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1. Introduction. In this paper we are concerned with the Cauchy problem for the MHD
system with dissipation and resistance in R™, n > 3,

ou+ (u-Vu=-VII+ (b -V)b+vAu, in R"x(0,7T), (1.1)
Ob+ (u-V)b=(b-V)u+nAb, in R"x(0,7), (1.2)
V-u=V-b=0, in R"x(0,7T), (1.3)

u(z,0) =up(x), b(x,0)="bo(z), =eR", (1.4)

where u(z, t) is the flow velocity, b(z,t) is the magnetic field, Il = P + $[b|? is the total
pressure, v > 0 is the kinematic viscosity and 1 > 0 is the resistivity. For other forms of
the MHD systems, such as the ideal MHD system and the ideal MHD system with the
resistivity, one can refer to [8, 12, 30, 33].

For any prescribed (ug,by) € L*(R") with V - ug(z) = V - by(z) = 0, the Cauchy
problem (1.1)—(1.4) has been shown to possess at least one global L?-weak solution (u, b)
with

(u(x,t),b(x,t)) € L=°([0,T); L*(R™)) N L*([0,T); H(R™)), VT >0,

see G. Duvaut and J. L. Lions [12] and M. Sermange and R. Temam [30]. By means of
interpolation theorem, one easily sees that the above L2-weak solution (u, b) satisfies the
following space-time integrability

(u,b) € L9([0,T); L"(R™)), V 0<T < o0,

where (¢q,r) € Z, i.e.

2 7 - n—2
But (u,b) € LY(I; L"(R™)), (¢,7) € E, cannot assure the uniqueness and regularity of the
weak solutions for (1.1)—(1.4).

One natural problem is to find suitable conditions which assure the uniqueness and
regularity of the weak solutions for the MHD equation (1.1)—(1.4). Similarly to the cases of
Navier-Stokes equations [2, 4, 21|, Wu in [33] proved a regularity result for general classical
weak solutions for the MHD equations in R? by energy integral estimates. More precisely,
let (ug(w),bo(z)) € LP(R®) N HY(R?) with p > 3, and assume that (u(z,t),b(z,t)) €
L>([0,T); L*(R3)) N L2([0,T); HY(R3)), T > 0, is a weak solution, then

(u,b) € C>=((0,T) x R?)

if (u,b) € L4([0,T]; L"(R3)), where

2+§:1, r>3, q>2. (1.5)

q T
His regularity result is different from Serrin’s regularity criterion because he added an
artificial restriction on initial data. On the other hand, it seems that he used the restricted
condition r < 7 in [33], but it can be removed by the regularization method and extended
to the case of n-dimensional spaces.

2 11 2
_:n<___), g< <=
q

It is well-known that continuation of smooth solutions plays an important role in
the study of the uniqueness and regularity of weak solutions in Navier-Stokes equations
[17]-[19]. For this reason, many authors studied the continuation or blow-up criterion for
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the smooth solutions to the MHD system. For example, Caflisch, Klapper and Steel [5]
extended the well-known result of Beale, Kato and Majda on the 3-dimensional Euler
equation to the 3-D ideal MHD equations (v = 1 = 0) and obtained the endpoint type
continuation criterion for smooth solutions (u,b), i.e.

T T
/ lw]|oo dz < o0, / 7]l 0o dt < o0, w=Vxu, j=Vxb, (1.6)
0 0

which implies the smooth solution (u,b) can be extended beyond ¢t = T. Yuan [36,
37], Zhang and Liu in [38] studied the continuation or blow-up criterion of the smooth
solutions to the MHD system and the ideal MHD system, respectively. They proved that
smooth solutions (u,b) can be extended beyond ¢ = T if

T
0 s

and

T
| Willsy, oyt <o, 5=V xb, (1.8)
Wl

for the ideal MHD system or the MHD system, respectively, where Bgom(R?’) denotes
the homogeneous Besov space.

Many authors studied the uniqueness and regularity of the Leray-Hopf weak solu-
tions to Navier-Stokes equations in different frameworks, see [2, 4, 9], [14]-[22], [24, 31].
Recently, Zhang and Chen in [39] applied Littlewood-Paley trichotomy to study the space-
time estimates for the Navier-Stokes equations and extended the well-known regularity
criterion of weak solutions and blow-up criterion of the smooth solutions.

In this paper we will study the uniqueness and the regularity of Leray-Hopf’s weak
solutions for the MHD equations with dissipation and resistance under different frame-
works.

Before stating the definition of Leray-Hopf’s weak solutions for the MHD equations,
we introduce some function spaces and notions. Let CF5, denote the set of all C>° vector
functions (o1, - , ¢n) with compact support in R™, such that divep = 0. L2 is the closure
of CF5, with respect to the LP-norm || - ||,. For 1 < p < oo, LP stands for the usual
(vector-valued) Lebesgue space over R™, (-, -) denotes the duality pairing between LP and
L¥' | where ;1] + 1% = 1. For s € R, H*(R"™) stands for the usual (vector-valued) Hilbert
spaces over R", H; denotes the closure of Cg, with respect to the H*-norm

9]l me = [1(1 = A)2 2.
BMO(R") stands for the bounded mean oscillation space, and H!(R") stands for the

Hardy space, which is the dual space of BMO(R™). We take an arbitrary function ¢ in
the Schwartz class S(R™) and whose Fourier transform ¢ is such that 0 < ¢ <1 and

e =1, if|¢ <3,
{m =0, iflg]> 3, (19)
Let ¢(z) = 2"p(2z) — p(x) and

pi(x) = 2Yp(2x), W =2"Y(2'z), jEL. (1.10)
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We denote by S; and A, respectively, the convolution operators with ¢; and ;, then
the set {S;, AA;} is the Littlewood-Paley decomposition of the unity
-7:5'0+ZAJ', Sof =* f, (1.11)
j=>0
and the corresponding homogeneous decomposition of unity is
I=Y"N; 0D;j=8-S 1. (1.12)
JEL
To define the homogeneous spaces we introduce the equivalence class Z' = S’/P, where
P is the set of polynomials, see [7, page 180] for details.
By means of the above Littlewood-Paley decomposition, Besov spaces can be defined
as:

By, ={reS'®", Ifls, = ISoflp+ (3 2°118712)"
=0
= llpx £llp+ (o2 Iy « 1) * < oo},
j=1

sy, = (20, )" < oo},

JEZ

By, ={rez® 1

where 1 < p < 00,1 < g < o0, s € R. Notice that for noninteger s > 0, we have
By (R") = W*P(R"), where W*P(R") = {f € S'"(R"); || fllws» < oo} is the fractional
ordered Sobolev space with norm

1

P

I fllwes = 1 flwers + >

lee|=[s]

(/Rann | D f(z) = D*f(y)I”

o — [ TDpin O dy)

In the same way, we can define Triebel-Lizorkin spaces as follows:

o 1
rro =l Tl + | (21« 717) || < oo},

Jj=1

Fy,={fes®; |f

Eoy = {1 e 2®) 11y, = || (320w fl7)
j=1

< oo},
p

where s € R, 1 < p < o0, 1 < ¢ < oo. When g = 2, we have F};,(R") = H*P(R"), where
H*P(R™) ={f € S'"(R"™); || f|lg=» < oo} is the potential Banach space with the norm

e = ([t lePrli@PaE)
R’Il
Moreover, FSQQ =~ BMO(R") and ‘H! = FﬂQ(R”). Please refer to [3], [7],[9], [26] and [34]

for more details about function spaces.
DEFINITION 1.1. Let (ug(z), bo(x)) € L2(R™). A measurable function (u,b) on R" x (0,7)
is called a weak solution of (1.1)—(1.4) on (0,T) if

(i) (u,b) € L=((0,T); L2) N L*((0,T); Hy);

(ii) For every (®,W¥) € H*((0,T); H: N L") with ®(T) = ¥(T) = 0,
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/T{—(U,BTCI)) +v(Vu,V®) + (u-Vu,®) — (b- Vb, ®)} dr = —(ug, ®(0)), (1.13)
0
and
/T{(b, 0;U)+n(Vb, V) + (u-Vb,U) — (b Vu, V) }dr = —(bo, ¥(0)). (1.14)
0

By means of Galerkin approximation and compactness method, we have existence of
the weak solutions, see G. Duvaut and J. L. Lions [12] and M. Sermange and R. Temam
[30].

PROPOSITION 1.1. For any prescribed (ug,by) € L2(R™), the Cauchy problem (1.1)-(1.4)
has been shown to possess at least one global L*-weak solution (u,b) on (0,00) such that

(ua, £),b(x, 1)) € L2(0,T); L2(R™) N L([0,T): H'(R™), VT >0,  (L15)
tim Ju(z, 1) — wo(#)l|> = 0, T [b(a,1) ~ bo(a)ll> =0, (1.16)

and energy inequality

T T
/(|u\2+\b|2)dx+2y/ / |V®u\2dxdt+2n/ / |V @ b|? dx dt
n O n O n

< [ (tuoP + o) (1.17)

where
n n

n
/ |u|2d:c:/ > P da, [Veul =Y |okul. (1.18)
" R™ =1 j=1k=1

Usually, we call a weak solution (u,b) in Definition 1.1 the Leray-Hopf weak solution
of the MHD equation (1.1)—(1.4) if it satisfies energy inequality (1.17).

We are interested in the uniqueness and regularity of the Leray-Hopf weak solutions
of the MHD equation (1.1)—(1.4) and related problems.

We conclude the introduction by giving some notations and some preliminary lemmas
to be used throughout the paper. First, let us recall Bony’s paraproduct of two tem-
pered distributions 7(f,g) by means of the Littlewood-Paley decomposition. Formally,
the product of two tempered distributions is decomposed into two Bony’s paraproducts
and a remainder term, i.e.

fg=n(f,9)+n(g, f)+ R(f.9) (1.19)
£ Z Aij]'*QQ + Z Angj72f + Z Aijkg
JEZ JEZ li—k|<1

On the other hand, another form of Littlewood-Paley decomposition shares the same
effect with Bony’s decomposition. Tao calls this the Littlewood-Paley trichotomy

Ai(f9) = 85(Sisf Y Aug)+A5( D Auf-Ssa)

l1—j1<3 l1—51<3

w00 Y Aarag)ra( Y AwAd). (120)

[1—31<5 [k—j|<5 1 OT k>j+5, |I—k|<3
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Let B be a translation invariant Banach space which consists of distributions on R™.
Usually, the space-time Banach space LL(B) £ L4(0,T; B) for appropriate B plays an
important role in the study of PDEs. In particular, when B = B, , or B;Q, LY(I; B, ,)
or Li(I; B;) ») represent usual space-time Banach spaces in the scale of Besov or homo-
geneous Besov spaces, where (g, p, 9) € [1,00] and s € R. For the sake of application, we

introduce the following homogeneous mixed space-time Besov spaces

LT3 B ,(R™)) = {u(x,t) e D/(I;S'(R™)),

ol agrsg .y = (30 2% A0 1o )
JEL

o =

<ol

which were considered in [11].
LEMMA 1.1 ([3,7,9, 23]). Let 1 < p < oo,f(x) € S'(R™) with supp f ~ 27. Then
1f @)l < C27100% f ], 1< p< oo, (1.21)
10°Flly < C2Gmar el g, 1 <p<g <o (1.22)

LEMMA 1.2 ([21, 28]). Let 2 < p < oo. There exist two constants C, > ¢, > 0 so that
for every f(z) € S8'(R™) with supp f ~ 27, j € Z. Then

2SI < IVUSIENE ~ [ IVIPIP 2 da < ¥ 1, (1.23)
LEMmMA 1.3 ([23, 29]). Let k € Z, p,q and r satisfy
1 1
_:_+_7 1§p,q,7‘§oo.
p q T
Then there exists a constant C' > 0 such that
[A:(fVg) = FARVIp < CIV Fllgllgllr- (1.24)

LEMMA 1.4 ([19, 38]). Let1 <p < oo. For f, g € W*P(R"), and 1 < ¢ < 00,1 <1 < 00,
we have

IV (fg) — FV%lp < CIV LNV gl + lgllgIV £llr (1.25)
where 1 < a < s and%z%—k%.

In this paper, we shall study the regularity criterion (or the blow-up criterion) of the
Leray-Hopf weak solutions in different frameworks, based on the space-time regularity
of the heat equation and Bony’s paraproduct decomposition. For this purpose, we first
introduce some notations.

DEFINITION 1.2. (i) Let 0 < <1, we say that (¢,7) € A, if

2 1 1 2
n( +7>, L L — (1.26)
q n r 147 (1+v)n—2

(i) Let 0 < < 1, we say (¢,7) € A, if

2 1 1
—:n( ”——), ©_<r<oo (1.27)
q n T
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Usually we denote A £ Ag and A £ Ay when v = 0. We shall prove that the Leray-Hopf
weak solution (u,b) associated with initial data (ug, bg) is unique if there exists (¢,7) € A
such that (u,b) € Li(I; L"(R™)), see Section 4 for details.

2. Time-space estimates, mild and smooth solutions. Given (ug,bg) € X C
S'(R™) with n > 2, in order to find the solutions of (1.1)—(1.4), a natural approach
is to solve the corresponding integral form by iterating the transform

{ u(t) — e’Aug(z) + fg AN Pdiv(—u @ u + b ® b) dr,

2.1
b(t) > emtbg(x) + [ e Pdiv(—u @ b+ b © u) dr, @1

where f ® ¢ is the tensor with jk-components f;gr and 0 - (f ® g) is the vector with
j-component O (f;jgr), P denotes
1
A
Usually, we define mild solutions the solutions obtained through the iterative trans-
form (2.1) with the initial step (u(® (), (2)) = (e’?tug, e’ !by). We call a space
X(I) = C(I;X)NY, on which we may apply the Picard contraction principle, an ad-
missible resolution space for the MHD equations, Y is some suitable space-time Banach
spaces or weighted space-time Banach space. When X = LP(R™), p > n (in the same
way one can deal with the case X = H3(R"), s > § — 1), it is easy to verify that the
mild solutions become smooth solutions for ¢ > 0.

Pv=v—-V—(V-v). (2.2)

In this section we establish the well-posedness of mild solutions for (1.1)—(1.4) when
we choose initial function spaces as X = LE(R™), p > nor X = H3(R"), s > § — 1.
These results are similar to the results of Fujita-Kato [14] and Kato [16] or Giga [15]
for Navier-Stokes equations. For the sake of completeness, we give a simple proof by
space-time estimates approach, see [25, 26] for details. To this end, we introduce some

notations.

DEFINITION 2.1. We say (g¢,r,p) is an admissible triplet if

2_ n(l _ 1)7 g2 q(r,p), (2.3)

q p T
where
np
I<p<r<{n-2 n>2, (2.4)
00, n < 2.
We call (¢,7,p) a generalized admissible triplet if it satisfies (2.3) and
P n > 2p,
1<p§7"<{"_2p b (2.5)
00, n < 2p.

REMARK 2.1. If (g, r,p) is an admissible triplet, then p < ¢ < oo if (g, 7,p) is a general-
ized admissible triplet, then 1 < ¢ < co.

Now we introduce the following weighted space-time spaces which were defined in
[16], see also [15], [25]-[27].
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DEFINITION 2.2. Let B be a Banach space, ¢ > 0, I = [0,T) or I = [0,00). Let I be
an open interval with respect to I. Define C,(I; B) and its corresponding homogeneous
space C,(I; B) as

. A 1
Co(I; B) = {f(t,x) € C(L; B); | fllc,1:3) = ilelll)tg | fllB < oo},

Co(I; B) = {f(t,2); f(t,x) € Co(I; B) and tlirél+t%\|f||3 =0}.

REMARK 2.2. (i) Let B = LP, 1 < p < oo, one easily verifies that f(¢,z) € C,(I; LP) if
and only if to f € Cy(I; LP).
(ii) Let (g, p,r) be a generalized admissible triplet, then
Cq(pﬂ‘)(l; Lp) = {f(ta 3:) € C(Ia Lp)? ||f||Cq(pyr)(I;Lp) = iléll)ta ||f||p < OO}? (26)

in particular,
Cotpry(I; LP) = Cy(I; L7), p=r. (2.7)
Let S(t) = e**, A = PA, P the projection operator from (LP(R"))" into LE(R") =
{p(x) € (LP(R™))",V - p(z) = 0}, divergence-free vectors along gradients. By making
use of multiplier estimates in conjunction with the theorem on singular integral operators
[13, 21, 26, 32], we get the following LP—L" estimates for r > p > 1,

le= 4], < CtEG=D ||, V>0, (2.8)

n(l

[VPety, < ct-5G=D)

lollp, Yit>0. (2.9)

As an immediate consequence of the Young inequality and Marcinkiewicz interpolation
theorem, we have

PROPOSITION 2.1. (i) Let (q,r,p) be any admissible triplet, o(x) € L2. Then v(x,t) =
e My € LI(I; L™) N Cy(I; LE) with V - v(z,t) = 0 and

||e_tASD||Lq(I;L7'(]R")) < C”@”p? I= [OvT)v 0<T < oo. (210)

(ii) Let (q,7,p) be any generalized admissible triplet, p(x) € L2. Then v(t) = e Aty €
Co(rp)(I; L"(R™)) such that V -v =0 and

lle™3 Corp) (1 LT < Cloll (2.11)

Moreover, if (q,r,p) is a generalized admissible triplet with p < r < oo, then S(t)p €

Cotpry (I, LT, i.e.

a(p,r)
lim ¢S (t)gll, = 0, (2.12)
where I =[0,T") or [0, 00).
See [15] or [25]-[27] for the proof.
PROPOSITION 2.2. Let p > p. = n, I = [0,T), (¢,7,p) be any generalized admissible
triplet. Then

t
Gf é/o S(t—T1)PVfdr (2.13)
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satisfies the following estimates
1_n
G llpasery T NG lleiony < CT272 |\ f]l g fp5ys 7 <20 (2.14)
1_n
1Gflle, oy T NGl ey < CT>720 Hf||cg(,;Lg), r<2p, (2.15)

1_n
IGFllpaczizry + Gl riin < CT> 72| £I150 oI y T>2p (216)

L3 (I;L%) Loo(I;L%
and

1G fllcypiery + NG f L rim < CTZ 73| £ 170 ||f\|9 (2.17)

Cq (IL2 Lo (L;LEY

where v > 2p and 6 = 2?;—35) € (0,1).

Proof. We first prove (2.14). Since r < 2p, one has, by the Holder inequality or Young

inequality,
t _1_n(z_1
IGfllLeqory SC [ (t—s)" 272772 f(s,2)||; ds
0
1
t 1 2 X1
§C</ (t—s)~tatsE—ha ds) Hf”L%(I-L%)
0 ;
1_n
<CT> 2PHf||L%(I;L%)’
t
16w < | [ (=975 0l as
0 La
’ {5+ xe x
<C N dt ) N fllg s
1_n
S CT2 2p||f(5’x)HL%(I,L§)’
Whereizl—g, 1+%=%+$,amd0=0(n,p,r).

On the other hand, for the case r > 2p, by means of the Riesz interpolation theorem,
Hoélder inequality and Young inequality, we have

t
(@l = /o (t —5) "2 f(s,2)|2 3, ds
t
:C/O (t— )72 ||| f (s, 2) |2 |2l £ (5, 2)| 2 |22~ ds

¢ _1 % 1 1.,.2(1-6
=c( / (t—s)~50 ds) I1F (s, 2) 310 I (s, ) 2 20 2

1 2(1—-6
<CT? (5,2) |2 |Z 1. £ (5, 2) 2 75 0y

-2 0 (1-0)
<CTHH | f(5,2)lg ) 1D )

1

t
1GFlloncrie <cH / (t— 8 EGD| (s, ) |2, ds

q

t
<o [a- o 1 DR ) 0
0

q
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T,lﬂlfl % 1 9(1—8
SO(A t“+“PT”“dQ 7G5, 2) 11 1 (5 ) 1250 2

1 n 1 2(1—6
< CTH 5515, ) |21 £ (5 ) 10 0

L 0 (1-6)
< o B sl 100
. 1 _6 _
where 6 satisfies % =7 + =~ and
2(1 -6 1 2(1 -6 1
=0 11 210 1
q X1 q q X2
One easily checks that
1 20-0 1 1 n
2 q 2 q(r—-p) 2 2p

and

1 1 nf1 1\ 1 21-6 1 n
X2 2 2\p r) 2 q 2 2

Arguing similarly to (2.14) and (2.16), we can prove the estimates (2.15) and (2.17).
By applying the orthogonal projector operator
P LP(R") — LP(R™)
to both sides of (1.1)—(1.4) with V - ug(z) = V - by(z) = 0, we have
O+ vAu=-PI- (u®u)+Pd- (bRD),
b+ nAb=—-P9I - (u®b)+PI (b u), (2.18)
u(0) = uo(z), b(0) = bo(x),
which is equivalent to the following system of integral equations
¢
u(t) = e " ug(z) + / e A Pdiv(—u @ u + b @ b)dr,
9 (2.19)
b(t) = e by () + / eI Pdiv(—u ® b+ b @ u)dr,
0

where A generates an analytic operator semigroup in LP with divergence-free vectors,
where 1 < p < 0c0. n

Applying Proposition 2.1, Proposition 2.2, the regularity of parabolic equations and
standard contraction principle to (2.19) in resolution spaces L(I; L™ (R™))NC(I; LE(R™))
or Co(p,ry(I; L"(R™)) N C(I; LE(R™)), we have

THEOREM 2.1. (i) Let p > p. = n, uo(x) € L2 and bo(x) € LE. Assume that (q,r,p) is

any admissible triplet, then there exist T* > 0 and a unique solution to (2.19) such that
(u(t),b(t)) € C([0,T7); Ly) N LI((0,77); L"(R™)), (2.20)
for T* = T(|[uollp + [bollp), p>n,

or

(u(t),b(t)) € C([0,T7); L7) N LI((0,T7); L"(R"))), T* = T(ug, bo), p=n. (2.21)
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(ii) Let p > n. If T* < oo, then
Jim (Ju@)l + [6@)]) = 00, p <7< o0, (2.22)
moreover,

C

lu(@)l- + 16| > m

(2.23)

(iii) Let p = n, then T* = oo provided that ||ug||, + ||bll» < 1.
(iv) (u(®),b(t)) € C=((0,T7) x R™).
THEOREM 2.2. Let p > p. = n, ug(x) € L2 and by(x) € LP. Assume that (q,7,p) is any

generalized admissible triplet, then there exist T* > 0 and a unique solution to (2.19)
such that

(u(t), b(t)) € C([0,T7); L5) N Coprpy ((0,T7); L7), T™ = T([Juollp, [1bollp),  (2:24)
forp>mn, or
(u(t),b(t)) € C([0,T7); L) N Cyrpy ((0,T7); L7), T = T(ug,bp), p=mn, (2.25)
and (ii), (iii), (iv) in Theorem 2.1 also hold.

3. The mild solutions in Besov spaces. In this section we establish the well-posed-
ness of the Cauchy problem (1.1)—(1.4) for initial data in Besov spaces by means of the
space-time mixed Besov spaces. First we give preliminary linear and nonlinear estimates.

PROPOSITION 3.1. Let q,0 € [1,0], 2 < p < 00, s € R. Assume that v(z,t) is a solution
of the Cauchy problem for the heat equation

{@U + Av = f(z,t), (z,t) € R*" x R,
v(x,0) = vo(z), = eR"™

Then there exists a constant C > 0 depending only on n,q,p, o such that, for all 0 <T <
+o00,

(3.1)

22 )7 ISKS(L (32)

Il LB,

o2 < CO(flvollgs  + ISl
Lq(I§Bp,9q (R™)) poe

where I = [0,T]. In particular, when q > o, we have by Minkowski inequality

By, TIN L,y prae), 1< (3.3)

loll ez < C(lwl

La(I3B, . (R™))
Proof. Applying A; to both sides of (3.1) and then multiplying both sides of this equation
by |Ajv[P~2A 0, we get

d
%A]"U . |Aj1}|p_2AjU - AA]"U . |Aj1}|p_2Aj1] = A]f . |Aj’U|p_2Aj1}. (34)
We integrate the both sides of (3.4) and apply the divergence theorem to obtain

1d _ _
sl vl +/Rn VA V(A2 00) de < |4 fllp 1450057 (3-5)
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Since
- VAv- V(AP 2 A ) de = % /Rn |AjuP2|V A d
= [ V080 de > 62800 (36)
we have
%HA]‘UHp + 27 ¢y Aj0llp < N12flp- (3.7)
We integrate both sides of (3.7) with respect to ¢ to get
1850l < et | Aguo (@)l + e % | £l (3:8)

We take the L%-norm with respect to ¢ on interval I of both sides of (3.8) and by the
Young inequality one has

24 —(3=%+D)

_2 -1 _oi(l_1
1250l La(rsLe@ny) < 277 ¢ [ Ajva() ]|, + 272 e, 18, fllLecr,oey, (3.9)

which immediately implies
ey 20 is (542
2 Aol pariiey < CR°IDv0(2)lp + 27228 fllperom). - (3.10)
Now we take the £2-norm of both sides of (3.10) and arrive at (3.2). We thus complete
the proof of Proposition 3.1. =

Using Bony’s paraproduct decomposition we estimate now the nonlinear term. Con-
sider two tempered distributions u(z,t) and v(x,t), then

wv = Tyv + Tyu + R(u,v). (3.11)

First we deal with the paraproduct terms T, v or T,u, in virtue of the Holder inequality
and noting the equivalent definition of negative index Besov space

) 1/r . X 1/r
(ZW”HS]-UH’L(Z(I;LP)) ~ (ZW”HAJ-UHL(I;LP)) 5 (3.12)

JEZ JEZ
for s < 0 (cf. [7]), we have the following lemma.

LEMMA 3.1. (1) Choosing s, p, T such that B;,T(R”) is a Banach space, then we have

”TuUHmﬂ(l;Bz

S ellzagz 10l 2o, (3.13)

(2) Lets; <0 and L = %Jr%, and choosing sz, p, ro such that Bf;?rz (R™) is a Banach
space. Then
||TuUHEq/2(1;B;}jsz) < C”“ng(];rg;lﬂ,l)||U||Lq(1;r3;?7,2 . (3.14)
According to the definition of the space-time mixed Besov space, a straightforward
calculation shows the estimate of the remainder of the paraproduct.

LEMMA 3.2. Let 51,85 € R, 1 < p1,p2,p, 71,72, 7 < 00 and 2 < g < oo such that

1 1 1 1 1 1
-y, o4 (3.15)
b b1 D2 r 1 T2
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and LY(I; B3 ), L9(I; B;;rz) and LY?(I; Bf,};“s?) are Banach spaces. Assume 0 < s1+

P11
S9 < %, then

IR posagrgerseny < Cllullzagrier ol corsz - (3.16)

P1.71 P2,72
Moreover, if s1+ s2 =0 and % + % =1, then one has
1RG0 pegrpy < Cllull ool corusgz. - (3.17)

P17 p2,72
If s1 + s9 :% and r =1, then

”R(U,U)HEq/z(I;B;/IP) < CHUHEQ(I;BSl )HUHE‘I(I;B;%TQ)' (3.18)

P1.7T1

We choose p1 = r; = 00, 51 = 0 in Lemma 3.2, noting the fact L>® — Bgo’oo and
L9(T; B;/lp) — L4(I; B;/lp) — L4(I; L) for ¢ > 1, and combining with Lemma 3.1 we
can derive the following results:

COROLLARY 3.1. Let s be a real number such that s < %, q>2andl <p,r<occ. Then
we have

lwoll arrps ) < Cllullagoon 10l carss ) + 1@l cagss HlvlLagoe),  (3.19)
and
||“U||Lq/2(I;B;‘Y/1P) < CHU”LG(I;B;’T) ||’U||£q(I;BZ,/1p). (320)

COROLLARY 3.2. Let s1, s9 €ER, 1 < pp,rp < oo and 1 < p,r < oo be such that

n 1 1 1
Sp< —, —+ — = ;7 p > maX(pla p?) (321)

fork=1,2. If sy + s2 > n(pi1 + %2 — 1) then

p
||uv||cq/2(1;f3;.lr+s2f"<ﬁ+%2*%)) < Cllllaiisgy o lolleacsg. - (3.22)

By means of Proposition 3.1 and Corollary 3.2, the Banach contraction mapping
principle immediately implies the global well-posedness of the Cauchy problem (1.1)—(1.4)
for small data (ug(x), bo(x)) € B,T,L/Tp ~1(R") and the local well-posedness for arbitrary data
(uo(z), bo(z)) € BRPHR™) for n > 2.

THEOREM 3.1. Let (ug,by) € B"/Tp_l(]R”), 1 <p<oo 2<q< o0 anddvy =
div b() =0.
(i) For 1 < r < oo, there exists €9 > 0 such that if |[(uo,bo)| gn/r—1 < €0, then
(1.1)—(1.4) has a unique solution (u,b) satisfying
(u,b) € Cy(RF; BRP~1) N LIY(RT; B F2/9), (3.23)
where s, =2 —1>1— 4 is a real number.
P q

(ii) For 1 < r < oo, there exists a time T and a unique local solution to the system
(1.1)—(1.4) (u(z,t),b(x,t)) such that

(u,b) € Cyo([0, T]; By/P~ ")y N L9([0,T); B * ), (3.24)

where p, q satisfy % + % > 1.
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4. Serrin’s criterion on the Leray-Hopf weak solutions for MHD system. In
this section, we present a sketch of the proof of Serrin’s criterion on the Leray-Hopf weak
solutions for MHD system following the ideas contained in Lemarié’s book [21].

THEOREM 4.1. Let (ug,bg) € L*(R™) with V - up(x) = V - bo(x) = 0. Assume that there
exists a Leray-Hopf weak solution (u,b) with initial data (ug,bo) satisfying one of the
following space-time integrability conditions:

(i) For some r € (n,o0], (u,b) € LY((0,T); L"(R™)), with % =n(: — 1), for some
T >0.
(ii) (u,b) € L2([0,T); BMO(R™)), for some T > 0.
(iii) There exists a constant &, > 0 such that ||(u, b); L*=°((0,T); L™(R™)|| < dy,.

Then (u,b) is a unique Leray-Hopf solution associated with initial data (ug,bo) on (0,T).
Moreover, (u(t),b(t)) € C([0,T); L>(R™)) and satisfies the energy equality

t T
/(|u|2+|b\2)da:+2u// |V®u|2d:cdt+2n/ / |V ® b|? d dt
R™ s JRn 0 n

= /n(|u(s)|2 + |b(s)|?) dx, forall0 <s<t<T. (4.1)

Proof. (iii) is obvious and we omit its proof. Let (i,b) be another Leray-Hopf weak
solution associated with the initial datum (ug,bp). By the regularization method, we
easily get, by the formal computation

@/ undr + 2v Vu-VQude
n R'll

:/nu(u-V)adx—/nu(a-V)ﬂdx+/nﬂ(b-V)bdm+/nu(l~)-V)l~Jdaz,
and

at/ dexmn/ Veb V®bdx

:/ b(u-V)de—/ b(a-V)de+/ B(b~V)udw+/ b(b- V)i dz,
which implies that

at/ (ui+bb)dz+2v | VRu-Veidr+2n | Veb-Vebdr
n R™ R

- /nu((u— ) -Vyide + | b((u—1i)-V)bda

R

+/n a((b—0)-V)bdz+ | b((b—b)-V)udz. (4.2)

R™

Thanks to the energy inequality for (u,b) and (4, l~J)

T T
/(|u\2+\b|2)da:+21// / |V®u\2dxdt+2n/ / |V ® b|? da dt
]Rn 0 n 0 n

< [ (uof? + oo d,
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and

T T
/(|a\2+\5|2)dx+2y/ / |V®a\2dxdt+277/ / IV @b da dt
R‘VL 0 n 0 n

< [ (uof? + ItoP d,

we easily verify that

o=+ 0= BI =l + 3 + 015 + 151 =2 | wirda 2 |

bb da
t t ~
§—2u// |V®u—V®a\2dxdt—2n// V©b- V&b dedt
0 n "
t
f// u((u—a) - udmdtf// V)b dx dt
/ b((b—b) - V)i dz —I—// ((b—b)-V)bdxdt
R‘n. n
:721// / V® (u \2dxdt7277/ / |V & (b—b)|? dx dt
// (w—a)-V)(&—u)dedt— / b((u — @) - V) (b—b)dxdt
n R‘n
// V)@ — w) da:dt+// V)(b — b) dz dt
:—2y/ / |V®(u—a)\2dxdt—2n/ / |V & (b—b)|?dzdt
0 n 0 JRrn»
+0I + o+ I3 + 14, (43)
where we used the fact that

[j/nMW—ayvm¢m:Q Atw}“u_@_va:m'

Let 6 = = <1, then

1 r—2

1
0 2r 2

2¢ 2r 2
We apply the Holder inequality with exponents r, 2, o with respect to z € R™ and g,
2 .

0 q—2 n 0
n?

2,
5 with respect to ¢, respectively, the interpolation inequality and the Young inequality
to obtain

Al < (/Ot ||“||?-df)%</ / IV @ (u zdxdt)l</0t (/ a—u|gdx)%dt)%

< Collullpo(r,nr@ny |V ® (u— )|} 57

. - 1-6
LZ(IX]R'H.) ilell? ||U - U’HLQ(R")

¢ (140 _ 1-—
<o [ hza) (5219 0 (0 Dl +

0 .
5 sup|u—u|§)7 (4.4)
tel

73
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and

s (fna) ([ [ woo-veama)'([ (L o-wa)a)

< CollbllLagr;Lr @IV @ (b= b)ll L2 (1 xrm) IV ® (u = @) |92 1y Sup % = wll 12 Gy

t . % 1+0 1+9
<Cy Ollb\lrdt — IV & (b= Dl ey |V ® (u = )IIBWR”

1-6 -
= sup Jlu — 13
tel

: :
<@(/HMMQ
0

— 9 B
suplu 3 (45)
tel

1 ~ 0 .
(317 @ DlEaqruan + 5198 (= D

1
+

In exactly the same way as leading to (4.4) and (4.5), we have

t : 1 t ~
|14|s(/ |u||Zdt> (%‘9// V& (b— )| dodt
0 0 n

1-6 =
+ sup [|b — b||§>7 (4.6)
tel

and
LN (1 . 9 -
3] < Co ; Bl dt ) | SIV @ (u = @)[Zazxmn) + 51V @ (0= O)l|z2(1R)

1
+

.y -
sup - 512 ). (47)
tel
We collect (4.3)—(4.7) to get
sup flu — 13 + sup [Ib— B2
tel tel
< -w|Ve (u-— a)||2L2(1x1Rn) —29|[V® (b— b)H%Z(IxR”)
t : t H
+04(/wmﬁ) +(/WMWﬁ)}
0
1+6 - ~
x[ @v (u zmmumw+|V®w—MMﬂqu

1-0 B ~
-+—5;—(sup|u-—ztﬁ-+supnb—-m@)}. (4.8)
tel tel

Choosing a suitable small ¢ > 0 such that

1+909K/ IIUII"dt) (/ ||b||th> ]<min(2u,277,1)7

(w,b) = (@,b), in I=][0,1. (4.9)

this gives
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One repeats the above process to get (u,b) = (@, ) on [0,T) provided that n < r < co.
When g = oo, 7 = n, we have to assume that

C1 [SUP [[w[|, + sup ”an} <1

ter tel

to get the uniqueness. For any scale function ¢ € H L(R™) and vector-valued function
f e L™(R™) with V- f =0, the well-known div-curl theorem implies

If - Vgl < CllFl2lVyll2, (4.10)

where H! denotes the Hardy space This gives the following estimates:

m=(f el dt) ( / (=) V)= DBt ) (411)

< Collull2(:m0) IV @ (u — @) 2(1xRn) sup @ —ull L
S
Co [ [ 2
< ([ hullso dt) (198 (= DI rany + sup = )
2 0 tel
Cy = .
<2 [ ||b|BModt> (176 (0= gy + s0p - al3), (412
Co( [ : -
1< ([ Wlodt) (196 (0 )y +supllo= ), (413

< & ( / ||u|BModt) <|V®(b—5)liz(zxw>+§1€1§Ib—5|3>7 (4.14)
which implies

sup |u — a3 +sup b — b3
tel tel

< 2V ® (u— @) 22 (rxrny — 201V © (0= 0) 1221 rr)

Co t ) i t ) i
+7 lullgmo dt ) + [0l Bmo dt X
0 0

(196 (0= st + 190 6= Dl
supllu =l + supo~ 3]
tel tel
This gives the uniqueness of the Leray-Hopf weak solutions associated to the initial data
(ug(z),bo(z)) in the case of (u,b) € L2([0,7); BMO(R"™)). m
REMARK 4.1. (i) Similarly to the case of the Navier-Stokes equations, Theorem 4.1 gives
(u,b) € C*((0,T) x R™) by the equivalence between uniqueness and regularity.
(i) When n = 2, H'(R?) — BMO(R?). Hence, the Leray-Hopf weak solution associ-

ated with the initial data (ug(z), bo(x)) is unique and regular.

(iii) If the Leray-Hopf weak solution (u,b) € C([0,T),L™), then it is unique and
regular.
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(iv) When n > 4, the Leray-Hopf weak solution is unique and regular, provided that
(u,b) € L*=([0,T), L™). The proof is similar to the case of the Navier-Stokes equations,
see Chap. 28 in [21].

(v) When n = 3, is the Leray-Hopf weak solution unique and regular, provided that
(u,b) € L>([0,T), L3)? This is also an open problem.

5. Uniqueness and regularity criterion based on fluid vorticity and electri-
cal current in BMO and Besov spaces. Similarly to the case of the Navier-Stokes
equations [2, 4, 19, 31], we establish the uniqueness or regularity criterion for the MHD
system (1.1)—(1.4).

THEOREM 5.1. Let (ug(x),bo(z)) € L*(R™) with V - ug = V - by = 0, and suppose that
(u,b) € L*((0,T); L*(R™)) N L2((0,T); H*(R™)) is a Leray-Hopf weak solution which
satisfies the energy inequality

t t
/ (\u(t)|2+|b(t)|2)da:+2u// |V®u|2d:cdt+277// |V @ b|? du dt

< / (|u(s)|? + |b(s)|?) dz, for ae.t>0 and s<t. (5.1)

(i) Assume that the solution (u,b) satisfies

T : T :
( / ||w||zdt) < o0, ( / |j||zdt) <, (5.2)
0 0

where (q,r) € Ay with r # 5. Then the solution (u,b) is smooth on (0,T].
(ii) More generally for the endpoint case, if we assume that the solution (u,b) satisfies

T T
| el e <o [l dt <o, (5.3)
then the solution (u,b) is smooth on (0,T)].
REMARK 5.1. (i) Since
L2([0,T); LA(R™)) N L>([0, T); H'(R™)) < L*([0,T); LY(R™)), n <4,

one easily verifies that each Leray-Hopf weak solution satisfies the strong type energy
inequality (5.1), see [21] for the proof.
(ii) By means of the boundedness of singular integral operators in Besov spaces and

Vu=(-A)"'Vrotw, Vb= (-A)"'Vrotj

one easily shows that (5.2) and (5.3) are equivalent to

T 7 T .
(/ [[Vul|d dt) < 00, </ ||Vb||§{dt> < 0,
0 0

T T
/HVuHBO dt < oo, /HWHBO dt < oo,
; " ; "

and

respectively.
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(iii) Let (u,b) € L*°((0,T) x R™) be a Leray-Hopf weak solution of MHD equations,
then (u,b) € C*°((0,T)xR™). The proof is similar to that for the Navier-Stokes equations,
see [21] for details.

Proof of Theorem 5.1. For any (q,7) € Ay with § < r < 0o, we choose
1 1 1

—_ =,

1 T n

so that (¢,r1) € A. This fact and the Sobolev embedding theorem imply that u €
L9(I; L™) and so we obtain the u(t,z) € C°°((0,T] x R™) by the Serrin type regularity
criterion, see Section 4.

Formal computations yield

v | oo 22D [ R [ 9000R ]

ndt
:/ (b-V)b-|u\"—2udx+/ (b~V)u-|b|“‘2bd:c—/ (u - VID)|u|" "% dz
n ]Rn n

— L+ L+ 1. (5.4)

_n
2r— n’n n—2"

We apply the Holder inequality with exponents (52
theorem to obtain

r), and the interpolation

(| < (10l e full 2nefullz™ QHVbHr

2r—n 2r—n
2(r—mn)

r—n n— 2+ : n r—n rTr—n
< Ol Yl 2 BIZ Nl (901,
4r—3n + 4r—3n 4r—mn
< Ol T
< C(flulln + (1Bl 2 (||VUI|2’” R\ ke 7. (5.5)
In the same way as in the proof of (5.5), one gets
|| < C(l[ulln + [[b]ln)" "7 (llVUIIQT vk 7. (5.6)

For the estimate of I3, we have to apply the Calderén-Zygmund inequality, Holder
inequality and the interpolation theorem to obtain

< (n = 2)IVull[lull ;71T 22

2r—mn

|Is| = ’ —(n— 2)/ MVu|u|""? dx
RTL

< CIVullellully ™ [llul2en + 18]z ]

< O(llula + IBll)" 0= (|l 77 + 9017 7). (5.7)
Let § = 51—, putting (5.5)—(5.7) into (5.4) and integrating both sides of (5.4), we have

" . An—1 T n T n
iz 1o+ 22 o [ [ v uE e [ waunpal

T _2r
< lluoll + ool + C/O (lclln + 100)" = ([ V7 + (VD

_2r
) dt
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1 1
< luolly + [Iboll7 + 5 sup [Jully + 5 sup [|b]l;
2 tefo,1) 2 tefo,1)

2r
2r—n

+C |:|Vulzq(I;L7'(Rn)) + |Vb|[g,q(I;L7'(]R")):| v 4=

by the Young inequality. Taking the L°°-norm with respect to ¢ of both sides of the above
inequality, we arrive at

o (1, )y + 1O o0 (1 )

“—1{// V(jul?) |2d:c+77// (b% I2d4

< 2l + 2100l + O 1Vl 1 + 1900 (589)
where 2 =n(2 — 1), ie. (¢,7) € A;. Hence
(,b) € L(I: L"(B")) (59)

by the conditions in Theorem 5.1. In particular, we have for r = oco or § =0

ol + o+ 2 [ e [ wnp ]

< uoll +[lboln + C/O (llulln + 1181)"™ (IVetll oo + [[VDlloc) . (5.10)

so we also get (5.9) by the Gronwall inequality.
On the other hand, one easily verifies that (5.9) and (5.10) imply

//n (jul* |2d”’+77// V([b|%)[* do < co. (5.11)

Thanks to the Sobolev embedding theorem, we have
n n n n2
u?,b% € L2((0,T); =2 (R")) ie. (u,b) € L*([0,T);L==(R")).  (5.12)
We now apply the interpolation theorem to (5.9) and (5.12) to obtain

(u,b) € L™ (I; L™ (R™)), (q1,71) € A, (5.13)
where 1 0 1-6 1 0 2)(1—40
e A . 1_6, @0=20-96 )gf), 0<6<1.
Q1 o8] n 1 n n

Now we are in a position to prove (i) in Theorem 5.1. By the well-known existence
theory, for each € > 0, there exists 0 < ty < e such that

2
n—2
Thus, we solve the MHD equations with the initial datum (u(tg),b(to)) and get the
existence of a smooth solution such that (u(t),b(t)) € C([to,T); L"(R™)) by Theorem 2.1
and Theorem 2.2, where I = [0,7T) is the largest existence interval. If T < oo, then for

(u(to), b(to)) € L"(R™), n<r< (5.14)

any r > n,
1) e+ )l > —C (5.15)
r r Z (T_T)Twn' .
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Now we restrict r < "—_2, and construct ¢ such that (g, r,n) is an admissible triplet, then
n—2
T 4 T
m:/-——fﬁxmg/jmw+WMM<m. (5.16)
to (T — 7') 2r to

This contradicts (u(t),b(t)) € L([to,T); L™ (R™)), and we can extend (u(t),b(t)) tot > T.
Thus, we proved that (u(t),b(t)) € C*°((0,T] x R™). m

REMARK 5.2. In general, we have to assume that the initial condition (ug(z),bo(x)) €
LP(R™) N L?(R™) with p > n in R™. But, when n = 3 or n = 4, there exists a sufficiently
small 77 > 0 such that

(u(n),b(n)) € H'(R") — L"(R"),

so we can remove the condition (ug(x),bo(x)) € LP(R™), p > n.

To prove the (ii) of Theorem 5.1, we first introduce the so-called logarithmic Sobolev
inequality in Besov space which can be proved by the Littlewood-Paley decomposition
technique, see [19] for details.

ProposITION 5.1 (Logarithmic Sobolev inequality in Besov space).

(i) Let p,p,0 € [1,00], ¢ € [1,00), s > %, then

_1 oy s
flloe < CQA+ £l 2 (log™ ||| ;) 7)., VfeBp,NB;, (5.17)
p,p
where oot 1
ogt, t>e
logtt = { .
1, 0<t<e
(ii) Let p.q.p, 0,v € [1,00], v <min(p,0), 2 =L — £, 1 < < g satisfy
1 S1 1 1 S92
r n g r n
Then for each f € Bﬁfg N Bﬁfg,
11
1lsg, < OO+ 1flls, Tog™ (1 s, + 1152 ) > 5. (5.18)

We first show that the weak solution satisfying the regularity assumption (5.3) or
more general regularity conditions (u,b) € L(I ;BQ,OO), (¢,7) € Ay, coincides with the
smooth solution constructed from the integral equation in a time interval. By means of
Theorem 2.1 or Theorem 2.2, for initial data (i (), bo(x)) € L™ N H', there exist T > 0

and a strong solution (@(t),b(t)) of the MHD equations (1.1)—(1.4) or (2.19) such that
(a(t),b(t)) € C([0,T); L* N H'), T =T(|ao(@)]n, lIbo(2)]n)-
Moreover, (u,b) satisfies the following regularity property
(a(t),b(t)) € C((0,T); H®), Vs> 1.
Secondly, (u,b) € L2((0,T); H'(R™)) together with the regularity condition
V xu,V xbe L'((0,T); B ) (5.19)

yields

(u(e),b(e)) € By NH' — L"NH',  ae c€(0,T). (5.20)
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In fact, making use of the interpolation relation Bf , = (BL, ., BY,) , where
1 1 1-—
s=—_ —=—-=2"% (5.21)
nt2 t p 2
we show that by Proposition 5.1
1z, , < C( 5 Jog" (Il 52 B:2.)) (5.22)
WherefEB ﬁngoo,sl<1 Z,and sy = 1.

Finally, if we solve the MHD equatlons (1.1)~(1.4) with the initial data (ao(e), bo (e)) =
(u(e),b(e)) € L" N H', then there exist T, > 0 and a strong solution ((t), b(t)) on [e, T
such that

(@(t),b(t)) € O(le, To); L" N H') N LY([e, T.); L' (R™)), (5.23)

where (¢,7,n) be any admissible triplet 7 > n. Obviously, (a(t),b(t)) is smooth by the
Serrin criterion, please refer to Section 4.
Note that the weak solution (u, b) satisfies the energy inequality

/(\u()|2+|b dx+21/// |V®u|2da:dt+277// |V @ b|? dz dt
g/ (u(@)P + ()2 dz, e<t<T.

Serrin’s uniqueness criterion implies that

w=a(t), te(eTL), (5.24)

(a(t),b(t)) € C(le, Te); L" N HY)Y N C*((e, T.); H®) Vs > 1. (5.25)

Therefore u(t) is regular on (¢,7.). If T < Ty, the proof is complete. Otherwise, we
continue the above argument until it fails.

Now we only prove the regularity of (u(t),b(t)) at ¢ = T using a similar argument as in
[19] for the case of Navier-Stokes equations. Choosing a suitable multiindex |af > § +1,

one gets
0 0% + 0%(u - V)u = =Vo*II 4 0% (b - Vb) + vAI°u,

0% + 0%(u - V)b = 0%(b- V)u + nAd°b, (5.26)
V-u=V- -b=0,
We multiply by 0%u and 0%b both sides of the first two equations in (5.26), respec-
tively, for some integer |a| > % + 1, and integrate by parts over R to obtain

Dol + 107013] + 2090wl + 20 vob3
= —=2(0%u - V)u,0%) — 2(0%(u - V)b, 0°b)
+2(0%(b- V)b, 0%u) + 2(0°(b - V)u, 9°b)
AN+ L+ I3+ 1L (5.27)
Since

(u-VO%u, 0%) = (u- VI*b,0%b) = 0, (5.28)
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one verifies that by Morse type estimate
I <2[(0%(u- Vu), 0%)| = 2|(0%u - V)u —u - VO%u, 0%u)|
< Clllull e Vulloe + 1 Vulloo [ Vull o ][l e
< Ol VullollullFars (5.29)
and

I < Clllull el VBlloo + Vtlloo [ VOl g1 ][l g1

< C[IVulloo + IVblloo] (Nl + 101 Z1a1)- (5.30)
On the other hand, in view of
/n [(b- V)b + (b V)0*ud™b] dx =0, (5.31)
we show that
Ii+Ii= [ {8°(0b-V)b— (b VO*b)}0"udax

]R'n.
+ [ {0%(b-V)u— (b-VO*u)}0%bdx
]R'n.
< CIVullos + [V0lloo] (lullFrar + 1117101
which implies
d (% (03 (% (0%
19 ull3 + [19°0]13] + 2v(|VO*ul|3 + 20| VObf3
< O[lIVaulloe + 1V0llco] Ul Fpiar + [1B111a1)- (5.32)
In the same way as leading to (5.32), it follows that

d
S lllulls + 18] + 20| Vull3 + 20[Vo|5 < ClIVulloo + [IVBlleo] (lull3 + [B]3)- (5.33)
(5.32) and (5.33) together with the Gronwall inequality imply

[1(u(t), b)) 101 < [0, bo) || 1ot exp (C/Ot [IVullse + 1V0lo] dS)-
Note that
1(Ve, VB)lloo < C+ [[(Vut, V)| g (1 +1og™ [[(w,0) [ r11)), (5.34)
and |
(Vu,Vb) = C(V xu,V xb) + P((V xu,V x b)), (5.35)
it follows that
(Ve VD)oo < COAHI(V x u, V X 0) g (1 +10g™ [[(w, B) [ giet))- (5.36)
Let Z(t) = log(e + [|(u,b)[| ), then

Z(t) < Z(0) —i—CT—I—/Ot IV xu,V xb)]| gy _Z(s)ds. (5.37)
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This along with the Gronwall inequality yields

t
Z(t) < (Z(0) + CT) exp (/ (V% u,V xb)| po ds).
0 00,00

Hence, we have

(@), )l z101 < C(ll (o, b0) | 101 + €)™ exp(CTA(1)), ¥Vt € (0,T], (5.38)
where

t
luoz/“vavabmm ds. (5.39)
0 00,00

Therefore it is possible to extend the strong solution past T, see also [36]. The proof of
Theorem 5.1 is thus completed. =

REMARK 5.3. We can get the same result in the framework of BMO spaces if we substi-
tute (5.34) with

1(Ve, V) loo < C(1+ [[(Var, VD) [0 (1 +1og™ [[(u, b) [ 1))
Beale-Kato-Majda [1] and Kozono-Taniuchi [18] showed that for 1 < r < oo,
1llse < C{L+ I fllprio (loge + Iflw=r)) ), FEW™, s> 2, (5.40)
and
[Vullse < C{L+ ot ulBmo (log(e + [[ullw=+1.-)) },
u€ WS with divu=0 , s> ;, (5.41)

1/¥all- < C{lIf1-1Vallemo + IV fllzmollgll },

frge Wbt Vf Vg e BMO, (5.42)
o | +8] | +8]
10°£0°gl» < Cllfllemoll(=2) =~ gllr + Cligllarmoll (=) "= £l
f,g € BMOnWlelHBlr ¢ — C(n, 7, a, 8), (5.43)

By the above inequalities we can derive the regularity criterion in the framework of BMO
spaces based on u and b. In detail, (u,b) € C*°((0,T) x R™) if

T
/O el + 1Bl 3ao) de < oo. (5.44)

In fact, by means of (5.42), (5.43) together with the Holder inequality, it follows that
[(0%(u - V)u, 0%u)| < [|0% (u - V)ul|2]|0%ul|
< Jlullsro |01+ ulls 0% ull2

(03 v [
< C)lullEnollo™ull3 + 710 ul3, (5.45)

(0% (- V)b, 0°b)| < [lullzro |V 1b]12]10%b]l2 + IV ulla||bl Brio |07l
< C(w,n)([ulldmo + 1BlEno) 10" ul3
v a n a
+ IV ullf 4+ VI b, (5.46)
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(@7 (b- V)b, 0"u)| < [bllaro 171 bl [0 ul
< COlol0™ull3 + 71917 16]3, (5.47)
and
(076~ V), 8°B)| < [blsio [V ullal| 0z + V1 bl [ull maio |97
< Gl m)(lulfio + 1bu0) 10! ull3
+ 2V a3 4 3wl ). (5.48)

Collecting (5.27), (5.45)—(5.48) we easily show the regularity result in the framework of
BMO space, see also [37].

6. Uniqueness and regularity criterion in the framework of mixed space-time
Besov space. We shall apply Tao’s trichotomy method to study the regularity of solu-
tions to the MHD equations.

Localizing the MHD equations (1.1)—(1.3), we obtain the following equations for j =
1,2,...,n
KD — VAN + Ap(u'0iud) = —0; ARIL+ Ay (b0;b7),
8,5Akbj — UAAkbj + Ak(uzﬁzbj) = Ak(biaiuj),
I = R; Ry (w'u™) — R; Ry (b10™),
V.-u=V -b=0.
Multiplying by |Agu|""2Aku? and |ARb? |72 Akb both sides of the first two equa-
tions of (6.1), respectively, and integrating with respect to x over R™, one gets
1d . 1d .
-— | A’ |" de + —— ARt | dx
rdt Rn

’I"dt Rn
b 1)y/ VA 2] A |72 das + (r — 1)77/ VA Rb 2] A b |72 da
R™ Rn

(6.1)

= — A (W0 )| A pu? "2 A pu? da + Ap (b)) | Apud |2 A da
R Rn

— @Ak(ﬂ)\AkujV’QAkuj dr — / Ak(uiaibjﬂﬂkb”riQAkbj dx
R”l ]Rn

+ Ak(biaiuj)‘ﬂkbj‘ri2ﬁkbj dzx
]RTI,

Eh+ L+ I3+ I+ I
For the notational convenience, we denote

A
§ A)\ = Ak,nr
IA—k[<m

From the generalized Bernstein estimates

/ |VAkuj|2|Akuj|T*2dx~22k/ |Apu? |” dx
R™ R™
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it follows that

1d . .
o [Apw?|” 4 | Apb? ") da + 22 C | [|Agul|™ 4 | Axd|™] da
R'Il Rn

<h+L+Is+ 14+ Is. (6.2)
By the Littlewood-Paley trichotomy decomposition, we have by taking f = u’, g = d;u’

I = Ak(uiﬁiuj)|Akuj|T*2Akuj dx
Rn
= Z / Ak(ﬁk’guiAg(aiuj))|Akuj|’“_2Akuj dx
t<k—57R"

+ Z / Ak(AguiAk,gaiuj)|Akuj|T*2Akuj dx
t<k—5"R"

+/ Ak(ﬁkﬁuiﬁkﬁaﬂﬂ)|Akuj‘r_2ﬁkuj dx

+ Z /Rn Ay (AguiAg/c')iuj) \Akuj\szAkuj dx

£,0r ' >k+5
e—/|<3
210 4™ 4™ 4 v @, (6.3)
We have
IV S [ Apsul| A kull; 2 e(0e,w) oo
(<k—5
S Ak sul| 1Akulir Y 25T A |z,
<k—5
_ k+5
1 < || A sul| 1Akulr= > 25599 Al
{=k—5
Since

Ak(AzuiAgl(aiuj)) = ai(Ak(Azui(Ag/uj))),
it follows that

O KA ullo| Apulli2 > > Al A,
£,0r 0/ >k+50—0'|<3

S 25 R | Agull | A7 D > el Aeul,.
£,or &' >k+5 |£—0'|<3

Now we are in a position to estimate 77 . Since

AguiAk(ﬁk,gaiuj)|Akuj|T*2Akuj dx = AguiAk(aiuj)\Akuj\szAkuj dx
R R
= At 0 Apd | Agud |2 A de
]Rn
1 . . _
=— A put 0| A || A |72 da
2 R'll
=r Aguiai(|Akuj|2|)§ dr =0,
]Rn
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and
||Ak(AguiAk733iuj) — AguiAk(Akgaiuj)Hp 5 ||A5VUHOO||A/€73’LL||T
< 250 Agul[]| A sl
we easily verify that
If(l) ,S Z / {Ak(Aguiﬁhgﬁiuj) — Aguiﬁk(zkgaiuj)}|Akuj|T72Akuj dx
t<k—5"R"
S Aksull, 1 Akul;™ > 250 Al
£<k—5
Putting estimates of I, ITW  117M TV (1) into (6.3), one gets
LIS D 25 Al Al
(<k+5
k+5
X { Z A mul|? + Z Z | Aeullr || Aerully | (6.4)
m=k—>5 Lyor &/ >k+5 [6—¢'|<3
Secondly, we estimate I4
I, = Ak(uzazwﬂAkbﬂ“zAka dx
]Rn
= > / Ap(Dg st Dp(8:57)) | Apb? |72 Ak daz
t<k-57R"
+ > / Ap( Ll Dy s0:67) | Dbl |72 A0 d
t<k—5"R"
+/ YAN? (ﬁk,‘guiﬁkﬁaibj)|Akbj|T72Akbj dx
+ Z Z / YAN? (Azuiﬂg/aibj)|Akbj|T72Akbj dx
Cor 0/>k+5 |[e—p|<3/R"
2@ 1™ 1@ 4 v ®, (6.5)

It follows that

IV S [ Aksulle 1A 146(02,5) o

L<k—5
SIAksull AR D" 2 A,
L<k—5
~ k+5
Y S (| Agsullo | AxblTH Y 2D A5
l=k—5

Since

Ak(AguiA[/aibj) = 8¢(Ak(AguiAg/bj),
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it follows by the Holder inequality
W < ct|abllclowli ™ Y Y 18wl aeb],
£,0r £/ >k+5|0—0'|<3
< C2 R ARblRI ARl Y D Al Aebl
£,0r £/ >k+5 |0—¢/|<3
Now we are in a position to estimate I1(*. Since
Al A (D 30ib) | Apb? "2 000 dae = [ Dt D (0:07)| A |20k da
R R
- r/ At 0| Db 2])5 dar = 0,
and
HAk(Azu’Akﬁ@bj) - AguzAk(Ak’gaib‘])Hp S C”AzVU”m”Ak’;ngT
< C2 VY Agul7|| A 30l -
we easily verify that
I < Z / {Ak(AgulAkg&bj) — Aguiﬁk(gk’gbaibj)}|Akbj|r_2ﬁkbj dx
t<k—57R"
SIA kbl ARBIT D 2F TV Az,
0<k—5
which implies
1] < C > 20T Agulls + | Abll) |2 xbI

L<k+5
k+5
{ ST amblZ+1amulZ]+ >0 > Al Avb],|. (6.6)
m=k—5 2,01 £/ >k+5 |[€—0/|<3

In the same way as the decomposition of (6.3) and (6.5), we have
L =19 4 119 4 1719 4 v j =25
Moreover, direct computations imply
IO S | Arad|| 1Akuly™ Y 230 A,

L<k—5
O] S [|Bwabll Jarbli™ D 2 Agull,
L<k—5
~ k+5
ITO| S || Bgsbll 1Akl D0 2550 2b5,
L=k—5
~ k+5
ITO| S || Bt N1Akbl™ 30 250 A5,
l=k—5
V@] S 2E X Alle | Al D Abl A
Lor ' >k+5
le—0|<3
VO 2 Ab[AIAGIT D (Al Aeb
Lor &' >k+5

e~/ <3
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Now we estimate 112 and I7®). It follows by the Holder inequality that

< Y

Db AN Ay 300 | A pu? |2 A0 de

t<k—5! /R

= Z/ Agb AR | A p? "2 A | dac
t<k—57R"

S D 10 ool ARDY ||| A 7
L<k—5

SNAkblARull™ > 27 A5,

l<k—5
PRIESSY
L<k—5

S Akl | AT Y 25 FF Al
L<k—5

/ Agb’AkAm&iuj|Akbj|T*2Akbj dx
R"'L

Collecting the above estimates yields

k+5
LIS > 2%”’“||Aeb||f-||Aku||:2{ > Amull? + [12mblI2]
L<k+5 m=k—5

DY ||Aeb||r|Ae/b||r], 6.7)
Lor ' >k+5|0—0'|<3
and

k+5
IS Y 222+k||A€b”f"||Akb||:_2{ D mull? + 1250017

£<k+5 m=k—5
b S isalla] 65
Lor ! >k+5 [£—0'|<3
In the same way as leading to the above estimates, we easily verify that
Iy = / [ALR; Ry (Ojuiu™ 4 9;u™u’) — ApR; Ry (9;6°0™ + 9;6™0%)]| Apu? "2 Ag? dx
satisfies

k+5
n<c Y 2<%+l>f||Aeu||f||Aku||:2[ S NAmal?
{<k—5 m=k—>5

DI IIAeulerAe/un,}

Lor /' >k+5 |0—0'|<3

E

+5
+C Y 2“*’€|Aeb||f|mku||:2[ A mull? + | Ambl17]
L<k—5 m=k—5

Yy ||Azb||r||Aefb||r}. (6.9)

Lor ! >k+5|0—0'|<3
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By means of the estimates from Iy to I5, one gets

1d
Akl + (r = 1r2* | Agull;

k+5
<C Yo 2Rk IIANIIHIIAszIf)IIAkUII?2{ Y lAwullf + [1Amb]7]
L<k+5 m=k—5

+ 0 Y (1Al +1Adl) ([ Aeull, + ”Ai’b”r)]a (6.10)

Lor 0/ >k+5 [—6']|<3
1d
gt ZAVL A G 1w2?*(| Ab|;

k+5
<c > 2%€+k(|ﬁeu||f+||ﬁzb||f)|Akb||:_2{ > Amull? + (| Ambd|f2]

0<k+5 m=k—5
+ ) > (|AEUHT+”Ainr)(”AZ’uHr+”Al’b”r)]' (6.11)
Lor £/ >k+5 [6—0'|<3
Hence
d
E(IIMUII? + 1 28DIIZ) + 2%F (|| Agu]l2 + | Akull?)
k+5
<C Y 2Rt IAeuIImLIIAebIIF){ > UlAmull? + | AmblI2]
L<k—5 m=k—5
+ 0> > (IAwlle + Al ([Apull + | Aeb] |- (6.12)
Lor £/ >k+5 [0—'|<3
Denote
k+5
Gr(t) = D [lAmul? +12mblI21+ D (IAeullr + [Adl) (120wl + | Apbl)
m=k—5 Lor ' >k+5

|e—0/]<3
(6.12) along with the Gronwall inequality implies

1A kul2 + 212 < e 2 (|| Aruo ()] + || Arbo()])
+ > 2F =2y (| Agullr + A AGR(E)]. (6.13)
1<k+5

Taking the L°°(0, T')-norm, we have

|AkullZoe e + 188D T e S (1ARU0(@)IIF + | Arbo()]7)

+ Y 2FFNIGKO g (1A eull pare + 1260 orr)
L<k+5

< (1Akuo(@)II7 + | Axbo()]17)
H2EHRIGLO g (lull oy + 1Bllzagy ) (6.14)
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On the other hand, we take the norm in L*(0,T) and get
1Al + [ 840)3
o2k
< lle™ I (| Akuo (@) |17 + | Axbo()[17)

n _ 92k
+C Y 2F e L | Gr(®) g (| D eull L + 186Dl arr)
L<k+5

< 27 (|| Aguo(@) 17 + | Arbo(2)|7)
+ 25 G0yl oy Dol o) (6.15)
Multiplying by 22%* both sides of (6.14) and taking the £%-norm, one gets

ol e+ 10125, S o), + o) I3

+ (wll gy + Iblleg 5y )

e \ %
X<ZQ<—7+1+25>2 |G (t )||zg,) . (6.16)

k
Multiplying by 22#(+1) both sides of (6.15) and taking the £%-norm, it follows that

ull2s g + 10125 g S luo(@)IG, + Mo@l%, + (lull gy sy + 186y sy )
TETe TPT e r, T2F, 00 T2F, 00
%
><(22("”““8)2||Gk<>|| ) . (6.17)
k t

Now we are left only with proving the following inequality
n_ ke 2 e 2
Y2 G015, ) S uly,
k

2

0l 2, e

Il

[,‘X’Bﬁ |bH 9+1 (618)

Noting

Ge(t) S Y (IAm@®|? + [ Ab]2)
(>k—5

and § £ Z—7+1+2s>0, it follows that

(ZQ%HGk W)
(22 (3 18wl sg 150N, )

L>k—5

+<22979< Z (| Aeb( )||L°°Lr||Alb ||L2Lr) )
k

NS

N——
[

L>k—5
(Z f(ZHAMu Wi, 50 u(t) ))
k >-5

(SIS}
[SYIN)

+(Z29k2—9( S 1B erkb Ol g 1A eskb D) 2 )

k £>—5
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= <zk:< > <29z <2(k+£)S|AZ+kU(t)”L?oL;> @

>-5

2 o 2
a7\ 2\ ¢
% (2<k+€ﬂs+{)Hllz+ku(t)HL3L;> ) >

+<Z ( Z (205 (2(k+4)5||A€+k:b(t)||Lt°°L;>
k Ne>_5

o, 2

FASAY]
x(2<’f+€><s+”|Ae+kb<t>||%) ) ) , (6.19)

where we used the fact

2 2

When p > 2, by the Minkowski inequality we have

4

(Z2*Ieol, )
k ,

1
7

2
(o (Sresal, ) (S a0, )

£>—5 k k

)
)

DO 2 - (6.20)

On the other hand, for p < 2, it follows that by L% < L'

ke
(S #ieon,)
S (2297‘-’ 3 ||Azu(t)|gﬂg|Agu(t)|z'?L;>
k

m\l I~

( Z 2_9@<22ksg|Akb |L°°LT) (ZQk(s-&-l)QHAkb(t)Hi%L;‘>

£>—5

S llu(®)

2
IIEMBé [u(®)ll 22 s+1+||b()||Lme

>k—5
2
ko 2 < e
(Zz £ Y 1000 g 150001 s,
0>k—5 ]

Qe

(X “(kau s

£>—5

2
(ZQk(SH)Q”Aku(t)"i?Lr) )
% tHx
! 4

(X Tg(kab sy ) (2RO, ) )
k

£>—5
%
()l 22 02 + [I0(E )IIDX,B&

SN

S llu(®)

liss DO Z, - (6.21)
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Since
2 2
le®llysy IO g, O o
1
q 2 2
SOy ), + 52 o (6.22)
and

2

2 7
b g IOz, OO Zz e

1
S 1B gy 10O g, + 51O s (6.23)
we can derive the nonlinear estimate
bl g+ ()2 g+ IO, + IO 5o
2 2 q q
S luo@I, + (@), + (a5 + Oy )

% ()2 s + D22 ). (6.24)

T

From the above discussion we finally obtain the following result:

THEOREM 6.1. Let (ug(x),bo(x)) € L?(R™) with V - ug = V - by = 0, and suppose that
(u,b) € L®((0,T); L*(R™)) N L((0,T); HY(R™)) is a Leray-Hopf weak solution which
satisfies the energy inequality (6.1). Assume that there exists a (¢,7) € A, with ¢ # oo
such that (u,b) € LIBY __, Then the solution (u,b) is smooth on (0,T).

7,007
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