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Abstract. The aim of the paper is to define a k-cosymplectic structure on the standard k-
cosymplectic manifold associated to a regular Lagrangian and to reduce it via Marsden-Weinstein
reduction.

1. Introduction. Considering a Hamiltonian action of a Lie group on a k-cosymplectic
manifold [3], one divides a level set of a momentum map by an action of a subgroup, in
order to form a new k-cosymplectic manifold.

Let M be an n-dimensional smooth differential manifold and 73, : T*M — M the
cotangent bundle. Denote by (T{)*M =T*M & ...& T*M the Whitney sum of k copies
of T*M, with the canonical projection 7 : (T}})*M — M,7*(a1,,...,0k,) = ¢, that is
canonically identified with the cotangent bundle of k'-covelocities of the manifold M [2].
Let 7as : TM — M be the tangent bundle. Denote by T M = TM®. .. T M the Whitney
sum of k copies of T M, with the canonical projection 7 : Tt M — M, T(V1gs- -3 Vkq) = 4
that is canonically identified with the tangent bundle of k'-velocities of the manifold
M [2].

Using the Legendre transformation corresponding to a regular Lagrangian [3], we want
to transfer the k-cosymplectic structure from R x (T}H)*M on RFE x T!M. Since all the
considerations will be local, without loosing generality, we’ll consider the n-dimensional
manifold M as being R".

2. The standard k-cosymplectic structure associated to a regular Lagrangian.
Consider T}R™ = TR" & ... TR™ the Whitney sum of k-copies of TR", and denote by
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(.t gt g vl ok, ol L R the coordinate functions on the manifold
RF x TIR™.

DEFINITION 1. The map L : R* x TIR™ — R is a Lagrangian if
Z’“: d < 8L) _oL
ot dtt \ ovly oq" ’
where vf4 = 8qi/8tA, forany 1< A<k, 1<i<n.

Define the Legendre transformation LT : R* x TIR™ — R* x (T})*R™ associated to
the Lagrangian L : R¥ x TIR" — R, by
d
ds

(LT(t17 N ,tk, Vigy--- 7’qu))A(wq) =

forany 1 < A<k.

The Lagrangian L : R¥ x TIR™ — R is said to be regular if the Jacobian matrix
(82[4/81)?48'0?3)ISA,ng,lgi,jgn of L is nonsingular.

Using the k-cosymplectic structure (n4,wa, V)i<a<k on the standard k-cosymplectic
manifold R*¥ x (T})*R™ [4], we can define a k-cosymplectic structure ((n1)a,(wr)a,

1 k
ls=o L(t", ..., 17, 01gy ..., VA + 8Wq, - ., Vky),

VL)1i<a<k on RF x TkIR", by means of the Legendre transformation LT associated to
a regular Lagrangian L, as follows:

L (n)a = (LT)"na;

2. (wL)A = (LT)*wA;

3. VL = ker(wL)*,
where 77, : RF x (TH)*R™ — RF x R, 7w (¢, ... tF v1g, ..., 0kg) = (1, ..., tF, q), for any
1< A<k

Notice that the projection 7y that defines the distribution V7, is the pull-back by
the Legendre transformation LT of the projection 7 that defines the distribution V' [4].
Therefore, the two distributions V' and Vi, are related by the relation V = (LT). VL.

PROPOSITION 1 ([3]). Using the notations above, the following assertions are equivalent:

1. L is regular;
2. LT is a local diffeomorphism;
3. (RF x T,CIR”, (ML) a, (wr)a, Vi)i<a<k is a k-cosymplectic manifold.

Note that, locally, by pushing-forward the Reeb vector fields on R* x TR™ associ-
ated to ((nr)a, (wr)a),1 < A < k through the Legendre transformation LT, one ob-
tains the Reeb vector fields on RF x (T})*R™ associated to (n4,wa),1 < A <k, i.e.
Ra = (LT)«(Rp)a,1 < A < k. Indeed, one can easily check that the vector fields
(LT)«(Rr)a,1 < A < [k satisfy the two conditions that uniquely characterize the Reeb
vector fields associated to (na,wa),1 < A <k.

Consider the bundle morphism

QF  THRF x TIR™) — T*(R* x T} R™),
k

Q4 (X1, Xi) ==Y (ixa(wr)a + (ix,(nL)a)(np)a)-
A=1
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Note that the two bundle morphisms QF [4] and QﬁL defined on R* x (T})*R™ and
respectively, on R¥ x (T}})*R", are related by the relation Q% = (LT)*oQfo(LT),. There-
fore, the Hamiltonian systems of k-vector fields on R* x TIR" can be obtained from the
Hamiltonian systems of k-vector fields on R¥ x (T}})*R", using the Legendre transfor-
mation LT associated to the regular Lagrangian L. Notice that, locally, (Xi,...,Xk)
is an H-Hamiltonian system of k-vector fields on R¥ x (T}})*R™ (i.e. a solution of the
equation QF(X1,..., Xy) = dH) if and only if (LT);'Xy,...,(LT);'X}) isan H o LT-
Hamiltonian system of k-vector fields on R x T,iR". In particular, the fundamental vector
fields on R¥ x T'R™ are related to the fundamental vector fields on R¥ x (T}})*R™ by the
relation (§a)rrx gy rn = (LT)+(€a)rexmirn, 1 < A< k.

Using the Liouville 1-forms 84,1 < A < k on the standard k-cosymplectic manifold
R* x (T})*R™ [4], we can define the Liouville 1-forms (0)4,1 < A < k on R¥ x TIR",
by means of the Legendre transformation LT

(0p)a = (LT)" 04,
for any 1 < A < k. Indeed, d(0.)a=d((LT)*04)=(LT)*(d0a)(LT)*(—wa)=—(LT)*wa
= —(wr)a-
Let @ : G x R™ — R"™ be an action of a Lie group G (with its Lie algebra G) on R™.
Define the canonical lifted actions to RF x (T,i)*R” and respectively, to RF x TklR” by

3T G x (R* x (T})*R™) — RF x (T})*R™,

<I>Tk*(g7t17...,tk,a1q, ey Q) = (t17...,tk,a1q o (Py-1) Qg 0 (Py-1)

q *<I>g(q))

o, (q)
and
o1 . G x (RF x TIR™) — R* x T{R",

T (g,tl7 o ,tk,vlq, S ULg) = (tl, L (@g)ugVigs-- -5 (Pg)uqUiy)-

If L is a regular Lagrangian, invariant with respect to ® (i.e. (®,7%)*L = L, for
any g € (), then one can check that the two lifted actions of G' to R¥ x (T}})*R™ and
respectively, to R* x TIR™ are related by the relation @5’: oLT = LT o <I>9Tk7 for any
g€ aG.

We obtain that the Liouville 1-forms (6)4,1 < A < k are invariant with respect to
T ie. (PI*)*(0L)a = (0L)a, for any g € G,1 < A < k. Indeed, as the Liouville 1-forms
04,1 < A < k are invariant with respect to ®7% | we get (@) (0L) a=(®%)*(LT)*04) =
(LT o ®T¥)*04=(®y" o LT)*0a=(LT)*((Bg" )*6.4) = (LT)*(8.)(6L) -

Using this fact, one can easily check that ®7* is a k-cosymplectic action (i.e. it pre-
serves the k-cosymplectic structure), taking into account that ®T¥ is a k-cosymplectic
action.

3. Marsden-Weinstein reduction of the standard k-cosymplectic manifold asso-
ciated to a regular Lagrangian. Consider i € G** a regular value of Jy. This implies
that J;, ~' (1) is a manifold. Denote by G, : {g € G': Adg—lk* (1) = p} the isotropy group
of y1 with respect to ®. Note that it acts on J; ' (u). Indeed, let g € G and = € J;, ™ (),
ie. Adg_lk*(u) = p and Jr(x)p. Then Jr(®(g,z)) = JL(@g(x))Adg_1k*(u) = u, which
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implies that ®(g,z) € J; ' (). Suppose that G, acts freely and properly on Jr N ).
This implies that (R x TR™), = J;*(1)/G, is a manifold.
If we denote by G, the orbit of x with respect to ®, we have that

To(Gz) = {&prxrirn (%), € € G}
and
Tw(JL_l(N)) = k‘er(JL)*m,

for any = € J, ~*(u).
Like in the k-symplectic case [2], one gets an orthogonal decomposition theorem:

LEMMA 1. Under the hypotheses above, for any x € JL_l(,u) we have:

1. Ty (Gux) = To(Gr) N T (J1 ™ ()5
2. Tw(JL_l(:u)) = {Xa: € TZ(Rk X Tkan) : ZZ:1(WL)AZ((§A)R’CXT£R"('T)vXa:) = 0;
forany €4 € G,1 < A<k}
Using the orthogonal decomposition theorem we can show that the Reeb vector fields
(R)1, ..., (RL)x are tangent to Jz, ().
Denote by (i), : Jr (1) — RF x TIR™ the inclusion map and by (mr), J M) —
(RF x T,CIR”)M the projection, the last one being a surjective submersion.

THEOREM 1. Under the hypotheses above, there exists a unique k-cosymplectic struc-
ture (((nz),) o> ((WL),) 45 (VL)H)1§A§k on (R¥ x TéRﬂ)M such that

1. (ip)u” () a = (w)” (L)) 47

2. (i) (wr)a = (L) (W) 45
forany1 < A<k.

Moreover, the Reeb vector fields (Rp)1,. .., (RL)r on RF x TER™ associated to ((nr,) 4,
(wr) 4), L <A<k project to the Reeb vector fields ((RL)/A)r ey ((RL)u)k on (R* XT’fan)u
associated to (((nz),) ,,((we),) ), 1 < A<k

Proof. Define
(012),) (12D = (2,0,

(@1),) 4 (0] [0]) = () 0 (00),

where [v] = (1)) <0 (v), W] = ((71) 1) w0 (W), [2] = (L), (), for any v,w € Ty Jr ™" (),
zeJ (w).

Let (Vi) := @Zzl(ﬂgzlker((nL)“)B)ﬂ (0%21,B¢A/€6T((WL)M)B)- Indeed, the struc-
ture defined above is the unique k-cosymplectic structure on (R¥ x TER") with the
properties required in the theorem (because of the surjectivity of (mr), and ((7L),)xe,

for any = € Jp, " (1)). O
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