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Université de Marne-la-Vallée
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1. Introduction. In this paper we are concerned with the Cauchy problem for the MHD

system with dissipation and resistance in R
n, n ≥ 3,

∂tu+ (u · ∇)u = −∇Π + (b · ∇)b+ ν∆u, in R
n × (0, T ), (1.1)

∂tb+ (u · ∇)b = (b · ∇)u+ η∆b, in R
n × (0, T ), (1.2)

∇ · u = ∇ · b = 0, in R
n × (0, T ), (1.3)

u(x, 0) = u0(x), b(x, 0) = b0(x), x ∈ R
n, (1.4)

where u(x, t) is the flow velocity, b(x, t) is the magnetic field, Π = P + 1
2 |b|

2 is the total

pressure, ν > 0 is the kinematic viscosity and η > 0 is the resistivity. For other forms of

the MHD systems, such as the ideal MHD system and the ideal MHD system with the

resistivity, one can refer to [8, 12, 30, 33].

For any prescribed (u0, b0) ∈ L2(Rn) with ∇ · u0(x) = ∇ · b0(x) = 0, the Cauchy

problem (1.1)–(1.4) has been shown to possess at least one global L2-weak solution (u, b)

with

(u(x, t), b(x, t)) ∈ L∞([0, T );L2(Rn)) ∩ L2([0, T );H1(Rn)), ∀T > 0,

see G. Duvaut and J. L. Lions [12] and M. Sermange and R. Temam [30]. By means of

interpolation theorem, one easily sees that the above L2-weak solution (u, b) satisfies the

following space-time integrability

(u, b) ∈ Lq([0, T );Lr(Rn)), ∀ 0 < T ≤ ∞,

where (q, r) ∈ Ξ, i.e.

2

q
= n

(
1

2
−

1

r

)
, 2 ≤ r ≤ 2∗ =

2n

n− 2
.

But (u, b) ∈ Lq(I;Lr(Rn)), (q, r) ∈ Ξ, cannot assure the uniqueness and regularity of the

weak solutions for (1.1)–(1.4).

One natural problem is to find suitable conditions which assure the uniqueness and

regularity of the weak solutions for the MHD equation (1.1)–(1.4). Similarly to the cases of

Navier-Stokes equations [2, 4, 21], Wu in [33] proved a regularity result for general classical

weak solutions for the MHD equations in R
3 by energy integral estimates. More precisely,

let (u0(x), b0(x)) ∈ Lp(R3) ∩ H1(R3) with p > 3, and assume that (u(x, t), b(x, t)) ∈

L∞([0, T );L2(R3)) ∩ L2([0, T );H1(R3)), T > 0, is a weak solution, then

(u, b) ∈ C∞((0, T ) × R
3)

if (u, b) ∈ Lq([0, T ];Lr(R3)), where

2

q
+

3

r
= 1, r > 3, q ≥ 2. (1.5)

His regularity result is different from Serrin’s regularity criterion because he added an

artificial restriction on initial data. On the other hand, it seems that he used the restricted

condition r < 7 in [33], but it can be removed by the regularization method and extended

to the case of n-dimensional spaces.

It is well-known that continuation of smooth solutions plays an important role in

the study of the uniqueness and regularity of weak solutions in Navier-Stokes equations

[17]–[19]. For this reason, many authors studied the continuation or blow-up criterion for
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the smooth solutions to the MHD system. For example, Caflisch, Klapper and Steel [5]

extended the well-known result of Beale, Kato and Majda on the 3-dimensional Euler

equation to the 3-D ideal MHD equations (ν = η = 0) and obtained the endpoint type

continuation criterion for smooth solutions (u, b), i.e.
∫ T

0

‖ω‖∞ dx <∞,

∫ T

0

‖j‖∞ dt <∞, ω = ∇× u, j = ∇× b, (1.6)

which implies the smooth solution (u, b) can be extended beyond t = T . Yuan [36,

37], Zhang and Liu in [38] studied the continuation or blow-up criterion of the smooth

solutions to the MHD system and the ideal MHD system, respectively. They proved that

smooth solutions (u, b) can be extended beyond t = T if
∫ T

0

‖ω‖Ḃ0
∞,∞(R3) dt <∞, ω = ∇× u, (1.7)

and
∫ T

0

‖j‖Ḃ0
∞,∞(R3) dt <∞, j = ∇× b, (1.8)

for the ideal MHD system or the MHD system, respectively, where Ḃ0
∞,∞(R3) denotes

the homogeneous Besov space.

Many authors studied the uniqueness and regularity of the Leray-Hopf weak solu-

tions to Navier-Stokes equations in different frameworks, see [2, 4, 9], [14]–[22], [24, 31].

Recently, Zhang and Chen in [39] applied Littlewood-Paley trichotomy to study the space-

time estimates for the Navier-Stokes equations and extended the well-known regularity

criterion of weak solutions and blow-up criterion of the smooth solutions.

In this paper we will study the uniqueness and the regularity of Leray-Hopf’s weak

solutions for the MHD equations with dissipation and resistance under different frame-

works.

Before stating the definition of Leray-Hopf’s weak solutions for the MHD equations,

we introduce some function spaces and notions. Let C∞
0,σ denote the set of all C∞ vector

functions (φ1, · · · , φn) with compact support in R
n, such that divφ = 0. Lp

σ is the closure

of C∞
0,σ with respect to the Lp-norm ‖ · ‖p. For 1 ≤ p ≤ ∞, Lp stands for the usual

(vector-valued) Lebesgue space over R
n, (·, ·) denotes the duality pairing between Lp and

Lp′

, where 1
p + 1

p′ = 1. For s ∈ R, Hs(Rn) stands for the usual (vector-valued) Hilbert

spaces over R
n, Hs

σ denotes the closure of C∞
0,σ with respect to the Hs-norm

‖φ‖Hs = ‖(1 − ∆)
s
2φ‖2.

BMO(Rn) stands for the bounded mean oscillation space, and H1(Rn) stands for the

Hardy space, which is the dual space of BMO(Rn). We take an arbitrary function ϕ in

the Schwartz class S(Rn) and whose Fourier transform ϕ̂ is such that 0 ≤ ϕ̂ ≤ 1 and
{
ϕ̂(ξ) = 1, if |ξ| ≤ 3

4 ,

ϕ̂(ξ) = 0, if |ξ| ≥ 4
3 .

(1.9)

Let ψ(x) = 2nϕ(2x) − ϕ(x) and

ϕj(x) = 2njϕ(2jx), ψj = 2jnψ(2jx), j ∈ Z. (1.10)
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We denote by Sj and △j , respectively, the convolution operators with ϕj and ψj , then

the set {Sj ,△j} is the Littlewood-Paley decomposition of the unity

I = S0 +
∑

j≥0

△j , S0f = ϕ ∗ f, (1.11)

and the corresponding homogeneous decomposition of unity is

I =
∑

j∈Z

△j , △j = Sj − Sj−1. (1.12)

To define the homogeneous spaces we introduce the equivalence class Z ′ = S′/P , where

P is the set of polynomials, see [7, page 180] for details.

By means of the above Littlewood-Paley decomposition, Besov spaces can be defined

as:

Bs
p,q =

{
f ∈ S′(Rn), ‖f‖Bs

p,q
= ‖S0f‖p +

( ∞∑

j=0

2jsq‖∆jf‖
q
p

) 1
q

= ‖ϕ ∗ f‖p +
( ∞∑

j=1

2jsq‖ψj ∗ f‖
q
p

) 1
q

<∞
}
,

Ḃs
p,q =

{
f ∈ Z ′(Rn), ‖f‖Ḃs

p,q
=

( ∑

j∈Z

2jsq‖ψj ∗ f‖
q
p

) 1
q

<∞
}
,

where 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞ , s ∈ R. Notice that for noninteger s > 0, we have

Bs
p,p(R

n) = W s,p(Rn), where W s,p(Rn) = {f ∈ S ′(Rn); ‖f‖W s,p < ∞} is the fractional

ordered Sobolev space with norm

‖f‖W s,p = ‖f‖W [s],p +
∑

|α|=[s]

( ∫

Rn×Rn

|Dαf(x) −Dαf(y)|p

|x− y|(s−[s])p+n
dx dy

) 1
p

.

In the same way, we can define Triebel-Lizorkin spaces as follows:

F s
p,q =

{
f ∈ S′(Rn); ‖f‖F s

p,q
= ‖ϕ ∗ f‖p +

∥∥∥
( ∞∑

j=1

2jsq|ψj ∗ f |
q
) 1

q
∥∥∥

p
<∞

}
,

Ḟ s
p,q =

{
f ∈ Z ′(Rn); ‖f‖Ḟ s

p,q
=

∥∥∥
( ∞∑

j=1

2jsq|ψj ∗ f |
q
) 1

q
∥∥∥

p
<∞

}
,

where s ∈ R, 1 ≤ p < ∞, 1 ≤ q ≤ ∞. When q = 2, we have F s
p,2(R

n) = Hs,p(Rn), where

Hs,p(Rn) = {f ∈ S ′(Rn); ‖f‖Hs,p <∞} is the potential Banach space with the norm

‖f‖Hs,p ∼=

( ∫

Rn

(1 + |ξ|2)s|f̂(ξ)|2dξ

) 1
2

.

Moreover, Ḟ 0
∞,2

∼= BMO(Rn) and H1 ∼= Ḟ 0
1,2(R

n). Please refer to [3], [7],[9], [26] and [34]

for more details about function spaces.

Definition 1.1. Let (u0(x), b0(x)) ∈ L2
σ(Rn). A measurable function (u, b) on R

n×(0, T )

is called a weak solution of (1.1)–(1.4) on (0, T ) if

(i) (u, b) ∈ L∞((0, T );L2
σ) ∩ L2((0, T );H1

σ);

(ii) For every (Φ,Ψ) ∈ H1((0, T );H1
σ ∩ Ln) with Φ(T ) = Ψ(T ) = 0,
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∫ T

0

{−(u, ∂τΦ) + ν(∇u,∇Φ) + (u · ∇u,Φ) − (b · ∇b,Φ)} dτ = −(u0,Φ(0)), (1.13)

and
∫ T

0

{−(b, ∂τΨ) + η(∇b,∇Ψ) + (u · ∇b,Ψ) − (b · ∇u,Ψ)} dτ = −(b0,Ψ(0)). (1.14)

By means of Galerkin approximation and compactness method, we have existence of

the weak solutions, see G. Duvaut and J. L. Lions [12] and M. Sermange and R. Temam

[30].

Proposition 1.1. For any prescribed (u0, b0) ∈ L2
σ(Rn), the Cauchy problem (1.1)–(1.4)

has been shown to possess at least one global L2-weak solution (u, b) on (0,∞) such that

(u(x, t), b(x, t)) ∈ L∞([0, T );L2
σ(Rn)) ∩ L2([0, T );H1(Rn)), ∀T > 0, (1.15)

lim
t→0

‖u(x, t) − u0(x)‖2 = 0, lim
t→0

‖b(x, t) − b0(x)‖2 = 0, (1.16)

and energy inequality
∫

Rn

(|u|2 + |b|2) dx+ 2ν

∫ T

0

∫

Rn

|∇ ⊗ u|2 dx dt+ 2η

∫ T

0

∫

Rn

|∇ ⊗ b|2 dx dt

≤

∫

Rn

(|u0|
2 + |b0|

2) dx, (1.17)

where
∫

Rn

|u|2 dx =

∫

Rn

n∑

j=1

|uj |
2 dx, |∇ ⊗ u|2 =

n∑

j=1

n∑

k=1

|∂kuj |
2. (1.18)

Usually, we call a weak solution (u, b) in Definition 1.1 the Leray-Hopf weak solution

of the MHD equation (1.1)–(1.4) if it satisfies energy inequality (1.17).

We are interested in the uniqueness and regularity of the Leray-Hopf weak solutions

of the MHD equation (1.1)–(1.4) and related problems.

We conclude the introduction by giving some notations and some preliminary lemmas

to be used throughout the paper. First, let us recall Bony’s paraproduct of two tem-

pered distributions π(f, g) by means of the Littlewood-Paley decomposition. Formally,

the product of two tempered distributions is decomposed into two Bony’s paraproducts

and a remainder term, i.e.

fg = π(f, g) + π(g, f) +R(f, g) (1.19)

,
∑

j∈Z

∆jfSj−2g +
∑

j∈Z

∆jgSj−2f +
∑

|j−k|≤1

∆jf∆kg.

On the other hand, another form of Littlewood-Paley decomposition shares the same

effect with Bony’s decomposition. Tao calls this the Littlewood-Paley trichotomy

∆j(fg) = ∆j

(
Sj−5f

∑

|l−j|≤3

∆lg
)

+ ∆j

( ∑

|l−j|≤3

∆lf · Sj−5g
)

+ ∆j

( ∑

|l−j|≤5

∑

|k−j|≤5

∆lf∆kg
)

+ ∆j

( ∑

l or k>j+5, |l−k|≤3

∆kg∆lf
)
. (1.20)
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Let B be a translation invariant Banach space which consists of distributions on R
n.

Usually, the space-time Banach space Lq
T (B) , Lq(0, T ;B) for appropriate B plays an

important role in the study of PDEs. In particular, when B = Bs
p,̺ or Ḃs

p,̺, L
q(I;Bs

p,̺)

or Lq(I; Ḃs
p,̺) represent usual space-time Banach spaces in the scale of Besov or homo-

geneous Besov spaces, where (q, p, ̺) ∈ [1,∞] and s ∈ R. For the sake of application, we

introduce the following homogeneous mixed space-time Besov spaces

Lq(I; Ḃs
p,̺(R

n)) =
{
u(x, t) ∈ D′(I;S ′(Rn)),

‖u‖Lq(I;Ḃs
p,̺) =

(∑

j∈Z

2js̺‖△ju‖
̺
Lq(I;Lp(Rn))

) 1
̺

<∞
}
.

which were considered in [11].

Lemma 1.1 ([3, 7, 9, 23]). Let 1 ≤ p ≤ ∞,f(x) ∈ S ′(Rn) with supp f̂ ∼ 2j. Then

‖f(x)‖p ≤ C2−j|α|‖∂αf‖p, 1 ≤ p ≤ ∞, (1.21)

‖∂αf‖q ≤ C2jn( 1
p− 1

q )+j|α|‖f‖p, 1 ≤ p ≤ q ≤ ∞. (1.22)

Lemma 1.2 ([21, 28]). Let 2 ≤ p < ∞. There exist two constants Cp ≥ cp > 0 so that

for every f(x) ∈ S ′(Rn) with supp f̂ ∼ 2j, j ∈ Z. Then

cp2
2j‖f‖p

p ≤ ‖∇(|f |
p
2 )‖2

2 ∼

∫

Rn

|∇f |2|f |p−2 dx ≤ Cp2
2j‖f‖p

p. (1.23)

Lemma 1.3 ([23, 29]). Let k ∈ Z, p, q and r satisfy

1

p
=

1

q
+

1

r
, 1 ≤ p, q, r ≤ ∞.

Then there exists a constant C > 0 such that

‖△k(f∇g) − f△k(∇g)‖p ≤ C‖∇f‖q‖g‖r. (1.24)

Lemma 1.4 ([19, 38]). Let 1 < p <∞. For f , g ∈W s,p(Rn), and 1 < q ≤ ∞,1 < r <∞,

we have

‖∇α(fg) − f∇αg‖p ≤ C‖∇f‖q‖∇
α−1g‖r + ‖g‖q‖∇

αf‖r, (1.25)

where 1 ≤ α ≤ s and 1
p = 1

q + 1
r .

In this paper, we shall study the regularity criterion (or the blow-up criterion) of the

Leray-Hopf weak solutions in different frameworks, based on the space-time regularity

of the heat equation and Bony’s paraproduct decomposition. For this purpose, we first

introduce some notations.

Definition 1.2. (i) Let 0 ≤ γ ≤ 1, we say that (q, r) ∈ Λγ if

2

q
= n

(
1 + γ

n
−

1

r

)
,

n

1 + γ
≤ r ≤

n2

(1 + γ)n− 2
. (1.26)

(ii) Let 0 ≤ γ ≤ 1, we say (q, r) ∈ Λ̃γ if

2

q
= n

(
1 + γ

n
−

1

r

)
,

n

1 + γ
≤ r ≤ ∞. (1.27)
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Usually we denote Λ , Λ0 and Λ̃ , Λ̃0 when γ = 0. We shall prove that the Leray-Hopf

weak solution (u, b) associated with initial data (u0, b0) is unique if there exists (q, r) ∈ Λ̃

such that (u, b) ∈ Lq(I;Lr(Rn)), see Section 4 for details.

2. Time-space estimates, mild and smooth solutions. Given (u0, b0) ∈ X ⊂

S ′(Rn) with n ≥ 2, in order to find the solutions of (1.1)–(1.4), a natural approach

is to solve the corresponding integral form by iterating the transform
{
u(t) 7→ eν∆tu0(x) +

∫ t

0
e∆(t−τ)Pdiv(−u⊗ u+ b⊗ b) dτ,

b(t) 7→ eη∆tb0(x) +
∫ t

0
eη∆(t−τ)Pdiv(−u⊗ b+ b⊗ u) dτ,

(2.1)

where f ⊗ g is the tensor with jk-components fjgk and ∂ · (f ⊗ g) is the vector with

j-component ∂k(fjgk), P denotes

Pv = v −∇
1

∆
(∇ · v). (2.2)

Usually, we define mild solutions the solutions obtained through the iterative trans-

form (2.1) with the initial step (u(0)(t), b(0)(t)) = (eν∆tu0, e
η∆tb0). We call a space

X (I) = C(I;X) ∩ Y , on which we may apply the Picard contraction principle, an ad-

missible resolution space for the MHD equations, Y is some suitable space-time Banach

spaces or weighted space-time Banach space. When X = Lp
σ(Rn), p ≥ n (in the same

way one can deal with the case X = Hs
σ(Rn), s ≥ n

2 − 1), it is easy to verify that the

mild solutions become smooth solutions for t > 0.

In this section we establish the well-posedness of mild solutions for (1.1)–(1.4) when

we choose initial function spaces as X = Lp
σ(Rn), p ≥ n or X = Hs

σ(Rn), s ≥ n
2 − 1.

These results are similar to the results of Fujita-Kato [14] and Kato [16] or Giga [15]

for Navier-Stokes equations. For the sake of completeness, we give a simple proof by

space-time estimates approach, see [25, 26] for details. To this end, we introduce some

notations.

Definition 2.1. We say (q, r, p) is an admissible triplet if

2

q
= n

(
1

p
−

1

r

)
, q , q(r, p), (2.3)

where

1 < p ≤ r <

{ np

n− 2
, n > 2,

∞, n ≤ 2.
(2.4)

We call (q, r, p) a generalized admissible triplet if it satisfies (2.3) and

1 < p ≤ r <

{ np
n−2p , n > 2p,

∞, n ≤ 2p.
(2.5)

Remark 2.1. If (q, r, p) is an admissible triplet, then p < q ≤ ∞; if (q, r, p) is a general-

ized admissible triplet, then 1 < q ≤ ∞.

Now we introduce the following weighted space-time spaces which were defined in

[16], see also [15], [25]–[27].
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Definition 2.2. Let B be a Banach space, ̺ > 0, I = [0, T ) or I = [0,∞). Let İ be

an open interval with respect to I. Define C̺(I;B) and its corresponding homogeneous

space Ċ̺(I;B) as

C̺(I;B) = {f(t, x) ∈ C(İ;B); ‖f‖C̺(I;B)
∆
= sup

t∈I
t

1
̺ ‖f‖B <∞},

Ċ̺(I;B) = {f(t, x); f(t, x) ∈ C̺(I;B) and lim
t→0+

t
1
̺ ‖f‖B = 0}.

Remark 2.2. (i) Let B = Lp, 1 < p < ∞, one easily verifies that f(t, x) ∈ C̺(I;L
p) if

and only if t
1
̺ f ∈ Cb(I;L

p).

(ii) Let (q, p, r) be a generalized admissible triplet, then

Cq(p,r)(I;L
p) = {f(t, x) ∈ C(İ;Lp); ‖f‖Cq(p,r)(I;Lp) = sup

t∈I
t

1
q ‖f‖p <∞}, (2.6)

in particular,

Cq(p,r)(I;L
p) = Cb(I;L

r), p = r. (2.7)

Let S(t) = eAt, A = P∆, P the projection operator from (Lp(Rn))n into Lp
σ(Rn) =

{ϕ(x) ∈ (Lp(Rn))n,∇ · ϕ(x) = 0}, divergence-free vectors along gradients. By making

use of multiplier estimates in conjunction with the theorem on singular integral operators

[13, 21, 26, 32], we get the following Lp–Lr estimates for r ≥ p > 1,

‖e−Atϕ‖r ≤ Ct−
n
2 ( 1

p− 1
r )‖ϕ‖p, ∀ t > 0, (2.8)

‖∇Pe−Atϕ‖r ≤ Ct−
1
2−

n
2 ( 1

p− 1
r )‖ϕ‖p, ∀ t > 0. (2.9)

As an immediate consequence of the Young inequality and Marcinkiewicz interpolation

theorem, we have

Proposition 2.1. (i) Let (q, r, p) be any admissible triplet, ϕ(x) ∈ Lp
σ. Then v(x, t) =

e−tAϕ ∈ Lq(I;Lr) ∩ Cb(I;L
p
σ) with ∇ · v(x, t) = 0 and

‖e−tAϕ‖Lq(I;Lr(Rn)) ≤ C‖ϕ‖p, I = [0, T ), 0 < T ≤ ∞. (2.10)

(ii) Let (q, r, p) be any generalized admissible triplet, ϕ(x) ∈ Lp
σ. Then v(t) = e−Atϕ ∈

Cq(r,p)(I;L
r(Rn)) such that ∇ · v = 0 and

‖e−Atϕ; Cq(r,p)(I;L
r)‖ ≤ C‖ϕ‖p. (2.11)

Moreover, if (q, r, p) is a generalized admissible triplet with p < r < ∞, then S(t)ϕ ∈

Ċq(p,r)(I, L
r), i.e.

lim
t→0

t
1
q ‖S(t)ϕ‖r = 0, (2.12)

where I = [0, T ) or [0,∞).

See [15] or [25]–[27] for the proof.

Proposition 2.2. Let p ≥ pc = n, I = [0, T ), (q, r, p) be any generalized admissible

triplet. Then

Gf ,

∫ t

0

S(t− τ )P∇f dτ (2.13)
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satisfies the following estimates

‖Gf‖Lq(I;Lr) + ‖Gf‖L∞(I;Lp) ≤ CT
1
2−

n
2p ‖f‖

L
q
2 (I;L

r
2 )
, r ≤ 2p, (2.14)

‖Gf‖Cq(r,p)(I;Lr) + ‖Gf‖L∞(I;Lp) ≤ CT
1
2−

n
2p ‖f‖

C q
2
(I;L

r
2 )
, r ≤ 2p, (2.15)

‖Gf‖Lq(I;Lr) + ‖Gf‖L∞(I;Lp) ≤ CT
1
2−

n
2p ‖f‖1−θ

L
q
2 (I;L

r
2 )
‖f‖θ

L∞(I;L
p
2 )
, r > 2p, (2.16)

and

‖Gf‖Cq(r,p)(I;Lr) + ‖Gf‖L∞(I;Lp) ≤ CT
1
2−

n
2p ‖f‖1−θ

C q
2
(I;L

r
2 )
‖f‖θ

L∞(I;L
p
2 )
, (2.17)

where r > 2p and θ = r−2p
2(r−p) ∈ (0, 1).

Proof. We first prove (2.14). Since r ≤ 2p, one has, by the Hölder inequality or Young

inequality,

‖Gf‖L∞(I;Lp) ≤ C

∫ t

0

(t− s)−
1
2−

n
2 ( 2

r −
1
p )‖f(s, x)‖ r

2
ds

≤ C

(∫ t

0

(t− s)−{ 1
2+ n

2 ( 2
r −

1
p )}χ1 ds

) 1
χ1

‖f‖
L

q
2 (I;L

r
2 )

≤ CT
1
2−

n
2p ‖f‖

L
q
2 (I;L

r
2 )
,

‖Gf‖Lq(I;Lr) ≤ C

∥∥∥∥
∫ t

0

(t− s)−
1
2−

n
2 ( 2

r −
1
r )‖f(s, x)‖ r

2
ds

∥∥∥∥
Lq

≤ C

(∫ T

0

t−{ 1
2+ n

2r }χ2 dt

) 1
χ2

‖f‖
L

q
2 (I;L

r
2 )

≤ CT
1
2−

n
2p ‖f(s, x)‖

L
q
2 (I;L

r
2 )
,

where 1
χ1

= 1 − 2
q , 1 + 1

q = 2
q + 1

χ2
, and C = C(n, p, r).

On the other hand, for the case r > 2p, by means of the Riesz interpolation theorem,

Hölder inequality and Young inequality, we have

‖Gf‖L∞(I;Lp) ≤

∫ t

0

(t− s)−
1
2 ‖|f(s, x)|

1
2 ‖2

2p ds

= C

∫ t

0

(t− s)−
1
2 ‖|f(s, x)|

1
2 ‖2θ

Lp‖|f(s, x)|
1
2 ‖2(1−θ)

r ds

= C

( ∫ t

0

(t− s)−
1
2χ1 ds

) 1
χ1

‖|f(s, x)|
1
2 ‖2θ

C(I;Lp)‖|f(s, x)|
1
2 ‖

2(1−θ)
Lq(I;Lr)

≤ CT
1
2−

2(1−θ)
q ‖|f(s, x)|

1
2 ‖2θ

C(I;Lp)‖|f(s, x)|
1
2 ‖

2(1−θ)
Lq(I;Lr)

≤ CT
1
2−

n
2p ‖f(s, x)‖θ

C(I;L
p
2 )
‖f(s, x)‖

(1−θ)

L
q
2 (I;L

r
2 )
,

‖Gf‖Lq(I;Lr) ≤ C

∥∥∥∥
∫ t

0

(t− s)−
1
2−

n
2 ( 1

p− 1
r )‖|f(s, x)|

1
2 ‖2

2p ds

∥∥∥∥
q

≤ C

∥∥∥∥
∫ t

0

(t− s)−
1
2−

n
2 ( 1

p− 1
r )‖|f(s, x)|

1
2 ‖2θ

p ‖|f(s, x)|
1
2 ‖2(1−θ)

r ds

∥∥∥∥
q
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≤ C

( ∫ T

0

t−{ 1
2+ n

2 ( 1
p− 1

r )}χ2 dt

) 1
χ2

‖|f(s, x)|
1
2 ‖2θ

C(I;Lp)‖|f(s, x)|
1
2 ‖

2(1−θ)
Lq(I;Lr)

≤ CT
1
2−

n
2p ‖|f(s, x)|

1
2 ‖2θ

C(I;Lp)‖|f(s, x)|
1
2 ‖

2(1−θ)
Lq(I;Lr)

≤ CT
1
2−

n
2p ‖f(s, x)‖θ

C(I;L
p
2 )
‖f(s, x)‖

(1−θ)

L
q
2 (I;L

r
2 )
,

where θ satisfies 1
2p = θ

p + 1−θ
r and

1 =
2(1 − θ)

q
+

1

χ1
, 1 +

1

q
=

2(1 − θ)

q
+

1

χ2
.

One easily checks that

1

2
−

2(1 − θ)

q
=

1

2
−

r

q(r − p)
=

1

2
−

n

2p
,

and
1

χ2
−

1

2
−
n

2

(
1

p
−

1

r

)
=

1

2
−

2(1 − θ)

q
=

1

2
−

n

2p
,

Arguing similarly to (2.14) and (2.16), we can prove the estimates (2.15) and (2.17).

By applying the orthogonal projector operator

P : Lp(Rn) → Lp
σ(Rn)

to both sides of (1.1)–(1.4) with ∇ · u0(x) = ∇ · b0(x) = 0, we have




∂tu+ νAu = −P∂ · (u⊗ u) + P∂ · (b⊗ b),

∂tb+ ηAb = −P∂ · (u⊗ b) + P∂ · (b⊗ u),

u(0) = u0(x), b(0) = b0(x),

(2.18)

which is equivalent to the following system of integral equations




u(t) = e−νAtu0(x) +

∫ t

0

e−A(t−τ)Pdiv(−u⊗ u+ b⊗ b)dτ,

b(t) = e−ηAtb0(x) +

∫ t

0

e−ηA(t−τ)Pdiv(−u⊗ b+ b⊗ u)dτ,

(2.19)

where A generates an analytic operator semigroup in Lp with divergence-free vectors,

where 1 < p <∞.

Applying Proposition 2.1, Proposition 2.2, the regularity of parabolic equations and

standard contraction principle to (2.19) in resolution spaces Lq(I;Lr(Rn))∩C(I;Lp
σ(Rn))

or Cq(p,r)(I;L
r(Rn)) ∩ C(I;Lp

σ(Rn)), we have

Theorem 2.1. (i) Let p ≥ pc = n, u0(x) ∈ Lp
σ and b0(x) ∈ Lp

σ. Assume that (q, r, p) is

any admissible triplet, then there exist T ∗ > 0 and a unique solution to (2.19) such that

(u(t), b(t)) ∈ C([0, T ∗);Lp
σ) ∩ Lq((0, T ∗);Lr(Rn)), (2.20)

for T ∗ = T (‖u0‖p + ‖b0‖p), p > n,

or

(u(t), b(t)) ∈ C([0, T ∗);Lp
σ) ∩ Lq((0, T ∗);Lr(Rn))), T ∗ = T (u0, b0), p = n. (2.21)
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(ii) Let p > n. If T ∗ <∞, then

lim
t→T∗

(‖u(t)‖r + ‖b(t)‖r) = ∞, p ≤ r ≤ ∞, (2.22)

moreover,

‖u(t)‖r + ‖b(t)‖r ≥
C

(T ∗ − t)
1
2−

n
2r

. (2.23)

(iii) Let p = n, then T ∗ = ∞ provided that ‖u0‖n + ‖b‖n ≪ 1.

(iv) (u(t), b(t)) ∈ C∞((0, T ∗) × R
n).

Theorem 2.2. Let p ≥ pc = n, u0(x) ∈ Lp
σ and b0(x) ∈ Lp

σ. Assume that (q, r, p) is any

generalized admissible triplet, then there exist T ∗ > 0 and a unique solution to (2.19)

such that

(u(t), b(t)) ∈ C([0, T ∗);Lp
σ) ∩ Cq(r,p)((0, T

∗);Lr), T ∗ = T (‖u0‖p, ‖b0‖p), (2.24)

for p > n, or

(u(t), b(t)) ∈ C([0, T ∗);Lp
σ) ∩ Cq(r,p)((0, T

∗);Lr), T ∗ = T (u0, b0), p = n, (2.25)

and (ii), (iii), (iv) in Theorem 2.1 also hold.

3. The mild solutions in Besov spaces. In this section we establish the well-posed-

ness of the Cauchy problem (1.1)–(1.4) for initial data in Besov spaces by means of the

space-time mixed Besov spaces. First we give preliminary linear and nonlinear estimates.

Proposition 3.1. Let q, ̺ ∈ [1,∞], 2 ≤ p <∞, s ∈ R. Assume that v(x, t) is a solution

of the Cauchy problem for the heat equation
{
∂tv + ∆v = f(x, t), (x, t) ∈ R

n × R
+,

v(x, 0) = v0(x), x ∈ R
n.

(3.1)

Then there exists a constant C > 0 depending only on n, q, p, ̺ such that, for all 0 < T ≤

+∞,

‖v‖
Lq(I;Ḃ

s+2
q

p,̺ (Rn))
≤ C(‖v0‖Ḃs

p,̺
+ ‖f‖

Lℓ(I;Ḃ
s+ 2

ℓ
−2

p,̺ )
), 1 ≤ ℓ ≤ q, (3.2)

where I = [0, T ]. In particular, when q ≥ ̺, we have by Minkowski inequality

‖v‖
Lq(I;Ḃ

s+ 2
q

p,̺ (Rn))
≤ C(‖v0‖Ḃs

p,̺
+ ‖f‖

Lℓ(I;Ḃ
s+2

ℓ
−2

p,̺ )
), 1 ≤ ℓ ≤ q. (3.3)

Proof. Applying △j to both sides of (3.1) and then multiplying both sides of this equation

by |△jv|
p−2△jv, we get

d

dt
△jv · |△jv|

p−2△jv − ∆△jv · |△jv|
p−2∆jv = △jf · |∆jv|

p−2△jv. (3.4)

We integrate the both sides of (3.4) and apply the divergence theorem to obtain

1

p

d

dt
‖△jv‖

p
p +

∫

Rn

∇△jv · ∇(|△jv|
p−2△jv) dx ≤ ‖△jf‖p‖△jv‖

p−1
p . (3.5)
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Since ∫

Rn

∇△jv · ∇(|△jv|
p−2△jv) dx =

4(p− 1)

p2

∫

Rn

|△jv|
p−2|∇△jv|

2 dx

=

∫

Rn

|∇(|△jv|
p
2 )|2 dx ≥ cp2

2j‖△jv‖
p
p, (3.6)

we have

d

dt
‖△jv‖p + 22jcp‖△jv‖p ≤ ‖△jf‖p. (3.7)

We integrate both sides of (3.7) with respect to t to get

‖△jv‖p ≤ e−22jcpt‖△jv0(x)‖p + e−22jcpt ∗ ‖△jf‖p. (3.8)

We take the Lq-norm with respect to t on interval I of both sides of (3.8) and by the

Young inequality one has

‖△jv‖Lq(I;Lp(Rn)) ≤ 2−
2j
q c

− 1
q

p ‖△jv0(x)‖p + 2−2j( 1
q −

1
ℓ +1)c

−( 1
q −

1
ℓ +1)

p ‖△jf‖Lℓ(I;Lp), (3.9)

which immediately implies

2js+ 2j
q ‖△jv‖Lq(I;Lp) ≤ C[2js‖△jv0(x)‖p + 2j(s+ 2

ℓ −2)‖△jf‖Lℓ(I;Lp)]. (3.10)

Now we take the ℓ̺-norm of both sides of (3.10) and arrive at (3.2). We thus complete

the proof of Proposition 3.1.

Using Bony’s paraproduct decomposition we estimate now the nonlinear term. Con-

sider two tempered distributions u(x, t) and v(x, t), then

uv = Tuv + Tvu+R(u, v). (3.11)

First we deal with the paraproduct terms Tuv or Tvu, in virtue of the Hölder inequality

and noting the equivalent definition of negative index Besov space
( ∑

j∈Z

2jsr‖Sju‖
r
Lq(I;Lp)

)1/r

≃
(∑

j∈Z

2jsr‖△ju‖
r
Lq(I;Lp)

)1/r

, (3.12)

for s < 0 (cf. [7]), we have the following lemma.

Lemma 3.1. (1) Choosing s, p, r such that Ḃs
p,r(R

n) is a Banach space, then we have

‖Tuv‖Lq/2(I;Ḃs
p,r) ≤ ‖u‖Lq(I;L∞)‖v‖Lq(I;Ḃs

p,r). (3.13)

(2) Let s1 < 0 and 1
r = 1

r1
+ 1

r2
, and choosing s2, p, r2 such that Ḃs2

p,r2
(Rn) is a Banach

space. Then

‖Tuv‖Lq/2(I;Ḃ
s1+s2
p,r )

≤ C‖u‖Lq(I;Ḃ
s1
∞,r1

)‖v‖Lq(I;Ḃ
s2
p,r2

). (3.14)

According to the definition of the space-time mixed Besov space, a straightforward

calculation shows the estimate of the remainder of the paraproduct.

Lemma 3.2. Let s1, s2 ∈ R, 1 ≤ p1, p2, p, r1, r2, r ≤ ∞ and 2 ≤ q ≤ ∞ such that

1

p
=

1

p1
+

1

p2
,

1

r
=

1

r1
+

1

r2
(3.15)
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and Lq(I; Ḃs1
p1,r1

), Lq(I; Ḃs2
p2,r2

) and Lq/2(I; Ḃs1+s2
p,r ) are Banach spaces. Assume 0 < s1 +

s2 <
n
p , then

‖R(u, v)‖
Lq/2(I;Ḃ

s1+s2
p,r )

≤ C‖u‖Lq(I;Ḃ
s1
p1,r1

)‖v‖Lq(I;Ḃ
s2
p2,r2

). (3.16)

Moreover, if s1 + s2 = 0 and 1
r1

+ 1
r2

= 1, then one has

‖R(u, v)‖Lq/2(I;Ḃ0
p,∞) ≤ C‖u‖Lq(I;Ḃ

s1
p1,r1

)‖v‖Lq(I;Ḃ
s2
p2,r2

). (3.17)

If s1 + s2 = n
p and r = 1, then

‖R(u, v)‖
Lq/2(I;Ḃ

n/p
p,1 )

≤ C‖u‖Lq(I;Ḃ
s1
p1,r1

)‖v‖Lq(I;Ḃ
s2
p2,r2

). (3.18)

We choose p1 = r1 = ∞, s1 = 0 in Lemma 3.2, noting the fact L∞ →֒ Ḃ0
∞,∞ and

Lq(I; Ḃ
n/p
p,1 ) →֒ Lq(I; Ḃ

n/p
p,1 ) →֒ Lq(I;L∞) for q ≥ 1, and combining with Lemma 3.1 we

can derive the following results:

Corollary 3.1. Let s be a real number such that s < n
p , q ≥ 2 and 1 ≤ p, r ≤ ∞. Then

we have

‖uv‖Lq/2(I;Ḃs
p,r) ≤ C‖u‖Lq(I;L∞)‖v‖Lq(I;Ḃs

p,r) + ‖u‖Lq(I;Ḃs
p,r)‖v‖Lq(I;L∞), (3.19)

and

‖uv‖
Lq/2(I;Ḃ

n/p
p,1 )

≤ C‖u‖
Lq(I;Ḃ

n/p
p,1 )

‖v‖
Lq(I;Ḃ

n/p
p,1 )

. (3.20)

Corollary 3.2. Let s1, s2 ∈ R, 1 ≤ pk, rk ≤ ∞ and 1 ≤ p, r ≤ ∞ be such that

sk <
n

pk
,

1

r1
+

1

r2
=

1

r
, p ≥ max(p1, p2) (3.21)

for k = 1, 2. If s1 + s2 > n( 1
p1

+ 1
p2

− 1
p ), then

‖uv‖
Lq/2(I;Ḃ

s1+s2−n( 1
p1

+ 1
p 2

− 1
p

)

p,r )
≤ C‖u‖Lq(I;Ḃ

s1
p1,r1

)‖v‖Lq(I;Ḃ
s2
p2,r2

). (3.22)

By means of Proposition 3.1 and Corollary 3.2, the Banach contraction mapping

principle immediately implies the global well-posedness of the Cauchy problem (1.1)–(1.4)

for small data (u0(x), b0(x)) ∈ Ḃ
n/p−1
p,r (Rn) and the local well-posedness for arbitrary data

(u0(x), b0(x)) ∈ Ḃ
n/p−1
p,r (Rn) for n ≥ 2.

Theorem 3.1. Let (u0, b0) ∈ Ḃ
n/p−1
p,r (Rn), 1 ≤ p < ∞, 2 < q ≤ ∞ and divu0 =

div b0 = 0.

(i) For 1 ≤ r ≤ ∞, there exists ε0 > 0 such that if ‖(u0, b0)‖Ḃ
n/p−1
p,r

< ε0, then

(1.1)–(1.4) has a unique solution (u, b) satisfying

(u, b) ∈ Cb(R
+; Ḃn/p−1

p,r ) ∩ Lq(R+; Ḃsp+2/q
p,r ), (3.23)

where sp = n
p − 1 > 1 − 4

q is a real number.

(ii) For 1 ≤ r < ∞, there exists a time T and a unique local solution to the system

(1.1)–(1.4) (u(x, t), b(x, t)) such that

(u, b) ∈ Cb([0, T ]; Ḃn/p−1
p,r ) ∩ Lq([0, T ]; Ḃ

n
p + 2

q −1
p,r ), (3.24)

where p, q satisfy n
2p + 2

q > 1.
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4. Serrin’s criterion on the Leray-Hopf weak solutions for MHD system. In

this section, we present a sketch of the proof of Serrin’s criterion on the Leray-Hopf weak

solutions for MHD system following the ideas contained in Lemarié’s book [21].

Theorem 4.1. Let (u0, b0) ∈ L2(Rn) with ∇ · u0(x) = ∇ · b0(x) = 0. Assume that there

exists a Leray-Hopf weak solution (u, b) with initial data (u0, b0) satisfying one of the

following space-time integrability conditions:

(i) For some r ∈ (n,∞], (u, b) ∈ Lq((0, T );Lr(Rn)), with 2
q = n( 1

n − 1
r ), for some

T > 0.

(ii) (u, b) ∈ L2([0, T );BMO(Rn)), for some T > 0.

(iii) There exists a constant δn > 0 such that ‖(u, b);L∞((0, T );Ln(Rn)‖ < δn.

Then (u, b) is a unique Leray-Hopf solution associated with initial data (u0, b0) on (0, T ).

Moreover, (u(t), b(t)) ∈ C([0, T );L2(Rn)) and satisfies the energy equality
∫

Rn

(|u|2 + |b|2) dx+ 2ν

∫ t

s

∫

Rn

|∇ ⊗ u|2 dx dt+ 2η

∫ T

0

∫

Rn

|∇ ⊗ b|2 dx dt

=

∫

Rn

(|u(s)|2 + |b(s)|2) dx, for all 0 ≤ s < t < T. (4.1)

Proof. (iii) is obvious and we omit its proof. Let (ũ, b̃) be another Leray-Hopf weak

solution associated with the initial datum (u0, b0). By the regularization method, we

easily get, by the formal computation

∂t

∫

Rn

uũ dx+ 2ν

∫

Rn

∇⊗ u · ∇ ⊗ ũ dx

=

∫

Rn

u(u · ∇)ũ dx−

∫

Rn

u(ũ · ∇)ũ dx+

∫

Rn

ũ(b · ∇)b dx+

∫

Rn

u(b̃ · ∇)b̃ dx,

and

∂t

∫

Rn

bb̃ dx+ 2η

∫

Rn

∇⊗ b · ∇ ⊗ b̃ dx

=

∫

Rn

b(u · ∇)b̃ dx−

∫

Rn

b(ũ · ∇)b̃ dx+

∫

Rn

b̃(b · ∇)u dx+

∫

Rn

b(b̃ · ∇)ũ dx,

which implies that

∂t

∫

Rn

(
uũ+ bb̃

)
dx+ 2ν

∫

Rn

∇⊗ u · ∇ ⊗ ũ dx+ 2η

∫

Rn

∇⊗ b · ∇ ⊗ b̃ dx

=

∫

Rn

u((u− ũ) · ∇)ũ dx+

∫

Rn

b((u− ũ) · ∇)b̃ dx

+

∫

Rn

ũ((b− b̃) · ∇)b dx+

∫

Rn

b̃((b− b̃) · ∇)u dx. (4.2)

Thanks to the energy inequality for (u, b) and (ũ, b̃)
∫

Rn

(|u|2 + |b|2) dx+ 2ν

∫ T

0

∫

Rn

|∇ ⊗ u|2 dx dt+ 2η

∫ T

0

∫

Rn

|∇ ⊗ b|2 dx dt

≤

∫

Rn

(|u0|
2 + |b0|

2) dx,
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and
∫

Rn

(|ũ|2 + |b̃|2) dx+ 2ν

∫ T

0

∫

Rn

|∇ ⊗ ũ|2 dx dt+ 2η

∫ T

0

∫

Rn

|∇ ⊗ b̃|2 dx dt

≤

∫

Rn

(|u0|
2 + |b0|

2) dx,

we easily verify that

‖u− ũ‖2
2 + ‖b− b̃‖2

2 = ‖u‖2
2 + ‖ũ‖2

2 + ‖b‖2
2 + ‖b̃‖2

2 − 2

∫

Rn

uũ dx− 2

∫

Rn

bb̃ dx

≤ −2ν

∫ t

0

∫

Rn

|∇ ⊗ u−∇⊗ ũ|2 dx dt− 2η

∫ t

0

∫

Rn

|∇ ⊗ b−∇⊗ b̃|2 dx dt

−

∫ t

0

∫

Rn

u((u− ũ) · ∇)ũ dx dt−

∫ t

0

∫

Rn

b((u− ũ) · ∇)b̃ dx dt

+

∫ t

0

∫

Rn

b((b− b̃) · ∇)ũ dx +

∫ t

0

∫

Rn

u((b− b̃) · ∇)b̃ dx dt

= −2ν

∫ t

0

∫

Rn

|∇ ⊗ (u− ũ)|2 dx dt− 2η

∫ t

0

∫

Rn

|∇ ⊗ (b− b̃)|2 dx dt

−

∫ t

0

∫

Rn

u((u− ũ) · ∇)(ũ− u) dx dt−

∫ t

0

∫

Rn

b((u− ũ) · ∇)(b̃− b) dx dt

+

∫ t

0

∫

Rn

b((b− b̃) · ∇)(ũ− u) dx dt+

∫ t

0

∫

Rn

u((b− b̃) · ∇)(b̃− b) dx dt

= −2ν

∫ t

0

∫

Rn

|∇ ⊗ (u− ũ)|2 dx dt− 2η

∫ t

0

∫

Rn

|∇ ⊗ (b− b̃)|2 dx dt

+I1 + I2 + I3 + I4, (4.3)

where we used the fact that
∫ t

0

∫

Rn

u((u− ũ) · ∇)u dx = 0,

∫ t

0

∫

Rn

b((u− ũ) · ∇)b dx = 0.

Let θ = n
r < 1, then

1

̺
=
r − 2

2r
=

1

2
−
θ

n
,

q − 2

2q
=

n

2r
=
θ

2
.

We apply the Hölder inequality with exponents r, 2, ̺ with respect to x ∈ R
n and q, 2,

2
θ with respect to t, respectively, the interpolation inequality and the Young inequality

to obtain

|I1| ≤

( ∫ t

0

‖u‖q
r dt

) 1
q
( ∫ t

0

∫

Rn

|∇ ⊗ (u− ũ)|2 dx dt

) 1
2
( ∫ t

0

( ∫

Rn

|ũ− u|̺ dx

) 2
̺θ

dt

) θ
2

≤ Cθ‖u‖Lq(I;Lr(Rn))‖∇ ⊗ (u− ũ)‖1+θ
L2(I×Rn) sup

t∈I
‖ũ− u‖1−θ

L2(Rn)

≤ Cθ

( ∫ t

0

‖u‖q
r dt

) 1
q
(

1 + θ

2
‖∇ ⊗ (u− ũ)‖2

L2(I×Rn) +
1 − θ

2
sup
t∈I

‖u− ũ‖2
2

)
, (4.4)
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and

|I2| ≤

( ∫ t

0

‖b‖q
r dt

) 1
q
( ∫ t

0

∫

Rn

|∇ ⊗ (b− b̃)|2 dx dt

) 1
2
( ∫ t

0

( ∫

Rn

|ũ− u|̺ dx

) 2
̺θ

dt

) θ
2

≤ Cθ‖b‖Lq(I;Lr(Rn))‖∇ ⊗ (b− b̃)‖L2(I×Rn)‖∇ ⊗ (u− ũ)‖θ
L2(I×Rn) sup

t∈I
‖ũ− u‖1−θ

L2(Rn)

≤ Cθ

(∫ t

0

‖b‖q
r dt

) 1
q
(

1 + θ

2
‖∇ ⊗ (b− b̃)‖

2
1+θ

L2(I×Rn)‖∇ ⊗ (u− ũ)‖
2θ

1+θ

L2(I×Rn)

+
1 − θ

2
sup
t∈I

‖u− ũ‖2
2

)

≤ Cθ

(∫ t

0

‖b‖q
r dt

) 1
q
(

1

2
‖∇ ⊗ (b− b̃)‖2

L2(I×Rn) +
θ

2
‖∇ ⊗ (u− ũ)‖2

L2(I×Rn)

+
1 − θ

2
sup
t∈I

‖u− ũ‖2
2

)
. (4.5)

In exactly the same way as leading to (4.4) and (4.5), we have

|I4| ≤

(∫ t

0

‖u‖q
r dt

) 1
q
(

1 + θ

2

∫ t

0

∫

Rn

|∇ ⊗ (b− b̃)|2 dx dt

+
1 − θ

2
sup
t∈I

‖b− b̃‖2
2

)
, (4.6)

and

|I3| ≤ Cθ

( ∫ t

0

‖b‖q
r dt

) 1
q
(

1

2
‖∇ ⊗ (u− ũ)‖2

L2(I×Rn) +
θ

2
|∇ ⊗ (b− b̃)‖2

L2(I×Rn)

+
1 − θ

2
sup
t∈I

‖b− b̃‖2
2

)
. (4.7)

We collect (4.3)–(4.7) to get

sup
t∈I

‖u− ũ‖2
2 + sup

t∈I
‖b− b̃‖2

2

≤ −2ν‖∇ ⊗ (u− ũ)‖2
L2(I×Rn) − 2η‖∇ ⊗ (b− b̃)‖2

L2(I×Rn)

+Cθ

[(∫ t

0

‖u‖q
r dt

) 1
q

+

( ∫ t

0

‖b‖q
r dt

) 1
q
]

×

[
1 + θ

2

(
‖∇ ⊗ (u− ũ)‖2

L2(I×Rn) + ‖∇ ⊗ (b− b̃)‖2
L2(I×Rn)

)

+
1 − θ

2

(
sup
t∈I

‖u− ũ‖2
2 + sup

t∈I
‖b− b̃‖2

2

)]
. (4.8)

Choosing a suitable small t > 0 such that

1 + θ

2
Cθ

[( ∫ t

0

‖u‖q
r dt

) 1
q

+

( ∫ t

0

‖b‖q
r dt

) 1
q
]
< min(2ν, 2η, 1),

this gives

(u, b) = (ũ, b̃), in I = [0, t]. (4.9)
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One repeats the above process to get (u, b) = (ũ, b̃) on [0, T ) provided that n < r ≤ ∞.

When q = ∞, r = n, we have to assume that

C1

[
sup
t∈I

‖u‖n + sup
t∈I

‖b‖n

]
< 1

to get the uniqueness. For any scale function g ∈ Ḣ1(Rn) and vector-valued function

f ∈ Ln(Rn) with ∇ · f = 0, the well-known div-curl theorem implies

‖f · ∇g‖H1 ≤ C‖f‖2‖∇g‖2, (4.10)

where H1 denotes the Hardy space. This gives the following estimates:

|I1| ≤

( ∫ t

0

‖u‖2
BMO dt

) 1
2
( ∫ t

0

‖((ũ− u) · ∇)(u− ũ)‖2
H1 dt

) 1
2

(4.11)

≤ C0‖u‖L2(I;BMO)‖∇ ⊗ (u− ũ)‖L2(I×Rn) sup
t∈I

‖ũ− u‖L2

≤
C0

2

( ∫ t

0

‖u‖2
BMO dt

) 1
2
(
‖∇ ⊗ (u− ũ)‖2

L2(I×Rn) + sup
t∈I

‖u− ũ‖2
2

)
,

|I2| ≤
C0

2

(∫ t

0

‖b‖2
BMO dt

) 1
2
(
‖∇ ⊗ (b− b̃)‖2

L2(I×Rn) + sup
t∈I

‖u− ũ‖2
2

)
, (4.12)

|I3| ≤
C0

2

(∫ t

0

‖b‖2
BMO dt

) 1
2
(
‖∇ ⊗ (u− ũ)‖2

L2(I×Rn) + sup
t∈I

‖b− b̃‖2
2

)
, (4.13)

|I4| ≤
C0

2

( ∫ t

0

‖u‖2
BMO dt

) 1
2
(
‖∇ ⊗ (b− b̃)‖2

L2(I×Rn) + sup
t∈I

‖b− b̃‖2
2

)
, (4.14)

which implies

sup
t∈I

‖u− ũ‖2
2 + sup

t∈I
‖b− b̃‖2

2

≤ −2ν‖∇ ⊗ (u− ũ)‖2
L2(I×Rn) − 2η‖∇ ⊗ (b− b̃)‖2

L2(I×Rn)

+
C0

2

[( ∫ t

0

‖u‖2
BMO dt

) 1
2

+

( ∫ t

0

‖b‖2
BMO dt

) 1
2
]
×

×

[
‖∇ ⊗ (u− ũ)‖2

L2(I×Rn) + ‖∇ ⊗ (b− b̃)‖2
L2(I×Rn)

+ sup
t∈I

‖u− ũ‖2
2 + sup

t∈I
‖b− b̃‖2

2

]
.

This gives the uniqueness of the Leray-Hopf weak solutions associated to the initial data

(u0(x), b0(x)) in the case of (u, b) ∈ L2([0, T ); BMO(Rn)).

Remark 4.1. (i) Similarly to the case of the Navier-Stokes equations, Theorem 4.1 gives

(u, b) ∈ C∞((0, T ) × R
n) by the equivalence between uniqueness and regularity.

(ii) When n = 2, Ḣ1(R2) →֒ BMO(R2). Hence, the Leray-Hopf weak solution associ-

ated with the initial data (u0(x), b0(x)) is unique and regular.

(iii) If the Leray-Hopf weak solution (u, b) ∈ C([0, T ), Ln), then it is unique and

regular.
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(iv) When n ≥ 4, the Leray-Hopf weak solution is unique and regular, provided that

(u, b) ∈ L∞([0, T ), Ln). The proof is similar to the case of the Navier-Stokes equations,

see Chap. 28 in [21].

(v) When n = 3, is the Leray-Hopf weak solution unique and regular, provided that

(u, b) ∈ L∞([0, T ), L3)? This is also an open problem.

5. Uniqueness and regularity criterion based on fluid vorticity and electri-

cal current in BMO and Besov spaces. Similarly to the case of the Navier-Stokes

equations [2, 4, 19, 31], we establish the uniqueness or regularity criterion for the MHD

system (1.1)–(1.4).

Theorem 5.1. Let (u0(x), b0(x)) ∈ L2(Rn) with ∇ · u0 = ∇ · b0 = 0, and suppose that

(u, b) ∈ L∞((0, T );L2(Rn)) ∩ L2((0, T ); Ḣ1(Rn)) is a Leray-Hopf weak solution which

satisfies the energy inequality
∫

Rn

(|u(t)|2 + |b(t)|2) dx+ 2ν

∫ t

0

∫

Rn

|∇ ⊗ u|2 dx dt+ 2η

∫ t

0

∫

Rn

|∇ ⊗ b|2 dx dt

≤

∫

Rn

(|u(s)|2 + |b(s)|2) dx, for a.e. t ≥ 0 and s ≤ t. (5.1)

(i) Assume that the solution (u, b) satisfies
( ∫ T

0

‖ω‖q
r dt

) 1
q

<∞,

( ∫ T

0

‖j‖q
r dt

) 1
q

<∞, (5.2)

where (q, r) ∈ Λ̃1 with r 6= n
2 . Then the solution (u, b) is smooth on (0, T ].

(ii) More generally for the endpoint case, if we assume that the solution (u, b) satisfies
∫ T

0

‖ω‖Ḃ0
∞,∞

dt <∞,

∫ T

0

‖j‖Ḃ0
∞,∞

dt <∞, (5.3)

then the solution (u, b) is smooth on (0, T ].

Remark 5.1. (i) Since

L2([0, T );L2(Rn)) ∩ L∞([0, T ); Ḣ1(Rn)) →֒ L2([0, T );L4(Rn)), n ≤ 4,

one easily verifies that each Leray-Hopf weak solution satisfies the strong type energy

inequality (5.1), see [21] for the proof.

(ii) By means of the boundedness of singular integral operators in Besov spaces and

∇u = (−△)−1∇rotω, ∇b = (−△)−1∇rot j

one easily shows that (5.2) and (5.3) are equivalent to
( ∫ T

0

‖∇u‖q
r dt

) 1
q

<∞,

( ∫ T

0

‖∇b‖q
r dt

) 1
q

<∞,

and ∫ T

0

‖∇u‖Ḃ0
∞,∞

dt <∞,

∫ T

0

‖∇b‖Ḃ0
∞,∞

dt <∞,

respectively.
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(iii) Let (u, b) ∈ L∞((0, T ) × R
n) be a Leray-Hopf weak solution of MHD equations,

then (u, b) ∈ C∞((0, T )×R
n). The proof is similar to that for the Navier-Stokes equations,

see [21] for details.

Proof of Theorem 5.1. For any (q, r) ∈ Λ1 with n
2 < r ≤ ∞, we choose

1

r1
=

1

r
−

1

n
,

so that (q, r1) ∈ Λ. This fact and the Sobolev embedding theorem imply that u ∈

Lq(I;Lr1) and so we obtain the u(t, x) ∈ C∞((0, T ] × R
n) by the Serrin type regularity

criterion, see Section 4.

Formal computations yield

1

n

d

dt

∫

Rn

[|u|n + |b|n] dx+
4(n− 1)

n2

[
ν

∫

Rn

|∇(|u|
n
2 )|2 dx+ η

∫

Rn

|∇(|b|
n
2 )|2 dx

]

=

∫

Rn

(b · ∇)b · |u|n−2u dx+

∫

Rn

(b · ∇)u · |b|n−2b dx−

∫

Rn

(u · ∇Π)|u|n−2 dx

= I1 + I2 + I3. (5.4)

We apply the Hölder inequality with exponents ( nr
2r−n ,

n
n−2 , r), and the interpolation

theorem to obtain

|I1| ≤ ‖b‖ 2nr
2r−n

‖u‖ 2nr
2r−n

‖u‖n−2
n ‖∇b‖r

≤ C‖b‖
2(r−n)
2r−n

n ‖u‖
n−2+ 2(r−n)

2r−n
n ‖b‖

n
2r−n

2r ‖u‖
n

2r−n

2r ‖∇b‖r

≤ C‖b‖
4r−3n

2(2r−n)
n ‖u‖

n−2+ 4r−3n
2(2r−n)

n ‖∇b‖
4r−n

2(2r−n)
r ‖∇u‖

n
2(2r−n)
r

≤ C(‖u‖n + ‖b‖n)n(1− 1
2r−n )

(
‖∇u‖

2r
2r−n
r + ‖∇b‖

2r
2r−n
r

)
. (5.5)

In the same way as in the proof of (5.5), one gets

|I2| ≤ C(‖u‖n + ‖b‖n)n(1− 1
2r−n )

(
‖∇u‖

2r
2r−n
r + ‖∇b‖

2r
2r−n
r

)
. (5.6)

For the estimate of I3, we have to apply the Calderón-Zygmund inequality, Hölder

inequality and the interpolation theorem to obtain

|I3| =

∣∣∣∣ − (n− 2)

∫

Rn

Π∇u|u|n−2 dx

∣∣∣∣ ≤ (n− 2)‖∇u‖r‖u‖
n−2
n ‖Π‖ rn

2r−n

≤ C|∇u‖r‖u‖
n−2
n

[
‖u‖2

2rn
2r−n

+ ‖b‖2
2rn

2r−n

]

≤ C(‖u‖n + ‖b‖n)n(1− 1
2r−n )

(
‖∇u‖

2r
2r−n
r + ‖∇b‖

2r
2r−n
r

)
. (5.7)

Let δ = 1
2r−n , putting (5.5)–(5.7) into (5.4) and integrating both sides of (5.4), we have

‖u‖n
n + ‖b‖n

n +
4(n− 1)

n

[
ν

∫ T

0

∫

Rn

|∇(|u|
n
2 )|2 dx+ η

∫ T

0

∫

Rn

|∇(|b|
n
2 )|2 dx

]

≤ ‖u0‖
n
n + ‖b0‖

n
n + C

∫ T

0

(‖u‖n + ‖b‖n)n(1−δ)
(
‖∇u‖

2r
2r−n
r + ‖∇b‖

2r
2r−n
r

)
dt



78 M. CANNONE ET AL.

≤ ‖u0‖
n
n + ‖b0‖

n
n +

1

2
sup

t∈[0,T ]

‖u‖n
n +

1

2
sup

t∈[0,T ]

‖b‖n
n

+ C

[
‖∇u‖

q
δ

Lq(I;Lr(Rn)) + ‖∇b‖
q
δ

Lq(I;Lr(Rn))

]
, q =

2r

2r − n

by the Young inequality. Taking the L∞-norm with respect to t of both sides of the above

inequality, we arrive at

‖u‖n
L∞(I;Ln(Rn)) + ‖b‖n

L∞(I;Ln(Rn))

+
4(n− 1)

n

[
ν

∫ T

0

∫

Rn

|∇(|u|
n
2 )|2 dx+ η

∫ T

0

∫

Rn

|∇(|b|
n
2 )|2 dx

]

≤ 2‖u0‖
n
n + 2‖b0|

n
n + C

[
‖∇u‖

q
δ

Lq(I;Lr(Rn) + ‖∇b‖
q
δ

Lq(I;Lr(Rn)

]
, (5.8)

where 2
q = n( 2

n − 1
r ), i.e. (q, r) ∈ Λ̃1. Hence

(u, b) ∈ L∞(I;Ln(Rn)) (5.9)

by the conditions in Theorem 5.1. In particular, we have for r = ∞ or δ = 0

‖u‖n
n + ‖b‖n

n +
4(n− 1)

n

[
ν

∫ T

0

∫

Rn

|∇(|u|
n
2 )|2 dx+ η

∫ T

0

∫

Rn

|∇(|b|
n
2 )|2 dx

]

≤ ‖u0‖
n
n + ‖b0|

n
n + C

∫ T

0

(‖u‖n + ‖b|n)n
(
‖∇u‖∞ + ‖∇b‖∞

)
dt. (5.10)

so we also get (5.9) by the Gronwall inequality.

On the other hand, one easily verifies that (5.9) and (5.10) imply

ν

∫ T

0

∫

Rn

|∇(|u|
n
2 )|2 dx+ η

∫ T

0

∫

Rn

|∇(|b|
n
2 )|2 dx <∞. (5.11)

Thanks to the Sobolev embedding theorem, we have

u
n
2 , b

n
2 ∈ L2((0, T );L

2n
n−2 (Rn)) i.e. (u, b) ∈ Ln([0, T );L

n2

n−2 (Rn)). (5.12)

We now apply the interpolation theorem to (5.9) and (5.12) to obtain

(u, b) ∈ Lq1(I;Lr1(Rn)), (q1, r1) ∈ Λ, (5.13)

where
1

q1
=

θ

∞
+

1 − θ

n
,

1

r1
=
θ

n
+

(n− 2)(1 − θ)

n2
, 0 < θ < 1.

Now we are in a position to prove (i) in Theorem 5.1. By the well-known existence

theory, for each ε > 0, there exists 0 < t0 < ε such that

(u(t0), b(t0)) ∈ Lr(Rn), n < r ≤
n2

n− 2
. (5.14)

Thus, we solve the MHD equations with the initial datum (u(t0), b(t0)) and get the

existence of a smooth solution such that (u(t), b(t)) ∈ C([t0, T );Lr(Rn)) by Theorem 2.1

and Theorem 2.2, where I = [0, T ) is the largest existence interval. If T < ∞, then for

any r > n,

‖b(τ )‖r + ‖u(τ )‖r ≥
C

(T − τ )
r−n
2r

. (5.15)
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Now we restrict r ≤ n2

n−2 , and construct q such that (q, r, n) is an admissible triplet, then

∞ =

∫ T

t0

Cq

(T − τ )
q(r−n)

2r

dτ ≤

∫ T

t0

[‖u‖q
r + ‖b‖q

r]dτ <∞. (5.16)

This contradicts (u(t), b(t)) ∈ Lq([t0, T );Lr(Rn)), and we can extend (u(t), b(t)) to t > T .

Thus, we proved that (u(t), b(t)) ∈ C∞((0, T ] × R
n).

Remark 5.2. In general, we have to assume that the initial condition (u0(x), b0(x)) ∈

Lp(Rn) ∩ L2(Rn) with p ≥ n in R
n. But, when n = 3 or n = 4, there exists a sufficiently

small η > 0 such that

(u(η), b(η)) ∈ H1(Rn) →֒ Ln(Rn),

so we can remove the condition (u0(x), b0(x)) ∈ Lp(Rn), p ≥ n.

To prove the (ii) of Theorem 5.1, we first introduce the so-called logarithmic Sobolev

inequality in Besov space which can be proved by the Littlewood-Paley decomposition

technique, see [19] for details.

Proposition 5.1 (Logarithmic Sobolev inequality in Besov space).

(i) Let p, ρ, ̺ ∈ [1,∞], q ∈ [1,∞), s > n
q , then

‖f‖∞ ≤ C(1 + ‖f‖
Ḃ

n
p

p,ρ

(log+ ‖f‖Bs
q,̺

)1−
1
ρ ), ∀f ∈ Ḃ

n
p
p,ρ ∩Bs

q,̺, (5.17)

where

log+ t =

{
log t, t > e

1, 0 ≤ t ≤ e.

(ii) Let p, q, ρ, ̺, ν ∈ [1,∞], ν ≤ min(ρ, ̺), 1
q = 1

p − s
n , 1 ≤ r ≤ q satisfy

1

r
−
s1
n
>

1

q
>

1

r
−
s2
n
.

Then for each f ∈ Ḃs1
r,̺ ∩ Ḃs2

r,̺,

‖f‖Ḃ0
q,ν

≤ C(1 + ‖f‖Ḃs
p,ρ

log+(‖f‖Ḃ
s1
r,̺

+ ‖f‖Ḃ
s2
r,̺

)
1
ν − 1

ρ ). (5.18)

We first show that the weak solution satisfying the regularity assumption (5.3) or

more general regularity conditions (u, b) ∈ Lq(I; Ḃ0
r,∞), (q, r) ∈ Λ̃1, coincides with the

smooth solution constructed from the integral equation in a time interval. By means of

Theorem 2.1 or Theorem 2.2, for initial data (ũ0(x), b̃0(x)) ∈ Ln ∩H1, there exist T̃ > 0

and a strong solution (ũ(t), b̃(t)) of the MHD equations (1.1)–(1.4) or (2.19) such that

(ũ(t), b̃(t)) ∈ C([0, T̃ );Ln ∩H1), T̃ = T̃ (‖ũ0(x)‖n, ‖b̃0(x)‖n).

Moreover, (u, b) satisfies the following regularity property

(ũ(t), b̃(t)) ∈ C((0, T̃ );Hs), ∀s ≥ 1.

Secondly, (u, b) ∈ L2((0, T );H1(Rn)) together with the regularity condition

∇× u,∇× b ∈ L1((0, T ); Ḃ0
∞,∞)) (5.19)

yields

(u(ε), b(ε)) ∈ Ḃ0
∞,1 ∩H

1 →֒ Ln ∩H1, a.e. ε ∈ (0, T ). (5.20)
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In fact, making use of the interpolation relation Ḃs
t,ρ =

(
Ḃ1

∞,∞, Ḃ
0
2,2

)
s
, where

s =
n

n+ 2
,

1

t
=

1

ρ
=

1 − s

2
, (5.21)

we show that by Proposition 5.1

‖f‖Ḃ0
∞,1

≤ C(1 + ‖f‖Ḃs
ρ,ρ

log+(‖f‖Ḃ
s1
∞,∞

+ ‖f‖Ḃ
s2
∞,∞

)), (5.22)

where f ∈ Ḃs1
∞,∞ ∩ Ḃs2

∞,∞, s1 < 1 − n
2 , and s2 = 1.

Finally, if we solve the MHD equations (1.1)–(1.4) with the initial data (ũ0(ε), b̃0(ε)) =

(u(ε), b(ε)) ∈ Ln ∩H1, then there exist T̃ε > 0 and a strong solution (ũ(t), b̃(t)) on [ε, T̃ε)

such that

(ũ(t), b̃(t)) ∈ C([ε, T̃ε);L
n ∩H1) ∩ Lq([ε, T̃ε);L

r(Rn)), (5.23)

where (q, r, n) be any admissible triplet r > n. Obviously, (ũ(t), b̃(t)) is smooth by the

Serrin criterion, please refer to Section 4.

Note that the weak solution (u, b) satisfies the energy inequality
∫

Rn

(|u(t)|2 + |b(t)|2) dx+ 2ν

∫ t

ε

∫

Rn

|∇ ⊗ u|2 dx dt+ 2η

∫ t

ε

∫

Rn

|∇ ⊗ b|2 dx dt

≤

∫

Rn

(|u(ε)|2 + |b(ε)|2) dx, ε ≤ t ≤ T.

Serrin’s uniqueness criterion implies that

u ≡ ũ(t), t ∈ (ε, T̃ε), (5.24)

(ũ(t), b̃(t)) ∈ C([ε, T̃ε);L
n ∩H1) ∩ C1((ε, T̃ε);H

s) ∀s ≥ 1. (5.25)

Therefore u(t) is regular on (ε, T̃ε). If T ≤ T̃ε, the proof is complete. Otherwise, we

continue the above argument until it fails.

Now we only prove the regularity of (u(t), b(t)) at t = T using a similar argument as in

[19] for the case of Navier-Stokes equations. Choosing a suitable multiindex |α| > n
2 + 1,

one gets 



∂t∂
αu+ ∂α(u · ∇)u = −∇∂αΠ + ∂α(b · ∇b) + ν∆∂αu,

∂t∂
αb+ ∂α(u · ∇)b = ∂α(b · ∇)u+ η∆∂αb,

∇ · u = ∇ · b = 0,

(5.26)

We multiply by ∂αu and ∂αb both sides of the first two equations in (5.26), respec-

tively, for some integer |α| > n
2 + 1, and integrate by parts over R

n to obtain

d

dt

[
‖∂αu‖2

2 + ‖∂αb‖2
2

]
+ 2ν‖∇∂αu‖2

2 + 2η‖∇∂αb‖2
2

= −2(∂α(u · ∇)u, ∂αu) − 2(∂α(u · ∇)b, ∂αb)

+2(∂α(b · ∇)b, ∂αu) + 2(∂α(b · ∇)u, ∂αb)

, I1 + I2 + I3 + I4. (5.27)

Since

(u · ∇∂αu, ∂αu) = (u · ∇∂αb, ∂αb) = 0, (5.28)
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one verifies that by Morse type estimate

I1 ≤ 2|(∂α(u · ∇u), ∂αu)| = 2|(∂α(u · ∇)u− u · ∇∂αu, ∂αu)|

≤ C
[
‖u‖H|α|‖∇u‖∞ + ‖∇u‖∞‖∇u‖H|α|−1

]
‖u‖H|α|

≤ C‖∇u‖∞‖u‖2
H|α| , (5.29)

and

I2 ≤ C
[
‖u‖H|α|‖∇b‖∞ + ‖∇u‖∞‖∇b‖Hs−1

]
‖u‖H|α|

≤ C
[
‖∇u‖∞ + ‖∇b‖∞

]
(‖u‖2

H|α| + ‖b‖2
H|α|). (5.30)

On the other hand, in view of
∫

Rn

[
(b · ∇)∂αb∂αu+ (b · ∇)∂αu∂αb

]
dx = 0, (5.31)

we show that

I3 + I4 =

∫

Rn

{∂α(b · ∇)b− (b · ∇∂αb)}∂αu dx

+

∫

Rn

{∂α(b · ∇)u− (b · ∇∂αu)}∂αb dx

≤ C
[
‖∇u‖∞ + ‖∇b‖∞

]
(‖u‖2

H|α| + ‖b‖2
H|α|),

which implies

d

dt

[
‖∂αu‖2

2 + ‖∂αb‖2
2

]
+ 2ν‖∇∂αu‖2

2 + 2η‖∇∂αb‖2
2

≤ C
[
‖∇u‖∞ + ‖∇b‖∞

]
(‖u‖2

H|α| + ‖b‖2
H|α|). (5.32)

In the same way as leading to (5.32), it follows that

d

dt
[‖u‖2

2 + ‖b‖2
2] + 2ν‖∇u‖2

2 + 2η‖∇b‖2
2 ≤ C[‖∇u‖∞ + ‖∇b‖∞](‖u‖2

2 + ‖b‖2
2). (5.33)

(5.32) and (5.33) together with the Gronwall inequality imply

‖(u(t), b(t))‖H|α| ≤ ‖(u0, b0)‖H|α| exp

(
C

∫ t

0

[
‖∇u‖∞ + ‖∇b‖∞

]
ds

)
.

Note that

‖(∇u,∇b)‖∞ ≤ C(1 + ‖(∇u,∇b)‖Ḃ0
∞,∞

(1 + log+ ‖(u, b)‖H|α|)), (5.34)

and

(∇u,∇b) = C(∇× u,∇× b) + P((∇× u,∇× b)), (5.35)

it follows that

‖(∇u,∇b)‖∞ ≤ C(1 + ‖(∇× u,∇× b)‖Ḃ0
∞,∞

(1 + log+ ‖(u, b)‖H|α|)). (5.36)

Let Z(t) = log(e+ ‖(u, b)‖H|α|), then

Z(t) ≤ Z(0) + CT +

∫ t

0

‖(∇× u,∇× b)‖Ḃ0
∞,∞

Z(s) ds. (5.37)



82 M. CANNONE ET AL.

This along with the Gronwall inequality yields

Z(t) ≤ (Z(0) + CT ) exp

( ∫ t

0

‖(∇× u,∇× b)‖Ḃ0
∞,∞

ds

)
.

Hence, we have

‖(u(t), b(t))‖H|α| ≤ C(‖(u0, b0)‖H|α| + e)A(t) exp(CTA(t)), ∀t ∈ (0, T ], (5.38)

where

A(t) =

∫ t

0

‖(∇× u,∇× b)‖Ḃ0
∞,∞

ds. (5.39)

Therefore it is possible to extend the strong solution past T , see also [36]. The proof of

Theorem 5.1 is thus completed.

Remark 5.3. We can get the same result in the framework of BMO spaces if we substi-

tute (5.34) with

‖(∇u,∇b)‖∞ ≤ C(1 + ‖(∇u,∇b)‖BMO(1 + log+ ‖(u, b)‖H|α|)).

Beale-Kato-Majda [1] and Kozono-Taniuchi [18] showed that for 1 < r <∞,

‖f‖∞ ≤ C
{
1 + ‖f‖BMO

(
log(e+ ‖f‖W s,r)

)}
, f ∈W s,r, s >

n

r
, (5.40)

and

‖∇u‖∞ ≤ C
{
1 + ‖rot u‖BMO

(
log(e+ ‖u‖W s+1,r)

)}
,

u ∈W s+1,r with divu = 0 , s >
n

r
, (5.41)

‖f∇g‖r ≤ C
{
‖f‖r‖∇g‖BMO + ‖∇f‖BMO‖g‖r

}
,

f, g ∈W 1,r, ∇f,∇g ∈ BMO, (5.42)

‖∂αf∂βg‖r ≤ C‖f‖BMO‖(−∆)
|α|+|β|

2 g‖r + C‖g‖BMO‖(−∆)
|α|+|β|

2 f‖r,

f, g ∈ BMO ∩W |α|+|β|,r , C = C(n, r, α, β), (5.43)

By the above inequalities we can derive the regularity criterion in the framework of BMO

spaces based on u and b. In detail, (u, b) ∈ C∞((0, T ) × R
n) if

∫ T

0

[‖u‖2
BMO + ‖b‖2

BMO] dt <∞. (5.44)

In fact, by means of (5.42), (5.43) together with the Hölder inequality, it follows that

|(∂α(u · ∇)u, ∂αu)| ≤ ‖∂α(u · ∇)u‖2‖∂
αu‖2

≤ ‖u‖BMO‖∂
|α|+1u‖2‖∂

αu‖2

≤ C(ν)‖u‖2
BMO‖∂

αu‖2
2 +

ν

4
‖∂|α|+1u‖2

2, (5.45)

|(∂α(u · ∇)b, ∂αb)| ≤ ‖u‖BMO‖∇
α+1b‖2‖∂

αb‖2 + ‖∇|α|+1u‖2‖b‖BMO‖∂
αb‖2

≤ C(ν, η)(‖u‖2
BMO + ‖b‖2

BMO)‖∂|α|u‖2
2

+
ν

4
‖∇|α|+1u‖2

2 +
η

4
‖∇|α|+1b‖2

2, (5.46)



THE CAUCHY PROBLEM FOR MHD 83

|(∂α(b · ∇)b, ∂αu)| ≤ ‖b‖BMO‖∂
|α|+1b‖2‖∂

αu‖2

≤ C(η)‖b‖2
BMO‖∂

αu‖2
2 +

η

4
‖∂|α|+1b‖2

2, (5.47)

and

|(∂α(b · ∇)u, ∂αb)| ≤ ‖b‖BMO‖∇
α+1u‖2‖∂

αb‖2 + ‖∇|α|+1b‖2‖u‖BMO‖∂
αb‖2

≤ C(ν, η)(‖u‖2
BMO + ‖b‖2

BMO)‖∂|α|u‖2
2

+
ν

4
‖∇|α|+1u‖2

2 +
η

4
‖∇|α|+1b‖2

2. (5.48)

Collecting (5.27), (5.45)–(5.48) we easily show the regularity result in the framework of

BMO space, see also [37].

6. Uniqueness and regularity criterion in the framework of mixed space-time

Besov space. We shall apply Tao’s trichotomy method to study the regularity of solu-

tions to the MHD equations.

Localizing the MHD equations (1.1)–(1.3), we obtain the following equations for j =

1, 2, . . . , n:




∂t△ku
j − ν∆△ku

j + △k(ui∂iu
j) = −∂j△kΠ + △k(bi∂ib

j),

∂t△kb
j − η∆△kb

j + △k(ui∂ib
j) = △k(bi∂iu

j),

Π = RiRm(uium) −RiRm(bibm),

∇ · u = ∇ · b = 0.

(6.1)

Multiplying by |△ku
j |r−2△ku

j and |△kb
j |r−2△kb

j both sides of the first two equa-

tions of (6.1), respectively, and integrating with respect to x over R
n, one gets

1

r

d

dt

∫

Rn

|△ku
j |r dx+

1

r

d

dt

∫

Rn

|△kb
j |r dx

+ (r − 1)ν

∫

Rn

|∇△ku
j |2|△ku

j |r−2 dx+ (r − 1)η

∫

Rn

|∇△kb
j |2|△kb

j |r−2 dx

= −

∫

Rn

△k(ui∂iu
j)|△ku

j |r−2△ku
j dx+

∫

Rn

△k(bi∂ib
j)|△ku

j |r−2△ku
j dx

−

∫

Rn

∂j△k(Π)|△ku
j |r−2△ku

j dx−

∫

Rn

△k(ui∂ib
j)|△kb

j |r−2△kb
j dx

+

∫

Rn

△k(bi∂iu
j)|△kb

j |r−2△kb
j dx

, I1 + I2 + I3 + I4 + I5.

For the notational convenience, we denote
∑

|λ−k|≤m

△λ , △̃k,m.

From the generalized Bernstein estimates
∫

Rn

|∇△ku
j |2|△ku

j |r−2 dx ∼ 22k

∫

Rn

|△ku
j |r dx
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it follows that

1

r

d

dt

∫

Rn

[|△ku
j |r + |△kb

j |r] dx+ 22kC

∫

Rn

[|△ku|
r + |△kb|

r] dx

≤ I1 + I2 + I3 + I4 + I5. (6.2)

By the Littlewood-Paley trichotomy decomposition, we have by taking f = ui, g = ∂iu
j

I1 =

∫

Rn

△k(ui∂iu
j)|△ku

j |r−2△ku
j dx

=
∑

ℓ<k−5

∫

Rn

△k

(
△̃k,3u

i△ℓ(∂iu
j)

)
|△ku

j |r−2△ku
j dx

+
∑

ℓ<k−5

∫

Rn

△k

(
△ℓu

i△̃k,3∂iu
j
)
|△ku

j |r−2△ku
j dx

+

∫

Rn

△k

(
△̃k,5u

i△̃k,5∂iu
j
)
|△ku

j |r−2△ku
j dx

+
∑

ℓ,or ℓ′>k+5
|ℓ−ℓ′|≤3

∫

Rn

△k

(
△ℓu

i△ℓ′∂iu
j
)
|△ku

j |r−2△ku
j dx

, I(1) + II(1) + III(1) + IV (1). (6.3)

We have

I(1) .
∑

ℓ<k−5

∥∥△̃k,3u
∥∥

r
‖△ku‖

r−1
r ‖△ℓ(∂xi

u)‖∞

.
∥∥△̃k,3u

∥∥
r
‖△ku‖

r−1
r

∑

ℓ<k−5

2( n
r̃ +1)ℓ‖△ℓu‖r̃,

III(1) .
∥∥△̃k,5u

∥∥
r
‖△ku‖

r−1
r

k+5∑

ℓ=k−5

2( n
r̃ +1)ℓ‖△ℓu‖r̃.

Since

△k(△ℓu
i△ℓ′(∂iu

j)) = ∂i(△k(△ℓu
i(△ℓ′u

j))),

it follows that

IV (1) . 2k‖△ku‖∞‖△ku‖
r−2
r

∑

ℓ, or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′u‖r

. 2( n
r̃ +1)k‖△ku‖r̃‖△ku‖

r−2
r

∑

ℓ, or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′u‖r.

Now we are in a position to estimate II(1). Since
∫

Rn

△ℓu
i△k(△̃k,3∂iu

j)|△ku
j |r−2△ku

j dx =

∫

Rn

△ℓu
i△k(∂iu

j)|△ku
j |r−2△ku

j dx

=

∫

Rn

△ℓu
i∂i△ku

j |△ku
j |r−2△ku

j dx

=
1

2

∫

Rn

△ℓu
i∂i|△ku

j |2|△ku
j |r−2 dx

= r

∫

Rn

△ℓu
i∂i(|△ku

j |2|)
r
2 dx = 0,
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and

‖△k(△ℓu
i△̃k,3∂iu

j) −△ℓu
i△k(△̃k,3∂iu

j)‖p . ‖△ℓ∇u‖∞
∥∥△̃k,3u

∥∥
r

. 2( n
r̃ +1)ℓ‖△ℓu‖r̃‖△̃k,3u‖r,

we easily verify that

II(1) .
∑

ℓ<k−5

∫

Rn

{
△k(△ℓu

i△̃k,3∂iu
j) −△ℓu

i△k(△̃k,3∂iu
j)

}
|△ku

j |r−2△ku
j dx

.
∥∥△̃k,3u

∥∥
r
‖△ku‖

r−1
r

∑

ℓ<k−5

2( n
r̃ +1)ℓ‖△ℓu‖r̃.

Putting estimates of I(1), II(1), III(1), IV (1) into (6.3), one gets

|I1| .
∑

ℓ<k+5

2( n
r̃ +1)ℓ‖△ℓu‖r̃‖△ku‖

r−2
r

×

[ k+5∑

m=k−5

‖△mu‖
2
r +

∑

ℓ, or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′u‖r

]
. (6.4)

Secondly, we estimate I4

I4 =

∫

Rn

△k(ui∂ib
j)|△kb

j |r−2△kb
j dx

=
∑

ℓ<k−5

∫

Rn

△k(△̃k,3u
i△ℓ(∂ib

j))|△kb
j |r−2△kb

j dx

+
∑

ℓ<k−5

∫

Rn

△k(△ℓu
i△̃k,3∂ib

j)|△kb
j |r−2△kb

j dx

+

∫

Rn

△k

(
△̃k,5u

i△̃k,5∂ib
j
)
|△kb

j |r−2△kb
j dx

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

∫

Rn

△k

(
△ℓu

i△ℓ′∂ib
j
)
|△kb

j |r−2△kb
j dx

, I(4) + II(4) + III(4) + IV (4). (6.5)

It follows that

I(4) .
∑

ℓ<k−5

‖△̃k,3u‖r‖△kb‖
r−1
r ‖△ℓ(∂xi

b)‖∞

.‖△̃k,3u‖r‖△kb‖
r−1
r

∑

ℓ<k−5

2( n
r̃ +1)ℓ‖△ℓb‖r̃,

III(4) . ‖△̃k,5u‖r‖△kb‖
r−1
r

k+5∑

ℓ=k−5

2( n
r̃ +1)ℓ‖△ℓb‖r̃.

Since

△k(△ℓu
i△ℓ′∂ib

j) = ∂i(△k(△ℓu
i△ℓ′b

j),
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it follows by the Hölder inequality

IV (4) ≤ C2k‖△kb‖∞‖△kb‖
r−2
r

∑

ℓ, or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′b‖r

≤ C2( n
r̃ +1)k‖△kb‖r̃‖△kb‖

r−2
r

∑

ℓ, or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′b‖r.

Now we are in a position to estimate II(4). Since∫

Rn

△ℓu
i△k(△̃k,3∂ib

j)|△kb
j |r−2△kb

j dx =

∫

Rn

△ℓu
i△k(∂ib

j)|△kb
j |r−2△kb

j dx

= r

∫

Rn

△ℓu
i∂i(|△kb

j |2|)
r
2 dx = 0,

and

‖△k(△ℓu
i△̃k,3∂ib

j) −△ℓu
i△k(△̃k,3∂ib

j)‖p ≤ C‖△ℓ∇u‖∞‖△̃k,3b‖r

≤ C2( n
r̃ +1)ℓ‖△ℓu‖r̃‖△̃k,3b‖r,

we easily verify that

II(4) ≤
∑

ℓ<k−5

∫

Rn

{
△k(△ℓu

i△̃k,3∂ib
j) −△ℓu

i△k(△̃k,3b∂ib
j)

}
|△kb

j |r−2△kb
j dx

. ‖△̃k,3b‖r‖△kb‖
r−1
r

∑

ℓ<k−5

2( n
r̃ +1)ℓ‖△ℓu‖r̃,

which implies

|I4| ≤ C
∑

ℓ<k+5

2( n
r̃ +1)ℓ(‖△ℓu‖r̃ + ‖△ℓb‖r̃)‖△kb‖

r−2
r

×

[ k+5∑

m=k−5

[
‖△mb‖

2
r + ‖△mu‖

2
r

]
+

∑

ℓ, or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′b‖r

]
. (6.6)

In the same way as the decomposition of (6.3) and (6.5), we have

Ij = I(j) + II(j) + III(j) + IV (j), j = 2, 5.

Moreover, direct computations imply

|I(2)| .
∥∥△̃k,3b

∥∥
r
‖△ku‖

r−1
r

∑

ℓ<k−5

2( n
r̃ +1)ℓ‖△ℓb‖r̃,

|I(5)| .
∥∥△̃k,3b

∥∥
r
‖△kb‖

r−1
r

∑

ℓ<k−5

2( n
r̃ +1)ℓ‖△ℓu‖r̃,

|III(2)| .
∥∥△̃k,5b

∥∥
r
‖△ku‖

r−1
r

k+5∑

ℓ=k−5

2( n
r̃ +1)ℓ‖△ℓb‖r̃,

|III(5)| .
∥∥△̃k,5b

∥∥
r
‖△kb‖

r−1
r

k+5∑

ℓ=k−5

2( n
r̃ +1)ℓ‖△ℓu‖r̃,

|IV (2)| . 2( n
r̃ +1)k‖△ku‖r̃‖△ku‖

r−2
r

∑

ℓ or ℓ′>k+5
|ℓ−ℓ′|≤3

‖△ℓb‖r‖△ℓ′b‖r,

|IV (5)| . 2( n
r̃ +1)k‖△kb‖r̃‖△kb‖

r−2
r

∑

ℓ or ℓ′>k+5
|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′b‖r.
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Now we estimate II(2) and II(5). It follows by the Hölder inequality that

|II(2)| ≤
∑

ℓ<k−5

∣∣∣∣
∫

Rn

△ℓb
i△k△̃k,3∂ib

j |△ku
j |r−2△ku

j dx

∣∣∣∣

=
∑

ℓ<k−5

∫

Rn

∣∣∣∣△ℓb
i△k∂ib

j |△ku
j |r−2△ku

j

∣∣∣∣ dx

.
∑

ℓ<k−5

‖△ℓb
i‖∞‖△k∂ib

j‖r‖△ku
j‖r−1

r

. ‖△kb‖r‖△ku‖
r−1
r

∑

ℓ<k−5

2
n
r̃ ℓ+k‖△ℓb‖r̃,

|II(5)| ≤
∑

ℓ<k−5

∣∣∣∣
∫

Rn

△ℓb
i△k△̃k,3∂iu

j |△kb
j |r−2△kb

j dx

∣∣∣∣

. ‖△ku‖r‖△kb‖
r−1
r

∑

ℓ<k−5

2
n
r̃ ℓ+k‖△ℓb‖r̃.

Collecting the above estimates yields

|I2| .
∑

ℓ<k+5

2
n
r̃ ℓ+k‖△ℓb‖r̃ · ‖△ku‖

r−2
r

[ k+5∑

m=k−5

[‖△mu‖
2
r + ‖△mb‖

2
r]

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓb‖r‖△ℓ′b‖r

]
, (6.7)

and

|I5| .
∑

ℓ<k+5

2
n
r̃ ℓ+k‖△ℓb‖r̃ · ‖△kb‖

r−2
r

[ k+5∑

m=k−5

[‖△mu‖
2
r + ‖△mb‖

2
r]

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓb‖r‖△ℓ′u‖r

]
. (6.8)

In the same way as leading to the above estimates, we easily verify that

I3 =

∫

Rn

[△kRiRm(∂ju
ium + ∂ju

mui) −△kRiRm(∂jb
ibm + ∂jb

mbi)]|△ku
j |r−2△ku

j dx

satisfies

|I3| ≤ C
∑

ℓ<k−5

2( n
r̃ +1)ℓ‖△ℓu‖r̃‖△ku‖

r−2
r

[ k+5∑

m=k−5

‖△mu‖
2
r

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓu‖r‖△ℓ′u‖r

]

+C
∑

ℓ<k−5

2
n
r̃ ℓ+k‖△ℓb‖r̃‖△ku‖

r−2
r

[ k+5∑

m=k−5

[‖△mu‖
2
r + ‖△mb‖

2
r]

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

‖△ℓb‖r‖△ℓ′b‖r

]
. (6.9)
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By means of the estimates from I1 to I5, one gets

1

r

d

dt
‖△ku‖

r
r + (r − 1)ν22k‖△ku‖

r
r

≤ C
∑

ℓ<k+5

2
n
r̃ ℓ+k(‖△ℓu‖r̃ + ‖△ℓb‖r̃)‖△ku‖

r−2
r

[ k+5∑

m=k−5

[‖△mu‖
2
r + ‖△mb‖

2
r]

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

(‖△ℓu‖r + ‖△ℓb‖r)(‖△ℓ′u‖r + ‖△ℓ′b‖r)

]
, (6.10)

1

r

d

dt
‖△kb‖

r
r + (r − 1)ν22k‖△kb‖

r
r

≤ C
∑

ℓ<k+5

2
n
r̃ ℓ+k(‖△ℓu‖r̃ + ‖△ℓb‖r̃)‖△kb‖

r−2
r

[ k+5∑

m=k−5

[‖△mu‖
2
r + ‖△mb‖

2
r]

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

(‖△ℓu‖r + ‖△ℓb‖r)(‖△ℓ′u‖r + ‖△ℓ′b‖r)

]
. (6.11)

Hence

d

dt
(‖△ku‖

2
r + ‖△kb‖

2
r) + 22k(‖△ku‖

2
r + ‖△ku‖

2
r)

≤ C
∑

ℓ<k−5

2
n
r̃ ℓ+k(‖△ℓu‖r̃ + ‖△ℓb‖r̃)

[ k+5∑

m=k−5

[‖△mu‖
2
r + ‖△mb‖

2
r]

+
∑

ℓ or ℓ′>k+5

∑

|ℓ−ℓ′|≤3

(‖△ℓu‖r + ‖△ℓb‖r)(‖△ℓ′u‖r + ‖△ℓ′b‖r

]
. (6.12)

Denote

Gk(t) =

k+5∑

m=k−5

[‖△mu‖
2
r + ‖△mb‖

2
r] +

∑

ℓ or ℓ′>k+5
|ℓ−ℓ′|≤3

(‖△ℓu‖r + ‖△ℓb‖r)(‖△ℓ′u‖r + ‖△ℓ′b‖r).

(6.12) along with the Gronwall inequality implies

‖△ku‖
2
r + ‖△kb‖

2
r . e−22kt(‖△ku0(x)‖

2
r + ‖△kb0(x)‖

2
r)

+
∑

ℓ≤k+5

2
n
r̃ ℓ+ke−22kt ∗ [(‖△ℓu‖r̃ + ‖△ℓb‖r̃)Gk(t)]. (6.13)

Taking the L∞(0, T )-norm, we have

‖△ku‖
2
L∞Lr + ‖△kb‖

2
L∞Lr . (‖△ku0(x)‖

2
r + ‖△kb0(x)‖

2
r)

+
∑

ℓ≤k+5

2
n
r̃ ℓ+k‖Gk(t)‖q′(‖△ℓu‖LqLr̃ + ‖△ℓb‖LqLr̃)

. (‖△ku0(x)‖
2
r + ‖△kb0(x)‖

2
r)

+2( n
r̃ +1−γ)k‖Gk(t)‖q′(‖u‖LqḂγ

r̃,∞
+ ‖b‖LqḂγ

r̃,∞
). (6.14)
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On the other hand, we take the norm in L1(0, T ) and get

‖△ku‖
2
L2Lr + ‖△kb‖

2
L2Lr

≤ ‖e−22kt‖L1
t
(‖△ku0(x)‖

2
r + ‖△kb0(x)‖

2
r)

+ C
∑

ℓ≤k+5

2
n
r̃ ℓ+k‖e−22kt‖L1

t
‖Gk(t)‖q′(‖△ℓu‖LqLr̃ + ‖△ℓb‖LqLr̃)

≤ C2−2k(‖△ku0(x)‖
2
r + ‖△kb0(x)‖

2
r)

+ C2( n
r̃ −1−γ)k‖Gk(t)‖q′(‖u‖LqḂγ

r̃,∞
+ ‖b‖LqḂγ

r̃,∞
). (6.15)

Multiplying by 22ks both sides of (6.14) and taking the ℓ
̺
2 -norm, one gets

‖u‖2
L∞

T Ḃs
r,̺

+ ‖b‖2
L∞

T Ḃs
r,̺

. ‖u0(x)‖
2
Ḃs

r,̺
+ ‖b0(x)‖

2
Ḃs

r,̺
+ (‖u‖Lq

T Ḃγ
r̃,∞

+ ‖b‖Lq
T Ḃγ

r̃,∞
)

×

( ∑

k

2( n
r̃ −γ+1+2s) k̺

2 ‖Gk(t)‖
̺
2

Lq′

t

) ̺
2

. (6.16)

Multiplying by 22k(s+1) both sides of (6.15) and taking the ℓ
̺
2 -norm, it follows that

‖u‖2
L2

T Ḃs+1
r,̺

+ ‖b‖2
L2

T Ḃs+1
r,̺

. ‖u0(x)‖
2
Ḃs

r,̺
+ ‖b0(x)‖

2
Ḃs

r,̺
+ (‖u‖Lq

T Ḃγ
r̃,∞

+ ‖△ℓb‖Lq
T Ḃγ

r̃,∞
)

×

( ∑

k

2( n
r̃ −γ+1+2s) k̺

2 ‖Gk(t)‖
̺
2

Lq′

t

) ̺
2

. (6.17)

Now we are left only with proving the following inequality
∑

k

2( n
r̃ −γ+1+2s) k̺

2 ‖Gk(t)‖
̺
2

Lq′

t

)
̺
2 . ‖u‖

2
q

L∞
T Ḃs

r,̺

‖u‖
2
q′

L2
T Ḃs+1

r,̺
+ ‖b‖

2
q

L∞
T Ḃs

r,̺

‖b‖
2
q′

L2
T Ḃs+1

r,̺
. (6.18)

Noting

Gk(t) .
∑

ℓ≥k−5

(‖△ℓu(t)‖
2
r + ‖△ℓb‖

2
r)

and θ , n
r̃ − γ + 1 + 2s > 0, it follows that

(∑

k

2θ k̺
2 ‖Gk(t)‖

̺
2

Lq′

t

) ̺
2

.

(∑

k

2θ k̺
2

( ∑

ℓ≥k−5

‖△ℓu(t)‖
2
q

L∞
t Lr

x
‖△ℓu(t)‖

2
q′

L2
t Lr

x

) ̺
2
) 2

̺

+

( ∑

k

2θ k̺
2

( ∑

ℓ≥k−5

‖△ℓb(t)‖
2
q

L∞
t Lr

x
‖△ℓb(t)‖

2
q′

L2
t Lr

x

) ̺
2
) 2

̺

=

(∑

k

2θ k̺
2

( ∑

ℓ≥−5

‖△ℓ+ku(t)‖
2
q

L∞
t Lr

x
‖△ℓ+ku(t)‖

2
q′

L2
t Lr

x

) ̺
2
) 2

̺

+

( ∑

k

2θ k̺
2

( ∑

ℓ≥−5

‖△ℓ+kb(t)‖
2
q

L∞
t Lr

x
‖△ℓ+kb(t)‖

2
q′

L2
t Lr

x

) ̺
2
) 2

̺
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=

(∑

k

( ∑

ℓ≥−5

(
2−θℓ

(
2(k+ℓ)s‖△ℓ+ku(t)‖L∞

t Lr
x

) 2
q

×

(
2(k+ℓ)(s+1)‖△ℓ+ku(t)‖L2

t Lr
x

) 2
q′

) ̺
2
) 2

̺

+

( ∑

k

( ∑

ℓ≥−5

(
2−θℓ

(
2(k+ℓ)s‖△ℓ+kb(t)‖L∞

t Lr
x

) 2
q

×

(
2(k+ℓ)(s+1)‖△ℓ+kb(t)‖L2

t Lr
x

) 2
q′

) ̺
2
) 2

̺

, (6.19)

where we used the fact

(k + ℓ)θ = (k + ℓ)(2 −
2

q
+ 2s) = (k + ℓ)

(
2s+

2

q′

)
.

When ̺ ≥ 2, by the Minkowski inequality we have
( ∑

k

2θ k̺
2 ‖Gk(t)‖

̺
2

Lq′

t

) ̺
2

.

( ∑

ℓ≥−5

2−θℓ

( ∑

k

2ks̺‖△ku(t)‖
̺
L∞

t Lr
x

) 2
q
( ∑

k

2k(s+1)̺‖△ku(t)‖
̺
L2

t Lr
x

) 1
q′

)) 2
̺

+

( ∑

ℓ≥−5

2−θℓ

( ∑

k

2ks̺‖△kb(t)‖
̺
L∞

t Lr
x

) 2
q
( ∑

k

2k(s+1)̺‖△kb(t)‖
̺
L2

t Lr
x

) 1
q′

)) 2
̺

. ‖u(t)‖
2
q

L∞
t Ḃs

r,̺

‖u(t)‖
2
q′

L2
t Ḃs+1

r,̺
+ ‖b(t)‖

2
q

L∞
t Ḃs

r,̺

‖b(t)‖
2
q′

L2
t Ḃs+1

r,̺
. (6.20)

On the other hand, for ̺ ≤ 2, it follows that by L
̺
2 →֒ L1

( ∑

k

2θ k̺
2 ‖Gk(t)‖

̺
2

Lq′

t

) ̺
2

.

( ∑

k

2θ k̺
2

∑

ℓ≥k−5

‖△ℓu(t)‖
̺
q

L∞
t Lr

x
‖△ℓu(t)‖

̺

q′

L2
t Lr

x

) 2
̺

+

( ∑

k

2θ k̺
2

∑

ℓ≥k−5

‖△ℓb(t)‖
̺
q

L∞
t Lr

x
‖△ℓb(t)‖

̺

q′

L2
t Lr

x

) 2
̺

.

( ∑

ℓ>−5

2−θ ℓ̺
2

( ∑

k

‖△ku(t)‖
̺
L∞

t Lr
x

) 1
q
( ∑

k

2k(s+1)̺‖△ku(t)‖
̺
L2

t Lr
x

) 1
q′

) 2
̺

+

( ∑

ℓ>−5

2−θ ℓ̺
2

( ∑

k

‖△kb(t)‖
̺
L∞

t Lr
x

) 1
q
( ∑

k

2k(s+1)̺‖△kb(t)‖
̺
L2

t Lr
x

) 1
q′

) 2
̺

. ‖u(t)‖
2
q

L∞
t Ḃs

r,̺

‖u(t)‖
2
q′

L2
t Ḃs+1

r,̺
+ ‖b(t)‖

2
q

L∞
t Ḃs

r,̺

‖b(t)‖
2
q′

L2
t Ḃs+1

r,̺
. (6.21)
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Since

‖u(t)‖Lq
t Ḃγ

r̃,∞
‖u(t)‖

2
q

L∞
t Ḃs

r,̺

‖u(t)‖
2
q′

L2
t Ḃs+1

r,̺

. ‖u(t)‖q

Lq
t Ḃγ

r̃,∞

‖u(t)‖2
L∞

t Ḃs
r,̺

+
1

2
‖u(t)‖2

L2
t Ḃs+1

r,̺
, (6.22)

and

‖b(t)‖Lq
t Ḃγ

r̃,∞
‖b(t)‖

2
q

L∞
t Ḃs

r,̺

‖b(t)‖
2
q′

L2
t Ḃs+1

r,̺

. ‖b(t)‖q

Lq
t Ḃγ

r̃,∞

‖b(t)‖2
L∞

t Ḃs
r,̺

+
1

2
‖b(t)‖2

L2
t Ḃs+1

r,̺
, (6.23)

we can derive the nonlinear estimate

‖u(t)‖2
L∞

t Ḃs
r,̺

+ ‖u(t)‖2
L2

t Ḃs+1
r,̺

+ ‖b(t)‖2
L∞

t Ḃs
r,̺

+ ‖b(t)‖2
L2

t Ḃs+1
r,̺

. ‖u0(x)‖
2
Ḃs

r,̺
+ ‖b0(x)‖

2
Ḃs

r,̺
+ (‖u(t)‖q

Lq
t Ḃγ

r̃,∞

+ ‖b(t)‖q

Lq
t Ḃγ

r̃,∞

)

×(‖u(t)‖2
L2

t Ḃs+1
r,̺

+ ‖b(t)‖2
L2

t Ḃs+1
r,̺

). (6.24)

From the above discussion we finally obtain the following result:

Theorem 6.1. Let (u0(x), b0(x)) ∈ L2(Rn) with ∇ · u0 = ∇ · b0 = 0, and suppose that

(u, b) ∈ L∞((0, T );L2(Rn)) ∩ L2((0, T ); Ḣ1(Rn)) is a Leray-Hopf weak solution which

satisfies the energy inequality (6.1). Assume that there exists a (q, r̃) ∈ Λγ with q 6= ∞

such that (u, b) ∈ Lq
t Ḃ

γ
r̃,∞, Then the solution (u, b) is smooth on (0, T ].
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