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Abstract. The semilinear Cauchy problem

(1) W () = Au(t) + G(u()),  u(0) == € D(A),

with a Hille-Yosida operator A and a nonlinear operator G : D(A) — X is considered under the
assumption that

1G(z) = Gl < [I1B(z —y)ll Va,y € D(A)
with some linear B : D(A) — X,
B\ —A) 'z = /\/ e MV (s)xds,
0
where V is of suitable small strong variation on some interval [0, ). We will prove the existence

of a semiflow on [0,00) x D(A) that provides Friedrichs solutions in L; for (1). If X is a Banach
lattice, we replace the condition above by

|G(z) — G(y)] < Bv  whenever z,y,v € D(A), |z —y| < v,

with B being positive. We illustrate our results by applications to age-structured population
models.

1. Introduction. Let A be a Hille-Yosida operator in a Banach space X, i.e., after
equivalent renormalization and an identity shift, an m-dissipative linear operator. Equiv-
alently it is the generator of a locally Lipschitz continuous integrated semigroup S. The
part Ay of A in D(A) generates a Cy-semigroup S which is the strong derivative of S.
We will consider perturbations A + G with nonlinear operators GG that are Lipschitz
continuous with respect to A in various ways which we will make precise later, and
show that the solutions of the associated Cauchy problem induce a continuous semiflow
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(nonlinear semigroup) on D(A). This will generalize results that have been obtained for
the following three scenarios:

e ( satisfies a Lipschitz condition on D(A) [30, 11, 21],
e A is densely defined and G a linear operator of Miyadera-Voigt type [22, 35],
e X is an abstract L space and G a positive linear operator on D(A) [36, 32].

Our approach does not cover the case that A is m-dissipative, D(A) is dense, G is
continuous, D(G) = X, and G continuous and dissipative [38].

For the sake of exposition let us assume that A is the generator of a Cy semigroup Tj.
The nonlinear nature of the perturbation does not allow the use of Dyson-Phillips series
like in [35] in constructing the semiflow O,

O(t,z) = To(t)x + /0 To(s)G(O(t — s,x))ds.

Banach’s fixed point theorem will be the basic tool of this paper, but it will not be applied
to the previous integral equation, but to

) o) = G (oo + | (ol — is).

and O is obtained via

O(t,z) =To(t)z + /0 To(s)v(t — s)ds.

Actually we do not solve (2), but something more complicated. For € D(A), u(t) =
O(t,x) is the solution of the Cauchy problem

(3) w=Au+Gou, t>0, uw(0) ==z

in a generalized integral sense which we will explain later (Section 2) and in an L;-
Friedrichs sense:

(L1-F)  w : [0,00) — D(A) is continuous, u(0) = z, and there exists a sequence of
continuously differentiable functions (u;) with values in D(A) such that Au; is continuous
and
u; — u, Jj — oo, uniformly on [0, 7]
(4) (uj — Aug) and (G o ;) converge in L1 ([0, 7], X) vT > 0.
limjéoo(u; — Au;) = limj_,oc G o u;

We are going to carry out this program in detail in two situations. In either scenario,
we will consider nonlinearities that are Lipschitz continuous relatively to A in a global
sense. While this can be an unpleasant restriction in some applications, it makes the
semiflow satisfy an exponential Lipschitz condition in the state variable:

() I8(t,x) — O(t,7)| < Ne” |z —z|  Vt>0,2,% € D(A),

with constants § € R, N > 1.
First, in the general case that X is a Banach space (Section 5), we consider a nonlinear
operator G : D(A) — X such that

1G(z) -Gl < 1Bz =yl Vz,y € D(A)
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for some linear operator B : D(A) — Y into a Banach space Y such that
¢
B/ To(s)xzds =V (t)z, r € X,
0

where V' is an operator family of suitable small strong variation on some interval [0, £].
As a special case we obtain the following nonlinear Miyadera-Voigt type result (see
Section 6 for a more general and detailed result).

THEOREM 1. Let A be the generator of a Cy-semigroup Ty on a Banach space X. Con-
sider a Banach space Y, a dense subspace D of X and maps Gy: D — X, By: D — Y,
By linear, such that

1Go(x) = Go(y)l| < [|Bo(z —9)|  Vz,y €D,
and the following conditions are satisfied:

1. D C D(A), Ty(t)D C D, and the function BoTo(-)x is continuous for all x € D.
2. There are a, A > 0 and v € (0,1) such that

«
/ e M| BoTo(t)z||dt <+ ||z Vz € D.
0

Then there is a unique A-continuous extension G : D(A) — X of Gy and a unique
continuous semiflow © on X which satisfies the exponential Lipschitz condition (5) such
that, for each x € X, u(t) = O(t,z) uniquely solves the Cauchy-problem (3) in the
Friedrichs sense (L1-F).

In a second scenario, we concentrate on the Banach lattice case and a resolvent positive
Hille-Yosida operator A. As illustration we present a result for the case that X is an
abstract L space. For a general Banach lattice our assumptions become more involved
(Section 7).

THEOREM 2. Let A be a resolvent positive Hille-Yosida operator in the abstract L-space
X. Consider a nonlinear G : D(A) — X and a linear positive B : D(A) — X such that

|G(z) — G(y)| < Bv  whenever z,y,v € D(A), |z —y| <wv,

and the spectral radius of B(A — A)~! is smaller than 1 for some \ > s(A).

Then there is a unique continuous semiflow © on D(A) which satisfies the exponential
Lipschitz condition (5) such that, for each x € D(A), u(t) = O(t, z) uniquely solves the
Cauchy-problem (3) in the Friedrichs sense (Ly-F).

Moreover, if G is positive, so is ©; more precisely: If G maps D(A) N Xy into X,

then ©(t,-) maps D(A) N Xy into itself.

The exponential estimate (5) is reminiscent of the Crandall-Liggett theorem [9] and
its extensions (see [6] and the references there) such that one might wonder whether
Theorem 1 and 2 could be obtained therefrom. However, even for linear G, it has not
been possible to show directly that A + G is a Hille-Yosida operator, and the respective
results were obtained by constructing the (integrated) semigroup [35, 32].

We will not be able to write the nonlinear integral equation (2) in this strict form for
the simple reason that, in general, the expression in () is not an element of D(A). We
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will rather work with fixed points of the following operator.

W, (0)(t) = ;@)G(%ww W) = S(t)a] + 71(S * )t +h) — (S » v)(t)]),
(6) t
(55 0)(0) = [ Stry(e=ryin

where the convergence is required to hold in the Li-sense and S is the integrated semi-
group generated by A. In Section 2, we give abstract conditions under which the operator
¥, is well defined and has fixed points which we relate to Friedrichs solutions and inte-
gral solutions of the semilinear Cauchy problem (3). They will be connected to the results
presented above by Stieltjes convolutions (Section 3) and cumulative outputs (Section 4).

Once it is known that the generalized solutions of the Cauchy problem induce a
semiflow, the powerful theory of dynamical system is available to study their qualitative
behavior ([15, 27], e.g.).

In Section 8, we apply our results to age-structured population models where the
births rate does not continuously depend on the population age density.

While, for the ease of exposition, we have restricted this paper to time-autonomous
perturbations A+G, generalizations to non-autonomous semilinear perturbations A+G(t)
seem to be straightforward. Of course, the semiflow in (5) will be non-autonomous as well,
a nonlinear evolutionary system, and a suitable generalization of the exponential Lipschitz
condition will only hold for all times if the Lipschitz conditions for G(t) will be uniform
for all £ > 0.

2. Nonlinear perturbations in Banach spaces. Let X be a Banach space and A a
Hille-Yosida operator in X, i.e., A is a linear closed operator such that the resolvent set
p(A) of A contains an infinite interval (w, c0) and there exists some M > 1 such that

(A=A <MAN—w)™ VA>wmneN.
Equivalently [2, 17, 1], A generates an integrated semigroup S(t),t > 0, such that
t
1S(t) — S < M/ ¢“*ds.

In general, an integrated semigroup is a strongly continuous family S of bounded
linear operators S(t),t > 0, that satisfies S(0) = 0 and the functional equation

S(t)S(r)z/ ds—/ S(s ds—/ S(s t,r >0,
strongly. The fact that A generates S can be either expressed as
(7) x€D(A),y=Ar & S(t)x—tac:/tS(r)ydr vt >0,
[29] or, if S is exponentially bounded, equivalently in Eerms of Laplace transforms as
(8) A—A)"t= A/OOO e MS(tYdt, A >w,

[2, 17, 23, 1]. If A is a Hille-Yosida operator, then S(t)z is strongly differentiable in ¢ > 0
if and only if 2 € D(A). In this case, S(t)z := 4 S(t)z is a Co-semigroup on D(A) which
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is generated by the part of A in D(A). The following result in [17] is one of the linear
foundations for our nonlinear considerations.

THEOREM 3. Let f € L1([0,T], X). Define

(S = f)t) :/0 S(r)f(t —r)dr, t > 0.

Then S * f is continuously differentiable, takes its values in D(A) with A(S * f)(t) being
a continuous function in t > 0, and uw = (S x f)’ is the unique solution of

) / ds+/ f(s te[0,7].

Finally
IS+ £ (8)] < M / | f(t—r)ldr Ve [0,T].

The result that (9) has a unique solution which satisfies the estimate in Theorem 3
has already been obtained in [10].

In the following we will write

Sof:=(Sx*f).
After this linear prelude, let Z be a closed subspace of X and
G:D(A) —Z

be A-continuous, i.e., if X4 denotes D(A) equipped with the graph norm, ||z||4 = ||z| +
||Az||, then G : X4 — Z is continuous. We consider the semilinear Cauchy problem
(10) u'(t) = (A+Gu(t), u(0)=axe D(A).

We will use two closely connected concepts of solving (10) in a generalized sense. Up
to slight modifications, they can be found in [10] and [5].

DEFINITION 1. Let 7" > 0. A continuous function w : [0,7] — X with u(0) = =z is
called a Friedrichs solution or an F-solution in Ly of (10) on [0, 7] if there are functions

u; € CH([0,T],X)NC([0,T], X 4) such that (Gu;)jen converges in L ([0, 7], X) and
u; — u, j — 00, uniformly on [0, 7],
(uj — Auj) and (G o u;) converge in Ly([0,T1], X),

lim (u); — Auj) = hm Gou]

J—M)O
The second notion is a modlﬁcatlon of the concept of integral solution.
DEFINITION 2. A continuous function w : [0,7] — X is called an I-solution of (10) if u can
be continuously extended to some interval [0,T + €], € > 0, such that fo s)ds € D(A)

for all t € [0,T + €], G(+ tHh (s)ds) converges in L1([0,T]; X) as h — 0, and

(11) u(t):x—l—A/Otu(s)ds—&—}lLiEB/OtG(% /ss+hu(r)dr)ds vt € [0,7].

We establish a first relation between the two solution concepts.

LEMMA 4. If0 < Ty < Ty, then any I-solution on [0, T3] is an F-solution in Ly on [0,T1].
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Proof. Let u be an I-solution on [0, Ts]. Set

o(t) = lim G(% /tHhu(s)ds), t € (0,73,

h—o0

with convergence holding in L ([0, T3]; Z). Then

u(t) =z + A/o u(s)ds +/0 v(s)ds Vi e|0,Ta].

Define

t+3 t++

s (t) :j/t u(s)ds,  v(t) :j/t o(s)ds,  te0,Ty).
Then u; — uin C([0,T1]; X) and v; — v in L1([0,T1]; Z). Further v = lim;_,o Gou; in
Ly ([0,T1]; X). Finally
Lt)=3j N - u = Au; v;
w0 =i (w14 3) =) = Aus(0)+ 0500,

wj(t) = Auj(t) = v;(t) — v(t) — G(u;(t))

in Ll([O, Tl], Z) n

Theorem 3 suggests looking for I-solutions of (10) as solutions of the integral equation

. t—s+h
u(t) = S(t)r + }ILIE%) £/ S(s ( / (r)dr) ds,

where S is the integrated semigroup generated by A. Therefore the following mapping
U from D(A) x L1([0,T],Z) to L1([0,T], Z) will play an important role whenever it is
well-defined,

(12) U(z,v)(t) = }%GG /tHhs'(s)de %/tt+h(5<>v)(s)ds>.

The convergence is required to be in L;1([0,7],Z) and to be independent of how v
is extended outside of [0,7]. Notice that this is the same map as in (6). We have the
following fundamental result.

PROPOSITION 5. Assume the operator U in (12) is well-defined and let T > 0, x €
D(A), U, = U(x,-). Then there is a one-to-one correspondence between fized points of
U, and I-solutions. More precisely, the following two relations hold:

(1) If v, is a fized point of U, in L1([0,T],Z) and is extended by 0 outside of [0,T],
then u = S(-)x + S o v, is an I-solution on [0,T).
(2) If u is an I-solution of [0,T], then

1 t+h
v(t) = Ly}l}ﬂ})G(E/ u(s)ds>
- t

is a fized point of U, in L1([0,T],Z) and u = S(-)z + S owv.
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Proof. (1) Let v, be a fixed point of ¥, and set u = S(-)z + S ¢ v,. Extend v, by 0
outside of [0, 7. By definition of ¥, v, (t) = limy_o G(L [*"
by Theorem 3.

(2) Let u be an I-solution of (10), i.e., satisfy (11) or rather all of Definition 2. Define
v as stated in the theorem, then u(t) = S(t)z 4 (S o v)(t) for t € [0,T] by Theorem 3.
Since, by assumption, ¥ is well-defined and independent of how v is extended, v is a fixed

u(r)dr). u is an I-solution

point of ¥,.. m

Proposition 5 suggests looking for conditions which make the operator ¥ given by (12)
well defined. The following subspace E of D(A) x L1([0,T]; Z) will play an important
role.

By definition, F consists of those pairs (x,v) such that
z € D(A), v e Li([0,T),2),
(13) S(t)x + (Sowv)(t) e D(A)  Vte|0,T],
A(S(t)x + (Sov) (t)) is a continuous function of t € [0, T'.

Since G : D(A) — Z is A-continuous,
(14) Wo(w,0)(t) = G(S(t)a + (S ov)(1))

defines a map ¥y from E to C([0,T]; Z) C L1([0,T]; Z). Notice that the argument of G
is in D(A) and is a continuous function of ¢ in the graph norm of A.

PROPOSITION 6. Let G : D(A) — Z be A-continuous and E be the subspace defined in

(13). Assume that ¥g can be extended to a continuous map ¥ from D(A) x L1([0,T]; Z)
to L1([0,T); Z). Then ¥ satisfies (12).

Proof. Set

t+h
wnt) = 3 (S(t+h) — SO+ 1 /t (S 0 v)(s)ds.

Here we have extended v beyond T in an arbitrary way such that v € L1([0,T + €], X)
for some € > 0. By Theorem 3, wy(t) € D(A), and

. t+h
Awp(t) = %(S(t +h) - S(t)z + %((Sov)(t +h) - (Sou)(t)) !

) v(s)ds

is a continuous function of ¢ € [0, T]. Moreover

wnlt) = 3 SWS BN + 1 (S« 0)(t-+h) — (S +v)(1)

- %S(t)S(h)x + % /O S(s)(w(t +h — 5) — v(t — 5))ds
—I—% /tH_h S(s)v(t+ h — s)ds

= S()S(h)a + %/Ot S(s)%(/tih_sv(r)ah")ds

h
+% /O S(t+ s)v(h — s)ds
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1. d t 1 t+h—s
= ﬁS(t)S(h)er E/o S(s)(ﬁ /tis v(r)dr)ds
1 [h
+E /0 (S(t+s)—S(t)v(h— s)ds
= S(t)xp + (S ovp)(t)
with

h t+h
xTp = %S(h)x + %/0 S(s)v(h —s)ds, wvp(t) = %/t v(r)dr.

Since wp(t) € D(A) and Awp,(¢) is continuous in ¢, by (13),
(xn,vp) € B and  G(wp(t)) = Yo (zn,vn) (1).

As zp, — x and v, — v in L1([0,T],Z) as h — 0 and ¥ is the continuous extension of ¥g
by assumption, we have

U(x,v) = ’llii%Gowh in L1([0,T); Z). m

PROPOSITION 7. Suppose that T > 0 and the assumptions of Proposition 6 hold. If u is

an F-solution of (9) on [0,T], then u= S(-)x+ Sov with a fized point v of ¥, and u is
an I-solution of (9).

Proof. Let u be an F-solution in L;. Then we find u; € C*([0,7], X)N C([0,T], X a),
wj € L1([0,T], X) such that (Gu;);en converges in L;([0,T7], X) and

tim [Juy — ufl = 0,
j—00
lim w1 =0
JA)OO
and
uy = Auj + G ouj + wj.
We set vj := G ou;. By Theorem 3,
(15) wj = S(-)u;(0) + 5o (Gou;+w;) = S()u;(0) + S ov; + S 0w,

Since u; € C([0,T],X4), (u;(0),v; +w;) is an element of E by (13), and we have the
following representation of vj,

vj = G o (S()u;(0) + Sov; + S ow;) = Wo(u;(0),v; +w;).
Since ¥ is continuous and u;(0) — w(0), (v; +w;) — v in L1, we have
P (u(0),v) = lim Wo(u;(0),v; +w;) = lim v; =v
in L1([0,T], X) and v is a fixed point of ¥,, x = u(0). Furthermore, by (15),
(16)  ult) = iy (1) = limy o SCJu;(0) + (S 0 0,)(8) + (S 0 w,) ()
= S(-)u(0) + S ow.

Then u is an I-solution by Proposition 5, Part 1. m
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Once we have found the unique fixed point v, of ¥, in L;([0,T7], Z), motivated by
Propositions 6 and 7, we define

(17) O(t,z) = S(t)z + (S 0 vy)(t).

THEOREM 8. Let T' > 0 and assume that L1([0,T], Z) can equivalently be renormalized
such that

[Wo(z,v) = Woly, w)l| < Killz =yl + Kallv —wl|  V(z,v),(y,w) € E,

where K1 > 0 and Ky € (0,1).

Then there exists a continuous semiflow © on [0,00) x D(A) such that the exponential
Lipschitz condition (5) is satisfied and u(t) = O(t,x) are the unique I-solutions and the
unique F-solutions of (10) on every finite interval [0, 7].

Proof. Since E contains the dense subspace D(Ag) x C§°((0,T); Z) of the Banach space

D(A) x L1([0,T); Z), ¥y has a Lipschitz extension ¥ to the latter space with the same
Lipschitz constants.

¥ is a uniform contraction on D(A) x L1([0,T]; Z) and, by the parameter version of
Banach’s fixed point theorem, there are unique fixed points v, of the mappings ¥, for
all z € D(A) and the dependence of the v, on x is Lipschitz continuous on [0, 7] (see e.g.

the proof of [8], Th. 2.2),

[ve = vylls <Cllz =yl Vz,y € D(A),
with a suitable constant C' > 0. We define © as in (17). By Theorem 3, for 0 <t < T,
18(t,2) =ty < sup [IS(s)llz =yl + IS © (vz —vy)]
s€[0,T)
< Met T (Jlz =yl + llve = vyll1) < Kz —yll,

where K = Me“+T(1+ C) and w; = max{w, 0} is the positive part of w. From Proposi-
tions 5 and 6 we know that ©(-, z) is the unique I-solution of (10).

The semiflow property follows from the fact that u = ©(-,x) is also the unique F-
solution of (10). See Lemma 4 and Lemma 7. Notice that @(t) = O(t + s,) is the F
solution of (10) with initial value @(0) = ©(s, x), so O(t + s,z) = O(t,0O(s, x)).

The semiflow O can be extended to [0, 27 in the standard way: Let t = s+r € (1,27
with r,s € [0,T]. Set O(t,x) = ©(r, O(s,z)). The semiflow property on [0, 7] guarantees
that this definition is independent of the choice of r and s and readily extends to [0, 27].
It also implies that ©(-, x) is an I-solution on [0, 277,

OT +t,z)—z=0(0(T,z)) —x

—O(T,a) -+ A/t (s, O(T, z))ds
0

t 1 s+h
JF}LI{% | G(h/s @(r,@(T,x))dr)ds
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T T sy psth
:A/O @(s,x)der}lll{rb/o G(E/S @(r,x)dr)ds
t tq peth
—I—A/ O(s+ T,x)ds + 1im/ G(—/ @(r—i—T,x)dr)ds
0 h\0 Jo h Js

T+t T4t sy psth
:A/ O(s,x)ds + lim/ G(—/ @(r,x)dr)ds,
0 b0 Jo h Js

and the limit exists in L;. The Lipschitz continuity of ©(¢, ) in x easily extends to [T, 2T
with the Lipschitz constant K2. Continuing this way we can extend the semiflow to [0, o)
with

16(t,2) — Oty < K™le —y| ¥t € [(n— D)T,nT), n e N.
The exponential Lipschitz condition (5) is satisfied with N = K, § = % =

COROLLARY 9. Let T > 0 and assume that L1([0,T], Z) can equivalently be renormalized
such that

(18) H\:[Io(xvq))—\llo(%w)” SKle_y”—’_K?HU_wH V(x,v),(y,w) €L,

where K1, Ky > 0. Then Ug has an extension ¥ satisfying the analogous inequality on

D(A) x L1([0,T], X) .
Further assume that there exist n € N and e € (0,1) such that for ¥, = ¥(x,-),

W5 (v) = (w)l| <ello —wl|  Vo,w € Li([0,T], Z), z € D(A).

Then there is a unique continuous semiflow © on [0, 00) x D(A) such that the exponential
Lipschitz condition (5) is satisfied and u(t) = O(t,x) are the unique I-solutions and the
unique F-solutions of (10) on every finite interval [0, 7].

Proof. By assumption, with ¥, := ¥(z,-), U is a strict contraction on the Banach space
L1([0,T7, Z) and so has a unique fixed point v,. Since ¥, (v,) is also a fixed point of U7,
U, (v;) = v,. Since every fixed point of ¥, is also a fixed point of U7,
fixed point of ¥,. For all z,y € D(A),
[ve = vyll = 195 (va) — Ty (vy)|
< W5 (va) = W5 (vy) || + (W5 (vy) — Ty (v,
< ve —vyll e + Knllz -y,

vz is the unique

for some constant K,, > 0. Reorganizing this inequality,
vz — oyl < (1~ &) Kl — gl
The remaining part of the corollary follows as in Theorem 8. =

For cases in which the estimate in Theorem 8 is difficult to check directly, we offer
the following version which will be used in the Banach lattice case. Let ¢ : R — [0, 00)
be a continuous non-negative function with compact support and fR ¢(s)ds = 1. Set

¢;(t) = jo(jt),
and for v € L1([0,T); X) define

v (t) = - (s —t)v(s)ds
2(1) /Ocm Bu(s)ds,
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where v has been extended outside of [0, T'] in an arbitrary measurable essentially bounded
¢

fashion. One readily checks that vj — v, j — 00, uniformly on compact subsets of (0,T),
if v is continuous on (0,7'), and v —vin L1([0,T]; X). If v : [0,T] — D(A) and Av is
continuous on (0,7) then v} HORS D(A) and Avj’ — Av, j — oo, uniformly on compact
subsets of (0,T). ¢ with the properties above is called a mollifier because v? is typically
smoother than v.

COROLLARY 10. Let G : D(A) — Z be A-continuous and E be the subspace defined in
(13). Let K1, Ko > 0 and ¢ a mollifier as above such that, for all (x,v), (y,w) € E,

lim inf / IGUSC)z + 8 0v)2(8)) — GU(S()y + 8 ow)? (1))l dt

J—00

T
< Kille -yl + Ko / lo(t) — w(t) | de.
0

Then the map Vg in (14) satisfies the inequalities (18) in Corollary 9, and its exten-
sion U satisfies the analogous inequalities on D(A) x L1([0,T], X) and equation (12).

Proof. Since G is A-continuous, we have for all t € (0,7) and (z,v) € B
lim G((S()z+ Sov)?(t) = G(S(t)z + Souv(t)).
J—00

By Fatou’s lemma, the inequalities (18) in Corollary 9 holds, and ¥ has an extension ¥
on D(A) x Ly([0,T], X) which satisfies the analogous inequalities and, by Proposition 6,
equation (12). m

3. A Stieltjes type convolution of operator families with vector-valued L;-
functions. The convolution we introduce in this section turns out to be useful in the
proof of our perturbation theorems. The results we present are established in [34].
Let I C R be an interval which is bounded from below and
(I):=infI and r(I):=sup(])

denote its left and right end-point. Unless explicitly stated otherwise, we always assume
that I[(I) € I and r(I) ¢ I. Recall that, for every f € Li(I, X) fl([) t)dt is of bounded
variation and its variation is given by

' r(I)
V(/zm f(t)dt;l) =[£I :/1(1) I1£(s)|ds.

This motivates our next definition.

DEFINITION 3. A function f € Ly(I, X) is of bounded pseudo-variation if
r(I)—h
pv(f: 1) —;l\rrloh/( 1£(s + h) — £(s)lds < o,

If r(I) = oo, 7(I) — h is to be interpreted as co. Recall that f : I — X is of bounded
variation if

k
v(fi )= s { SNF() — fitg)ll} < o,

J=1
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where the supremum is taken over all partitions tqg < --- < t; of I where £k € N and
tjel. f:I— X is Lipschitz continuous if

pv(f;1) = sup{w;tsel,t#s} < 00.

Every function of bounded pseudo-variation admits a version that is of bounded vari-

ation:

LEMMA 11. Let f : I — X be of bounded pseudo—variatz'on Then

(19) £o() = lim ~ /

r\O h

exists for allt € I, f = f® a.e., and f® is of bounded variation on I with v(f®,I) =
pv(f,I). Further (f®)® = f® and f® is right continuous.

We set
(20) v (f: 1) = pv(f: 1) + /2Dl
PROPOSITION 12. The vector space
PV(I; X) :={f% f:1— X is of bounded pseudo-variation}
equipped with the norm pv®(f;I) is a Banach space.

The analogous result for the space of Lipschitz continuous functions is well known.
We extend the previous concepts to operator families.

DEFINITION 4. A family of bounded linear operators (U(¢))tes from a Banach space X
into a Banach space Y is called to be of bounded strong pseudo-variation if

pv(U(-)z;I) < o0 Vo € X.

It is easy to check that x +— U(-)x is a closed linear operator from X into the Banach
space PV(I;Y) and so a bounded linear operator; this implies that

PV(U;I,X):= sup  pv(U()xz;I) < oo
(21) lz)|<1, z€X
PV®WU;I,X):= sup pvPU()x;1) < oo
lz]| <1, zeX

and

(22) pv(U(")z; 1) <PV(U; 1, X) ||z, o € X.
pve(U()z; 1) <PVEWU; 1, X) ||z,

We call PV (U; I, X) the strong pseudo-variation of U on I x X.
It is well known and follows in the same way that U(-) is Lipschitz continuous in
operator norm if it is strongly Lipschitz continuous. We set
4
Voo (U;1,X) zsup{w t,sel t#s}

We introduce
1 t+h
U%(t)z = lhlﬁ)l n ), U(s)xds
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which exists according to Lemma 11. Notice that U (t)x and U® (¢)z have the same pseudo-
variation.

Before we define a Stieltjes type convolution of U with f € Ly (I, X), with I(I) = 0,
we recall that the standard convolution

t
(U * f)(8) = / Us)f(t—s)ds,  tel,
0
defines a function in Ly(I,Y), if f € L1(I,X) and U(t) is strongly integrable on I. If U
is of bounded strong pseudo-variation, we actually have the following result.

PROPOSITION 13. Let I be a bounded interval, U be of bounded strong pseudo-variation
onI and f € L1([0,T],X). Then U = f € Loo(I,Y) and

U fllo < sup [[UC)z]|ooll f]]1-
llzll<1

In fact, much more holds.

THEOREM 14. Let U be of bounded strong pseudo-variation on I and f € Ly1(I,X). Then
U = f is continuous on I. Moreover the limit

1
Uss=Jim g [ W0 -UE)- s
exists in L1(1,Y),
”U*fHISPV(U;I»X) ”le7

and
weno = [ U D)(s)ds + / UR(0)f(s)ds.
Finally
U % f=Ux .
We define
(23) (U o 1)t) = U % 1)(B) + U O£ 0).

Our Stieltjes type convolution relates to the standard convolution as follows.

COROLLARY 15. Let I = [0,T) and (U(t))ter be a family of bounded linear operators
from X to'Y that is of bounded strong pseudo-variation.

(a) Then, for all f € L1(1,Y),
(U % f)(t) = /Ot(Uof)(s)ds vtel, U o flli < PVEWU;0,7),X) | |1
(b) If f:[0,T) — X is of bounded pseudo-variation, then U o f is of bounded pseudo-
variation on [0,T),
pvE(Uo f;1) <PVE(U; I, X)pve(f: ).
Further UP o f@ =Uo f®=U%o f=Uo f a.e. on I,
(U0 £)®(0) = U®(0)f(0).



100 H. R. THIEME AND H. VOSSELER

(c) If U is Lipschitz continuous and f € L1(I,X), then U % f is continuous with
1U* fllsc < PVoo(Us I, X) || f]]1-

If U(t) and V (t), t € I, are families of bounded linear operators which are of bounded
strong pseudo-variation, then, for each z, Uo(V (-)x) is defined and a function of bounded
pseudo-variation, but difficult to turn into a family of bounded linear operators W (t)x,
because it is uniquely determined up to a set of Lebesgue measure 0 which depends on x.
This situation can be remedied by setting

UoV)(t)e=(Uo[V()z])®.
By Lemma 11 and Corollary 15 (b), U ¢ V is a family of bounded linear operators that

is of locally bounded strong pseudo-variation and strongly right-continuous.

PROPOSITION 16. Let f : [0,T) — X be of bounded pseudo-variation and U(t), V(t),
€ [0,T), form families of bounded linear operators on X that are of bounded strong
pseudo-variation. Then
UoV)of=Uo(Vof) ae.

We define recursively
U<>1 — U@, UO(TL—l-l) =Uo U<>’n,.

COROLLARY 17. Let (U(t))ter be a family of bounded linear operators that is of locally
bounded strong variation. Then

PV®WU™ I, X) < [PV¥(U;1,X)]" VneN.
IfU(t) maps X into a closed subspace Z, then
PVOWerth. 1 X) < [PV®(WU;I,2)]" PV®(U;1,X) VneN.
Application to integrated semigroups. If we apply our results to integrated semigroups

we obtain the following generalization of Theorem 3. Notice that S ¢ f = S x f because
S®(0) =0.

LEMMA 18. Let S be an integrated semigroup which is of locally bounded strong pseu-
do-variation. Then (S o f)(t) € D(A) and (S f)(t) € D(A) for all f € L1(I,X) and
almost all t > 0. Furthermore we have

A(S* f)t) = (So f)t /f ds fora.a.t>0
and

(S*f)(t):/o (Sof)(s)ds Vtel.

4. Cumulative outputs of bounded strong variation. Recall that X,Y are Ba-
nach spaces and A is a Hille-Yosida operator on X. The locally Lipschitz continuous
integrated semigroup generated by A is denoted by (S(t)):>0 and the Cy-semigroup on
D(A) generated by Ay is denoted by (S(t))>o.
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AssuMPTION H4. Let B be an A-bounded operator with values in Y, T' € [0, 00|, such
that for every =z € X,

B/Ot S(s)xds = /Ot V(s)xds, tel[0,7T),

with a family (V(¢))¢>0 of bounded linear operators from X to Y that is of bounded
strong pseudo-variation on I = [0, 7).

REMARK 1. Replacing V by V® we see that B fo s)ds is right differentiable with
derivative V®(t)x. So without restriction, we assume thls from the very beginning, with
V(t) being strongly right continuous.

LEMMA 19. Let Assumption Hj be satisfied. Then the following holds:

1. For allz € D(A) and all t € I, BS(t)x V( )z and V( )z is a.e. differentiable on
[0,T) with 4V (-)z € Li([0,T); X) and V(t)z = fo =V (s)xds.
For allz € D(A) and allt € I, V(t)x is mght dzﬁerentzable and

Bz +V(t)Az = V'(t)x.
For all z € D(Ao) and all't € I, V(t)x is continuously differentiable and BS(t)x =
V' (t)x.
2. Forall f € L1(I,X) and t € I,
(Vo F)(t) = B(S * f)(t).
3. If (x,f) € E, E as in (13), then V(-)x + V * f is continuously differentiable on
[0,T] and

LVt + (v + £)(1).

B(S(t)e + (S0 (1) = &

In particular V(-)x € W}, [0,T] and
B(S(t)z + (S o f)(t)) = V'(H)z + (V * f) ().
Proof. The first statement in 1. is obvious because A fo s)xds is differentiable for = €
D(A) with derivative AS(t)x. Similarly, for x € D(Ap), AS( )z is differentiable with
derivative AS(t)x = S(t)Apx and so is BS(t)x = V(t)x with derivative BS(¢)z. For
x € D(A), by part 1 and (7),
t t
V(t)x = Btz + B/ S(s)Axds = tBx + / V(s)Axds.

0 0

We see that V (¢)x is right differentiable and
V'(t)z = Bx + V(t)Az, =z € D(A).

Returning to the case that x € D(Ay), we have that

T
| W0l = pV(v 0w 0.7) < PV (v [0.7). DU .

If © € D(A) = D(Ayp), we find a sequence (z,,) in D(Ap) such that z,, — = as n — oc.
By the previous estimate, the functions V'(-)xz,, form a Cauchy sequence in the Banach
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space L1([0,7); X) and have a limit v therein. Then

¢ ¢
/ v(s)ds = lim [ V'(s)z,ds = lim V(t)z, =V (t)z.
0

n—oo 0 n—oo

As for 2. we first recall that A(S * f)(t) is continuous in ¢ (Theorem 3). Since B is
A-continuous, B(S x f)(t) is continuous. Changing the order of integration shows that

/Ot(s ¥ ) (r)dr = /Ot </OH S(r)f(s)dr) ds.

/Ot B(S % f)(r)dr — B/Ot(S « ) (r)dr = /Ot B </Ot S(r)f(s)dr) ds
_ /Ot (/OtSV(r)f(s)dr> ds = /Ot(V*f)(r)dr.

Since V * f is continuous, the assertion follows.
3. As B is A-bounded and A(S(t)x + (S ¢ f)(t)) is continuous,

B(S(t )x+ (S f)(®)

= lim hB(S(t+ h)x — S(t)x+ (S f)(t +h) — (S* [)(t))

_ %%mw e — V(8o + (V# f)(t+h) — (V* £)())

So

uniformly for ¢ in bounded intervals. So V' (t)x + (V * f)(¢) is continuously differentiable
in t with derivative B(S(t)x + (So f)(t)). =

It follows from Lemma 19 (1) and the fact that S(¢) maps X into D(A) that V has
the properties of a cumulative output defined below [12, 24, 32]. In some circumstances
it is convenient to start from the operator family V' (¢) rather than the operator B.

DEFINITION 5. A family (V(t))i>0 of bounded operators from X to Y is a cumulative
output for (S(t))¢>o if the following holds: V'(¢) is strongly right continuous at any ¢ > 0,
the right limit V(0+) exists strongly, and

(24) / V(s ds—/V ds—/ V(s)ds  Vir>0.

It follows from the uniform boundedness theorem and Lemma 4.14 in [32] that V(¢)
is exponentially bounded.

REMARK 2. Since S(-)z is continuously differentiable for all € D(A) we obtain
V(t)S' (ryz=V(t+rz—V(r)z, tr>0.
If w(V') denotes the exponentially bound for (V' (¢))¢>0, we define
F(\Nz = )\/ e MV (t)xdt, A>wV), zeX.
0
Since V is a cumulative output for S, F()) is a resolvent output of A4, i.e.,

FN(p=A)"" = —=(F(\) = F(u)),  Ap>wlV),\#p
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So we can define B = F(A)(A — A) and show that this definition is independent of
A > w(V). A straightforward Laplace transform argument shows that Assumption H4 is
satisfied with B replacing B.

5. Application to the semilinear Cauchy problem. We state the additional as-
sumptions on G and A.

AssuMPTION H5. There exists a linear operator B : D(A) — Y into a Banach space Y,
T > 0 such that

[G(z) =Gl < 1Bz —y)ll  Vz,y € D(A),
and

t t
B/ S(r)zdr = / V(r)zdr, tel0,7),z € X,
0 0

with an operator family (V' (t)):cjo,7) from X to Y which is of bounded strong pseudo-
variation and PV®(V;[0,7),2) < 1.

THEOREM 20. Under Assumption H5, there is a unique continuous semiflow © on D(A)
such that the exponential Lipschitz condition (5) is satisfied and the orbits of © uniquely
solve the Cauchy problem (3) in the Li-Friedrichs sense (Li-F).

Proof. Let T > 0. We show that, under Assumption H5, the assumptions of Theorem 8
are fulfilled with

K, =PV(V;[0,T),X), Ky =PV®(V;[0,7),2).
Let (z,v), (y,w) € E, E as in (13). By Lemma 19 and H5,
IG(S(t)z + (S o v)(1)) —G(S(t)y+(5_<>w)(t))|| .
< [B(S(H)z + (S ov)(t) = B(St)y + (S ow) @)
= V()@ —y) + (Vo (v —w))®)]
for a.a. ¢ > 0. By Corollary 15 (a),

T
/O IG(S(t)x + (S0 v)(1)) = G(S(t)y + (S o w)(t))|dt
<PV(V;[0,7),X) | =yl + PVE(V;[0,7),2) [lv —w||. =

This theorem will work well if we have enough information about the integrated
semigroup S generated by A. Aesthetically it may be more pleasing if all assumptions
are in terms of A (or its resolvent) and G.

COROLLARY 21. There exists a linear operator B : D(A) — Y into a Banach space Y
such that
1G(z) =Gl < 1Bz =yl Va,y € D(A),

and there exist ;1 > 0 and v € (0,1) and ¢ > 0 such that
(o)
| 1B g 4 ek + i inf B - 4) ] < 5]
0 —o0
Ve e Z,k €N,
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/ IBON+ 51— A) S [kX1d) < cfl¢| V€ D(A), k € N.
0

Then there is a unique continuous semiflow © on D(A) such that the orbits of ©

uniquely solve the Cauchy problem (3) in the Friedrichs sense (Li-F) for all x € D(A).

Proof. By Theorem 6.8 and the subsequent remark in [34], there is a family of bounded
operators (V(t));>o and some w > 0 such that

B\ —A)lz = )\/ e MV (Hadt YA >w,z € X,
0
and V is of bounded strong (pseudo)-variation on every finite interval, V' (0) = 0. Moreover
the strong right limit V(0+) = V®(0) exists and

Ve(0)r = )\lim BA—A)" 'z
For sufficiently large A > 0,
1G(z) =Gl < IBA=A)THA=A)(@—y)l|  Va,y € D(A)

and therefore G is A-continuous. A straightforward Laplace transform argument shows
that Assumption H4 is satisfied on every finite interval provided we find some T > 0 with
PV®(V;[0,T),Z) < 1. To this end, let

¢
VH(t) = e MV (t) + u/ e "V (s)ds.
0
By Proposition 3.1 in [34],
BO+u—A)' = )\/ MY dt.
0

V*# is of bounded pseudo-variation on [0,00), and PV®(V#;[0,00),Z) < v as follows
from [39] or [4] (see also [34], Theorem 4.2). It follows from Proposition 3.1 (c) in [34]
that, for any 7' > 0,

1 T—h
limsup / eIV (t+ h)z — V(R |dt + |[VE(0)z]
h—0 0

=pv®(V*()2),[0,7)) <7llzf|  Vze Z
So
PV®(V;[0,T); Z) < ~verT.

By choosing 7' > 0 small enough we achieve that ve#? < 1 and our assertion follows from
Theorem 20. m

6. Semilinear Miyadera-Voigt theorems. For densely defined A, X = Z and G = B
we obtain a new proof of the well known Miyadera-Voigt perturbation theorem for Cjy-
semigroups [35] that makes no use of the Dyson-Phillips series and works for semi-linear
perturbations of Miyadera-Voigt type. If the perturbation is of Kato type, the density of
D(A) can be dropped.
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THEOREM 22. Let A be the generator of a Co-semigroup S on a Banach space X, Z C X
be a closed subspace of X and Y be another Banach space. Let D be a dense subspace of
X such that DN Z is dense in Z. Let Go: D — Z, By : D — Y, By linear, such that

1Go(x) = Go(y)l| < [|Bo(z —9)|  Vz,y €D,
and the following conditions are satisfied:

1. D C D(A), S(t)D C D, and ByS(-)x continuous for all z € D.
2. There are a, A\, K >0 and v € (0,1) such that

(a) [ e || BoS(t)z||dt < K|z|| for all x € D.
(b) [ e | BoS(t)zx||dt < v ||z for allz € DN Z.

Then there is a unique A-continuous extension G : D(A) — Z of Gy and a unique
continuous semiflow © on X such that the exponential Lipschitz condition (5) and the
following are satisfied:

1. For all x € X, ©(-,x) uniquely solves the Cauchy problem (3) in the Friedrichs
sense (L1-F).
2. For allx € X and t > 0 we have

(25) O(t,z) = S(t)x + lim St—s h/ O(r, x)dr)ds.
0

h—0

REMARK 3. In the proof we will show that By is A|p bounded and can be uniquely
extended to an A-bounded linear operator B : D(A) — Y, answering a question asked in
[35], Remark 5.

This particular result even holds if condition 2. is replaced by the following weaker
one: There are o, K > 0 such that

t
||/ BoS(r)zdr| < K|lz]|  Ya € D,t € [0, al.
0

Proof. Define
t
Vt)e = / ByS(s)xds, t>0,z€D.
0

Since S is a semigroup that leaves D invariant,
V()S(r)x = V(t+r)z —V(r)z, t,r >0,z €D.
By our assumptions,
[V(t)z|| < er K|z, xz € D,tel0,al

V(t) can be uniquely extended to a bounded linear operator from X to Y for ¢ € [0, o],
satisfying the same estimate. The functional relationship between V and S shows induc-
tively that V() can be extended to a bounded linear operator from X to Y for ¢ € [0, na],
n €N,

(26) Vt)S(r)=V(t+r)—V(r), tr>0.
Cf. Remark 2. This functional relationship implies that V' is exponentially bounded,
V(@O < Me®,  t>0,
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with appropriate constants M, &. See the proof of Lemma 4.14 in [32]. It also follows that
V(t)r — 0,t — 0, first for z € D, but then also for z € X. By (26), V(¢) is strongly
right continuous. Set

F(\) = )\/ e MV (Hdt, A > Q.
0

Taking Laplace transforms of the functional relation (26) between V' and S shows that
F(-) is a resolvent output for A,

FN(p=A)" = —(FO\) = F(i), mA>0,\# p.

Thus the definition B := F(A)(A — A) is independent of A > & and provides an
A-bounded operator B. Set

S(t) = /0 $(r)dr.
Then

BS(t)z = F(\) (A — A)S(t)x = F(\[AS(t)x — S(t)z + ]
forms a strongly continuous exponentially bounded family of bounded linear operators.
Taking Laplace transforms,

* — At _ _ Ooefz\t
)\/0 e MBS(t)dt = F()) —/\/O V(t)dt.

Since BS(t) is strongly continuous and V(t) strongly right continuous, the uniqueness
properties of the Laplace transform imply that V(¢) = BS(t) for all ¢ > 0 and the second
formula in Assumption H5 follows. Further, for z € D, both V(¢)x and BS(¢)z can
continuously be differentiated yielding ByS(t)z = BS(t)x for all t > 0. Specializing to
t =0, Box = Bz, i.e., B is an A-bounded extension of By.

Actually it follows from our assumptions that D is a core for A, i.e., D is dense in
D(A) with respect to the graph norm of A. See [13], Proposition 1.7, and [35], p. 168,
where additional references can be found.

This allows to extend Gy to a map G from D(A) to Z as follows. Let « € D(A). Then
there exists a sequence (x,) in D such that x,, — = and Az,, — Az as n — co. Since B
is an A-bounded extension of By, Byox, — Bz as n — oco. The relation between G and
By implies that (Go(zy)) is a Cauchy sequence, and we can define

G(z) = lim Go(z,).
This definition is independent of the choice of the sequence (z,) and
1G() =G < 1Bz —y)|  Va,y € D(A).

Since B is A-bounded, G is an A-continuous extension of Gy, and as such uniquely
determined by Gy because D is dense in D(A) with respect to the graph norm of A.

By Lemma 19 (1), there exists a bounded linear map V : X — L;([0,a),Y) such that
(Vz)(s) = BoS(s)x for € D and

V(t)r = /0 (Vz)(s)ds
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and

/ M (Va) ()|t < Kzl Vo € X,
0

/ (V) (B)lldt < 2] Ve e Z.
0
Let 7 € (0, a]. Then
pve(V(-)z; [0, 7)) = / |(Va)(@)dt < K ||z Ve e X,
0

pvO(V()z;[0,7) e z]| Yz ez

Choosing 7 > 0 small enough we can achieve that ve*” < 1. The existence and the
properties of the semiflow © now follow from Theorem 20. m

THEOREM 23. Let A be a Hille-Yosida operator in a Banach space X, Ag the part of A
in D(A) and S(-) the Co-semigroup generated by Ag.
Let D be a dense subspace of D(A) and Y another Banach space. Let Go : D — X,
By : D —Y, By linear, such that
[Go(x) — Go(y)l < [|Bo(z —y)|  Va,y €D,
and the following conditions are satisfied:

1. D C D(Ay), S(t)D C D, and ByS(-)x continuous for all x € D.
2. For every € > 0 there exists 6 > 0 such that

5
/ |BoS(t)z||dt < € ||z|| for all x € D.
0

Then there is a unique A-continuous extension G : D(A) — X of Go such that G(z) =
limy—oe G (AN — A)7'2) for all z € D(A) and a unique continuous semiflow © on X
such that the exponential Lipschitz condition (5) and the following are satisfied:

1. For all x € X, O(-,x) uniquely solves the Cauchy problem (3) in the Friedrichs
sense (L1-F).
2. For allx € X and t > 0 we have
. t . 1 s+h

(27) O(t.2) = S(t)r -+ Jimy | (1~ s)G(E / o, x)dr) ds.

Perturbations (A + Bo)|p of this kind are said to be of Kato type [37]. We mention
that Hille-Yosida operators are preserved under Kato type perturbations ([34], Theorem
6.11).

Proof. The same proof as for Theorem 22 provides a strongly continuous family of

bounded linear operators Vy(t) : D(A) — Y, V5(0) = 0, with

Vo(t)S(r)z = Vo(t +r)x — Vo (r)z, t,r >0,z € D(A),

and

PV®(Vy:[0,6), D(4)) <e,

where § has been chosen in dependence of € as in 2. of the assumptions of this theorem.
In particular Vy(t) — 0, ¢ — 0, in operator norm. The functional relation with S implies
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that V(¢) is right continuous in operator norm. Integrating over r,

t+r t r
Vo(t)S(r)xz/O Vo(s)xds—/o Vo(s)xds—/o Vo(s)xds,

t,r >0,z € D(A).

Then Vj can be extended to a cumulative output for S on X (i.e., (28) holds for z € X)
by

(28)

V() = Jim Vo(t)%S(h)

with convergence holding in operator norm (cf. Definition 5). See the proof of Theorem
6.11 in [34]. It is readily checked that V' is a cumulative output for S on X. Further

PV®(V:0,6),X) < MPV®(V;[0,6), D(A)) < Me,
with M = liminf,~ o #/S(h)|. Choosing € > 0 and § > 0 small enough,
PV®(V;[0,0),X) < 1.

By Lemma 4.14 in [32], V(-) is exponentially bounded and, as in the proof of Theorem
22, we define

P = A /O T ey ()t

Then F(A) — 0 as A — oo in operator norm. By taking Laplace transforms of the
cumulative output relation (28), for V rather than Vj, F(-) is a resolvent output for A
and the definition B = F(A)(A — A) is independent of A. The uniqueness properties of
the Laplace transform imply that

B/Ot S(r)dr = /Ot V(r)dr,

Let B be another extension of By to D(A), B(A — A)~! — 0, A\ — oo, in operator
norm. Since D is a core for Ay, B and B coincide on D(Ag). Set F(\) = B(A — A)~L.
Then

Br=F\)(A— Az = lim pF(u)z, x € D(A).

p—00
Similarly Bz = lim,, o uF(p)z, 2 € D(A). But F(\)z = BA—A)"'2 = BA—A) 'z =
F(\)z for x € D(A) because (A — A)~! maps D(A) into D(Ay), so B = B.

By the definition of B,

Bz = lim AF(\)z = lim AB(\ — At x € D(A).

As in the proof of Theorem 22, G has a unique Ag-continuous extension G : D(Ap) - X
which satisfies

IG(@) = Gl < Bz =y, 2.y e D(A).

It follows that, for 2 € D(A), the family (G(AMX — A)~'z)) is a Cauchy net as A — co.
Hence the limit

G(z) = lim GOAN\—A)"tz), € D(A),

A—00
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exists and G satisfies ||G(z) — G(y)|| < ||B(x — y)|| for all z,y € D(A). Since B is
A-bounded, G is A-continuous. Further G is uniquely determined by G and the property
G(z) = limy_o GIA(\ — A)"12) for all z € D(A).

We have checked all assumptions of Theorem 20 and our assertions follow. m

7. Semilinear perturbations in Banach lattices. We consider a Banach lattice X
with positive convex cone X . Following [3, 1], we call a linear operator A in X resolvent
positive, if (a,00) C p(A) for some a € R and (A — A)~! > 0 for all A\ > a. Here p(A)
denotes the resolvent set of A. We refer to [26] for more details on ordered Banach spaces
and positive operators.

We say that a linear operator A in X is absolutely resolvent majorized by a resolvent
positive operator A if (a,c0) € p(A) N p(A) for some a € R with

(A= A) ] < (A= A) 7z for all x € X and A > a.
Given a family of bounded operators (V(¢));>0 of locally bounded strong variation
we obtain iterative convolutions V°" for n € N by
Vet .— (yer o 1)

V°™ is again a family of bounded operators that is of locally bounded strong variation (see
Corollary 17). We make the following assumption. Recall that an operator in a Banach
lattice is called positive if it maps positive elements in its domain into X .

AssuMPTION H7A. Let X be a Banach lattice and A be resolvent majorized by a resolvent
positive Hille-Yosida operator A. Let G : D(A) — Z map into a closed sublattice Z of X

and assume that there is a linear positive operator B : D(A) — Z such that

|G(z) — G(y)| < Bv  whenever z,y € D(A),v € D(A),|x —y| <wv,

and there exists some w € R such that
o0
B\ —A) 'z = A/ e MV (adt  YA>w, z € X,
0

where V is a family of bounded strong pseudo-variation on some interval [0,T + €) with
T,e >0 and
PV®(Ve™0,T),Z) < 1

for some n € N.
REMARK 4. (a) Since (A — A)~! and B are positive we have
|G(z) = G(y)| < BOA = A)7H(A = A)(z — y)|
and therefore G is A-continuous.
(b) Inductively one realizes that
(A —A) 2] < (A — A)""|z] Yz € X,n €N,
which implies that A is a Hille-Yosida operator as well.

We are going to prove a theorem similar to Theorem 20 and proceed as in the previous
section by showing first that ¥, is well defined and then that it admits a unique fixed
point. Let (S(t))>o denote the integrated semigroup generated by A. We start with



110 H. R. THIEME AND H. VOSSELER

LEMMA 24. Let T > 0. Under Assumptions H7a, Vo satisfies the inequalities (18) in
Corollary 9 with

K, =PV(V;[0,T+), X), Ky =PVO(V;[0,T+), 2),

where

PV (V;[0,T4),X) :=limsup PV (V;[0,T + h), X).
R10

Further the extension ¥ of ¥q satisfies

| (z,v) — U(z,w)| <Volv—w Yo, w € L1([0,T]; Z).
Proof. We start by showing for v € Ly([0,T], X) that
(29) [(Sov)(t)] < (Sov)(®).

We have for locally Lipschitz continuous integrated semigroups (see [16] p.224)

t+h k k *(k+1)
S(t+ h)x —S({t)r = lim <> < A) xds.
t

k—oco S S

Since A is resolvent dominated by A,

ds

k—o0 S

—(k+1)
(E — A> T
s

< lim tt+h <5> (E —A)UHI) @lds = (S(t + h) — S()]e],

" k—oo S S

t+h
(S(+ 1) = S@)al < Jim | (E)

and the inequality (29) follows a.e. from Theorem 14 and Sov = S *v. As a by-product,
we see that {S(¢)} is an increasing family. Since S o v and S ¢ |v| are continuous by
Theorem 3, the inequality holds everywhere.

We apply Corollary 10. Let ¢ : R — [0,00) be infinitely often differentiable with
support in (0,1) and fol @(s)ds = 1. Then, for z,y € D(A),

(SC)2)7 (1) = (S5 ()] =

/000 oi(s— t)S(s)(x —y)ds

~ lim /OOO 65(s — )S(IAN — A) (2 — y)ds

= lim lim /Oo b;(s — t)l[S(s +h) = S(s)ANA— A) " Hx —y)ds
A—oo hNO | fg h Y

< lim_Jimy /OOO 65(5 — t)%[g(s +h) = S()AO — A) "z — ylds

i - (s — ;s —A) Yz — s
im [ 605 = O8(9)AA = ) = ylds.

A—00
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Since ¢ is zero on (—o0, 0],

(30)  [(S()x)7 () = (S(: )y)“b(t)l

\ \
\
%
w
\
H~
?

\
<
U
»

I
\
e\\
@

\
=

(/ S(r)|z — y|dr> ds

Let v,w € L1([0,T], Z). We set v(s) = w(s) =0 for s > T. Let t € [0,T]. Then
(500~ (Sx )0l < [ o= 05 # o~ w(e)ds
_/O 8 (s — £)(S + |v — w])(s)ds € D(A).

By Assumption H7a,
G((S()z + S *v)] (1) = G((S()y + S *w)] (t))]

< B/OOO ¢ (s —t)(/OSS(r)|a:—y|dr>ds

- B/o @i(s =) (S * [v —w|)(s)ds

= [Tor— 0 [ vele—slar)as— [T oo o - uiis)as

_ /Ooqu(sft)vwdsnx—m+/°°¢j<sft><V<>|v7w|><s>ds

Recall that V¥ (t)x = V(¢)x for a.a. t and that V®(-) is of bounded strong variation which
equals the strong pseudo-variation of V'(+). So the Stieltjes integral in the last equation
makes sense. Since the support of ¢; is contained in (0,1/5),

/HG ()2 + S % 0)2(6) = GUS(y + S % w) (1))l at
< /OT

+/OT (/Ooo¢j<s—t>||<w>|v—w><s>||ds)dt
SN P -

. /OT*% ( / * ¢j<s_t>dt)||<w|v—w|><s>|ds

[ ot - oveasie -l o
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1
<PV V30,7 + = ), X |[lz—yl
J

L PVe (v; {o, T+ %) , z) /O”; o(s) — w(s)||ds.

In the last inequality we have used Corollary 15 (a). Recalling that we have set v(t) =
0 = w(t) for t > T, this implies the assumption in Corollary 10. Now

‘% /tt+h(5*v)(s)ds — %/tﬂ_h(S*w)(s)ds
1

< =

~h

= %((5v v —w|)(t+h)—(S*|v—w|)(t) € D(A).

t+h t+h
/t [(S* (v —w))(s)|ds < %/t (S % |v—w|)(s)ds

By Assumption H7a and Lemma 19 (2.),

‘G(}l /t Hhs(s)de% /t t+h(5*v)(s)ds>
—G(% /tt+h5(s)xds+%/ttJrh(S*w)(s)ds)‘

<B—((S#*|v—w|)(t+h)—(S*|v—w|)(t))

==

1
=7 (Vo —w|)(t +h) = (Vx o — w])(2)).
Then Corollaries 10 and 15 imply the second assertion. m
We are now ready to prove a result similar to Theorem 20 for Banach lattices.

THEOREM 25. Under the assumption H7a there is a unique continuous semiflow © on
D(A) satisfying (5) such that the orbits of © are the unique F-solutions in L1([0,T], X)
of (10) for all x € X and T > 0.

Proof. We want to apply Corollary 9. By Lemma 24, the first assumption holds and
U, has an extension W. Therefore it only remains to show that there exists n € N and
¢ € (0,1) such that

W3 (v) = Vi (w) <ello—wly  Vo,we Li([0,T], Z),z € D(A).

By Lemma 24,
W, (v) — Uy(w)] < Volv—wl.

Thus by induction
(W3 () = U (w)| Vo v —wl.

By Corollary 15,
197 () — W3 (w)[l < PVEV[0,T], X) [l — w]1.
and we have reached our goal with ¢ = PV®(V°":[0,7], X). =
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We call a semiflow © on D(A) positive if O(t,-) maps D(A) N X into itself for all
t > 0, where X, denotes the positive cone of the Banach lattice X.

COROLLARY. Let X be a Banach lattice and A be a resolvent positive Hille-Yosida
operator. Let G : D(A) — Z map into a closed subspace Z of X and be positive, i.e., G
maps D(A) N X into X .

Assume that there is a linear positive operator B : D(A) — Z such that

|G(z) — G(y)| < Bv  whenever z,y,v € D(A), |z —y| <wv,

and there exists some w € R such that
BA— Az = /\/ e MV (t)adt YA >w, v e X.
0

where V is a family of bounded strong pseudo-variation on some interval [0,T + €) with
T,e >0 and

PV®(Vem[0,7),2) < 1 for some n € N.

Then there exists a unique continuous positive semiflow © on D(A) which satisfies
(5) and whose orbits uniquely solve (3) in the Friedrichs sense (Li-F).

Proof. By Theorem 25 we only need to show the positivity of the semiflow. Since G
is positive and the integrated semigroup S is increasing, S x v takes values in X if
v € L1([0,T],Z N X+) by Theorem 14 and the map

t+h
U(z,v) = limG<%[S(t +h)—S(t)]x + % /t (S’*U)(s)ds>

h|0

maps (D(A) N X1) x Li([0,T],Z N X ) into itself. Hence, if x € D(A) N X, the fixed
point v, is in L1([0,7], Z N X ) and

O(t,z) = S({t)z + (S*v,)(t) € Xy
by Theorem 14. =

The Banach lattice X is called an abstract L-space, if in addition the norm on X
is additive on the positive cone X, (in particular X may be a Li-space or a space of
measures).

AssuMPTION H7B. Let X be an abstract L-space, A a linear operator in X, and
G:D(A) — X.

Suppose there are a resolvent positive Hille-Yosida operator A and a positive A-bounded
operator B : D(A) — Z such that A is absolutely resolvent majorized by A,

spr B(p — A)™' <1 for some p € RN p(A)

and

|G(z) — G(y)| < Bw for all z,y € D(A),w € D(A) with |z — y| < w.

THEOREM 26. The statement of Theorem 5.8 also holds if Assumption H7a is replaced
by Assumption HTb.
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Proof. Since A is resolvent positive on (w, 0o) for some w > 0 and B is positive, we have

dr - -
(=1)" = BO - At =nBA-A)" "D >0 A>w,
i.e., (B(A— A))x>qw is completely monotonic. By the vector valued version of Bernstein’s
theorem (see [3], section 5, or [1], Section 2.7), we find an exponentially bounded increas-

ing family (V' (¢))¢>0, V(0) = 0, such that
BA—A) "tz = / e MaV (t)r = )\/ e MV (t)zdt, Ve e X, A>w.
0 0

Since every increasing family of bounded operators is of bounded strong variation on
every finite interval, we know from (23), and Theorem 14 that (V°"(¢));>0 is an increasing
family of bounded operators that is of bounded strong variation on every finite interval.
Since X is an abstract L-space and V°" is increasing,

—h e—h
LW e - veragatds = [ V(s 4 ke - v (sl
0 0

s“[hwww+wﬂW%ﬂmw

e—h
_ H / Vo (s + h)z — Vo (s)z|ds
0

€ h
H/‘VW@mw/xmmmwssmww@wvwwmw
e—h 0

By Definition 3 and (20), for n > 2,
pve (Ve (); [0, €]) = pv(V" ()a; [0,¢]) + [V (0)z]| < [V (e)l

/ =My (dh) g
0

< e <NBO =A™l < X NBA-AH™H"| =]

By (21),
PVE(V°[0,¢], X) < X|[(B(A = A)~H)"|.

Choosing A and n large and ¢ > 0 small enough, we have PV®(V°": [0, ¢], X) < 1 and
our statement follows from Theorem 25. m

8. Applications to age-structured population dynamics. In the sequel, we present
applications to several age-structured population models. We treat the boundary con-
dition at age 0 as in [30, 31, 33, 19]. For alternative approaches see [20, 28] and the
references cited there. The first model does not involve any additional structure, but has
a very general birth law.

8.1. Age-structured population models without additional structure. The development of
an age-structured population can be described as a partial differential equation for the
age-density u(t,-) at time ,
(%—F%) 1;(}(,;;) =0; t>0,0<a<ec,
u(t,0) = f(u(t,))); t>0,
u(0,a) = up(a); 0<a<ec.

(31)
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The number ¢ € (0,00] denotes the maximum age that an individual can reach. F(a)
is the probability to survive till age a and is a decreasing function of a with F(0) = 1,
F(a) > 0 for a € [0,¢) and F(a) =0 for a > ¢ with the last only making sense if ¢ < cc.
f(u(t,-)) is the population birth rate as a function of the population age density. We
make the following assumption:

AssuMPTION H8A. There exist a non-negative not necessarily finite Borel measure m on
[0,¢) such that f: £1([0,c);m+¢) — [0,00), f(0) =0, and
)~ SO < [ Jute) — ela) ().

¢ represents the Lebesgue measure and £1([0, ¢); m +¢) the space of real-valued Borel

measurable functions x such that
/ |z(a)|m(da) + / |z(a)|da < cc.
[0,¢) [0,¢)

The assumption f(0) = 0 means that the birth rate is 0 if the population size is 0. As
state space we choose the abstract L space X = R x L1([0, ¢); R). However, the solutions
u of the abstract Cauchy problem in which we will recast (31) will take values in the
subspace {0} x L1([0,00); R) which can be identified with L;([0,00); R). We define the
operator

!/
A(0,z) = (m(O),—]—'(%) ) z € Li([0, ),
with D(A) being the set of functions x € L ([0, ¢)) such that 2 /F is absolutely continuous
and F(z/F)" is integrable on [0, ¢). (Cf. [33], Section 5). We find that
(A=A x) = (0,v), ¢eR,z e Lq]0,0),
with

vla) = 67)\0’ a aef)\(afs)f(a)
(@ = &) + [ o

We see that (0, c0) is contained in p(A), [[(A—A)7Y|| < 1/X for A > 0 and that (A — A)~!
maps the positive cone into itself, i.e., A is resolvent-poitive. We make the following
assumption:

x(s)ds, a € 0,c).

AssuMPTION H8B. There is some w > 0 such that
f
/ e*“’(“*s)ﬂm(da) is a bounded function of s € [0, ¢).
[s,¢) f(S)
With this assumption, D(A) is a subspace of £1([0, c), m + ¢) and the following oper-
ator B is defined on D(A):

B(0,2) (/[O’C)m(a)m(da),0>, v € D(A).

Obviously B is a positive operator from D(A) to X. Further G(z) = (f(z),0) is an
operator from D(A) to X satisfying the assumptions of Theorem 2, provided we can
verify that the spectral radius of F(\) = B(A — A)~! is smaller than 1. But B maps
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X into Z = R x {0}, so the spectral radius of B(A — A)~! is smaller than the norm of
B(\ — A)~! taken on this closed subspace, which is

IBOAN—A)7 Yz = / e F(a)m(da).
[0,¢)
This expression converges to m({0}) for A — oo. So it is sufficient to assume that

m({0}) < 1.

This is particularly satisfied if m({0}) = 0, which means that an individual that has just
been born does not reproduce.

THEOREM 27. Let the Assumptions H8a and H8b be satisfied and m({0}) < 1. For each
uo € L1([0,¢),R) = L1[0,¢), there exists a unique Friedrichs solution u which is defined
for all times. More precisely u(t,-) is continuous in t > 0 as a function with values in
L1[0,¢), u(0,-) = ug, and there exists a sequence of functions u, : [0,00) x [0,¢) — R
with the following properties:

(a) For allt >0, uy(t,-) € L1]0,¢) and
&
/ |un (¢, a) — u(t, a)|da — 0 locally uniformly int > 0,
0

(b) For allt > 0, uy,(t,-)/F is absolutely continuous with f%% € L1]0,¢), un(t,-)
is differentiable in t as a function with values in L1]0,c), and
/T / D un(t,a)
o Jo da F(a)
where %un (t,a) stands for the derivative of u,(t,-) with respect to t,
(c) un(t,-) € L1([0,c);m + £) and, for all T >0,

%un(t, a) + F(a) dadt — 0, n — oo

/T lun(£,0) — Flun(t, Nt — 0, 0 — oo
0

Moreover ©(t,ug) = u(t,-) defines a semiflow on L1[0,c]. If f maps non-negative
functions in L(]0,c), m + £) onto non-negative functions, then © is a positive semiflow,
i.e., if the initial datum ug is non-negative, so is the solution w.

8.2. An age-structured population model with an additional structure. Let E be a Banach
space that represents the distribution of a population with respect to a structure different
from age, e.g., induced by space or body size. Let u(t, a) denote the structural distribution
(with respect to this structure) of the individuals with age a at time t. We consider the
following model:

(Or 4+ Oq)u(t,a) = Au(t,a) + M(a)u(t,a), t >0, 0<a<ec,

(32) u(t,0) = / [F(u(t,-))](a)da, t >0,
0
u(0,a) = ug(a), 0<a<e
The number ¢ € (0,00) denotes the maximum age an individual can reach. The closed

linear operator A and the bounded linear operators M (a) describe how individuals (with
age a) change with respect to the other structure and also to what extent they die.
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The boundary condition describes the birth of individuals. The operators F(f)(a) repre-
sents the birth rate of individuals with age a if f : [0,¢) — E is the age-density of the
population.

We assume that A is the infinitesimal generator of a Cy-semigroup {U(¢);t > 0} on
E. Then the set

D ={fecC[0,c; E); f(0)=0= f'(0), f(t) € D(A) Vtec[0,c], Af continuous}

is dense in Lq([0,¢), E).
For more general assumptions that allow the operator A to depend on a see [25]. We
want to apply the semilinear Miyadera-Voigt theory developed in Section 6.

ASSUMPTION 28. Let the operators F': D — E and M(a) : E — E, a € [0,c¢), have the
following properties:

(a) There exist a Banach space E and an A-bounded linear operator C' : D(A) — E
such that

IE(H](a) = [F(gl(a)]| <[IC(f(a) —gla)l  Vf.g€ D,acl0,c),

and, for each € > 0, there exists some ¢ € (0, ¢) with
5
/ ICU(#)x||dt < €|z Vz € D(A).
0

(b) {M(a);a €[0,¢)} is a strongly Borel measurable family of bounded linear operators
such that, for every z € E, ||z] <1,

esssup || M(a)z| < .
0<a<c

Following the approach in [31, 19] and [33, Sec. 5], we let let X, = L1([0,¢), E). The
evolutionary semigroup on X, associated with U is defined by

@@ = { T ez

Cf. [7, 25], e.g., and the references therein. It is readily checked that Tp(-) is a Cp-
semigroup on X, and ||To(t)|| — 0 as ¢ — co. So there exist w > 0 and M > 1 such that
|To(t)|| < Me~“". If Ay denotes the infinitesimal generator of Ty, D C D(Ap) and

[Ao(N))(a) = Af(a) = f'(a),  feD,ac(0c).

Moreover Ty(t)D C D for all f € D. Let X = E x X,. It follows from the considerations
in [33, Sec. 5], that there exists a Hille-Yosida operator A such that

(A=A, f) = (0,9),

g(a) = e 2U(a)n + /0 e U(s)f(a — s)ds.

}, feX,,0<a<e.

A generates an integrated semigroup S(-) on X such that S(¢)(0,v) = (0, Tp(t)v) and
t

S(t)= lim [ AS(r)(A—.A)"tdr,

A—00 0
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from which we deduce that
I5) S0 <3 [ ==ras
and . '
A=A <MA+w)™ YA > —w,n €N.
In terms of the original semigroup, the integrated semigroup is given by
St)(n. f)=(0,9), nekE feX,

g(a) = H(t — a)U(a)y + / [To(s) f](a)ds.

Here H denotes the Heaviside function, H(¢) = 1 for ¢ > 0, H(t) = 0 for ¢ < 0. The
generator A of the integrated semigroup S is related to the infinitesimal generator A of
U by

A0, f) = (= £(0), Af() = f'),
for f € C([0,¢], E) with f(a) € D(A) for all a € [0, ¢). Obviously D(A) = {0} x X, which
can be identified with X,. In order to make the connection to Theorem 23, we identify

D and {0} x D and define operators By : D — Y, Y = Ly([0,¢), E) x L1([0,¢), E), and
Go:D — X by

By(0. ) = (CF(). MO)F()
Go(0, f) = ( / [F(f)](a)da,M<->f<->)

The assumptions of Theorem 23 are readily checked, and there exists a semiflow on

feD.

L1([0,¢), E) which solves the age-structured problem 32 in an appropriate generalized
sense.

8.3. Age-structured population models with diffusion. We make the additional structure
in the preceding example explicit and assume that the individuals are distributed over
a bounded open habitat Q C RN, If, at time ¢, u(t,a,z) is the density of individuals at
age a and location x, then the model reads

0o 0
<§ + %> u(t,a,x) = y(x)Azu(t, a, )
—,u(a,x)u(t, a,x); UAS Qa
u(t,a,z) = 0; x € 09,
(33) u(t,0,z) = /0 Bola, z)u(t,a,r)da 0<a<ec
+;ﬂj(avx) aiju(ta a,x) da; x € Q’
u(0,a,z) = ugp(a, z); x €.

The number ¢ € (0, 00) denotes the maximum age that an individual can reach. pu(a, x)
is the per capita mortality rate at age a at location x. The individuals move randomly with
a diffusion rate y(z) which only depends on location. A, denotes the Laplace operator
with respect to z. We assume that the boundary of the habitat 2 is deadly expressed
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by Dirichlet boundary conditions. The birth rate at location z is assumed to depend not
only on the density of individuals at « but also on the magnitude of the flux through x.
This dependence is expressed by the rates 3;.

We assume, for simplicity, that the boundary of  is of class C? and that p is con-
tinuously differentiable on [0,¢) x ©Q with bounded partial derivatives. Further we as-
sume that v has bounded continuous partial derivatives up to order three. Moreover
inf{y(x);z € Q} > 0. For sharper assumptions see the literature mentioned below. The
functions ; are assumed to be non-negative, Borel measurable, and essentially bounded
on [0,¢) x Q.

In order to connect the model (33) to the model (32), we let E = Lo(Q2), D(A) =
H?(Q)N H}(Q), and

[A¢](z) = v(x)Ad(x),  [M(a)¢](x) = —p(a, x)p(x).

Here H*() is the Banach space of functions in Ly(£2) whose generalized partial deriva-
tives are also contained in L(f2), up to order k; the norm on HF(Q) combines the
Lo-norms of the function and its generalized derivatives up to order k via the Euclidean
norm. HE () is the closure of C§°(€2) in H* (). Further we set

(F@)]®)(x) = Bo(t, z)|p(x |+Zﬂ; (t,z) —f;b( )|

¢ € Hy(Q).

Under our assumptions on v and u, A generates a Cp-semigroup {U(t);¢ > 0} with
U(t)p € D(A) for all t > 0,¢ € E, which is given by a Green’s function,

U (6)¢](x) = /Q D(t,2,4)6(y)dy.

See [18, Thm. 16.2, 16.3] and [14, Sec. VI1.2.1]. In order to check the Assumptions 28, we
set £ = EN*l with the norm ||(¢,...,dn)| = Z;\f:o |¢;]l. Then, for ¢, € HI(Q),

IF(6)6 — P(t)] = ] Bt

S’ﬁo

Since the functions 3; are bounded, there exists a constant x such that

Klp — wHZ

N ) N B
Il + ;ﬂm ) \%4 — Bolt, | — ;ﬂj(t, ) }%‘/"H

(t, )16 - +iﬁj<t ) a%w—w)w.

I1F ()¢ — F(t)y| <

g~

< |lrvg — rl| + Z
j=1

0 0
PP n—wH — VR TI|C6 - Co,
83?]‘ é)xj

where C : H}(Q) — E, E = EN*! is the linear operator

Co=r(s, Vo), ¢€HQ).



120

H. R. THIEME AND H. VOSSELER

Let ¢ € E, t > 0. Then

CU(t)(b = F':((boa LR ¢’n)7
do(z) = /Q I(t,2,)(y)dy,

6;(x) = / a%r(t,x,y)wy)dy.

The Green’s function satisfies the following estimates [18, Thm. 16.3]:

0< I‘(t,%y) < go(t, |£C - y|)7

0
— < —
’ jI‘(t,x,y)‘ <&t e —yl),

&(t,r) = clthT+ exp (—cr2t*1) , 1=0,1.

With these estimates,

ol < [ et ladslol =ev [ et arol

i

= chlt_i/ e~ dr|dl = ént™?
0

9ll;

where i =0 for j =0and i =1 for j =1,...,N and ¢y, ¢y are appropriate constants.
If 0 <t <1, with a constant ¢y,

ICU®)g]| < ent™2 4.

If 6 € (0,1], for all p € E,

) )
[ Icvmolan <y [ etioli < 2ens .
0 0
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