; 2) there exists a verti
al path

h′ ∈ [h] and a v.h.h. H su
h that the result σ̃ of the transfer σ H
−→
h′

> σ̃, h′
H
−→
σ
> h̃;3) zm = (x, {tx · h̃ · t

−1
y }, y). Similarly zm = (x, {τx · g̃ · τ

−1
y }, y), where γ ∈ Ω0

a in W1 andthere exist g′ ∈ [g] and v.h.h. H ′ with the base (γ, g′) su
h that γ H′

−−→
g′

> γ̃, g′
H′

−−→
γ
> g̃.By the property (i) of (P2) without loss of generality we 
an assume that σ = γ and

tx = τx.A

ording to Lemma 2 the equality {tx · h̃ · t−1
y } = {tx · g̃ · τ

−1
y } is equivalent to

{h̃} = {g̃ · k}, where k := τ−1
y · ty.By Proposition 8 there exists a unique v.h.h. H with the base (σ−1, h̃). As σ ∈ Ω0

a, sothe equivalent 
lass [σ̃−1]ρ 
ontains only one 
urve σ̃−1. From this fa
t and the equality
{h̃} = {g̃ · k} it follows that the results of the transfers σ−1 along h̃ and along g̃ · k arethe same and equal to σ̃−1. Denote by K the unique v.h.h. with the base (γ̃−1, k). Let
k

K
−−→
γ−1

> k̃, then k̃ is a loop in b (see Fig. 5). A

ording to the property (ii) of (P2) thepath k̃ lies in �bred neighbourhood W̃ , hen
e k̃ is a loop in b belonging to the lo
al leaf
lW̃b . As lW̃b is di�eomorphi
 to R

q, the loop k̃ is homotopi
 to the 
onstant path eb and
{g′ · k̃} = {g′} = {g}. Therefore we have g̃ · k σ−1

−−→> g′ · k̃. Denote ĝ := g′ · k̃. Consider
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Fig. 5. {k̃} = {eb} and {g′ · k̃} = {g′′}

an arbitrary 
urve δ ∈ Ωa. Let δ Ψ
−→
h′

> δ1, δ
Φ
−−→
g′·k̃

> δ2. V.h.hs Ψ and Φ indu
e transfersof the produ
t of path σ−1 · δ along h̃ and along g̃ · k with results σ̃−1 · δ1 and σ̃−1 · δ2,respe
tively. As {h̃} = {g̃ · k} so [σ̃−1 · δ1]ρ = [σ̃−1 · δ2]ρ, hen
e [δ1]ρ = [δ2]ρ. Therefore
{h} = {g′ · k̃} = {g}, i.e. c1 = c2 that is in 
ontradi
tion with the assumption. Thus
GQ(F) is Hausdor�.The proof of the statement (ii) is similar to the proof of Proposition 6.Applying Proposition 7 we get the assertion (iii).Corollary 2. Let (M,F , Q) be a regular foliation with an Ehresmann 
onne
tion. Thenthe manifold of the graph GQ(F) is always Hausdor�.Proof. From the proof of Proposition 4 it follows that the 
ondition (i) of (P2) is ful�lled.In regular 
ase in (ii) of (P2) as k̃ is a loop, k is also a loop in lW2

y and k̃ lies in lW2

b .Hen
e the 
ondition (ii) of (P2) is true for W̃ = W2. Thus the 
onditions (P1) and (P2)are satis�ed.Remark 3. The Hausdor� topologi
al spa
e GQ(F) has a partition into manifolds
{p−1

1 (L) | L ∈ F}.10. A global stability of 
ompa
t leaves with �nite Q-holonomy. In this se
tionwe 
onsider singular foliations with generalized Ehresmann 
onne
tions (M,F , Q).Consider the following 
ondition:
(P ∗

1 ) The set M0 of regular points is 
onne
ted and for ea
h singular leaf L there is ahorizontal 
urve σ : [0, 1]→M su
h that σ(0) ∈ L and σ((0, 1]) ⊂M0.Remark that the assumption (P ∗
1 ) implies (P1). The following theorem is proved byus in [34℄.Theorem 3. Let (M,F , Q) be a singular foliation with generalized Ehresmann 
onne
-tion, satisfying the 
ondition (P ∗

1 ). If there exists a 
ompa
t leaf L0 in M0 with a �niteholonomy group HQ(L0) (or π1(L0)), then ea
h leaf Lα ∈ F is 
ompa
t and has a �niteholonomy group HQ(Lα) (π1(Lα) respe
tively).
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an be 
onsidered as an analog of the famous Reeb theorem on globalstability of a 
ompa
t leaf L0 with a �nite group π1(L0) of Cr-di�erentiable, r ≥ 2,regular foliation of 
odimension one of a 
ompa
t manifold.11. Singular Riemannian foliations. Let F be a singular foliation on a Riemannianmanifold (M, g). The foliation F is 
alled a Riemannian foliation if any geodesi
 of gorthogonal to F at one point is orthogonal to F at any point of its domain. A foliatedRiemannian manifold (M,F , g) is 
alled transversally 
omplete if the natural parameteron ea
h horizontal geodesi
 
hanges over (−∞,+∞).The two following theorems belong to the author [29℄.Theorem 4. Let (M,F , g) be a transversally 
omplete singular Riemannian foliation.Then:1. The generalized orthogonal distribution Q = (TF)⊥ to F is an Ehresmann 
onne
-tion for F .2. The transfers with respe
t to Q keep the length of horizontal geodesi
s, i.e. if γ H
−→
h
>

γ̃ then l(γ̃) = l(γ).A singular leaf L is 
alled tra
table if L has a saturated neighbourhood W whi
hsatis�es the requirements:1) W is isomorphi
 to a �bre bundle over L with the standard �bre V (transversal to
F) endowed with the indu
ed foliation ∆V ;2) the stru
ture group of this �bre bundle is the group of automorphisms of thefoliation ∆V , and the foliation on W, whi
h is given lo
ally as produ
t of the leaf L by
∆V , 
oin
ides with F|W .Theorem 5. For a leaf L of a transversally 
omplete singular Riemannian foliation Fthe following 
onditions are equivalent:1. L is proper;2. L is 
losed as subset of M ;3. L is tra
table;4. L is lo
ally stable.Corollary 3. Let F be as in Theorem 4 and M be 
ompa
t. Then ea
h tra
table leaf Lof F is also 
ompa
t.For regular Riemannian foliations Theorem 5 was proved by the author in [26℄. Underan additional assumption about the existen
e of a 
omplementary topologi
al foliation
F1, a lo
al stability of a proper leaf had been proved by C. Ehresmann [6℄. A parallelfoliation on a Riemannian manifold admits the 
omplementary orthogonal parallel foli-ation. Therefore su
h foliations are always regular and form a sub
lass of the 
lass ofprevious foliations. For parallel foliations the equivalen
e of the 
onditions 1. � 3. wasproved in [9℄, where the proof was 
onsiderably simpler, due to spe
i�
ity of the 
ase.



488 N. I. ZHUKOVA12. The Q-holonomy groupoid of a singular Riemannian foliation. In this se
-tion let (M,F , g) be a transversally 
omplete singular Riemannian foliation. It has anatural Ehresmann 
onne
tion Q = (TF)⊥. Let us 
onsider Q as a generalized Ehres-mann 
onne
tion, where pie
e-wise horizontal geodesi
s play the role of horizontal 
urves.Let (M,F) be an orbit-like foliation in the sense of Molino relative to a smooth a
tionof the 
ompa
t group O(m). It follows from the theory of 
ompa
t transformation groupsthat the manifold M0 of regular points is open 
onne
ted and dense in M. Therefore forany transversally 
omplete orbit-like singular Riemannian foliation (M,F , Q) 
onditions
(P1) and (P ∗

1 ) are ful�lled and Theorem 3 is true.Theorem 6. Let (M,F , Q) be a singular transversally 
omplete Riemannian foliationwith a natural generalized Ehresmann 
onne
tion Q = (TF)⊥, and suppose the 
ondition
(P ∗

1 ) is satis�ed. Then the Q-holonomy groupoid GQ(F) is Hausdor�.Proof. It is su�
ient to 
he
k that property (P2) is satis�ed and to apply Theorem 2. Letus denote byM0
0 the set of all leaves Lα of the regular foliationF0 := F|M0 with the trivialgerm holonomy group Γ(Lα, x). A

ording to the result of Epstein�Millett�Tis
hler [7℄

M0
0 is a dense Gδ-subset inM0. As was shown by the author [27℄ there exists a 
anoni
alisomorphism of the groups Γ(Lα, x) and HQ0(Lα, x) of the regular Riemannian foliation

(M0,F0,Q0) with the Ehresmann 
onne
tion Q0 := Q|M0 . Therefore the Q0-holonomygroup HQ0(Lα, x) is also trivial.Consider any point c = (a, {h}, b) ∈ GQ(F) and its neighbourhood V = V(c,W1,W2)from the base Σ of the topology of GQ(F). Let z = (x, {tx · h̃ · t
−1
y }, y) be an arbi-trary point in V , and x, y ∈ Lα ⊂ M0

0 . Here h̃ is the result of a transfer of h′ ∈
[h] along a horizontal 
urve σ respe
tive to v.h.h. H, i.e. h′ H

−→
σ
> h̃, Suppose that

z = (x, {τx · ĥ · τ
−1
y }, y), where h′′

K
−→
γ
> ĥ, h′′ ∈ [h], K is a v.h.h. with the base

(γ, h′′). It is not di�
ult to show that a 
he
k of the 
ondition (i) of (P2) is redu
edto the 
ase h′′ = h′. As H(I1 × I2) ∪ K(I1 × I2) is a simply 
onne
ted subset in
M , so there are two paths k1 from σ(1) to γ(1) in the lo
al leaf lW1

x and k2 from
σ̃(1) to γ̃(1) in lW2

y , where σ
H
−→
h′

> σ̃, γ
K
−→
h′

> γ̃, h′
K
−→
γ
> ĥ, su
h that [h̃] = [k1 ·

ĥ · k−1
2 ]. Remark that the paths k1 and t−1

x · τx have 
ommon endpoints. By virtueof the equality HQ0(Lα, x) = 0 and Proposition 8 we have {k1} = {t−1
x · τx}. Anal-ogously, {k2} = {t−1

y · τy}. Therefore {h̃} = {t−1
x · τx · ĥ · τ

−1
y · ty} and by Lemma 2

{tx · h̃ · t
−1
y } = {τx · ĥ · τ

−1
y }, i.e. z depends only on x, y and {h}. Hen
e the 
ondi-tion (i) of (P2) is true. Remark that the neighbourhoods W1 and W2 are as small asdesired.Let (W̃ , ϕ̃) be a �bred 
hart at b 
ontaining open n-dimensional ball Dn

2ε(b) with
enter b and the radius 2ε > 0 in Riemannian manifold (M, g). Let (W2, ϕ) be a �-bred 
hart at b, and W2 ⊂ Dn
ε (b), ϕ = ϕ̃|W2

. A

ording to Theorem 4 transfers keeplengths of horizontal 
urves. Therefore the pair W2 ⊂ W̃ satis�es to the 
ondition (ii)of (P2).Corollary 4. Let (M,F ,Q) be a singular transversally 
omplete Riemannian foliationwith a natural generalized Ehresmann 
onne
tion Q = (TF)⊥. If (M,F) is an orbit-like



HOLONOMY GROUPOIDS OF SINGULAR FOLIATIONS 489foliation in the sense of Molino or if ea
h singular leaf of (M,F) is isolated in M , thenthe Q-holonomy grupoid GQ(F) is Hausdor�.Corollary 5 ([23℄). The manifold of the graph of a regular Riemannian foliation (M,F)on a 
omplete Riemannian manifold (M, g) with the bundle-like metri
 g is Hausdor�.
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