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Abstract. The existence and uniqueness of solutions to the Navier-Stokes equations in a cylin-
der 2 and with boundary slip conditions is proved. Assuming that the azimuthal derivative of
cylindrical coordinates and azimuthal coordinate of the initial velocity and the external force are
sufficiently small we prove long time existence of regular solutions such that the velocity belongs
to W52/; (€2 x(0,7)) and the gradient of the pressure to Ls,2(€2 x (0,T")). We prove the existence
of solutions without any restrictions on the lengths of the initial velocity and the external force.

1. Introduction. We examine the following problem (see [7]):

vi+v-Vo—divT(v,p) = f in Q' =Qx (0,7),

dive =0 in OF,
(1.1) v-n=0 on ST =8x(0,T),
i-DW) 7o =0, a=1,2, on ST,
v]t=o = v(0) in Q,

where Q C R? is a cylinder with the boundary S.

By v = (vi,v2,v3) € R3® we denote the velocity of the fluid, p € R the pressure,
f = (f1, f2, f3) € R3 the external force, fi is the unit outward vector normal to S, 7o,
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a = 1,2, are tangent to S. Moreover, the dot - denotes the scalar product in R3. By
T(v,p) we denote the stress tensor of the form

(1.2) T(v,p) = vD(v) — pI,

where v is the constant viscosity coefficient, D(v) the dilatation tensor of the form
(1.3) D(v) = {viz; +vj2 }ij=123,

and [ is the unit matrix.

Let (x1,x2,x3) be a local Cartesian system such that the x3 axis is the axis of the
cylinder Q. Let (7, ¢, z) be the cylindrical coordinates such that z; = rcos ¢, £o = rsin @,
r3 = 2.

Let for given R > 0, a > 0

Q={recR®: r<R, pc0,2n], z € (—a,a)},
S = Sl @] SQ where
Si={reR®: r=R, pe0,2n], z € (—a,a)},
Sy={zeR®: r <R, p€l0,2r], zis either —a or a}.
To prove the existence of solutions to problem (1.1) we apply the Leray-Schauder fixed
point theorem. For this purpose we define a mapping ® whose fixed point is a solution
to problem (1.1).
Let
M(QT) = La(0,T; Loo(2)) N L2(0, T5; W3 () N Lo (0, T3 Wy _5(2))
NLoo(0,T; Ly, —5(2)) N L2 (0, T Wﬁl/(lfzao)(Q))’
where 6 € (0,1/2), g9 € (0,1/2).

Now we construct the mapping ®. Let v/ € MM(QT) be given. By Lemmas 3.1 3.4
and inequalities (4.4), (4.13) there exists a solution to problem below (2.12) denoted by
o =o(v") € M(QT) = L1o(Q7) N L1g/3(0, T W110/3(Q)). The relation o = 9(v’) defines
the mapping

(1.4) Oy M) 30" = (V) =5 € My(Q7T).
Then problem (5.1) generates the mapping ®a,

(1.5) v =Dy(0, \)

such that

®y 1 Me(Q7) x [0, 1] — M(QT) = W2, (QF) c m(Q").

From (1.4) and (1.5) we define the transformation
(1.6) oM7) x [0,1] — M. (Q7)
by

(I)(U/7 )\) = fI>2(<I>1(U’)7 )\)

From Lemmas 5.1 and 5.2 we have that ® is uniformly continuous and compact. Moreover,
index ®|y=0 = 1.
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Let us introduce the vectors: €, = (cosy,sing,0), &, = (—sing,cosp,0), €, =
(0,0,1) connected with the cylindrical coordinates r, ¢, z, respectively. The cylindri-
cal coordinates of any vector w are u, = u- €., U, = U- €y, U, = U-€E,. Let g =
friplr+ fo.0€o+ [2.08z2 h =V o€+ 0y €, + U, L€, F =10t f, F' = (F,, F,), a =rotv,
o = (ay,a;), w=1v,. Assume that the following quantities are finite:

X(t) =19l 2a,_1peny @) F W olla _jaiegy@) F 1E 220,165 92))

H RO ar . @ + 0Ol mi@) + [0/ (0)| o) + 10,2 (0) | o) < 0,
Yi(t) = [[Follz, i) + llap(0)z, _, (at) < o0,
Ya(t) = [ fllLs o) + HU(O)HW;//;(Q) < 00,

(1.7)

where €, > 0.

Let o1 be a nonnegative positive function which appears in (4.1). Let A = o[p1(0)Y?+
¢1Ya], where o > 2 and ¢; is the constant from (4.1). Then for sufficiently small X Lemma
4.2 implies the estimate for a fixed point of mapping P,

(1.8) ||7)||W52/‘;(QT) + ||VP||L5/2(QT) < A
Hence, the Leray-Schauder fixed point theorem implies

THEOREM 1.1. Let (1.7) hold. Let X be sufficiently small. Then there exists a solution

to problem (1.1) such that v € Wg/é(QT), Vp € Ls/2(Q7) and (1.8) holds.

2. Notation and auxiliary results. By ¢ we denote generic constants and by ¢(o) we
denote generic positive increasing functions depending on o.

To simplify considerations we introduce

‘U|P,Q = ||u||Lp(Q)a Q € {Qa Sa QT”S'T}’ pE [1,00],
|S,Q = H’U'HHS(Q)’ Q€ {Qa S}’v s € RJr U {0}7
”u”S,Q = ||UHW2515/2(Q), Q€ {QT, ST}, seERLU {0},

[

where [lullo,q = [ul2,q.
Moreover, |u], ,.or = ||uHLq(07T;Lp(Q)) and

Iulp,q,u,QT = ||u||Lq(O,T;Lp,u(Q))7 Q c {Qa S}a D, qc [13 OO], JURS R.

Let us introduce
T 1/2
ol ey = suprerllo(®) ey + ( JRCT dt)

Finally, we introduce weighted spaces. Let Ly, ,,(Q) be the set of functions u such that
1/p
fully i@ = ([ laPr#as) " <oe, pellod peR Qe {n5.0757)
Q

with the notation

|U|p,u,Q = ||UHLP,“(Q)'
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Let us define H;(Q) for Q € {Q, S}, s € Z, U{0}, p € R by
1/2
||uHH;(Q) = < Z / |D;‘u|2r2(ﬂ8+a)dQ> < 00
|a|<s Q
and H*?(Q) for Q € {QT, 57}, 5 € Z, U{0}, p € R by

1/2
HUHHZ'S/Z(Q):< > Dg‘?@ZUIZrQ(“‘S“‘””dQ) < o0.
la|+2i<s

To simplify notation we introduce

s = llullmg@) for @€ {Q,5}

lu

and
lulls, 0 = ||u||H;,s/z(Q) for Qe {QT,ST}.

Vi . (Q) = (

Now we recall inequalities and imbedding theorems used in this paper.

Finally, we define

1/p
Z / |D;“uprp(“_s+|a|)dx> <oo}.
Q

lo<s

V(@) = {us

From [5] we have the imbedding

(2.1) lullv: @ <cllulyt @, QCR,

a.B+s—l+ 35—
ands—l—l—%—%SO.
From Lemmas 4.2.3 and 4.2.4 in [7] we have the following Korn inequality:

2 2
—|—‘/ fordadt’ ),
Qt

(22) ol < o Bat) +| [ w0 do

where

EQ(U) = /Q(U@vzj + Uj7m,,)2 dl’,

and the summation convention over the repeated indices is assumed. Moreover, to show
(2.2) we used the conservation law

/up(t)rdaz:/ fwrd:cdt’Jr/v@(O)rdx.
Q Q Q

In view of (2.2) we have the following energy inequality for solutions to problem (1.1)
LEMMA 2.1. Assume that v(0) € La(2), vy, € Lo(), f € Lo(2) N Loy (), t < T
Then
(2.3) [v]lvo ey < e(|v(0)

where ¢ does not depend on T.

2.0+ | fla,ar +|vplaqr), t<T,

Let us introduce the quantities
h=vrplr +vp o€+ V2062, =Dy
(2.4) a=rotv, X=0a, W=, F=rotf,

U=V 9= [rplr+ fo,0€p + [20€:.
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From Section 4.3 in [7] we have the following problem for ¥,

1
Xt +v- VX + ('Ur,r + Uz,z)X -V [(T(%) ) + r_2X7<pr + X,zz + 2(%) :|

) ) )

2v 1 1 w 2
2.5 =—| —hg. —h, - - he —w b, —h, - .+ F ’
(2.5) r ( gz T r ,<p> 7“(w, wrhe + , )"‘ S U le, + Iy
X|S = Oa
X|t:0 = X(0)7

where v, h, w are treated as given functions.

Moreover, from Section 4.3 in [7] we obtain the problem for w,

1 2
w,t+v~Vw+&wfz/Aw+l/%:—q+—12/hr+f¢ in QT,
r 17 T r

(2.6) wr = pw on ST,
w7z = 0 on S’QT,
wli=o = w(0) in €,
where v, g, h are treated as given functions.
We need also the relations
h.
0 = — —Ww,
r
(2.7) Qp =V —Uzp =X,
1 1
0y =Wy + —w— —h,.
r r
Finally we need the following problems for «. (see (5.2.3) in [7])
art +v-Va, — (Uprap + vy z0) — Khr — vAa,
r
o 2v .
—|—1/T—2 = _r_Q(hT’Z —hyr) + F in QT,
1 1
(2.8) Oy = —ﬁhz — Ew’z on S'ir,
a, =0 on Sg,
O47"|t=0 = Oér(O) in Q

and for a, (see (5.2.5) in [7])

Q¢ +v- Vaz - (Uz,rar + Uz,za2) - Xhz
r
—vAa, = Fy in QF,
2
(2.9) @z = Hw on S7,
a,.=0 on SQT,
az't:O = az(()) in Q.

Differentiating (2.6) with respect to z yields the problem
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u,t—i—v-Vu—F&u—uAu—i-u% =—v, Vw— Iz
T T r
1 2v
+f¢p’z + _q,z + _2hT,Z in QT’
T r
1
(2.10) Uy = Eu on S;‘F,
u=20 on ST,
ult=0 = u(0) in Q,

where the functions v, w, q and h are treated as given.
Next, for a given v we see that (h, q) is a solution to the problem

hy—divT(h,q) = —v-Vh—h-Vo+g=G in QF,

(2.11) divh =0 in QT
n-h=0, n-T(h,q) 7o =0, a=1,2 on ST,
hli=o = h(0) in Q.

Finally, we consider the elliptic problem
rotv=a in €,
(2.12) divoe =0 in €,
v-n=0 on S
LEMMA 2.2. Assume that g € L2(0,T;Lg/5(R2)), h(0) € La(Q), v € Ly(0,T; W5 (Q2)).
Then solutions to problem (2.11) satisfy
(2.13) |h(t)|2.0 + villPll Lo 0,010 () < cexp(|ve |§,2,m)[|9|6/5,2,9t +1h(0)]2,0],
t<T,
where ¢ does not depend on T and 0 < v, < v.

Proof. Multiplying (2.11); by h, integrating over 2, and using the boundary conditions

yields
1d

2dt
Using the Korn inequality ||h]|1,0 < ¢|D(h)|2,0, and applying the Holder and Young

|h|§,Q+V|D(h)|§,Q§/ \h-vu-h|dx+/ lg - h| da.
Q Q

inequalities we have
1d
2dt
where v, < v.

hl3.0 + vallhllf o < e1lhlg o + c(1/e)[Vol3 ol hl3 o + e2lhlg o + c(1/e2)l913/5.0,

For sufficiently small ; and 5 we obtain
d
%‘h@,ﬂ + ve||Bllf o < | Vol3alhl3 a0+ C|9|§/5,Q-

Integrating the above with respect to ¢ implies (2.13). This ends the proof. =
Let 6 € (0,1) and

N(Q") = Lo(0,T5 Ly, —5(2)) N Lo (0, T3 Wy _5(2)) N Lo (0, T; W3 ().
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LEMMA 2.3. Let v € ‘ﬂ(QT), d € (0,1), g < L2(07T7 L6/5(Q)) N L2),(1+€*)(QT), ]’L(O) S

Hl(Q)ﬂHi(l_’_E*)(Q), 0 < €. < d and let e, be sufficiently small. Then solutions of (2.11)
satisfy
(2.14) 1Pll2,~ven.0r + lallLoomim2 o, @)

< p(llvllmary)(1gls/5,2,0r + [R(0)]2,0)

+c(lgl2,—14e.y,0m + 1RO) 1= (142.).0)s

where @ is an increasing positive function and ¢ does not depend on T.
Proof. For solutions to problem (2.11) we have (see [8])
(2.15) IAll2,— (14,07 + ||q||L2(07T;H£(1+E*)(Q))

< c(|Gla,— (14,07 + [|A(0)

By some interpolation inequalities we obtain

T 1/2 T 1/2
(2.16) ( / |v-w§,1a*,gdt) s( / |v|i,5,Q|Vh|i,51€*,th)

<er|hllos—1—c. 0 +o1(1/e1, |V]g,00,—507) R

where ¢ is an increasing positive function.

|1,—(1+s*),Q)'

2,0—1—¢£,,0T,

By the Hardy inequality and for § > ¢, we have
(2.17) |hlos—1—c..0r < c|Vhlos_o. or < c|Vh|gqr,

for a bounded domain. Similarly,

T 1/2 T 1/2
(2.18) ( / |h.w|g,1wdt> s( / |w3,5,9|h|207515*,9dt)

< éeollhll2s-1—c, 0r + 02(1/e2, I VU2 0o, —5.07)|Pl2.6-1-c. QT

where the last norm is estimated by (2.17) and ¢5 is an increasing positive function.
Assuming e1,e5 sufficiently small we obtain from (2.13), (2.16), (2.18) inequality
(2.14). This ends the proof. m

3. Estimates. In this section we obtain a global a priori estimate for solutions to (1.1).
From Lemma 4.3.1 from [7] we have

LEMMA 3.1. Assume that he H>} (QT), ue Ly(0,T; Ly_2_.,(Q), weLe(0,T; HY(Q)),
fo € Lo _1(27), x(0) € Lo _1(R) and g9 > 0 is any small number. Then solutions to
problem (2.5) satisfy

t
(3.1) IX()[3,-1.0 + V/O Ix(#)/rlqdt’ < cexp(clhlzs 1 00) -

0 s o) 0 10

t
+Supt/gt||w(t’)llf,o,g/ ()3 /4o @ + o3 100 +IXO)5 10|, t<T,
0

where the constant ¢ does not depend on T.
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To estimate the second factor from the second term on the r.h.s. of (3.1) we need
LEMMA 3.2. Assume that v € L2(0,T; Loo(Q)), w € Loo(0,T; HH(Q)) N La(QT), v, €
Lg(O,T;L&(Q)), f%’ € L27,M(QT), q € L27,(1+H)(QT>, h € L27,(1+H)(QT>, U(O) S
Ly _,,(Q) and p € (0,1). Then solutions of (2.10) satisfy the inequality
(32) |u(t)|§7—u,§l + |vu|%7fu,ﬂt + |u|§,—(1+u),9t

< coxplet + el o) bupylwlZon] v ey
+|f<p|g77,hgt + |Q‘§,_(1+H),Qt + |h|§,_(2+u),gt + ‘“(0)@,—“,9}7
where t <T and ¢ does not depend on T'.

Proof. Multiplying (2.10); by ur=2* and integrating over Q.. = {r € Q: 0 < e, < r}
and using that u|,—., = 0 yields

1d o 2 M2 2
ga\ub,w,ga* +v(l—eo)|Vulz 0. +v{1- o ul3,— (14,00

u (S U2 (O u

Ex Ex

. 9 U 1 2v u
+1//QE* div(Vuur==") dx+/§z£* f%ZTT;L dx+/§z£ (;q,z + ﬁhr’z)mdx.

*

(3.3)

The first term on the r.h.s. equals
2
Up U
—(1—|—u)/ ———dz = I,
Qs* rTr

where

L] <eiluls (140, +el/e)]vl%q..

The second term on the r.h.s. of (3.3) is estimated by

ul%vfﬂvgs* :

€2|u|252%2,72u,95* + 0(1/82)|U,Z|§,QE* w”io,ﬂg* )

where%:l—,u,s>2.
By (2.1) we have
(3.4) |u| 2s

s—2 ,—2p,Q S C”“‘”L—}L,Q-

The last two terms on the r.h.s. of (3.3) equal

q 2v U, .
_/Q (fgo+;+r_2hr)r2u df:[g,

ex

SO

I <eslul3 0. +c(U/e)(fol3 o, + 143w + 105 @m0 )

In view of the boundary conditions (2.10)g 3 the third term on the r.h.s. of (3.3) equals

v 2 —
W/S u dSl :I3.
1

By the extension theorem we have

I3 < €4|VU|§,Q* + 0(1/54)|U|§,Q*-
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Using the above estimates in (3.3) yields
1d
(35) §E|u|§,7%§25* + I/(l — &g — €2 — €3 — 84)|VU|§)7MQE*

12
2
+V<1 — L, o Tes 53) lul2,— (140

< c|v|io,ﬂa* |U|§,7M,QE* +clv.

2 2
59, ”le,O,QE*

+C(|fga\§,—u,§za* + |‘I|g,_(1+u),§zs* + |h|§,—(2+u),95*) + C|“|§QE

Assuming that g — ¢4 are such that the coefficients near the last two terms on the l.h.s.
of (3.5) are positive, integrating the result with respect to time and passing with ¢, to 0
we obtain (3.2). This ends the proof. m

Let us consider problem (2.6).
LEMMA 3.3. Let v € Lg(O,T, Loo((Q)>, q € LQ(QT>, h € LQ(O,T;LQ),l(Q)), fg, S
Lo(QT), w(0) € La(Q). Then solutions of (2.6) satisfy
t
(3.6) [w(t)3.0 + V/O [w(t")|[{ 0,0 dl" < cexplct +clvl 2.00)
x[al3.qr + |13 _1 00 + 1 fel3ar +0(0)3a], t<T,
where ¢ does not depend on t.

Proof. Multiplying (2.6); by w and integrating over ., (for the definition see the proof
of Lemma 3.2) yields

1d v
5 w3 o, +vIVwlio, +viwl i — E'w@’sl

1 2
Qs* T Qs* T T

The last term on the L.h.s. is estimated by

(3.7)

e1lVul3 g, +e(l/en)lwliq,, -
By the Young and the Holder inequalities we estimate the first term on the r.h.s. of (3.7)
by
2 1 2 2
alwly 1. +c(l/e)ll5 a0, lwlza,, -
Finally, the last term on the r.h.s. of (3.7) is estimated by
eslwl3 1., +e/es)(alz 0. +1hE 10, |fola.,):

Using the above estimates in (3.7) with sufficiently small €1 — e5 we obtain
d
(3.8) TlwBa., +vIVule, +rwl i,

< C|w|§,ﬂs* + C|”|§O,QE* |w|§795* + C(|Q|§,QE* + \h|§,—1,95* + |f@|§,95**)-

Integrating (3.8) with respect to time and passing with e, to 0 yields (3.6). This concludes
the proof. m
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Formula (5.3.22) from [7] yields

(3.9) [w®)|3 0.0 < cexplclvl, g.00)[(1+ vl 400)supw(t)f3 1 o
+ ‘wg,m + |Q‘§,Qt + |h|%,—1,§zt + |f¢‘§,1,m + eftHw(O)Hio,Q]a

where Lemma 6.3.5 from [7] gives

t
(3.10) [w(t)|2,1,0 < [w(0)|2,1,0 +C/ (lg@)|2.2 + |A(t)|2,~1.0
0
o) 0)dt', t<T.
Finally we obtain an estimate for solutions to problems (2.8), (2.9):

LEMMA 3.4. Assume that o/ = (o, ), v € La(0,T; W3 (Q)) N Loo(0,T; L3(R)), w €
Wy 2(Q7) A Loo (0, T3 H*(Q), s > 1/2, h € Loo(0,T; La2()) N La(0,T; H, (),
u € Ly(0,T; HY(Q)), x/r € L2(0,T; Lg()), F' = (F, F.) € Ly(0,T; Lg5(2)), o/(0) €
Ly(9).

Then solutions of problems (2.8) and (2.9) satisfy

t
(3.11) wam@+uénwwmaMﬂ

< CeXp(l UV I§,2,Q‘) |:I v I%,OO,Q‘ Hw||?/v21,1/2(9t) + |U71' |§,27Qt ||'LU||%O° (0,t; H3(Q2))

t
; ¥ 10+ [u)i o) d’

2
HBB s [+ [ (IR0

HP Bjoar + OB a] + Tolle sy + Tollygorzg,

where t < T and s — % 1s an arbitrary small positive number.

Proof. Multiplying (2.8); by .. and integrating over {2 yields

1d 1 1
3.12 = — o3 o < / —h, +—u ), dS
(312) sl +vladion < | [ (ke gu)ords:

—|—’/ Khﬂ)szJU
orl

1
+/ |vw\(af+a§)dx+2y/ L bl de
Q ors

—1—‘ / F.o,dx
Q

The first term on the r.h.s. is estimated by

clarla,s, (|hlajs,s, + lulass,s,) < erllarl? g +c(/en)(Ihl g + llulli o),

the second by

ealonl§ o + c(1/e2)Ix/E alhl3 2,0,

the third by

es(larlsq +lazlg o) +e(l/es)lval3allar o + ozl ),
the fourth by

54“”@,—1,9 + 0(1/54)‘}1@@,—1@,
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and the last by
55|0<r|§,9 + 0(1/55)|Fr|2/5,9~

Hence, for sufficiently small e; — 5 we have

d
(3.13) — a0 +vlanlion < cllblli o+ ulli o + 413 2.0 x/13 0
dt
+|U,z\§,§z(\0¢r|g,§z + |az\§,§z) + |hz|§—1§z + |Fr‘§/5,9)-
To examine problem (2.9) we introduce a function 3 such that
Bi—vAB=0 in QF,
(3.14) Bls, = 2w on S,
B:ls, =0 on SQT,
ﬁ|t:0 = 0 n Q
Introducing the new function
(3.15) o, =a, — B,
we see that it is a solution to the problem

(3.16) o, —vAd, = —v-Va, + (v, +azv, o) + $h, + F,  in or

)

alls, =0, al.ls, =0, all=o=az(0).

Multiplying (3.16); by </, and integrating over ) we obtain
1d
(317) s latBa +vlallta = [ v Va.alds
Q

+/(Ozrvz,r+0zzvz,z)0/2 dx—l—/ Khzo/z da:—l—/ F.d, dz.
Q ol Q

The first term on the r.h.s. equals

—/U-V(a'z—l—ﬁ)-a;dx:—/U-Vﬁa;dleh
) Q

where

L] < erlallf o + c(1/en)vl3 ol VI3 o-

The second term on the r.h.s. of (3.17) is estimated by

E2|0/z\g,9 + c(1/52)|v,1|§’9(|ar 39 + |sz|§,9)»

the third term by

eslol [ o + c(1/e3)Ix/r[g alhl3 2.0.

and finally the last term by

ealol[§ 0 + c(1/ea)[F2[G 5 0-

In view of the above estimates and for sufficiently small €; through ¢4 we obtain from
(3.17) the inequality

d
(3.18) E\Oé’zlg,g +vllolliq < cllvff ol VA3 o

+|’U,m|§,9(|ar\§,§z + |az|§,9) + |X/T|€23,Q|h|§/2,ﬂ + |Fz‘§/5,n]-
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Using (3.15) in (3.13),

d
(3.19) E|O‘T|g,ﬂ +vlonllf oo < cvalialorlba+1eLha)
( 10)
+C|h7w\§,7179 + C|Fr|<23/5,sz

6.0

+clvel3

and in (3.18),

d
(3.20) EWA%,Q + ]l o < cvel3ollar o+ ll3g)
+c([v3.al VBB o + [vel3alBl0) + clbl3/zalx/TIE o
JrC|Fz|?j/5,§z-

Adding (3.19) and (3.20) and integrating the result with respect to time yields
t
(3.21) o (B)f5.0 + |2 (D30 + V/ (low () 0,0 + llaZ ()17 )
0

< CeXP(Cl’U,z |§,2,Qt) {l”@,oo,mwmgnt + |’U,z |§,2,Qt|6|37oo,ﬂt

t
2
B e DT+ [ I+ I + 1000 )
HF s+ |a'<o>|§,g} ,
where F' = (F,., F,), & = (a,, ).
Using again (3.15) we obtain

¢

(3.22) o/ (B)]30 + V/O I ()11} o dt" < cexp(c| v [32.00)

- [lv B o VBB 0+ [00 Bono 1 BB
t
2
+|h|§/2,oo,mlx/7“ |672,Qt +/o (IREE —10 + lu)F o) dt’

t
HF Bjonor 10" OB a] + 188 +v [ 1501 dr.
0
By the potential theory techniques we have (see Lemmas 6.1, 6.2)

1

(3.23) [812,00,5t < clwla,co,st < csupflwlls o, s> 37
/2
([ sz dt) < clfwlyaars oy < cllwll sz

Employing (3.23) in (3.22) yields (3.11). This concludes the proof. m

To estimate the second factor of the second term in the square bracket on the r.h.s.
of (3.1) we employ (3.2) for = 3 + &o. Then (3.1) takes the form

t
(3.24) X510+ V/O IX(#) /71 o dt" < cexplclhlf 5 1 0r)
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x[(1+ ”wH%M(O,t;Hé(Q)))||h||%2(0,t;H31(Q)) + ||w||iw(0,t;H§(Q)) exp(ct + clv |§o,2,ﬂt)

2 2
X (||w||Loo(o,t;H3(Q)) | U,z |1j‘250 2,01

2 2 2 2
Hfelomy—conr T105 (31c) 00 T (54e0)00 T 1O (112 0)
+|F¢|§,—1,Qt + ‘X(O)@,—Lgt]a t<T.

4. Estimate of a fixed point. First we obtain an inequality implying an estimate for
a fixed point of transformation (1.6).

LEMMA 4.1. Let

Zo(t) = |lvll2,5/2,0t
X(t) = |glo,—(4e),0t + | folo—(1/2420).0t + | F o/5.2,01
RO~ a+en0 + [w(0)][10.0 + [0 (0)]2,0 + [u(0]2,0 < oo,

Yi(t) = |Fyla,—1.0t + [x(0)|2,—1,00 < 00,

Ya(t) = |fls/2,0t + [v(0)l|6/5,5/2,0 < o0,
where €,,€q are positive arbitrary small numbers and t <T. Then
(4.1) Zo < p1(p(t) ZoX) 1 (t, Zo) X (1 4 Y1) + Y1]* + e1 Yo,
where p, 1 are increasing positive functions.

Proof. Applying Lemmas 2.2 and 2.3 we obtain from (3.6), (3.9), (3.10) the inequality
(4.2) w100 < @t Z1 () X1(2),

where ¢ is an increasing positive function and
(4.3) Z1(t) = Ilsa0r + |va 320 4 |ve i —s.0t + 1000, —s,0t
X1(t) = [9l2~ (e + [folzoe + 17O0) 1~ 4e.0 + lw(0) 10,0,
and 1 > 9 > e, > 0.
In virtue of (4.2) and Lemma 2.3 inequality (3.24) assumes the form
(4.4) Ix/rllvgcan < @(t, Za(t)) Xa(t) + ¢ (Z2 (1) Xa (1)) Y1 (1),
where ¢ is an increasing positive function and
Zo(t) = Z1(t) + v | 5000,
(4.5) Xo(t) = Xa(8) + | fol2,—(1/2420).005
Yi(t) = [Folz,—1,00 + [X(0)|2.-1.0,

where €9 > 0 is an arbitrary small number. Next, (3.11) yields

(46)  lla'llveary < e(Za)lllwlliyrrrz gy + 1wllLoo.m @) + XallxX/rllvpar
+X1(t) + [[ull £y 0,617 (02)) + X3(1)],

where

(4.7) X3(t) = | F'|oss.2.00 + 1/ (0)|2,0.
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In view of (4.2) and (4.4) we obtain
(4.8) o lvpcany < @(Z2)[e()(Xa(t) + X2¥1)

+ 1wl £y w200 + Ul La0.6m1 )]s

where

(4.9) Xy(t) = Xa(t) + Xs(t).

Using (3.2) for y =0, (4.2) and Lemma 2.3 we obtain

(4.10) gy < ¢t Z2) (X2 + [u(0) 2.0).

From Lemma 6.3.3 from [7] we have
(4.11)  wlz.0r < cllw(0)][10.0lv 2.0 + cllgl2. 1,00 +[hl2, 2,00 + [fol2.00)
+ellwl Lo o.6m @) + cllw(0)]1,0,0-

Using (4.2) and Lemma 2.3 in (4.11) implies

(4.12) lwi|o.0r < o(t, Zo) X1 (t).

Employing (4.10) and (4.12) in (4.8) yields

(4.13) e/ lvoarny < @(t, Z2)X () (1 + Y1),

where

(4.14) X(t) = Xy + [u(0)]2,0-

In view of (4.4) and (4.13) we obtain for solutions to problem (2.12) the inequality
(4.15) [vl10,0¢ + [Vlio/3,00 < @(t, ZX)Y1 +¢(t, Z2) X (14 Y1),

where Z = Z1 + Z5. In view of (4.15) and the estimate

(4.16) Z(t) < eZy(t),

we obtain for solutions of problem (1.1) inequality (4.1). This concludes the proof. m

LEMMA 4.2. Let the assumptions of Lemma 4.1 hold. Let T < oo be given. Let A =
alp1(0)Y2+c1Ys], where o > 2 and let 1 be the function from (4.1). Then for sufficiently
small X,

(4.17) Zo(t) < A.

The proof follows directly from (4.1).

5. Existence. To prove the existence of solutions to problem (1.1) we construct a map-
ping ®, defined by the problem (see [4])

vy — divT(v,p) = =Ao(v') - Vo) + f  in QF,

dive =0 in QF,
(5.1) -
v-n=0 a-T(v,p) T =0, a=1,2, on S*,

V|¢=0 = v(0) in Q,

where A € [0, 1]. Hence
(5.2) v =Do(T,\).
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The quantity ¢ is calculated from problem (2.12) where « is determined by (4.4), (4.8)
with Zo = Z(v") and v’ is assumed to be a prescribed element of the space

MO = {u: Zy(u) < oo}.
Then problem (2.12) determines the transformation

MOT) 30 — &1(v)) =5 € My(QT)

where
Mo(QT) ={u: u € L1p(F) and Vu € L¥(QT)}.
Hence
®; : Mo(Q) x [0,1] — M(QT) = W2,(Q7).
Defining

DO =Pyo0 Py
we see that (4.17) is the estimate of a fixed point of .
To prove the existence of solutions to problem (1.1) we apply the Leray-Schauder
fixed point theorem. Therefore we have to show the following properties of the mapping

oM7) x [0,1] — Mm.(QT) :

e Compactness.
e Continuity.
e Existence of a unique solution for A = 0.

LEMMA 5.1. The mapping ® is compact and for A = 0 index ® = 1.

Proof. Compactness follows from the compact imbedding 91, (Q7) c M(Q7).
For A = 0 the unique existence of solutions to the corresponding Stokes system follows
from [1]. This ends the proof. m

Finally, we show the continuity.
LEMMA 5.2. Let the assumptions of Lemmas 4.1 and 4.2 hold. Then the mapping @ :
M(QT) x [0,1] — M.(QT) is continuous.
Proof. Assume that functions v/, € 9(Q7), s = 1,2, are given. Then we have problems

(2.5), (2.6), (2.8), (2.9), (2.10), (2.11) for functions hs, qs, us, Ws, Xs, O = (s, Xsz),

S
corresponding to v}, s = 1,2. Then problem (2.12) determines 94 corresponding to s,

s = 1, 2. Introducing the differences

Vi=v)—vy, H=hi—hy, Q=q —q, W=w —w, K=x1—Xxo,
U=u—u, Ar=o1r —aqz, Ar=o1;—az, V=0-70,
we see that they are solutions to the problems
H,—divT(H,Q)=-V'-Vhy —v5-VH — H-Vuv| — hy - VV’,
divH =0,
n-H=0, n-D(H) 7To=0, a=1,2, on ST,
H|t:0 =0

(5.3)
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w
W7t—1/AW+1/T—2:—V'-Vw1—U'2-VW

744 v} 1 2v
——Lw; — W+ -Q+ S H,
(5.4) 17’ r r r
W, = EW on SlT’ W.=0 on S2T’

Wli=o = 0;

K+ V' -Vxi+uvy - VK + (V. + V. )x1 + (vh,, + 05, ) K
K 2v 1 1
—vAK + V’(‘_Q = 7 ( - ng,z + ;Hz,cp) - ;(W,Zhlr + wQ,ZHT)
w 2 2
(5.5) ~Wyh1s = wa, He 4 b + %H + =Wy + —wnl,
K=0 on ST, Kl =0;

v, U
Ui+ V' - Vg + 0y - VU + g + 220 — AU + v
r T r
VT’/Z U/T’Z 1 2
(5.6) — VL Vi —vh, - VW — LZwy — ZEW 4 2Q 4 H
r r r r
1

Up=5U on ST U=0 on SI, Ulmo=0;

Ant + VI . Valr + UIQ . vAr - (‘/r/)ralr + ‘/T/’Zalz)

K X2 A,
_(’Uér,TAT + UI2T7ZAZ) B 7h1T - THT - I/AAT + 1/7"_2
2v
(5.7) = _T_Z(HT’Z —H.,),
1 1 T T
Arp=—psll: = LW on Sf, A, =0 on Sy, Arfi=o = 0;
A+ V' Vo, + 05 - VA, — (V] onr + V] ar.) — (v, A + 05, L A)
K
(5.8) S h -2, uAAL =0,
T r
2
A, = EW on S{, A,.=0 on ST, A= =0;
rotV = A,
(5.9) divV =
7. nls =0,

where A = (A,,K,A,), A = (A,,A,).
To obtain estimates for solutions to problems (5.3)—(5.9), we use Lemmas 4.1 and 4.2.
Hence,

(5.10) [villmosy < A4, s=1,2.

In view of (5.10) we obtain for solutions to problems (2.5)—(2.11) the estimates
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175

2~ (e F sl aonmt @) < @A),

xXs/Tllve ey < w(A),
(5.11) lusllvg _ r) < @(A), e (0,1),
[ws | oo 0,:112 (2)) + |Ws,t|2,00 < @A),
lagllvony < @(4), s=1,2, t<T,

where VQ(LH(QT) is V3(QT) with the Ly(£2) norm replaced by La _,,(€2).
In view of (5.11) we obtain for solutions to problems (5.3)—(5.8) the inequalities

[Hll2,~ren .00 T 1@l Lot o, (@) < e(DIV (e,
1K /rllvony < e(A, OV lanar) + sap [W () ]1,0.0
(5.12) U 220,625 1 (@)

1Ullve_ @0 < @A DIV @y +sup [Wlloal,  #e(0,1),
2.0) + [Wilz.00 < o(A) IV Iy,

sup (W (#)[1,0,0 + [W(?)
A lve ey < @(A DNV [t

From (5.12) we have
[Allven < @A DIVl
so problem (5.9) implies
(5.13) 1V [l (20) < (A NV lamgay-
Let V =wv; —vg, P = p; — p2. Then problem (5.1) implies
Vi —divT(V, P) = —\(V - Vui +vg - VV),

(5.14) divV =0
n-Vlig=0, n-T(V,P) - Ta|ls =0, a=1,2,
V]izo = 0.

Hence, (5.13) yields

(5.15) IV llam. ey < @( AV [lano () < (A DV [lamar)-
This implies continuity of the mapping ® and ends the proof. m

6. Appendix. In this section we consider the problem

u—Au=0 in QF,

(6.1) uls = ¢ on ST,
ult=o =0 in Q.

First we examine problem (6.1) in the half-space z3 > 0.
The fundamental solution to (6.1); has the form

]. ;1)2

D(x,t) = ———e 4, t>0

(6.2) (@) (47725)3/26 ’ ’
D(z,t)=0, ¢<0.

251
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Then a solution to problem (6.1) in the half-space x3 > 0 has the form

T(z' — _
(6.3) u(x,t) —2/ dt’ /Rz)a v oYt t)go(y',t')dy'.

8:03
Using the form of T,

(6.4) L' =y a3t —t) =

1 . (#' —y')* + 23
xp | —
[t — )32 P At — 1)
we obtain (6.3) in the form

— z ' d’ (xl — yl)2 + 3 !l !
(6.5)  wu(w,t) = (47r)33/2 /0 ) /R2 exp {— 4(t—t')3} ey, ) dy',

where z = (2/,23), @' = (21, 22), ¥' = (Y1, 2)-
To obtain an estimate we introduce new variables 7 =t — ¢/, 2’ — ¢’ = 2’. Hence we

get

Z +x3 / /
(6.6) u(z,t) = n 3/2/ T5/2/R2 [ p }gp(x -2 t—7)d.

First we estimate

(67) ||u($3)||Lq(01TﬁL:D(R2))

T3 °° dr 22+ a3 ,
= (471_)3/2 0 7572 2 eXp | — AT HQOHLq(O,T;Lp(]RQ)) dz'.

Next we calculate
[e’e} _ﬂ% dT B /2 p 1/P
T3 e T = T d| dag
0 T / Rz

a 1/p a
(6.8) </0 ||u(x3)||’£q(O’T;LP(R2)) d;vg,) < C(/o

XlellL, 0,7;L, ®2))-

Let us calculate the integral on the r.h.s. of (6.8). Introducing the new variables

2 = dz = (2y/7)%dz2"

the integral takes the form

a 1/p
"
(/0 x3/ 7'5/2 / dz dx3>
o3 1/p
(/ / e T 3/2 dx3> =1.
dz =

2\[, — i dr yields
a 5 1/17 a 1/17
L < c(/ dxs / e * dz > < c(/ d.’Eg) < cal/?,
0 0 0
(6.9) llullz, (0,05, 0,71, R2))) < cllll, 0,10, ®2))

Finally, for a < oo the estimate
holds.

Introducing z =
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Let us consider the case of bounded cylindrical domain with the boundary S = S;US5.
Then solutions to (6.1) are expressed in the form (for more details see [4, Ch. 4, Sect. 16])

(6.10) (@, ) /dT/ 82’5 ™) (e, 7) dSe,

where p(§,7) is a density and @ = (n1,n2,n3) the unit normal vector to S.
Considering the limit

t— 1
wil;résuxt /dT/m L — é ™) (§,T)d55:F§/l(77»t)

we obtain the integral equation for p

(611) (.t —Q/dT/m e 00— g M =$1=7) e 7y e — 20(m, 1)

in the case of the interior problem. This is a Volterra type equation with a weakly singular
kernel. Hence p has the same regularity as ¢. Applying a partition of unity to the integral
over S in (6.10), using estimate (6.9) and the Minkowski inequality (see [2, Ch. 1, Sect. 2|)
ullz, 0,12, @®x(0,0) < clltllL,©0.0:Lq 00,751, ®2))
which holds for 1 < p < q < 00, we get
LEMMA 6.1. Let ¢ € L,(0,T;L,(S)), 1 <p < g < oo. Then solutions of (6.1) are such
that w € Ly(0,T; L,(2)) and
(6.12) lullz, 0,75z, @) < cllell,or:L,s)-
Problem (6.1) in the half-space x3 > 0 has the form
— Au =0, x3 > 0,
(6.13) U=, xz3 =0,
U|t:0 = 0, T3 > 0.

To solve (6.13) we apply the Fourier-Laplace transform

(6.14) (€, 3, 8) 2/ dte_St/ e Ey(x, t) da,
0 R?
where s = v+ i€y, Res =7 > 0, 2/ = (z1,22), £ = (£1,&2), @' - & = x1&1 + 1265, After
transformation (6.14) problem (6.13) takes the form
_ 52 2\~ _
(6.15) ( 3}.3 +7 )u~ 0,
u‘x3=0 =,

where 72 = s+ [¢|?, arg 7 € (-7, F).
To obtain (6.15) we used problem (6.13) with solution u extended by zero for ¢ < 0.
Looking for solutions of (6.15) vanishing for z3 = oo we obtain

(6.16) i = ge T,

Let us consider the norm (see [3, 6])

Bl e = [ € [ do [ doallate s )PP +1sD) + 0,6 20, 9)P) = D
L
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Using the estimates (see [3, 6])
(o) (o)
/ le™™3 |2 daz < ||, / |0p,e” 7722 dag < c|7|,
0 0
we obtain for solutions (6.16) the estimate

(6.17) [ < [ d6 [ dlaPIrl = el 05

From [3, 6] we know the equivalence

cillullgrase < Nulliy < eaflullgeare.

Hence (6.17) assumes the form

(6.18) ”uHWzl’l/Z(]RiX]R) < CHSOHW;/Q’I/‘l(RQXR).

To obtain an estimate of the form (6.18) for solutions of (6.1) we examine (6.10). Let
{a(x)} be a partition of unity for Q and {pg(s)}, s € S, be a partition of unity for S.
Then, from (6.10) we have

619) o= [ e [ S patmi© T = e ase
5 1

9

We introduce the local coordinates 7 = (91,72,73) on S N suppyg, and transform S N
suppyg on the plane n3 = 0. Moreover, in supp 1), we introduce a local coordinate system
y = (y1, Y2, y3) such that y3 = 0 is the plane n3 = 0. Then (6.19) takes the form

t / /
oMy —n' ys,t —7
(620) u/(ylay%y?)) :/ dT/]R2 ( 2 )MI(UI7T) d77I7
0

K ol (x — &t —1)
— d (O TS TT) e 1) ds,.
" ; / ¢ /S o RO j(€,7) dS

dys3
where p/ and «' have compact supports and ' = (y1,¥2), B’ = (n1,72). Moreover, we
have

(6.21) ||H/HW21/2‘1/4(R2><]R+) < CHMHW21/2-1/4(5T)-
Formula (6.20) describes a solution of the problem

'y — Au' =0,
:

6.22
( ) Wy =1/, )imo = 0.

In view of (6.18) we have for the solutions of (6.22) the estimate
(6.23) ||ul||L2(R+;H1(R2)) < CH/LI||W21/2,1/4(R2><R+).
Then for the solutions of the integral equation (6.11) we have

(6.24) lilhy3rmss sry < elielygrnnssgsn,:

Using (6.23), (6.21) and (6.24) and summing over all subdomains of the introduced par-
titions of unity we obtain the following estimate for solutions to problem (6.1),

(6.25) lullLao,rsm @) < ellllyprzars gry:

Hence, we have



REGULAR SOLUTIONS IN A CYLINDER 255

LEMMA 6.2. Let ¢ € W21/2’1/4(ST). Then there exists a solution to problem (6.1) such
that u € Ly(0,T; HY(Q)) and (6.25) holds.

1]
2]
(3]
[4]
[5]

[6]

[7]

[8]

References

W. Alame, On the existence of solutions for the monstationary Stokes system with slip
boundary conditions, Appl. Math. 32 (2005), 195-223.

O. V. Besov, V. P. II'in and S. M. Nikol’skil, Integral Representations of Functions and
Imbedding Theorems, Nauka, Moscow, 1975 (in Russian).

M. Burnat and W. M. Zajaczkowski, On local motion of a compressible barotropic viscous
fluid with the boundary slip condition, Topol. Meth. Nonlinear Anal. 10 (1997), 195-223.
O. A. Ladyzhenskaya, V. A. Solonnikov and N. N. Ural’tseva, Linear and Quasilinear
Equations of Parabolic Type, Nauka, Moscow, 1967 (in Russian).

V. G. Maz'ya and B. A. Plamenevskii, L,-estimations for solutions of elliptic boundary
value problems in domains with edges, Trudy Mosk. Mat. Obshch. 37 (1978), 49-93 (in
Russian).

V. A. Solonnikov, An initial boundary value problem for the Stokes system that arises in
the study of a problem with a free boundary, Trudy Mat. Inst. Steklov. 188 (1990), 150-180
(in Russian); English translation: Proc. Steklov Inst. Math. 3 (1991), 191 239.

W. M. Zajaczkowski, Global special regqular solutions to the Navier-Stokes equations in
a cylindrical domain under boundary slip conditions, Gakuto Series in Math. 21 (2004),
1-188.

W. M. Zajaczkowski, Existence of solutions to the Stokes system in Hz’iil(QT), w e (0,1),
preprint.






