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Abstract. We study the problem of the non-existence of natural transformations J"J°Y —
J*J"Y of iterated jet functors depending on some geometric object on the base of Y.

1. Introduction. It is well known that for every couple F' and G of product preserving
bundle functors defined on the category M f of smooth manifolds and all smooth maps
there is an exchange natural equivalence ¢ : FG — GF, [5]. Moreover, denoting by
pY : FM — M and p§; : GM — M the bundle projections, we have ngonﬁG =F($),
ie. /ﬁf/}c interchanges the projections pIC,,fM and F (p%’;[) We remark that this property
generalizes the classical involution nf/[’T : TTM — TTM of the iterated tangent bundle
to every pair I and G of product preserving functors on M f.

In [2] we applied this point of view to natural equivalences

APC . FG — GF

of iterated bundle functors defined on the category FM,, of fibered manifolds with
m-~dimensional bases and of fibered manifold morphisms covering local diffeomorphisms.
In particular, we have extended the concept of the canonical involution in the following
way. Given an arbitrary fibered manifold Y — M, we denote by pf : FY — Y and
p§l : GY — Y the bundle projections. Then the natural equivalence A is called the
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involution, if p%, o Ai’G = F(p§) for an arbitrary fibered manifold Y — M. By [2], [6]
and [9], involutions can be applied in the prolongation of connections.

An important example of a bundle functor on FM,, is the r-th jet functor J”, which
associates to an arbitrary fibered manifold Y — M its r-th jet prolongation J"Y — M.
For such functors we have proved that for any r and s there is no involution J"J* — J°J",
[2]. On the other hand, M. Modugno [9] has introduced the involution exy : J1J! — JLJ!
depending on a classical linear connection A on the base manifold M.

In this paper we study the more general problem on the non-existence of natural
transformations (not necessarily involutions)

(Ap)y : JTTY — JJY

depending on some geometric object o on the base of Y. The main result will be proved in
Section 1. Further, in Section 2 we prove that for r # s there is no natural transformation
(Ay)y : J"J°Y — J*J"Y depending on a symplectic form w on the base of Y. As a direct
consequence we obtain that for r # s there is no natural transformation J"J°Y — J%J"Y.
Finally, Section 3 is devoted to the problem of the non-existence of non-trivial natural
transformations (A,)y : J*J'Y — J"JY.

We remark that higher order jet functors play an important role in differential geome-
try, see e.g. [3], [4] and [7]. In what follows we use the terminology and notation from the
book [5]. We denote M f,,, C M f the subcategory of m-dimensional manifolds and their
local diffeomorphisms and by F M., , C FM,, the subcategory of fibered manifolds with
n-dimensional fibres and their local fibered diffeomorphisms. All manifolds and maps are
assumed to be infinitely differentiable.

2. The main result. Let F' be a natural bundle on M f,,. Given a manifold M we
denote by I'joc(F'M) the set of local smooth sections of F'M. Further, suppose that for
all M f,-objects M we have D(M) C I'ioc(FM) such that from o € D(M;) it follows
that F oo oyt € D(Ms) for any M f,-map ¢ : M; — Ms.

DEFINITION 1. An FM,, ,-natural operator A : D ~» (J".J*, J*J") is an invariant family
of functions

A:D(M) — C3(J"J*Y, JJY)

into the space C3(J"J°Y, J°J"Y) of all base preserving maps J"J°Y — J*J"Y for any
F M, n-object Y — M. The invariance means that for any FM,, ,-objects Y1 — M;
and Y5 — M and any FM,,, ,-map U : Y; — Y5 covering ¢ : M7 — M, and any sections
o1 € D(M,) and o2 € D(Ms) from o9 0tp = F1) o 01 it follows that A(og) o J"J*W =
J*J"W o A(oq).

In the special case D(M) = Toc(FM) we write A : F' ~» (J"J?,J°J") instead of

A: D~ (JTJ®, J?J"). The main result of the present paper is the following non-existence
theorem.

THEOREM 1. Let r and s be natural numbers such that r > s. Let F' and D be as above.
Suppose that there exists a section p € D(R™) and an Mf,,-map ¢ = (¢*) : R™ — R™
such that
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(a) Fpopop™ =p near 0 € R™,
(b) jo ™"l = id,
(c) ¢t depends only on x' and

art+s

(4) e (0) 0.
Then there is no F My, n-natural operator A : D ~ (J"J°, J°J").

Proof. Denoting by R™" the product fibered manifold R™ x R™ — R™, we identify
sections of R™" with maps R™ — R™. Further, we use the notation
Joi°(f(x,z)) = jo (v — ji(z — f(z,2))) € JgJ'R™".
Suppose that there exists an operator A in question. Consider first the restriction A :
JEJER™™ — JEJTR™™ of A(p) to the fibers over 0 € R™. Using the invariance of A
with respect to the fiber homotheties of R™" and the homogeneous function theorem
from [5] we see that A is linear. Taking into account the invariance of A with respect to
the F M, n-maps
(. ™yt ty? Lty

for ¢ # 0 we can write
(1) A7 (@',0,.,00) = G5i (D0 D aapa(@—2)%,0,...,0)

leel<s |B]<r
for some uniquely determined ang € R for m-tuples «, § with |a| < s, || < r. Further,
considering the invariance of A with respect to the FM,, ,-map

(xlﬂ"'axm7y1 7$17y27"'5yn)
we get from (1)
A(]o] (z! —2',0,. ) =1JoJ (Z Zaaﬁx (z — )" —2',0,. 70)-
le|<s |BI<r

Then the invariance of A with respect to the F M, n-map

(:171’ R 7xm7y1 + (yl)s+17y27 A 7yn)

and the linearity of A yield
(2) A(]OJ ((iL’ -z )S—Haov"'?o))

=553 (X2 X tape®@—a)—2')

lal<s [B]<r

s+1
,0,...,0).

But j7j®(zt — 2')**t! =0 as j3(z' — 2')*T! = 0. Then from (2) we get
s+1

33" (D Y awpr(z—a)’ —2') =0,

lo|<s [B]<r

which reads ag)o) = 0 and

(3) jgjr((a(o)el _ 1)3—&-1(&1 _ e+1 + Z 9+1 l)s+1 + .. ) =0,
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where the dots denote the linear combination of terms 27 (z — x)" for other (v, n), |v] < s,
In| <r.Since r > s+ 1 (because of the assumption r > s), we have

(4) a(ye, = 1 and aqy, =0 for 1 =2,...,m,

where e; = (0,...,1,...,0) is the m-tuple with 1 in the j-th position. Then (by (4) and
the assumptions (b) and (c)), the map ¢~! x idg» sends

5 (Y eapalz—2)")
la|<s [B|<r
into

]
(5) J’SJ""( 7Y aapr(@—a)’ + (Hls)! d(il>r+sapl(0)(gl)r+s + )

le|<s |B]<r

where the dots denote an expansion of terms (z1)"** and 272" with |y + 5| > r + s. Of
course,

G637 (@)™ # 0 and jgj" (21)" =0,

By the Newton formula, j35" (x72") = j§i" (27 (z —  + x)") is the linear combination of
terms j5j" (2X(z — x)2) with |y + n| = |y + 7| (which are zero if |y + 1| > r + s). Then
the dots in (5) are zero. Therefore =t
(1) because d(iii)t:sgol(O) # 0 (assumption (d)). On the other hand ¢! x idr~ preserves
the left hand side of (1) because it preserves both the section p (assumption (a)) and
§ri%(21,0,...,0) (as ji¢ = id because of assumption (b)). This is a contradiction. =

X idgr» does not preserve the right hand side of

COROLLARY 1. Let F' be a natural vector bundle. Then there is no FM,, ,,-natural oper-
ator A: F ~ (J'J%,J5J") forr > s.

Proof. 1t follows from Theorem 1 with p=0. =
COROLLARY 2. For r > s there is no F M, ,-natural transformation B : J"J* — J°J".

Proof. Any such B : J"J* — J®J" can be treated as the corresponding constant F M., ,,-
natural operator B : T ~» (J"J*, J*J"). m

OPEN PROBLEM. Clearly, for r = s Theorem 1 does not hold (we have the identity map
JTJTY — J"J"Y). On the other hand, we do not know whether Theorem 1 is true in the
case r < s.

3. Natural transformations J"J° — J°J" depending on a symplectic structure.
From Theorem 1 we obtain easily

PROPOSITION 1. Forr> s there is no F Moy, n-natural operator A : SYMP~~(J"J°, J°J")
transforming symplectic structures w on M into natural transformations A(w) : J*J*Y —
J2JY.
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Proof. In Theorem 1 we put m =2m, F = /\2 T,
D(M) = SYMP(M) = the space of local symplectic structures on M,

m
p= Z daz® A dz™* = the standard symplectic structure on R?2,
i=1
1 1 I\rts .2 gt +2 2
=l 4+ —"A(x)"" % 2%, .. . 2 ————— T ),
¥ ( T+S( ) 1+ (xl)r-i-s—l

We can see that ¢ and p satisfy assumptions (a)—(d) of Theorem 1. m
Now we prove

PROPOSITION 2. For s> there is no F Moy, »-natural operator A : SYMP~~(J"J%, J°J")
transforming symplectic structures w on M into natural transformations A(w) : J*J°Y —

JEJTY .
Proof. Suppose that there exists A in question. Let
A : J6J8R2m7n N JO‘?JTR2m7n

be the restriction of A(w®) to the fiber over 0 € R?™, where w® = Y 7%, dz® A dz™t

is the standard symplectic structure on R?™. Using the invariance of A with respect to
the fiber homotheties of R*%™ and the homogeneous function theorem we see that A is
linear. Next, considering the invariance of A with respect to the FMosp, ,-maps

1 1
<71w1, e T @™ —xmﬂ, cee —x2m, yl, Ty2, cee Tg/")
T1 Tm
preserving w® one can easily show that
A(j55%(2*,0,...,0)) = 45" (ax* + bz’ +...,0,...,0),
where the dots mean some combination of monomials in x,z of degree > 2. Taking into
account the invariance of A with respect to the F May, ,,-map
1 1yrt1 2 ot +2 2m 1 -
T m _ < 0 ,m m n
(m + ()" 2t ’1+(7’+1)(:c1)’“’x e T ,y,...7y>
preserving w° and j5jz! we deduce
(6) gai" (a(@h)™ T+ b(zh) T +..,0,...,0) =0,
where the dots denote some expression of monomials of degree > r+2. Applying (tidgzm X
idrn) to both sides of (6) we get
(7) o (a(z)™ ! +b(z")*,0,...,0)=0.
But
K
BT @) = G @ = et ety =g (3D Ot et — et
k=0
From (7) and the assumption s > r we get a + b = 0 and b = 0. Then we have

(8) A(jgi*(@',0,...,0)) = jgi"(,0,...,0),
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where * denote some linear combination of monomials in z,z of degree > 2. Further,
using the invariance of A with respect to the F Mgy, ,-map

(). 2oyt — 2t Py
preserving w® we get from (8)
(9) A(j5g(zt — 21,0,...,0)) = jos"(—z' + %,0,...,0).
Then using the invariance of A with respect to the F Mam n-map
T L T (TE) R Ta T
we obtain from (9)
(10) A5 (2! — 2h)*,0,...,0)) = 55" ((2h)* T + #x,0,...,0),

where ** is some linear combination of monomials in z, z of degree > s+2. But j5;°((z! —
x1)¥*1) = 0. So from (10) we have

(@ =0
This is a contradiction as j§;"((z)**1) = 75T ((2')*™!) #0. =
From Corollary 2 and Proposition 3 we obtain
PROPOSITION 3. For r # s there is no natural transformation A : J"J* — J*J".

Proof. 1t suffices to prove the case s > r. Obviously, such A can be treated as a natural
operator A : SYMP ~- (J"J*%, J*J") constant with respect to elements from SYMP. By
Proposition 3 the proof is complete. m

It is interesting to point out that the only natural transformation J"J* — J"J*® is the
identity, [1].

4. Non-identical natural transformations J"J"Y — J"J"Y depending on a sym-
plectic structure Clearly, for r = s we have the trivial F.May,, ,-natural operator
A° : SYMP ~» (J"J", J"J") such that A°(w) = id - ry for any F-Masy, n-object Y — M
and any symplectic form w on M. On the other hand, in the case r = s we formulate the
following hypothesis.

HypPOTHESIS. There is no non-trivial F Ma,, ,-natural operator A: SYMP ~~ (J"J", J"J")
transforming symplectic structures w on M into natural transformations A(w) : J"J'Y —
JTJTY.

It seems that the verification of this hypothesis will be technically complicated. Bellow
we prove only
PROPOSITION 4. The hypothesis is true forr =s = 1.
Proof. Suppose that there exists A in question. Let

A LRI gl iR

be the restriction of A(w®) to the fiber over 0 € R*2, where w® = > i* dz® A da™ " is
the standard symplectic structure on R?™. Quite similarly to the proof of Proposition 3,
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A is linear and we can write
AGGLit(2t,0,...,0)) = jdst(axt + bz +%,0,...,0),

where * is some linear combination of z’z’ for i,7 = 1,...,2m. Using the invariance of A
with respect to the F Moy, n-maps (tidm, X Tidym X idrn) preserving w® we deduce that
* = 0. Analogously to the proof of Proposition 3 we deduce

dod* (b(z')*) =0,
which reads b = 0. Further, using the invariance of A with respect to the F Mam n-map
T e Ve T T
preserving w® we get
A(jt (at - 21,0,...,0) = jijt(aat — ).
Taking into account the F Moy, ,-map
(). 2yt (D22 ™)
preserving w® we obtain
ALt (2t —2h20,...,0) = joi' ((aa' — 21)2,0,...,0).
Then as jijl(z! —2)? =0 and jij!(z!)? = 0, we have
0= A(jo5" (0., 0) = AG((a" —2'),0,...,0))
and
doi'(ax! —2)? = =2(a = 1)joj (' (2" — =)

This yields a = 1, i.e.

(11) A(jos'(",0,...,0)) = Gos' (+*,0,...., 0).
Considering the invariance of A with respect to the F Mam n-map
(x4t 22 et oyt )T

preserving w° and jijlz! we deduce from (11)
(12) A(jit (@t 0,...,0)) = jiit (2=t 0,...,0).

Next, applying the invariance of A with respect to permutations of first m base coor-
dinates and respective second m base coordinates (preserving w®) we deduce from (11)
and (12)

(13) A(dst (=4 0,...,0) = jiit(=0,...,0)

for i = 1,...,2m. Then the invariance of A with respect to the F Moy, n-map

(:L.l’ A "me’yl + xjy17y27 A 7yn)
preserving w? yields
(14) AQLi (7 2)0,...,0)) = jiit (2’2, 0,...,0)
for i,j = 1,...,2m. Taking into account the invariance of A with respect to the FMaomn

maps
(xl,...,xzm,yl —xﬁ,y2,...,y")
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preserving w’, where 3 are 2m-tuples of non-negative integers, from the clear equality
A(GE31(0,...,0)) = jL41(0,...,0) we get

(15) A(Gd5(1,0,...,0)) = j¢44(1,0,...,0)

and

(16) A(j57t (2",0,...,0)) = j54(z",0,...,0)

for e =1,,...,2m. Finally, using the linearity of A and the invariance of A with respect

to permutations of fiber coordinates from (14),(15) and (16) we obtain A = id (these
elements generate the vector space JiJ'R?2™). Then A is trivial because of the Darboux
theorem, which is contradiction. m

Denote by exp : J'J' — J'J! the involution depending on a classical linear con-
nection A on the base of Y, which was constructed by M. Modugno [9]. Clearly, ex, is
a non-identic natural equivalence. From Proposition 4 it follows directly the following
result, which was also proved in [8].

PROPOSITION 5. Symplectic structures do not induce canonically classical linear connec-
tions.

REMARK 1. Let I': Y — J'Y be a connection on a fibered manifold Y — M. Using the
exchange transformation exy : J'J' — J1J! one can construct a connection J*(T', A)
on J'Y — M by means of a classical linear connection A on M by

jl(F,A) = (exp)y © JT,

see [9]. By propositions 1, 2 and 4, it is impossible to construct in a similar way a
connection on J"Y — M from a connection I' by means of a symplectic form on M.
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