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Abstra
t. A priori estimates for solutions of a system des
ribing the intera
tion of gravitation-ally attra
ting parti
les with a self-similar pressure term are proved. The presented theory 
oversthe 
ase of the model with di�usions that obey either Fermi�Dira
 statisti
s or a polytropi
 one.1. Introdu
tion. We 
onsider the following initial-boundary value problem:

nt = ∇ · (D (∇p + n∇ϕ)) in Ω × (0,∞) ,(1)
∆ϕ = n in Ω × (0,∞) ,(2)

(∇p + ∇ϕ) · ν̄ = ϕ = 0 on ∂Ω × (0,∞) ,(3)
n(0) = n0 ≥ 0 in Ω ,(4)where Ω ⊂ R

d is a bounded domain and the pressure is self-similar, i.e.(5) p(n, θ) = θd/2+1P (nθ−d/2).Noti
e that due to (5) and a spe
i�
 
hoi
e of the di�usion 
oe�
ient, [5℄, [1℄, [2℄,(6) D = P ′,the system (1)�(4) 
an be transformed to the following one:
nt = ∇ · (θP ′2 ∇n + nP ′ ∇ϕ) in Ω × (0,∞) ,(7)

∆ϕ = n in Ω × (0,∞) ,(8)
(θP ′2 ∇n + nP ′ ∇ϕ) · ν̄ = ϕ = 0 on ∂Ω × (0,∞) ,(9)

n(0) = n0 ≥ 0 in Ω ,(10)2000 Mathemati
s Subje
t Classi�
ation: 35Q, 35K60, 82C21.Key words and phrases: Chavanis�Sommeria�Robert model, Fermi�Dira
 statisti
s, poly-tropi
 stars, nonlinear nonlo
al paraboli
-ellipti
 system.The paper is in �nal form and no version of it will be published elsewhere.
[205]



206 R. STAŃCZYwith a given positive 
ontinuous temperature θ = θ(t) and the nonnegative density of theparti
les n = n(x, t) and gravitationally indu
ed potential ϕ = ϕ(x, t) to be solved for.Numerous pressure formulas 
oming from statisti
al me
hani
s of self-intera
ting par-ti
les have been 
olle
ted in [3℄ in
luding Maxwell�Boltzmann, Bose�Einstein, Fermi�Dira
 and polytropi
 distributions. We list below all of them in a series of examples butsubsequently we shall fo
us on those P , whi
h have the power of order 1 + 2/d as thehighest order term at in�nity, i.e.,(11) P (z) = p1z
1+2/d + R(z),with R(z) = o(z1+2/d), as in examples 2 and 4 presented at the end of this se
tion.In [1℄ the authors proved the existen
e result for the spe
i�
 
hoi
e of the di�u-sion parameter D = P ′ and density p 
orresponding to the Fermi�Dira
 statisti
s in theisothermal three-dimensional 
ase θ = const (
f. Example 2 below). Moreover, the asymp-toti
 behaviour with the possibility of the evolution towards steady states was addressedin [2℄ for nonisothermal 
ase. The problem of existen
e of steady states was examinedin [7℄.In this paper we will prove some a priori estimates for the solutions of the problem(7)�(10), both for the density n (Se
tion 2) and for the temperature (Se
tion 3) under theassumption that at z = ∞ the leading term of the P (z) fun
tion is of the form p1z

1+2/das in (11). Thus, the polytropi
 and the Fermi�Dira
 
ases are relevant examples. Theseestimates 
annot be derived from the paper [1℄ as the isothermal (θ = const) entropy,used there to get L1+2/d bounds for n, is no longer an entropy if we allow non
onstanttemperature θ = θ(t). Instead, in Se
tion 2, we use the `asymptoti
 energy' to get thedesired estimate. Finally, we relegate the te
hni
al properties of the Fermi�Dira
 modelto Appendix.The results presented here are also related to the problem of the existen
e of solutionsto (7)�(10) in the mi
ro
anoni
al (nonisothermal) setting, i.e. with the given energy andthe temperature to be determined so that the energy relation(12) E =
d

2

∫

Ω

ϑd/2+1P (nϑ−d/2) dx +
1

2

∫

Ω

nϕ dx = constis satis�ed for ϑ = θ. This, however, is the subje
t of the forth
oming paper [9℄, and sois not extensively addressed herein. For the related steady states problem one 
an see[8℄. In Se
tion 3, we show in the main Theorem 3.2 that all the values of the energyattained at t = 0 are admissible at t > 0, i.e., 
ould be attained at some ϑ = ϑ(t), underthe smallness assumption of mass ∫

Ω
n dx ≪ 1 whi
h is 
ru
ial for the existen
e theoremin the mi
ro
anoni
al 
ase. The existen
e result 
an be interpreted that the no gravo-thermal 
atastrophe o

urs provided that the mass of the 
loud of parti
les is relativelysmall 
ompared to the energy. The details on the existen
e theorem are postponed to [9℄.A related Keller�Segel model of 
hemotaxis phenomena with nonlinear di�usion butin the whole spa
e was re
ently studied in [6℄, [10℄, [11℄. Note that this model 
orrespondsto the polytropi
 
ase and an analogous a priori estimate 
ould be derived for the 
orre-sponding Keller-Segel model provided that the di�usion and transport 
oe�
ients havethe required form.



PARABOLIC-ELLIPTIC SYSTEM 207We end this se
tion with a series of examples, in whi
h the pressure has self-similarform (5).Example 1. For the Maxwell�Boltzmann distributions
pMB(n, θ) = θn,whi
h follows after substitution in (5) PMB = I. This 
lassi
al Boltzmann relation leadsto the linear Brownian di�usion term ∆n in (7) and, as su
h, will not be 
onsideredherein.Example 2. For the Fermi�Dira
 distributions one has(13) PFD(z) =

µ

d
(fd/2 ◦ f−1

d/2−1)

(

2

µ
z

)

implying, by (5),(14) pFD(n, θ) =
µ

d
θd/2+1(fd/2 ◦ f−1

d/2−1)

(

2

µ

n

θd/2

)

.The fun
tion fα denotes the Fermi integral of order α > −1 de�ned by(15) fα(z) =

∫

∞

0

yα dy

ey−z + 1
.This leads to a nonlinear di�usion in (7). Properties of Fermi integrals (15) (
onvexity,asymptoti
s, et
.) relevant to study the system (1)�(4) are 
olle
ted in [1, Se
. 2℄ and [2,Se
. 5℄, and our Appendix. In this 
ase the leading term 
oe�
ient, being the limit of

PFD(z)z−1−2/d as z → ∞, equals p1 = 2
d+2

(

d
µ

)2/d
, where µ = η02

d/2Gσ2
d and G is thegravitational 
onstant, σd the measure of a unit sphere in R

d, and η0 a bound on thedensity in the (x, v) phase spa
e. For the origins of the derivation of the simpli�ed model(7)�(10) in the Fermi�Dira
 
ase, see the argument at the end of Appendix.Example 3. An analogous 
onstru
tion is used to de�ne the Bose�Einstein distributionswhose properties, however, di�er from those of Fermi�Dira
 ones,
PBE(z) =

µ

d
(gd/2 ◦ g−1

d/2−1)

(

2

µ
z

)

,implying(16) pBE(n, θ) =
µ

d
θd/2+1(gd/2 ◦ g−1

d/2−1)

(

2

µ

n

θd/2

)

,whi
h leads again to a nonlinear di�usion in (7). Here gα denotes the Bose�Einsteinintegral of order α > −1 (
f. [3, Se
. 2℄) de�ned, for z < 0, by(17) gα(z) =

∫

∞

0

yα dy

ey−z − 1
.In this 
ase, however, due to the fa
t that, for α > 0, G = supz<0 gα(z) is �nite, pBE 
ouldonly be de�ned for 2

µ
n

θd/2 ≤ G. Thus, sin
e the asymptoti
 
ondition (11) is irrelevanthere, this 
ase is ex
luded from our further 
onsiderations.Example 4. Polytropes are 
lassi
al equations of state of a gas with(18) p1+γ(n, θ) = κγθ1−γd/2n1+γ



208 R. STAŃCZYwith a polytropi
 
onstant κγ > 0 and 0 < γ < 2/d so that ∂p
∂θ > 0, whi
h is physi
ally anatural 
ondition. The limit value γ = 2/d leads to the pressure(19) p1+2/d(n, θ) = κ2/dn

1+2/dindependent of θ and satis�es (11). The limit 
ase γ ց 0 
orresponds to the Boltzmanndensity-pressure relation (1). The polytropi
 relations de�ne evolution equations withnonlinear di�usions as, e.g., in the porous media equation.2. A priori estimates for the density. In this se
tion we generalize some of the resultsobtained in [1℄, where the authors 
onsidered Fermi�Dira
 density PFD and a 
onstanttemperature θ, whereas here we treat more general pressure forms P and allow a variabletemperature θ = θ(t).First, note that, as a 
onsequen
e of (3), total mass(20) M =

∫

Ω

n(x, t) dxis 
onserved during the evolution of the solution to the system (7)�(10).Lemma 2.1. For any 2 ≤ d ≤ 4 we have the estimate(21) ∣

∣

∣

∣

∫

Ω

nϕ dx

∣

∣

∣

∣

≤ CM1−2/d

∫

Ω

n1+2/d dx.Proof. Apply the Sobolev�Gagliardo�Nirenberg and Hölder inequalities.Now, we shall prove some a priori estimate for L1+2/d norm of the density n. We willderive it dire
tly from the equations (7)�(10).Lemma 2.2. Assume that, for P ∈ C1, (11) holds with R satisfying additionally the global
ondition(22) |R′(z)|z1/2−1/d ≤ B.De�ne the `asymptoti
 energy' by(23) Ea(t) =
d

2

∫

Ω

p1 n1+2/d dx +
1

2

∫

Ω

nϕ dx.Then, there is a 
onstant C > 0 su
h that, for any �xed T > 0 and any t ∈ [0, T ],(24) d

dt
Ea(t) ≤ Cθd/2

∫

Ω

|∇ϕ|2 dx.Proof. Let t ∈ [0, T ] and re
all that both P and P ′ are 
ontinuous fun
tions of nθ−d/2.Now, we multiply (7) by d
2n2/d and integrate over Ω to obtain

d2

2(d + 2)

d

dt

∫

Ω

n1+2/d dx = −θ

∫

Ω

P ′2|∇n|2n2/d−1 dx −

∫

Ω

P ′n2/d∇n · ∇ϕ dx.Similarly, multiplying (7) by Aϕ, we get
A

2

d

dt

∫

Ω

nϕ dx = −A

∫

Ω

P ′ n |∇ϕ|2 dx − Aθ

∫

Ω

P ′2 ∇n · ∇ϕ dx.



PARABOLIC-ELLIPTIC SYSTEM 209Summing up the above equalities and using the following Hölder inequality:
∣

∣

∣

∣

∫

Ω

P ′θ1/2 n1/d−1/2∇n · ∇ϕ(θ−1/2n1/d+1/2 + AP ′θ1/2n−1/d+1/2) dx

∣

∣

∣

∣

≤

∫

Ω

{

P ′2θn2/d−1|∇n|2 +
1

4
|∇ϕ|2(θ−1/2n1/d+1/2 + AP ′θ1/2n−1/d+1/2)2

}

dxwe arrive, taking A(d + 2)p1 = d, at
d

dt
Ea(t) ≤

1

4A

∫

Ω

|∇ϕ|2(AP ′θ1/2n−1/d+1/2 − θ−1/2n1/d+1/2)2 dx.(25)This yields the 
laim with C = dB2

4(d+2)p1
, by the assumption (22) together with (11)implying P ′(z) = (p1(d + 2)/d)z2/d + R′(z).Remark. Note that Lemma 2.2 holds in the polytropi
 
ase with R(z) = 0 as well asin the Fermi�Dira
 
ase. Indeed, from Lemma 4.2 in Appendix it follows that R′(z) =

O(z−2/d) at z = ∞ and |R′(z)| ≤ B at z = 0. This implies |R′(z)| ≤ Bz1/d−1/2, for
2 ≤ d ≤ 6.Remark. It should be noted that for the polytropi
 
ase Lemma 2.2 implies the dissi-pation of the energy, sin
e in this 
ase Ea = E de�ned by (12). Therefore this energy
onservation postulate makes no sense in this 
ase. Note also the disappearan
e of thetemperature in the formula (19).Remark. The name `asymptoti
 energy' used here for Ea 
an be understood, undermonotoni
ity assumption (eg. (33)), as the property Ea(t) = limϑ→0+ E(t).Applying the estimate (21) from Lemma 2.1 and integrating (24) from Lemma 2.2allows us to derive the following proposition.Proposition 2.3. Under the assumptions of Lemma 2.2, for CM1−2/d < dp1, the inte-gral form of the growth 
ondition reads(26) 0 ≤ Ea(t) ≤ Ea(0) exp (C(t)),where C(t) = CM

∫ t

0
θd/2(s)ds with CM = 2

dp1C−1M2/d−1−1
.Proof. Applying the estimate (21) we get, for CM1−2/d < dp1,

θd/2

∫

Ω

|∇ϕ|2 dx ≤ CMθd/2

(

d

2

∫

Ω

p1 n1+2/d dx −
1

2

∫

Ω

|∇ϕ|2 dx

)

,where CM = 2
dp1C−1M2/d−1−1

. Applying this estimate to (24) yields the 
laim.Combining Lemma 2.1 with the above proposition, we are ready to obtain an L1+2/destimate for the density n.Corollary 2.4. Assume that (11) holds with the lower order term satisfying (22) andtake su�
iently small mass M1−2/d ≪ dp1. Then
∫

Ω

n1+2/d dx ≤ BMEa(0) exp (C(t)),where C(t) = CM

∫ t

0
θd/2(s)ds with some 
onstants BM , CM .



210 R. STAŃCZYOwing to Corollary 2.4, an L2-estimate is also available for n. This will be the 
laimof the next lemma whi
h has its origins in the paper [1℄, where d = 3, P = PFD and
θ = const. Here the dependen
e on variable θ = θ(t), whi
h was irrelevant in [1℄, ismeti
ulously examined and any dimension d ≥ 2 is 
onsidered (2 ≤ d ≤ 6 for PFD).Lemma 2.5. Let T > 0, 2 ≤ d ≤ 4 and assume (11), (22),(27) P ′(z) ≥ p0and(28) p1z

1+2/d ≤ P (z) ≤ p2(z
1+2/d + 1).Then, there is a 
onstant A, 
oming from Sobolev embedding, and a 
onstant C dependingon the initial data, bounds on ϑ ∈ [a, b] and T su
h that, for t ∈ [0, T ] and AM4/d < 1,(29) |n(t)|2 + ap2

0(1 − AM4/d)

∫ t

0

|∇n|22 ds ≤ C .Proof. Let t ∈ [0, T ] and multiply (7) by 2n and integrate over Ω to obtain
d

dt
|n(t)|22 + 2θ

∫

Ω

P ′2 |∇n|2 dx = −2

∫

Ω

nP ′ ∇n · ∇ϕ dx .Next, we have
2

∣

∣

∣

∣

∫

Ω

nP ′ ∇n · ∇ϕ dx

∣

∣

∣

∣

≤ θ

∫

Ω

P ′2 |∇n|2 dx +
1

θ

∫

Ω

n2 |∇ϕ|2 dxby the Young inequality, when
e(30) d

dt
|n(t)|22 + θ

∫

Ω

P ′2 |∇n|2 dx ≤
1

θ

∫

Ω

n2 |∇ϕ|2 dx .From (28) we get θd/2+1P (nθ−d/2) ≥ p1n
1+2/d and using the Hölder inequality andSobolev embeddings we obtain, setting ‖ · ‖∗ a norm in H1

0 (Ω),
∫

Ω

n2 |∇ϕ|2 ≤ |n1+2/d|
2d

d+2
2d

d−2

|∇ϕ|2d+2
2

≤ |n1+2/d|
2d

d+2
2d

d−2

|n|2d(d+2)
3d+2

≤ |θd/2+1P |
2d

d+2
2d

d−2

|n1+2/d|
4

d+2
2d

d−2

M4/d ≤ A ‖θd/2+1P‖2
∗
M4/d .This estimate applied to the right-hand side of (30), by (28), yields

d

dt
|n(t)|22 + ap2

0(1 − AM4/d)

∫

Ω

|∇n|2 dx ≤
A

θ
|θd/2+1P |21M

4/d ,whi
h ends the proof if we integrate the above inequality with respe
t to time and apply(28) and Corollary 2.4.Remark. Note that after the modi�
ation of the proof the above theorem is also validfor d = 2. Note also that while assumption (28) is satis�ed both for Fermi�Dira
 andpolytropi
 model, 
ondition (27) holds only for PFD and is violated for polytropes in theneighbourhood of 0.Remark. Lemma 2.5 implies also an L∞ bound by a standard bootstrap argument, 
f.[1, 9℄. Those L∞ estimates are rather 
rude, i.e. insensitive to the signs of the terms



PARABOLIC-ELLIPTIC SYSTEM 211involved, di�erently from the 
ase L1+2/d or L2 estimates presented above whi
h tookadvantage of the negative sign of the di�usion term.3. Fixed energy problem. If we postulate 
onservation of the energy (12) some a pri-ori bounds follow dire
tly as was done e.g. in [1℄ in the Fermi�Dira
 
ase and in [3℄ and[4℄ in more general 
ase. Re
all the following version of energy estimates (for the proofsee [4, Lemma 3.1℄) valid in dimensions d = 2, 3.Lemma 3.1. Let ν = 4/(d(4 − d)). Provided that P (s) ≥ p1s
1+2/d, for any d

2p1 > ε > 0and all s ≥ 0 the following estimate holds:(31) E + CM1+ν ≥ max

{

ε

∫

Ω

n1+2/d dx,

∫

Ω

|∇ϕ|2 dx

}

.Finally, for ea
h 0 < ε < d/2(32) E ≥ ε

∫

Ω

ϑd/2+1P (nϑ−d/2) dx +

∣

∣

∣

∣

∫

Ω

nϕ dx

∣

∣

∣

∣

− CM1+ν .Note that this lemma does not imply the estimates from Se
tion 2 whi
h were obtainedwithout energy 
onservation 
laim dire
tly from the equations (7)�(10). Corollary 2.4 isof great importan
e not only for further improvement of the integrability and regularityproperties of the density (
f. Se
tion 2 and [9℄) but to establish what is the range ofthe energy (12). This issue was not addressed in [4℄ where under physi
ally a

eptableproperty of the pressure: ∂p
∂ϑ > 0 expressed as(33) P (z)z−1−2/d ց p1 > 0the authors proved only the uniqueness of the temperature ϑ de�ned by the energyformula (12). Now, in the following theorem, we are going to show that all positive valuesof the energy are attained for some value ϑ(t) = ϑ (we �x t > 0).Theorem 3.2. Assume that (11), (22), (27) and (33) hold. Then the temperature op-erator T : θ → ϑ is formally well de�ned by (12) for M ≪ 1 and all the values of theenergy E admissible at t = 0. Moreover, for d = 2, 3, ν = 4/(d(4−d)) and some postitive
onstants B, C, it has to satisfy(34) E < BM1+2/d − CM1+ν .Proof. We are going to show that E(ϑ) 
an be de�ned for ϑ = ϑ(t) > 0, with �xed t > 0,by (12). In fa
t, it maps (0,∞) onto interval (Ea,∞) ∋ E. To this end, de�ne

(2/d)F (ϑ) =

∫

Ω

p dx −

∫

Ω

p1n
1+2/d dx.Then, by Proposition 2.3 and the identity Ea = E(ϑ) − F (ϑ), for any positive E > 0attained initially at t = 0

E(ϑ) ≤ F (ϑ) + (E − F (ϑ0)) exp(C(t))but due to assumption (33)
F (ϑ0) > F (0) = 0 .



212 R. STAŃCZYSin
e F (ϑ) → 0 as ϑ → 0+, we have for small ϑ(35) E(ϑ) < Eprovided M is small enough to guarantee, by (2.1), that(36) exp(C(t)) <
E

E − F (ϑ0)
.Moreover, by (27), E(ϑ) ≥ (d/2)Mp0ϑ + (1/2)

∫

Ω
nϕ dx yields E(ϑ) → ∞ as ϑ → ∞.The existen
e of positive ϑ su
h that the given, positive energy E is attained

E(ϑ) = Eis implied by the 
ontinuity with respe
t to ϑ whi
h proves the 
laim. Finally, (34) is aneasy 
onsequen
e of (31) and (28).Remark. Note that all the assumptions are satis�ed for the Fermi�Dira
 pressure, thesuperlinearity assumption fails for polytropes, whi
h is natural sin
e, as a matter of fa
t,the temperature ϑ disappears in the formula (12) for the polytropi
 pressure.Finally, we shall show some a priori estimates for the �xed points of the temperatureoperator T in the 
ase P satis�es (11). First, we re
all after [3℄ that the fun
tional W(37) W =

∫

Ω

(

nH −

(

d

2
+ 1

)

Pθd/2

)

dxis a Lyapunov fun
tional for the problem (7)�(8) under the energy 
onstraint (12). Thefun
tion H(z) depending on z = nθ−d/2 is a primitive of P ′(z)/z. However, due to theassumption (11) the leading terms in (37) of order 1 + 2/d 
an
el out, and lower orderterms do not provide any better a priori estimates for the density n than (31). On theother hand, the entropy 
an be used to get a priori bounds for the temperature as wasdone in [3℄. The authors assumed there, for negative initial values of the entropy, that(38) lim inf
z→∞

(H(z) − (d/2 + 1)P (z)/z) > W(0)/M .If (11) is ful�lled then as we announ
ed the highest order terms 
an
el and, if the limitexists
lim

z→∞

H(z) − (d/2 + 1)P (z)

z
= lim

z→∞

(

H(z) −
d

2
zH ′(z)

)(39)
= lim

z→∞

(G(z) − (d/2)zG′(z))
df
= G0where(40) H(z) = h1z

2/d + G(z)with G′(z) = o(z2/d − 1), we are left with the analysis of the lower order term G′(z) =

g1z
β + o(zβ) with some β < 2/d − 1. Namely, if β < 1 then G0 = 0 in (39), e.g. for theFermi�Dira
 model in d = 2. Otherwise, if β ∈ [−1, 2/d− 1) then the important fa
tor isthe sign of g1 whi
h has to be positive, and indeed is, e.g. g1 = 1−2/d in the Fermi�Dira

ase for d ≥ 3, to imply G0 = −∞ and thus to guarantee (38).



PARABOLIC-ELLIPTIC SYSTEM 2134. Appendix on Fermi�Dira
 model. To prove the asymptoti
s for the Fermi�Dira
pressure PFD we need to re
all some asymptoti
 properties of Fermi fun
tions. In [2,Lemma 5.1℄ substitute z = − log(λ) and fα(z) = Iα(e−z) to get the followingLemma 4.1. The following asymptoti
 relations hold as z → ∞:(41) fα(z) −
zα+1

α + 1
= O(zα−1),for ea
h α ≥ 0, while for ea
h α > −1(42) z−α

{

fα(z)z −
α + 2

α + 1
fα+1(z)

}

→ −
π2

3
.Moreover, we have the iterative relation for the derivatives(43) f ′

α(z) = αfα−1(z).Now the announ
ed asymptoti
 result follows.Lemma 4.2. For the Fermi�Dira
 pressure form PFD we have at z = ∞(44) R′

FD(z) = O(z−2/d)and(45) PFD(z) = p1z
1+2/d + O(z1−2/d).where p1 = 2

d+2 (d/µ)2/d. Moreover, at z = 0, we have(46) R′

FD(z) = O(1) .Proof. To prove (44), we need to apply Lemma 4.1. First, using formula (13) gives, for
w = f−1

d/2−1(2z/µ),(47) P ′

FD(z) =
fd/2−1(w)

f ′

d/2−1(w)
.We want to prove that

(P ′

FD(z) − p1(1 + 2/d)z2/d)z2/d = O(1),or equivalently, re
alling that 2z = µfd/2−1(w) and (41), the boundedness of
w

(

f2/d−1(w)

(d/2 − 1)fd/2−2(w)
−

2w

d
+

2w

d
− p1

(

1 +
2

d

)(

µ

2
fd/2−1(w)

)2/d)

.In the above formula the �rst two terms, due to (41)�(42), 
onverge at ∞ to some
onstant. As for the next two, more detailed 
al
ulations are required. To this end weexpress
2w2

d
− p1w

(

1 +
2

d

)(

µ

2
fd/2−1(w)

)2/d

as
(wd/2 − Adfd/2−1(w))

2w(w1/2 + Afd/2−1(w)1/d)

d
∑d−1

k=0 wk/2fd/2−1(w)(d−1−k)/dAd−1−kwith A2 = p1(1 + d/2)(µ/2)2/d and the �rst term of order O(wd/2−2) and the se
ond one(the fra
tion) like O(w2−d/2). Thus we have just obtained the 
laimed boundedness.



214 R. STAŃCZYMoreover,
PFD(z) = p1z

1+2/d + O(z2/d(d/2−1))follows, by (41), from
fd/2(z) =

2

d + 2
zd/2+1 + O(zd/2−1)and

2z/µ = 2/d(f−1
d/2−1(2z/µ))d/2 + O((f−1

d/2−1(2z/µ))d/2−2).The last 
laim of this lemma (46) follows from the asymptoti
 behaviour of the Fermifun
tions. Namely, from [2, Se
tion 5℄ it follows that
fα(z) exp(z) = O(z)at z = 0 whi
h guarantees (46), and ends the proof of this lemma.Now, we shall show how (7)�(10) 
ould be derived, in the Fermi�Dira
 
ase, from(1)�(4) under the assumption (5) with a parti
ular di�usion 
oe�
ient. Re
all that bothin [1℄ and [5℄ the authors used(48) D(λ) =

−Id/2−1(λ)

λI ′d/2−1(λ)
,where Iα(e−z) = fα(z) is another version of the Fermi fun
tion and

λ = I−1
d/2−1

(

2n

µθd/2

)

.Using the re
urren
e derivation property (43) (
f. also [2, Se
tion 5℄ and [7, Lemma 1.1℄)and (47), we re
over 
laimed relation D = P ′.Moreover, it should be noted that in [1℄ and [2℄ the authors used the following notation
F ′ = P ′2, V = nP ′. Note that D should be de�ned exa
tly as in (48), whi
h might di�erthroughout these papers up to an inessential 
onstant.A
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