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Abstract. In [9], the author considers a sequence of invertible maps T; : S* — S' which
exchange the positions of adjacent intervals on the unit circle, and defines as A,, the image of
the set {0 <z < 1/2} under the action of Ty, o...0 Ty,

(1) AHI(TTLOOTl){ibl Sl/?}
Then, if A,, is mixed up to scale h, it is proved that

- _ 1
2) > (Tot.Var.(T; — ) + Tot.Var.(T; ' —I)) > Clog >
i=1
We prove that (2) holds for general quasi incompressible invertible BV maps on R, and that

»1,1

this estimate implies that the map T, o...0T; belongs to the Besov space B!'! and its norm

is bounded by the sum of the total variation of T — T and T~ —1I, as in (2).

1. Introduction. The existence of solutions for the transport equation
(3) us +a(t,z)-Vu=0, (t,z)cR" xR,

is an important topic of research. In the paper of DiPerna-Lions [13], the notion of
renormalized solution is introduced, for measurable vector fields a(t,z) with bounded
divergence. It is then proved that the solution to (3) are renormalized if the vector field
a(t, =) belongs to the Banach space L' ((0,T); WP) (with some bound on the exponential
growth of the trajectories). As a consequence there is a unique solution to (3) with
bounded initial data, which depends continuously in L', and it is possible to define
a flow X : R x R — R" for the discontinuous ODE
% = a(t, X).
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14 S. BIANCHINI

Recently, in [1], Ambrosio extended the result to vector fields a which are only BV. To
have a panoramic view of the recent developments, see [4, 6, 7, 10, 12, 15].

A possible new direction of research of this space has been considered by Bressan [8, 9].
In the first paper [8], he showed the ill posedness of the n x n system of conservation laws
in 2 space dimensions

(4) w+ Y 0, (fillul)u) =0, ueR",
i=1
if |u| € L. If we set p = |u|, @ = u/p, the system can be rewritten as

(5) pe+ Y 0 (filp)p) =0,
=1
(6) Oc+ > fi(p)0a,0 = 01 + alt, ) - VO = 0.
=1

It is conjectured that if |u| is in BV)ee and 1/C < |u| < C' (by [14] this space is invariant
for the flow of (5)), then there exists a solution to the flow for the ODE
dX
dt
associated to the transport equation (6). This problem has been solved in [2, 3], using
the theory of renormalized solutions. In [11] it is shown that the flow generated by (6) is
not in the space BV.
A different approach to construct such a flow is given in [9]. The basic idea is to
consider on S! a set A such that

= a(t, X),

™) c<se [ xaly<(1-o)
z—h

where ¢ is a fixed constant in (0, 1). The sets satisfying the above condition are said to be
mized up to scale h, which means that in all segments of size 2h there is at least a subset
of A of total length greater than 2ch and lower than 2(1 — ¢)h. Together with these sets,
the author consider the maps

a, T—b<uxz<T,
(8) Tzap=I4+¢b T<z<T+a,

0, otherwise.
The total variation of T — I is 2(a + b). Equivalently, in the language of [9], we can say
that the cost of exchanging positions to two adjacent segments (T — b, ), (ZT,T + a) is
2(a+0).

Bressan proves the following estimate: if after applying a finite number of maps

Tz, a;,6;» We obtain that
(9) (Tz,.am,bm © -0 T3 a1 b)XA = { (1): gtiefwéisg”’

then the total variation of the maps satisfies the lower bound

n

= 1
(10) > Tot.Var.(Tz, 4,6, — 1) = Y _ 2(a; + b;) > O(1)log -
i=1

i=1
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The author considers a smooth vector field v(¢, x), and its corresponding flux X (¢, x),
dX

11 —
(11) o
satisfying the quasi incompressibility condition

(12) % < J(t,z) =det V, X (t,x) < C

=v(t,X), X(0,z)=u=x,

for some fixed C' > 0. If one assumes that the flow mixes up to size h, i.e. the image of
the unit ball is mapped to a set A such that

1
(13) ¢ < o xa(y)dy < (1-c),
|B(0, 1) JB(wn
where |A] is the Lebesgue measure of the set A, then the conjecture is that the vector
field v satisfies
r 1
(14) / Tot.Var.(v(t))dt > O(1) log =
0
We can interpret the above conjecture as an estimate of L' compactness of charac-
teristic functions under the action of the quasi incompressible vector fields. A different
approach is to find a Banach space B such that we can rewrite the estimate (10) in the
form

(15) IxTalls < llxalls + #(Tot.Var.(T — I) + Tot.Var.(T~* —I)),
for all maps T : R” — R™ quasi incompressible and x > 0. Moreover, for sets mixed up

to scale h, we have the estimate

1
(16) IxBlls > #"log 5

In this paper we show for the one-dimensional case a space with the above charac-
teristics is the space B is the homogeneous Besov space B%!!, which is defined by the
norm

(17) llull gorn = /01 1 sup {/Rn‘u(x—i-t) —u(x)‘dx}dh.

h jt1<n

For an introduction to Besov spaces see [16]. Here we only observe that we can define the
general Besov space B®P? as

bl a/p g\
(18) |u||Bs,p,q=( / (sup / |u($—|—t)—u(m)pdm) _> |
o M\ pi<n Jre h

so that we see in the case under consideration that s =0, p=q¢=1.

As a consequence, Bressan’s conjecture on mixing properties of vector fields can be
stated as follows: if X : RT x R” — R" is the flow of (11) satisfying (12), then

(19) 1X(8) = Tl| poss < c/o Tot.Var.(v(s))ds.

The paper is organized as follows.



16 S. BIANCHINI

In Section 2, we introduce some notations and definitions on the quasi incompressible
invertible BV maps. We then define a functional P(A) on measurable sets of the real line,

(20) P = [ B

and show that, under the assumption of quasi incompressibility, there is an equivalent

1 z+h
xa(r) — o xa(y)dy

z—h

dz dh,

formulation where the maps are measure preserving.
In Section 3, we prove that P(A) satisfies (15), i.e.

(21) P(TA) < P(A) + £(Tot.Var.(T — I) + Tot.Var.(T~ — 1)),

and moreover for sets mixed up to scale h the estimate (16) holds. To be more precise,
the proof shows that in our one-dimensional setting,

(22) P(TA) < P(A) + O(1)(jump part of (T —1I), (T~ —1)).

Thus only the jumps of T, T~! increase the functional P. In a multidimensional setting,
this is clearly not the case.

In Section 4, we prove that the function P is equivalent to the Besov space Bo1:1
(17), and we list several equivalent norms. In particular a norm which shows that this
space is the dual space of a Banach space of Holder like functions, and a norm which is
related to optimal transport and a degenerate free discontinuity problems.

A1

In Section 5, we list some properties of the space B%1'1. We prove that BOL1 can be

represented as a dual space, and that a coarea formula holds. Finally, using some ideas
from image reconstruction, we give another equivalent norm.

2. Quasi incompressible BV maps on R. We consider left continuous BV maps
T : R — R, with the following properties

1. T is invertible,
2. T —I, T7! — I are of bounded variation.

For any function u : R — R, we define the advective transport Tu by
(23) Tu(r) = u(T '2).
Here and in what follows I is the identity map, I(z) = z.

Similarly, for a given function p : R — R, the conservative transport T§p is the push
forward of the measure pdz,

b
(24) / lepda::/ pdx.
a T=1(a,b)

In the following we also assume that
3. THdx, T~ 'tdx are absolutely continuous w.r.t. the Lebesgue measure.
This implies that the derivatives of T, T~! do not have the Cantorian part and that

dT—1(z) dT(T(z)) ‘—1

. T p(T~H ()

(25) Tip(e) = \

pT ) = |
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outside the countable jump set of T—1. If
dT1
dx

(26) =1,

then T is measure preserving. Clearly also T~! is measure preserving.

LEMMA 1. If T : R — R satisfies conditions 1), 2), 8) above, then by a change of variable
we can assume T to be measure preserving.

Proof. We can perform the following change of variable: if T is as above, define the
variable

(27) 2(y) = (T4d)(0,y) = / " (T41)ds,

and the map T by
(28) T(z) = 2(T(2)).
It thus follows that

(20) Frp(a) = [T T 1 ()
= @ @) EE D 3
T 2 -1 1)) |7~
= (T (@)

Thus the map T is measure preserving. m

In the following we will study a sequence of maps 7 = {T;}°,. We say that the
sequence of maps {T;}2

(30) pir1 = Tilps, po =1,

satisfy the uniform bound

1 is quasi incompressible if the functions

1
(31) -~ S Pi S Clv Cl S []-7+OO)7
C1

with C independent on ¢ € N.
We assume that the sequence 7 satisfies properties 1), 2), 3) and moreover that

4. the sequence 7 is quasi incompressible;
5. the total variation of T; — I and T; ' — I are summable:

(32) i(Tot.Var.(Ti — 1) + Tot.Var.(T; ' — 1)) = TV(T) < +c0.

i=1

As in the proof of Lemma 1, by defining the sequence of variables y; and maps T, by

(33) yi(z) = /Ox(Tz'ﬁl)d% Ty(x) = y;((T3)(x)),
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it follows from (31) that y = y; o y;—1 o ... oyi(x) is an invertible map for all 4,

1 dy
<
C, SEsor

Moreover the maps 7 = {T;}22, are measure preserving:
(34) Tito(yi) = (T i)
In this case, each map ’i‘z has only jumps and a continuous derivative equal to 0 or —2.

We consider now the following functional on characteristic functions on R: if p is a
measure on R such that p(a,b) # 0 for all @ < b, then

1

(85)  PlAip) = 1(x — o+ h)

x+h
| xA<y>du<y>\du<x> dh.

h

For the sake of generahty, we have defined the functional for a general measure u, but is
the following we will use only P (A4, dz). For brevity, we will write P(A,dz) = P(A),

(36) / e -0 [ )y

h
The BV perimeter of a set is denoted by P(A).
Consider now a function p € L* with values in [1/C1, C1], and define

y(x) = / pdz.
0
We want to compare P(A) with

/;%/R xaly 'z / z))dz

for a measurable set A. If we denote by I(x, h; A), I'(x, h; A) the integrals

1
o /th xa(2)dz,

x+h
I A) = 5 / ol ()

then it follows that, independently of A,

dx dh.

dx dh.

I(x,h; A) =

1
1 (z+h)
(37) I'(x,h; A) < 012—/ xa(z)dz
y~t(z—h)
1 (v @+Cih
<Cp— xa(2)dz < C2I(y~*(x),Cyh; A).
2h Jy-1(my—cin

We thus have the estimate

(38)  P'(A) Z/Ol%/R’XA(y_l(x))—ﬁ - XA(y_l(z))dz’dxdh

<o ['3 [ T

(x)—h

dx dh
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:Cl{/ol%(/AI’(y(:c),h;R\A)dx—k/]R\Al’(y(x),h;A)dx>dh}

{/01%(/AI(Q:,CM;R\AMJ:+/R\AI(Q:,C’1h;A)dx>dh}

"1
¢t [ 4 [ Ixa@) = 1o b A)ldzd
0 R

IN

C

—=w

Cy
* Cf/l % /R Ixa(y™'(2)) = Iy~ (), h; A)|dz dh.

We prove the following lemma, which allows one to compare the integral

xA(x) — = » xa(y)dy

dx

for different values of h.

LEMMA 2. We have

(39) /R

z+3h/2
g | ) - xa@)ds|do

—3h/2
<3 A ﬁ/ . (xa(z) — xa(z))dz|dz.

Proof. We observe that
1 1‘+25 T € [_an]a

5 X[-3/2,3/2] () < ¢o(x) =2x-1, *X[—1,(®) = 2—2, x€][0,2],
0, otherwise,

so that, since xa(x) — xa(y) has a definite sign,

x+3h/2
5| ) xa)

<2gn [ol =2t - xa)a:

—3h/2
] 1 z+h 1 z+h 1 y+h
=55 [ v g [ (=g [ )|

so that the conclusion follows by integrating in z. m

By Lemma 2, it follows that for some constant Cy, independent of A, we have

| -1 -1 ) ! .
/1 7 ]R|XA(9 (x)) = I(y (x)7h7A)|dxdh§CQ/O E/Rle(x)—I(x,h,A)wxdh.

This clearly implies that the functionals P(A), P'(A) are equivalent,
1

(40) o Pl) < P'(A) < C3P(A),
3

where the constant Cj3 is independent on A.

We can use this result to deal with only divergence free maps. In fact, by the assump-
tion of quasi incompressibility, after the change of variable y;(x) the maps {ﬁ};’il of (33)
are measure preserving, and their corresponding functionals P;(A) are equivalent: there
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exists a constant Cy such that

wy grwsr@- [ 1/
< CP(A),

1

x+h
xaly; () - —/ xa(y; '(2))dz

on ), dx dh

independently of A. Thus we have proved the following proposition:

PROPOSITION 3. Consider the sequence of maps T = {T;}52,. Assume that each T;
satisfies assumption 1), 2), 8), and that the sequence T is quasi incompressible. Let T be
the sequence of maps defined by (33). Given a set A, let A;, A; be the sets defined by

(42) Xa; =Tixa, ., xz =Tixz,_,» Ao=4
Then there is a constant Cy independent of A such that for all i

(43) CLP(AD < P(Ai) < CaP(Ay).
4

The constant Cy depends only on the quasi incompressibility constant of the sequence T .

3. Divergence free maps. By Proposition 3, to estimate the increase of P(A) under
the action of 7 = {T;}52,, it is sufficient to estimate P(A) under the action of 7 = {T;}
given by (33). Moreover, Tot.Var.(T; — I) is of the same order of Tot.Var.(T; — I) (their
ratio is of the order of the constant of quasi incompressibility). It is thus sufficient to
work with measure preserving maps, and to avoid cumbersome notation we will neglect
the tilde.

We now estimate the difference between P(A) and P(TA), where A is a measurable
set. We want to prove that this quantity is of the order of

Tot.Var.(T — I) + Tot.Var.(T~! —I).

More precisely, we will show that this difference is controlled by the measure of the jump
part of T — I, T~! — I (which is also the jump part of T, T~!). We remark again that
this is a particular feature of the one-dimensional case.

We can write, by the measure preserving property of T,
x+h

) Py~ P = [ 4 [ era - 5 [ matarfasan
1 x+h
—/0 %/R XA(CL‘)—%/_}L xa(y)dy|dz dh

dx dh

1 1/ 1
= - XA\Z) — = xa(y)dy
/o h Jr (=) 2h Jo-1(Tas(—h,n)) )
1

1 1 x+h
[ [ [
/O h/]R 2h r—h
S - ey xa\y)ay — - xa\y)ay
o hJr|2h Jo-1(Tast(—hn)) 2h Joon

" o (Tt (- o )
§/0 2h2/R(2h T~ (Tz + (=h,h)) N (z + (=h + h))|)dz dh.

dx dh

dx dh
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It is thus sufficient to compute the length of the set T(z 4+ (—h, h)) which is mapped
outside the segment Tx + (—h, h).

Let a be the first point in (—h,h) not mapped by T in (—h,h), and assume for
simplicity that a > 0. By conservation of measure, it follows that T~! maps a region of
length h — a of the segment (0, T(a")) outside (0,a). Then T~! has at least a jump of
size (h — a)/2.

If 2b is the total length of the set mapped outside, i.e.

20 = 2h — [T~ YTz + (=h,h)) N (z + (=h + h))],

then it follows that either T or T~! has at least a jump of size (h — b/2)/2: in fact, in
the best case the point h — b/2 is mapped outside (—h, h).

We can now estimate the difference for each fixed z, h by
(45) Az, h) =2h — T (Ta + (=h,h)) N (z + (—h + h))|

< 2min{h, greater jump of T, T~ " in 2 4 (—h,h)}.

This inequality tells us that the worst case is when two jumps of size h are located at
—h, h.

Consider a jump of size ¢ of T, and a segment x + (—h, h). We say that the jump is
effective in x + (—h, h) if the size of length mapped outside is less or equal to 2¢. In fact,

if A(x,h) is greater than this, then we know from (45) that there is a larger jump which
is effective. We thus have the following estimates:

1. if b < 2/, then it follows that the jump moves a segment of length at most A outside
Tx + (—h, h) for all = at a distance h of the location of the jump;

2. if h > 2¢, then the jump is effective only when it is near the boundary of z+(—h, h),
at a distance of at most 2¢. In fact in the other cases there is a bigger jump which
we can take into account to estimate the length difference. It thus follows that it
can influence a region of length 4¢, and the length of the region moved outside is
of order ¢, because we assume it is effective.

The same estimates hold for the jumps in T—!.
We thus have

/ |A(z, h)|dz < h?${jumps of T, T~! of size > h/2} + Z |size of the jump|?
R size<h/2
< h?t{jumps of T, T} + Z |size of the jump]|?,
size<h/2
and we conclude that

1

1
PTA) = PA) < [ 5 (0P3umps of 7,771)

0
+ Z |size of the jump|?)dh

size<h/2

size 1
< Cy Z (/ dh + ‘Size|2/ %) < Ch Z |SiZe‘
0 size

jumps jumps

< Cs(Tot.Var.(T —I) + Tot.Var.(T ! —T)).
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Tx

X

Fig. 1. The influence of a jump affects only a small set when h is large

This result proves the following theorem:
THEOREM 4. Let T be a sequence of maps satisfying 1), 2), 3), 4), 5). Let A; be the
sets defined by
Xa; = Tixa,_,, Ao=A.
Then there exists a positive constant Cs, independent of A such that

(46) P(A;) < P(A) 4+ CsTV(T).

3.1. Application to Bressan’s conjecture. The result stated in Theorem 4 is a generaliza-
tion to quasi incompressible BV maps on R of Bressan’s result on mixing properties of
the BV maps (8).

To show the logarithmic estimate, it is enough to compute P(A) for a set A mixed
up to scale h, i.e such that

1 ZL’JrE
(47) — | _ xa®dy € (c,1—c).

2h z—h
With simple estimates, it follows that for all A > A we have
(48) = xa(y)dy € (¢/2,1—¢/2).

2h xz—h
Then we can estimate )
c
> |A|=log —.
(49) P(A) 2 Al log
‘We thus conclude that
1

(50) Tot.Var.(T — I) + Tot.Var.(T~! — 1) > O(1) log —,

h

which is the same estimate given by Bressan [9].

4. Definition of the Besov space B%!1'! in R”. In this section we show that the func-
tion P is equivalent to the homogeneous norm in the Besov space B%!! for characteristic
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functions of measurable sets. This space is the space of measurable functions from R"” to
R with the norm

L1
(51) lullos = [[ul| e +/ L sup {/ ular + 1) — u(z)d }dh.
o hg<n n

The homogeneous Besov space B%! is the space of measurable functions from R” to R
with the norm

(52) el o = / 75 { [ fute ) = ua)lde pan
hoje<n
In the following for simplicity we use the notation
(53) ug(x) = u(z +t).

REMARK 5. Observe that since this space is based on L!, the definition of B%%! in terms
of Littlewood-Paley decomposition

(54) [ull = Z loi ullr,  gi(w) = (2)"6(2x),

is not equivalent to (51). The function ¢ is the function used in the Fourier decomposition,
i.e. its Fourier transform ¢ has the form

B(&) = Y(€/2) — ¥(€),

and ¢ is a smooth function such that ) =1 on |£| < 1/2, ¢ =0 for |¢| > 1.
We first enumerate some elementary properties of these spaces.

L. If ||ul| go.11s < 0o then w € L
2. If u € BV, then u € BOLL,
3. The space B%!! is a Banach space with norm (51), compactly embedded into L*.

loc*

The first two statements are trivial. To prove the last assertion, we first observe that
if w(h;u) is the modulus of continuity of w,

(55) w(h;u) = sup {/ lu(z + 1) —u(x)|dx},
ti<h L Jgn
(or the concave modulus of continuity), then we can rewrite (52) as
1
dh
(56) lull goaa = / w(h;u)—.
0 h

The compactness of this space follows by standard results on compact sets in L'.
In the following proposition we give equivalent norms on the space B%!!, other than
(58).

PROPOSITION 6. The norm (52) is equivalent to the following quantities:

(57) / ol ) 2

L 1 / lulz + ) — u(z)|de db;

(58) BT AT
1B(0, D] Jp(0,1) [RI"
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1
(59) [ swn{ [ utaravoterts: st naivota) < 1
0

h

The minimum in the above equation means that there is a vy, € BV such that the infimum
is assumed.

1 J—
(60) ]| = / min {Tot.Var.(U) B ] IS BV}dh.
0

Moreover, if u is the characteristic function of a measurable set A, then the homoge-
neous Besov norm is equivalent to the functional P(A),

W e[ o

xa(z xal(y)dy
[B(O0,)] /e
Proof. The first is just the definition. For the second one we have
1
/ —n/ |u(z + h) — u(z)|dx dh
B0 [PI™ Jrn
1
g/ sup {/ |u(z +t) fu(x)\da:}dh
B(0,1) |h| [t|<h

:/0 %(Tlﬂigb{/w jula + ) — u(a)lda fdlh].

Conversely, one can use the triangular estimate

(62) lue —ullgr <3 flug, —ulln, Sti=t.

i

dz dh.

For fixed t € B(0,h), the set such that the above second equation holds has clearly
positive measure in {|¢t| < h}, so that by integrating we have for some constant C' > 0
independent of h

|bup [lue — u||pr < |lus — || prdt.

C
=R Jen

By integration by parts it follows

1
1
— — dh < — dt dh
/ f sl ull / e / —

Cl/ —n”Ut UHlet
<1 |t

To prove the equivalence of the norm (52) with (59), (60), we prove first that ||| ;50,11
is bounded by (59) by choosing

Y(x) = (/Ox(sgn(u(x) —u(z — h)) —sgn(u(z + h) —u(z)))dz,0,... ,0),

and observing that clearly |¢] < 1.
Next we prove that (59) is equal to (60). We consider the representation of BV as
a dual space: let

={(¢1,-.-,¢n) € (Co(R™,R))"}, Y =E,
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where the norm of X is the usual sup norm, and the set E' is defined by
63 FE = s On) € (CoNCHR™MR)™ Y == =0¢.
(63 {0 o c@normnmy: 3 5 =0}

Then it is known that

(64) BV = (X/Y)",

where BV is the homogeneous BV space with the total variation as norm [5].
The argument is based on the min max principle

(65) inf {O() +Z(¢)} = sup {-60"(v) — =" (-v)},

YeX/Y vEBV

where O, = are convex functions and ©*, Z* their Legendre transforms, and there exists
a1 € X/Y such that ©(¢))+Z(¢)) < co and O is continuous in . Moreover the supremum
in the right hand side is assumed.

We write the integrand (59) as the infimum of the sum of two convex functionals: for
Y e XY, we set

(66) ow) ={%, M=t

400, otherwise,
f]R" udivyp, € CL,|divy| < 1/h,
400, otherwise.

(67) =(.0 = {

It is easy to see that by choosing ¥ = 0 the conditions needed by (65) are satisfied.
The Legendre transforms are computed easily: for v € BV,

(68) ©*(v) = Tot.Var.(v),
(69) E*(—v) = sup { /Rn(u —v)dive : |[divey| < 1/h} = %Hu — 1.

The last equality follows because we are not requiring any bound on the L* norm of .
Thus by (65) we conclude that

! 1
(70) [|ull| = / inf {Tot.Var.(v) + E||u —l|p1,v € BV}dh
0

1
:/ sup{/udivwdx; [¥], h|divey| < 1}dh.
0

Moreover the infimum is attained, i.e. there is a vy, € BV depending on h such that
1
1
(71) [||ul]| = / Tot. Var.(vp) + EHu — vp||p1dh.
0

We finally prove that (59) is bounded by (52). Choosing as a particular v the function
(XB(0,n)/h") * u, we have

1
Tot.Var.((xp(o,n)/h") * u) = E/ /BB( Y lu(z +y) — u(x)|dydz,

nufmmmm*u_uhlz/’/’ luz + y) — u(z)|dydz,
n JB(0,h)
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so that |||u||| > |lu[|50.1.1. This concludes the proof of the proposition for general func-
tions u.
For the case where u = x4, we need only observe that using (58) or its equivalent

formulation
/ - // hn ( )| aray,
|z—y|<h

dh 1
et = [ 5 [ (o)~ g L, xata)as

/ dh/w\A<BOh|/ s dy>dﬂf7’(A)~

This completes the proof. m

we have

In the following corollary, we show that to estimate the norm (60), one can choose
the function

(72) pr*u= h—ln/ p<m;y)U(y)dy,

where p is a standard convolution kernel. This gives another equivalent norm.

COROLLARY 7. We have

e — .
(73) 3 / Tot.Var.(pp, * u) + I = pn x
0

U g < |l

[w = pn * ul[ s
h
Proof. The second part of the corollary is a consequence of the definition of |||ul||. For

the first part one has

1
< / Tot.Var.(pp, * u) + dh.
0

Tot.Var.(pp, * u) < Tot.Var.(pp, * v) + Tot.Var.(pp * (u — v))
< Tot.Var.(v) + %,

lw = pn* ullpr < flu=ollpr + o = prxollpr + [lon * (w =)l
< 2||lu —v||pr + hTot.Var.(v). =

As a final remark, we observe that the norm ||| - ||| resembles a free discontinuity
problem when w is the characteristic function of a measurable set: in fact, as we will see
later in Proposition 11, for any fixed scale h, we are trying to fit A with a smoother set
B, in such a way as to minimize the difference of area AAB, and the cost is the perimeter
of B multiplied by h.

5. Some properties of B%L!, In this section we collect some basic property of the
Besov space B%11. We show that, similarly to BV, B%!! can be considered as the dual
space of a particular space of functions. Next we prove a coarea-type formula, and finally
a property for the minimization problem given by the equivalent norm (60).
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5.1. B%L! 4s a dual space. The same approach used to see BV as a dual space can be
applied here. We first observe that we can rewrite (61) as

1
(74) fallgons = [ s [ a@ivepta)des e X, ollx <1},

where X is the space

1) X = {w(e) = [ vl olx - sup (IR (1) o -+ bl (o

he(0,1

Let E be defined as in (63), and let Y be the closure of E in X using the norm ||-||x. A
similar computation as the one done to show that BV is a dual space gives the following
proposition:

ProprosSITION 8. The space BOL1 s the dual space of X/Y .

5.2. Coarea formula. Since B%! is based on L!, it is not surprising that we have a
coarea-type formula.

PROPOSITION 9 (Coarea formula). The homogeneous Besov norm

dh u(x) —u
@) Mulsors = [ = [ D= g,
B(0,1) |h| le—yl<1 1T =Y

s

satisfies the equality

+oo
(77) lall gos = / NUET

— 00

-/ { / TR x{u>w}||L1|an}dw.

The proof follows elementarily from the following lemma:

LEMMA 10. We have for v € L'

(78) / lu(z +t) — u(z)|de
+o00
= /n/_ Ix{(w,z —1t) 1 u(z) > w} — x{(w,x) : u(z) > w}ldwdz.

Proof. One can compute directly
u(x+t)
w(e + ) - u(w) = / (I; du — / (dw < u( + £)} = xlw < ule)}dw
= [ =0 ule) = 0}~ {0 0)  ule) > whd

so that the lemma follows. m

At this point it is easy to prove the proposition. In fact, the homogeneous Besov norm
can be written as

dh dh
(79) / llun — ullpr — — = / / lIx{ur > w} — x{u > w}||prdw—rn —
B(0,1) A B(0,1) |h|
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L{ L, Tt = == i i o

:/HMﬂZWMMmMM
R

Note that by the equivalence of all the norms of Proposition 6, it follows that the
integral of the norm of the level sets of u are equivalent norms. However, also other
equivalent norms satisfy the coarea formula.

PROPOSITION 11.  The following equality holds:

' [lu = o1
(80) / inf {Tot.Var.(v) +——v€ BV}dh
0

h // mf{ |{u>:}AB|}dhdw,

where P(B) is the BV perimeter of the set B and AAB = (AU B) \ (AN B).

As a corollary, remembering that in the proof of Proposition 6 we actually prove that
(59) is equal to (60), we get

COROLLARY 12. We have

(81) /01 sup { /u(x)diw/)(x)dx; [¥(x)], h|dive(z)] < 1}dh

:/R{/Olsup{/Xu>w(ac)divz/}(ac)dx; ()|, Bldiver(z)| < 1}dh} dw

The proof of Proposition 11 follows easily from the following lemma:

LEMMA 13. For measurable sets A,

1 _ ) L
(82) / inf {Tot.Var.(v) T M’” c BV}dh _ / f {P(B) | [4AB| }dh’
0 0

h
with P(B) the perimeter of B.

Proof. Clearly it is enough to prove that
! AAB
(83) / inf {P(B) + %}dh
0

1 - 1
< / inf {Tot.Var.(v) + w,v € BV}dh +e€
0

for all € > 0. By coarea formula for BV functions, we have

/01 Tot. Var.(v) + Mdh - /01 { /01 P({v>w}) + de}dh

Let 7 be such that

Tot.Var.(7) + w <inf {Tot.Var.(v) + w, ONS BV} +

and @ be such that
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[AA{v > @} } n

P({v =5} + ;

|AA{v > W} . _
— =< >
s g {pezen

Then the set {v > @} satisfies (83). =

€
) .

5.3. A property of (60). In the norm (60), let v(h) be the minimum of the problem

inf {Tot.Var.(v) + %,v € BV},
considered for h > 0. The existence of this minimum follows from the compactness of BV
in L{ ..
For u fixed, we define the two functions a(h;u),b(h;u) : (0,00) — RT by
(84) a(h;u) = Tot.Var.(v(h)), b(h;u) = |ju—v(h)| L.

We have the following proposition:
PROPOSITION 14.  For all bounded sets A, a(h;xa), —b(h;xa) are decreasing functions
of h and moreover we have

—+oo
(85) | attaan = jal.
0
Proof. For simplicity, we will write a(h), b(h) instead of a(h;xa), b(h;xa). Since
b(h) b(h+€)
h ho

b(h+e¢)
> a(h
h—i—e_a( te+ h+e

a(h) + <a(h+¢€) +

bl

we have that
1 1

5 (0(h) = b(h+ ) < a(h+€) = a(h) < 7=—(b(h) = b(h +€)).
It follows that b(h) is an increasing function of h, and that a(h) is decreasing. In particular
they are BV functions and by taking their weak derivatives we have

da(h) =~ 1db(h)
(86) ah + ndn 0.

Noting that b(0) = 0, and a(+00) = 0, b(+00) = |A|, we obtain the formula which gives
a as a function of b:

+o0 +00 (g
(87) a(h):/h é%ds:_@jL/h %ds'

The result follows by integration in h, noting that as h — oo we have v(h) — 0. =

Using the coarea formula, we then deduce

COROLLARY 15. We have

+oo
(35) [ atwdn=jul.
0
Finally, by means of (87), we obtain that the norm (60) becomes
1 “+o0
b(h; b(h;
(%) lheallj = [ 28 an g [ M0 g,
0 h 1 h

We thus have
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COROLLARY 16. For sets contained in the ball B(0,1), an equivalent norm of BOLL g
given by
1
b(h;
(90) ull o1 = / bk xa) 4,
0 h
where b(h; xa) is defined in (84).

5.4. Application to Bressan’s mizing problem. To end this section, we state the following
theorem:

THEOREM 17. Let T be a sequence of invertible maps T;, and assume T be quasi in-
compressible. Then for all n € N the composed map

(91) S,=T,o0...0T,

is in BYYY and its norm is bounded by
(92) ISnll 5011 < Co Y _(Tot.Var.(T; — I) + Tot.Var.(T; ' — 1)),
i=1
with C' a constant depending only on the coefficient of quasi incompressibility.

The proof follows from Theorem 4, Proposition 6 and coarea formula (77).
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