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Abstract. It is shown that every commutative sequentially bornologically complete Hausdorff
algebra A with bounded elements is representable in the form of an (algebraic) inductive limit
of an inductive system of locally bounded Fréchet algebras with continuous monomorphisms if
the von Neumann bornology of A is pseudoconvex. Several classes of topological algebras A for
which 74 (a) < Ba(a) or ra(a) = Ba(a) for each a € A are described.

1. Introduction

1.1. Let K be one of the fields R of real numbers or C of complex numbers and A a
topological algebra over K with separately continuous multiplication (in short topological
algebra). If the underlying linear topological space of A is locally pseudoconvex, then
A is called a locally pseudoconvex algebra (in [14] a semiconvex algebra). In this case A
has a base U = {Uy : A € A} of neighbourhoods of zero consisting of balanced (that is,
uUy C Uy whenever |u| < 1) and pseudoconvex (that is, Uy + Uy C pU), for some p > 2)
sets. This base defines a set of numbers {ky : A € A} in (0, 1] such that Uy + Uy C Q%UA
and I'y, (Ux) C 2ﬁUA for each A € A (see [13], p. 115, or [20], p. 4 - 5). Here I';,(U)
denotes the absolutely k-convex hull of U in A, that is, the set of elements
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where n € N, uq,...,u, € U and aq,...,qa, € K are such that

n
Z o [P < 1.
v=1

In particular, A is called a locally k-convexr algebra if ky = k for each A € A; a lo-
cally convex algebra if k) = 1 for each A € A; a locally m-pseudoconvex algebra if every
U € U is idempotent that is, UU C U; a locally m-(k-convex) algebra if A is a locally
m-pseudoconvex algebra for which k) = k for each A € A and a locally bounded algebra if
the topology of A contains a bounded neighbourhood of zero.

It is well known (see [20], p. 6) that the topology of every locally pseudoconvex algebra
A can be given by means of a family P = {p, : A € A} of kx-homogeneous seminorms,
where ky € (0, 1] for each A € A and

pa(a) = inf{|u[* :a € ul'y, (Ux)}

for each a € A and A € A. Herewith, the topology of locally m-pseudoconvex algebra can
be given by a family P = {p) : A € A} of ky-homogeneous submultiplicative (that is,
pa(ab) < pa(a)px(b) for each a,b € A) seminorms, and the topology of locally bounded
Hausdorff algebra by a k-homogeneous norm with & € (0, 1]. Therefore a locally bounded
Hausdorff algebra is called a k-normed algebra and a complete locally bounded Hausdorff
algebra a k-Banach algebra. Moreover, a locally k-convex algebra A is locally uniformly
absorbing if for each a € A there is a number N(a) > 0 (which does not depend on \)
such that py(ab) < N(a)pa(b) for each b € A and each A\ € A. Hence, a locally k-convex
algebra A is locally uniformly absorbing if supyea pa(a) is finite for each a € A.

1.2. A topological algebra A is a Q-algebra if the set Qinv A of all quasi-invertible elements
(that is, of elements a € A such that! aob =boa = 04 for an element b € A) is open
in A. It is easy to see that a unital algebra A is a Q-algebra if and only if the set InvA
(of all invertible elements in A) is open in A. Furthermore, A is a Mackey Q-algebra if
QinvA — a is a bornivore (that is, QinvA — a absorbs all bounded subsets of A) for each
a € QinvA. Tt is easy to see that every Q-algebra is a Mackey Q-algebra, but there is a
Mackey @Q-algebra which is not a Q-algebra (see [8], Example 3.9).

1.3. A net (ax)xea in a topological algebra A is said to be advertibly convergent in A
if there exists an element a € A such that (a o ay)aea and (ay o a)yep converge to 04
in the topology of A. A topological algebra A is advertibly complete if every advertibly
convergent Cauchy net is convergent in A. It is known (see [16], p. 45) that all complete
algebras and all @Q-algebras are advertibly complete algebras. In particular, when only
advertibly convergent Cauchy sequences are convergent in A, then we call A a sequentially
advertibly complete algebra (in short sa-complete algebra).

1.4. Let X be a linear topological space over K. A net (x)xca in X is said to converge
bornologically to xq if there exists a bounded subset B of X and for each € > 0 an index
Ae € A such that z) — x¢p € €B whenever A > A.. Since every neighbourhood of zero
absorbs all bounded sets, every bornologically convergent net is topologically convergent.

'Here, and later on, 04 denotes the zero element of A and aob = a+b— ab for each a,b € A.
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The converse is false in general (see [12], p. 122), but it is true in the case of metrizable
linear topological space (see [12], p. 27). Sometimes (see, for example, [12]) instead of
bornological convergence of sequences we talk about Mackey convergence of sequences
because G. W. Mackey was the first who studied this notion of convergence.

A net (z))aea in X is said to be a Mackey-Cauchy net if there exist a bounded subset
B of X and for each € > 0 an index A, € A such that z — 2, € eB whenever A > p > A..
Herewith, a linear topological space X is called a bornologically complete space if every
Mackey-Cauchy net in X is convergent. It is easy to see that every complete linear
topological space is bornologically complete. In particular, when only Mackey-Cauchy
sequences in X are convergent, we will speak about a sb-complete space X.

1.5. Let X be a linear topological space over K and B the von Neumann bornology on
X, that is, the set of all bounded subsets in X. The bornology B on X is called k-convex
(see [11] or [15]) if T'x(B) is bounded in X for each bounded subset B of X (in this case B
has a basis consisting of bounded absolutely k-convex sets) and B is called pseudoconvex
if for each B € B there is a number k = k(B) € [0,1] such that I'y(B) is bounded
in X. It is known (see [15], Theorems 1 and 2, [17] and [11], p. 102-103) that the von
Neumann bornology B on a locally pseudoconvex space X is pseudoconvex if B has a
countable basis, and every metrizable linear topological space X is locally k-convex for
some k € (0,1] if B is pseudoconvex.

1.6. Let A be a topological algebra over K and

s () e

for each a € A and p € K \{0}.

An element a € A is bounded if there is a number p € K \{0} such that S(a, y) is
bounded in A. We will say that an element a € A is pseudoconvezly bounded if there are
numbers p € K \{0} and k € (0, 1] such that I';(S(a, 1)) is bounded in A.

It is easy to see that every pseudoconvexly bounded element is bounded in A and
every bounded element is pseudoconvexly bounded in A if the von Neumann bornology
of A is pseudoconvex or A is a locally k-convex algebra for some k € (0, 1]. If all elements
in A are bounded (pseudoconvexly bounded), then we will say that A is a topological
algebra with bounded (respectively pseudoconvezly bounded) elements.

1.7. Let A be a topological algebra over C, sp4(a) the spectrum of a € A, r4(a) the
spectral radius of a € A and B4(a) the radius of boundedness of a € A. If A is an algebra
with the unit element e 4, then

spala) ={A€C:a—es ¢ InvA}
otherwise

spa(a) = {A € C\{0} : a/A & QinvA} U {0},
ra(a) =sup{|A|: A €spyla)}
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and
Ba(a) =inf{\ € C\ {0} : S(a, ) is bounded in A}

— inf {A eC\ {0} : (;) vanishes in A}.

We put ra(a) = 0if spy(a) is empty and B4(a) = +o0 if there does not exist any p such
that the set S(a, p) is bounded in A.

1.8. In the present paper it is shown that every commutative sb-complete Hausdorff alge-
bra A with bounded elements is representable in the form of an (algebraic) inductive limit
of an inductive system of commutative locally bounded Fréchet algebras with continuous
monomorphisms if the von Neumann bornology of A is pseudoconvex. It is shown that
ra(a) = Ba(a) if A is a sb-complete Hausdorff algebra over C with bounded elements and
pseudoconvex von Neumann bornology and r4(a) < S4(a) if A is a topological algebra
in which QinvA is a bornivore or A is a sa-complete algebra for which from (4 (a) < 1 it
follows that (Y_j_,a") is a Cauchy sequence.

2. Preliminary results. Let A be a topological algebra and B, the set of all closed,
idempotent, bounded and absolutely pseudoconvex? subsets of A. For each k € (0, 1] let
B be the set of all closed, idempotent, bounded and absolutely k-convex subsets of A.

PROPOSITION 2.1. Let A be a topological algebra and B an absolutely pseudoconver subset
of A. Then the linear span Ap generated by B is expressible in the form

Ap = U{)\B A€ K}
Proof. Let b € Ag. Then thereis n € N, by,...,b, € B and \q,...,\, € K such that

b= ivav
v=1

and a number k € (0,1] such that B = I'y(B). Now

n
1

k

71:1

where 1 = max{|\[*, ... |\,|*} and
k n k
1
_)‘vi == Pol? <1
k| s

Hence Ag C (nu)* B C U{AB : A € K}. The converse inclusion is evident. u

n

D

It is well known (see, for example, [3] and [4]) that every closed, idempotent, bounded
and absolutely convex subset B in a locally convex Hausdorff algebra A defines a submul-
tiplicative norm on Apg. The following result describes these subsets B of a topological
algebra A which define nonhomogeneous submultiplicative norms on Apg.

2That is, absolutely k-convex subsets for some k € (0, 1].
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PROPOSITION 2.2. Let k € (0,1], A be a Hausdorff algebra and B € By,. Then

a) Ap is a k-normed algebra with respect to the k-homogeneous submultiplicative norm
pp defined for each a € Ap by

pp(a) = inf{|u* : a € uBY}; (1)

b) if A is sb-complete, then Ap is a k-Banach algebra;
c) the topology on Ap defined by pp is not weaker than the subset topology on Ap.

Proof. a) Let B € By. In the same way as in [20], p. 4, it is easy to show (by Proposition
2.1) that pp is a k-homogeneous submultiplicative seminorm on Ap. As Ap is a Hausdorff
algebra, for each non-zero a € Ap there is a neighbourhood of zero V in A such that
a €V N Ag. By assumption B is bounded. Therefore there is a number A > 0 such that
B C \V. Hence, from \a ¢ B (if A\a € B, then a € V) it follows that pg(a) > 1/|A|¥ > 0.
Consequently, pp is a k-homogeneous submultiplicative norm on Ap.

b) Let B € B, € > 0 and 6 € (0, min{e, e+ }). If (a,) is a Cauchy sequence in Ap in the
topology defined by pp, then there exists a number n. € N such that pp(a, — an,) < 6F
or a, — Gy, € B C ¢B whenever n > m > n.. Hence (a,,) is a Mackey-Cauchy sequence
in A. Since A is sb-complete, (a,) converges in A.

Let now ag € A be the limit of (ay), mo > ne be fixed, am, = apby (here ap € K and
bp € B), p = max{e,ap} and ¢ = pQ%. Then

ap, = (Ap, — Amg) + Ay € €B+agB C p(B+ B) C ¢B
for each n > my. Since B is closed, ¢B is also closed in A. Hence, ag € ¢ B C Ap.

Fix now m and let n — oo. Then (a,, — a,,) converges to (ap — a;,) in the topology
of A. Since dB is a closed in A, we have a,, —ag € 6B or pg(a,, —ap) < 6% < € for each
m > n.. Thus, (a,) converges in Ap. Consequently, Ap is a k-Banach algebra.

¢) Let B € By and O be a neighbourhood of zero in Ap in the subspace topology.
Then there exists a neighbourhood U of zero in A such that O = U N Ag. Since B is
bounded, there is a positive number y such that B C uU. Now

O ={acAp:ppla) <p "}

is a neighborhood of zero in Ag in the topology defined by the norm pg, and O’ C
w B c UnN Ag = O. Therefore the topology defined on Ag by the norm pg is not
weaker than the subspace topology. m

Let Ay denote the set of all bounded elements of A and A, the set of all pseudocon-
vexly bounded elements in A. The following result describes the set A.

PROPOSITION 2.3. Let A be a Hausdorff algebra. Then
Ay = U{Ap : B € By}
Proof. Let a € App. Then there exist 4 € K \{0} and & € (0, 1] such that
S(a,pn) C B =cla(Tr(S(a,p)).

Since B € By, we have a € U{Ap : B € B}
Let now a € U{Ap : B € By.}. Then a € Ap for some B € B,.. Therefore there is a
number k € (0, 1] such that B € By. Now pp is a k-homogeneous submultiplicative norm
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on Ap by Proposition 2.2 a). Hence

((5) )= 0o(5)) = (%) =
for each n € N whenever |A| > pB(a)%. Since
S(a,\) Cc{a€ A:pp(a) <1} C B,
we have I';(S(a, A)) C I'x(B) = B. This means that a € A,;,. =
For each a € A let I(a) = {B € By, : a € Ag}. Then we have

COROLLARY 2.4. Let A be a Hausdorff algebra. If the von Neumann bornology of A is
pseudoconvez,

Bala) = inf{Ba,(a) : B € I(a)} 2)
for each a € Ayy.
Proof. Let a € Ay, and B € I(a). Since Agp C A, we have S4(a) < Ba,(a). Hence,
Bal(a) < inf{Ba,(a): B € I(a)}.

Let now A and p be positive numbers such that S4(a) < A and S4(a) < p < A. Because
the von Neumann bornology on A is pseudoconvex, there is a number k € (0, 1] such that
B =cla(Tk(S(a,u))) € Bg. Hence,

()=

for each n € N. Thus, S(a, i) is bounded in Ap. Consequently, from B4, (a) < p < A it
follows that (2) holds. m

PROPOSITION 2.5. Let k € (0,1] and A be a wunital locally uniformly absorbingly
k-convez algebra with jointly continuous multiplication. Then Ay, = Ap = A.

Proof. Let {p) : A € A} be a family of k-homogeneous seminorms which defines the
topology of A, a € A, N(a) > 0 be the number such that py(ab) < N(a)px(b) for each
beAand A€ A, > N(a)~ and

B=(){beA:pr(b) <1}.
AEA

()= (52 <

for each n € N and A € A, we have I'y,(S(a, p)) C T'y(B) = B. Hence, a € App. m

Since B € Bj, and?

PROPOSITION 2.6. Let A be a sb-complete Hausdorff algebra, B a bounded subset of
A and C € Bye. Then BC is bounded in A. In particular, when A is a commutative
sb-complete Haustorff algebra, B a bounded and idempotent subset of A and the von
Neumann bornology of A is pseudoconvexz, then there exists a set D € B,. such that
BuCcD.

$We can assume (see [23]) that px(ea) = 1 for each X € A.
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Proof. Let B be a bounded subset of A, b € B, C € By, Ly a map from Ac into A
defined by Ly(a) = ba for each a € Ac and £ = {L; : b € B}. Then there is a number
k € (0,1] such that C' € By. Let L(A¢, A) be the space of all linear continuous maps from
A into A endowed with the topology of simple convergence? and O a neighbourhood of
zero in L(Ac¢, A). Then there exist n € N, S = {a1,...,a,} C Ac and neighbourhoods U
and V of zero in A such that T'(S,U) C O and Va, C U for each v. Since B is bounded,
there exists a positive number p such that B C puV. Hence, from

1 1
—Ly(ay) = —ba, € Va, CU
I I

for each b € B and each v it follows that £ C T(S,pU) = uT(S,U) C pO. This
means that £ is a bounded subset of L(A¢, A). As A is a sb-complete Hausdorff algebra,
Ac is a k-Banach algebra by Proposition 2.2 b). Hence, A¢ is a Baire space (see [13],
p. 87, Theorem 1). Therefore (see [19], Theorem 4.2, p. 83), £ is an equicontinuous
subset of L(A¢, A). This means that for each neighbourhood U of zero in A there is a
neighbourhood V' of zero in Ag such that BV C U. Since C is bounded in Ag, there
exists a positive number v such that C' C vV. Thus, BC' C vBV C vU. Consequently,
BC is a bounded subset of A.

Let now A be a commutative sb-complete Hausdorff algebra, B a bounded and idem-
potent subset of A, C € B, and let the von Neumann bornology on A be pseudocon-
vex. Then £ = B U C U BC is a bounded and idempotent subset of A and there is
a number k£ € (0,1] such that I'y(F) is a bounded and idempotent set in A. Hence
D =cly(Ty(E)) € Byand BUC CD. m

COROLLARY 2.7. Let A be a commutative sb-complete Hausdorff algebra with bounded
elements. If the von Neumann bornology on A is pseudoconvex, then Apy is a subalgebra

of A.

Proof. Let a,b € Ap,. Then there are pi,p0 € K \{0} and kqi,ks € (0,1] such that
By = cla (T, (S(a, 1)) € By, and By = cla(T'y,(S(a, p2))) € Br,. As By Bs is bounded
in A by Proposition 2.6 and the von Neumann bornology on A is pseudoconvex, then
there is a number k € (0,1] such that D = cla(T'x(B; U By U B1Bs)) € By.. Now from

ab n a n b n
=|— — ) €BiBysCD
g L2 M H2
for each n € N it follows that I'y(S(ab, u1p2)) C I'y(D) = D. Hence, ab € Apyp.
Since a = p1b; and b = ugby for some by € By and by € By, we have

a+be€ pu By + ueBs C u(D+ D) Cu2%DCAD,

where g = max{p, us2}. Hence, a + b € Ay It is easy to see that pa € A,y for each
€ Kand a € Ap,. Consequently, Ay is a subalgebra of A. m

4A base of neighbourhoods of zero in the topology of simple convergence consists of sets
T(S,U) ={L € L(Ac, A) : L(S) C U}, where S is a finite subset of Ac and U is a neighbourhood
of zero of A.
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PRrROPOSITION 2.8. Let A be a commutative sb-complete Hausdorff algebra over C with
bounded elements. If the von Neumann bornology on A is pseudoconvex, then® for each
a€A

(a) spa(a) = {spa,(a): B € I(a)};

(b) ra(a) =inf{ra,(a) : B € I(a)};

(c) spa(a) is a closed subset of C.

Proof. Let a € A. Since Ap C A for each B € By, we have

sp4(a) C m{spAB(a) :Bel(a)}. (3)
To prove the converse inclusion, let first A be a unital algebra and A ¢ sp 4(a). Then
(a — Xea)™! exists in A. Since A = U{Ap : B € By} by Proposition 2.3, there is a set
By € By such that eq4 € Ap,. Thus, by Proposition 2.6, for each B € I(a) there is a
set D € By such that B U By C D. Therefore we can assume that e4,a € Ap, for some
By € Bp.. Now there is a set By € B, such that (a — Aes)™! € Ap, and a set B3 € B,
such that By U By C B3 by Proposition 2.6. Hence, €4, a, a— Aea and (a—Xes) ™! belong
to Ap,. This means that A & spy,_ (a), which proves the statement (a). The proof for
non-unital algebra A is similar.
b) It is clear by (3) that

ra(a) <inf{ra,(a): Be€ I(a)}

for each a € A. Let now A be a unital algebra and A > r4(a). Then A & sp 4(a). Therefore
(a—Xea)™t € Ap for some B € B,.. As above we can show that there is a set B € I(a)
such that a« — Aes € InvAp. This means that A > r4,(a). Consequently, the statement
(b) holds for unital algebra A. The proof for non-unital algebra A is similar.

c) As every Ap with B € B, is a commutative k-Banach algebra for some k € (0, 1]
by Proposition 2.2 b), all Ap are Q-algebras (see [5], Proposition 3.6.23; for unital case
see [21], p. 10, and [ 22], Lemma 3.6). Therefore sp 4, (a) is a closed subset in C for each
a € Ap with B € I(a) (see [16], p. 60). Hence, sp 4(a) is a closed subset of C. m

3. Main result. It is known (see [4], Proposition 1.2) that every pseudo-Banach alge-
bra with respect to some bound structure is representable in the form of the inductive
limit of an (algebraic) inductive system of unital Banach algebras with continuous unital
monomorphisms. Next we prove a similar result for topological algebras with pseudocon-
vexly bounded elements.

THEOREM 3.1. Let A be a commutative sb-complete Hausdorff algebra with bounded el-
ements. If the von Neumann bornology of A is pseudoconver, A is representable in the
form of an (algebraic) inductive limit of an inductive system of locally bounded Fréchet
algebras with continuous monomorphisms.

Proof. By assumptions every B € B, defines a number k£ € (0,1] such that Ap is a
commutative k-Banach algebra by Proposition 2.2 b). We define the ordering in B, in

®In case of unital algebra A let I(a) = {B € By : a,ea € Agp}, otherwise let I(a) =
{B€By.:a€ Ag}.
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the following way: for each B,C € B, (then there are numbers k, k" € (0, 1] such that
B € By and C € By/) we shall say that B < C if and only if B C uC for some positive
number p. It is easy to see that the set B is upward directed (by Proposition 2.6) and
preordered. Now Ap C Ac by Proposition 2.1 whenever B < C. For any B, C € By, with
B < C let i¢p be the inclusion map from Apg into Ac. Then

polion(@)) = pe(a) < 1 pp(a) *
for each a € Ap. Therefore icp is continuous by Theorem II1.2.10 from [5] whenever
B < C. Hence, (Ap;icp; Bpe) is an inductive system of locally bounded Fréchet algebras
Ap with continuous monomorphisms.

Let now O be a neighbourhood of zero in A, « a positive number such that B C vO
and O’ = {a € Ap : pp(a) < v~ *}. Then O’ is a neighbourhood of zero in Ag in the
topology defined by pg and O’ C v~'B C O. Therefore the inclusion map ip from Ap
into A is continuous. Since A = U{Ap : B € By} by Proposition 2.3, A is the inductive
limit of the system (Ap;icn;Bpc). =

COROLLARY 3.2. Ifk € [0, 1], then every commutative sb-complete locally k-convexr Haus-
dorff algebra with bounded elements is representable in the form of an (algebraic) inductive
limit of an inductive system of k-Banach algebras with continuous monomorphisms.

4. Relations between the spectral radius and the radius of boundedness. It is
well known (see, for example, [3], [6], [7], [8], [9] and [10]) that there are locally pseu-
doconvex algebras A for which ra(a) = Ba(a), ra(a) < fa(a) or ra(a) > Ba(a) for all
a € A as well as there are topological algebras A for which r4(a) = 0 and B4(a) = +00
or rg(a) = +oo and S4(a) is finite for some a € A. To describe these classes of topo-
logical (not necessarily locally pseudoconvex) algebras A for which r4(a) < Sa(a) and
ra(a) = Ba(a) for each a € A we first prove

PROPOSITION 4.1. Let A be a commutative complete locally m-pseudoconvexr Hausdorff
algebra over C. Then ta(a) = Ba(a) for each a € Ap.

Proof. Let {px : A € A} be a saturated family of ky-homogeneous submultiplicative
seminorms (with k) € (0,1] for each A € A) which defines the topology of A. First we
assume that A is a unital algebra. Let a € A, and v be a positive number such that
Ba(a) < v. Then S(a,v) is bounded in A. Therefore for each A € A there is a positive

number py such that
1 n
()<
Ux \V

1
for each n € N. Hence "*{/px(a™) < pyv for each A € A and n € N. Thus
ra(a) =sup lim "{/py(a”) <v

by Proposition 12 from [2]. Consequently, r4(a) < Ba(a).
If ra(a) = oo for some a € A, then B4(a) < ra(a). Let now a € A and v be a
positive number such that ra(a) < v. Then ra((a/v)") < 1 for each n € N, because
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ra(a™) =r1a(a)” for® each a € A and n € N. Therefore

T, = lim ap p)\<<2> > <1
n—00 v

for each A € A. Now for each A € A there is a number 7, such that T) < 1y < 1. Then
for each A € A there is an ny € N such that

n((5) ) <m

whenever n > ny. Hence, (3 (a/v)¥) converges in A. Thus, the set S(a,v) is bounded
in A. Now from 4(a) < v it follows that B4(a) <ra(a).

Let now A be an algebra without unit element. Then the unitization A x C of A (in
the topology defined by the family {gy : A € A} of ky-homogeneous seminorms, where

ax((a, ) = pala) + |p™

for each A € A and (a,u) € A x C) is a unital commutative complete locally m-pseudo-
convex Hausdorff algebra. Therefore ra(a) = raxc((a,0)) = Baxc((a,0)) = Ba(a) for
eacha € A. u

THEOREM 4.2. If either

(a) A is a sa-complete topological algebra which has the property

if Bala) <1, then (Z a”) is a Cauchy sequence in A; (4)
k=1
or
(b) A is a topological algebra in which QinvA is a bornivore,

then r4(a) < Ba(a) for each a € A. Moreover, if

(¢) A is a sb-complete Hausdorff algebra over C with bounded elements and the von
Neumann bornology of A is pseudoconver,

then r4(a) = Ba(a) for each a € A.

Proof. a) Let a € A. If S4(a) = oo, then r4(a) < B4(a). Let now p > 0 be a number
such that 54(a) < p. Then Ba(a/p) < 1. Therefore the sequence ((a/p)™) vanishes in A

and (S,), where
n k
a
Sp =— E —
(P)

k=1

for each n € N, is a Cauchy sequence in A by (4). Since

a a a il
Spo—=—-08,=|- ) (5)
P P P

5The proof of this statement is similar to the proof in case of complete locally m-convex
algebras using here Arens-Michael teorem for complete locally m-pseudoconvex algebras (see
[5], Theorem 4.5.3, or [1], Theorem 5) and the fact that every locally bounded Fréchet algebra
has the functional spectrum (see [2], Theorem 12).
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(S,) is an advertibly convergent Cauchy sequence in A. Hence, (S,) converges in A.
This means that a/p € QinvA or p & spy(a) by (5). Consequently, r4(a) < p. Thus,
ra(a) < Ba(a).

Next let A be a topological algebra in which QinvA is a bornivore and let a € A be
such that 34(a) < 1. Then there is a number p such that 54(a) < p < 1. Since ﬁ(%) <1,
the set S(a, ) is bounded in A. Let B’ be a balanced bounded subset of A such that
S(a,u) € B’ and for each € > 0 let n. € N be such that " < ¢ whenever n > n..
Then a™ € eB’ whenever n > n.. Thus, (a") Mackey converges to 64. Let S, = >, _, a*
for each n € N. Since S, oa = ao S, = a™"!, it follows that (S, o a) and (a o S,)
Mackey converge to 6 4. Therefore for any € > 0 there is a m. € N such that S, ca € eB’
and a o S, € eB’ whenever n > m.. As QinvA is a bornivore in A, there is a positive
number p such that B’ C pQinvA. If now ng > m. and € < %, then S,, ca € QinvA and
a0 Sy, € QinvA. Hence a € QinvA or 1 ¢ spy(a). Consequently, r4(a) < 1. This means
that r4(a) < B(a) for each a € A.

Let now A be a commutative topological algebra which has the property (c) and let
a € A. Then A =U{Ap : B € B,.} by Proposition 2.3, where every Ap is a commutative
k-Banach algebra for some k € (0,1]. Therefore

ra(a) =inf{ra, : B€ I(a)} =inf{Ba,(a): B I(a)} = Bala)
by Corollary 2.4 and Propositions 2.8 and 4.1.
If A is not commutative, then let C' be a maximal commutative subalgebra of A. Then
C' has the property (c) and ra(a) = re(a) = Be(a) = Ba(a), because spy(a) = spe(a)
foreacha e C. n

COROLLARY 4.3. If either

(a) A is a sa-complete locally pseudoconver algebra or
(b) A is a Mackey Q-algebra,

then ra(a) < Ba(a) for each a € A.

Proof. Let {px : A € A} be a saturated family of kj-homogeneous seminorms (with
kyx € (0,1] for each A € A) which defines the topology of A. If a € A and $4(a) < 1, then
there is a number p such that 54(a) < p < 1. Since

Ba(a) = sup limsup “*{/py(a™)

AEA n—oo

for locally pseudoconvex algebras (see [7]), pa(a™) < (p**)" for each n € N and \ €
A. Therefore (3 _; a™) is a Cauchy sequence in A. Hence, the condition (4) has been
satisfied. If now A is a Mackey @Q-algebra, then QinvA is a bornivore in A. Consequently,
in both cases r4(a) < Sa(a) for each a € A by Theorem 4.2. u

COROLLARY 4.4. Let k € (0,1] and A be a sb-complete locally k-convex Hausdorff algebra
over C with bounded elements. Then ra(a) = Ba(a) for each a € A.

REMARK 4.5. Part (a) of Corollary 4.3 for unital sa-complete locally pseudoconvex al-
gebras and part (b) of Corollary 4.3 for unital locally k-convex Mackey Q-algebras for
some k € (0,1] have been proved in [8], Propositions 2.1 and 2.4; part (b) of Corollary
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4.3 has been proved in [7], Proposition 10; Corollary 4.4 for k¥ = 1 has been proved in
[9], Proposition II1.4 and similar results to parts (a) and (c) of Theorem 4.2 have been
proved in [18], Proposition 8. It is easy to show by Corollary 6 from [2] that Proposition
4.1 holds also for commutative advertibly complete locally m-pseudoconvex Hausdorff
algebras over C.

Acknowledgements. I would like to express my gratitude to the referee for valuable
remarks and for informing me about the papers [7] and [18].

References

M. Abel, Projective limits of topological algebras, Tartu Ul Toimetised 836 (1989), 3-27
(in Russian).

M. Abel, Advertive topological algebras, in: General Topological Algebras (Tartu, 1999),
Est. Math. Soc., Tartu, 2001, 14—24.

G. R. Allan, A spectral theory for locally convex algebras, Proc. London Math. Soc. 15
(1965), 399-421.

G. R. Allan, H. G. Dales and J. P. MacClure, Pseudo-Banach algebras, Studia Math. 40
(1971), 55-69.

V. K. Balachandran, Topological Algebras, North-Holland Math. Studies 185, North-
Holland, Amsterdam, 2000.

M. Chahboun, A. El Kinani and M. Oudadess, Algébres localement wuniformément
A-pseudo-convezes advertiblement complétes, Rend. Circ. Mat. Palermo (2) 50 (2001),
271-284.

H. El Adlouni et L. Oubbi, Groupe des inversibles et rayon spectral dans les algébres
topologiques, Rend. Circ. Math. Palermo (2) 49 (2000), 527-539.

A. El Kinani, Advertible complétude et structure de Q-algébre, Rend. Circ. Mat. Palermo
(2) 50 (2001), 427-442.

A. El Kinani, L. Oubbi and M. Oudadess, Spectral and boundedness radii in locally convex
algebras, Georgian Math. J. 5 (1998), 233-241.

A. El Kinani and M. Oudadess, m-convez properties in locally conver algebras, Bull. Belg.
Math. Soc. 7 (2000), 285-290.

H. Hogbe-Nlend, Théories des bornologies et applications, Lecture Notes in Math. 213,
Springer-Verlag, Berlin, 1971.

H. Hogbe-Nlend, Bornologies and Functional Analysis, North-Holland Math. Studies 26,
North-Holland, Amsterdam, 1977.

H. Jarchow, Locally Conver Spaces, B. G. Tuebner, Stuttgart, 1981.

V. Kausik, Projective and inductive limits of m-convex algebras and tensor products of
topological algebras, Math. Sem. Notes Kobe Univ. 7 (1977), no. 1, 49-72.

J.-P. Ligaud, Sur les rapports entre topologies et bornologies pseudo-convexes, C. R. Acad.
Sci. Paris Sér. A-B 271 (1970), A1058—-A1060.

A. Mallios, Topological Algebras. Selected Topics, North-Holland Math. Studies 124,
North-Holland, Amsterdam, 1986.

R. C. Metzler, A remark on bounded sets in linear topological spaces, Bull. Acad. Polon.
Sci. Sér. Sci. Math. Astronom. Phys. 15 (1967), 317-318.



TOPOLOGICAL ALGEBRAS WITH PSEUDOCONVEXLY BOUNDED ELEMENTS 33

L. Oubbi, Further radii in topological algebras. Bull. Belg. Math. Soc. Simon Stevin 9
(2002), 279-292.

H. H. Schaefer, Topological Vector Spaces, Macmillan, New York, 1966.

L. Waelbroeck, Topological Vector Spaces and Algebras, Lecture Notes in Math. 230,
Springer-Verlag, Berlin-Heidelberg-New York, 1973.

W. Zelazko, Metric generalizations of Banach algebras, Rozpr. Mat. 47 (1965).

W. Zelazko, Selected Topics in Topological Algebras, Lecture Notes Series 31, Aarhus
Univ., 1971.

W. Zelazko, Extending seminorms in locally pseudoconver algebras, in: Functional Analysis
and Operator Theory (New Delhi, 1990), Lecture Notes in Math. 1511, Springer, Berlin,
1992, 215-223.



