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Abstract. It is shown that every unital o-complete topologically primitive strongly galbed
Hausdorff algebra in which all elements are bounded is central.

1. Introduction

1.1. Let C be the field of complex numbers, N= {0, 1,2,...} the set of natural numbers,
77 ={1,2,...} the set of positive integers and [° the set of all C-valued sequences (o)
where a,,, # 0 for only a finite number of elements «,,. For every k > 0 let I* be the set
of all C-valued sequences (ay,) for which the series

Z‘O‘v|k
v=0
1O =) -

ke(0,1]
Let A be an associative topological algebra over C with separately continuous multipli-
cation (for short, a topological algebra).

converges, [ = [1\ [, and

DEFINITION 1. We will say that a topological algebra A is a galbed algebra if there exists
a sequence (ay,) € 1 such that for each neighbourhood O of zero in A there is another
neighbourhood U of zero in A such that

{Zakak:ao,...,aneU} coO
k=0
for each n € N.
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Furthermore, if there exists a sequence («;,) € I with ap # 0 and

1
n>0

a = inf |a,
n>0
such that the previous condition is true, then we say that A is a strongly galbed algebra.
We call o the "module of galbness” of A.

In case we have already specified the sequence (a,) € I, then we talk about (o, )-galbed
algebra and strongly (o, )-galbed algebra.

For a linear topological space X, the notions of (a,)-galbed space and galbed space are
defined similarly (see [8]). It is clear, that every (o,)-galbed algebra is an (a,)-galbed
space and every galbed algebra is a galbed space.

Recall that a topological algebra A is locally pseudoconver if it has a base
{Ux : A € A} of neighbourhoods of zero consisting of balanced and pseudoconvex sets
(that is, of sets U for which pU C U, whenever |u| < 1, and U + U C pU for a p > 2).
In particular, when every Uy in {Uy : A € A} is idempotent (that is, U\Uy C U)), then
A is called a locally m-pseudoconvez algebra, and when every Uy in {Uy : A € A} is
A-pseudoconvez (that is, for any a € A there is a u > 0 such that aUy,Uya C pU,), then
A is called a locally A-pseudoconvex algebra. It is well known (see [20], p. 4, or [9], p. 189)
that the locally pseudoconvex topology on A can be given by a family {py : A € A} of
kx-homogeneous seminorms, where ky € (0, 1] for each A € A. The topology of a locally
m-pseudoconvex (A-pseudoconvex) algebra A can be given by a family {p) : A € A}
of kx-homogeneous submultiplicative® (respectively, A-multiplicative?) seminorms, where
kx € (0,1] for each A € A. In particular, when ky = 1 for each A € A, then A is a locally
convez (respectively, locally m-convex and locally A-convez) algebra, and when the topol-
ogy of A has been defined by only one k-homogeneous seminorm with &k € (0, 1], then A
is a locally bounded algebra. Moreover, a complete locally bounded Hausdorff algebra A
is a k-Banach algebra for some k € (0, 1], a complete metrizable algebra A is a Fréchet
algebra, a sequentially complete algebra is a o-complete algebra and a unital topological
algebra A in which the set of all invertible elements is open (the center Z(A) of A is
topologically isomorphic to C) is a Q-algebra (respectively, a central algebra). An algebra
A is an exponentially galbed algebra (see, for example, [1], [2], [3], [4], [5], [6], [18] and
[19]) if for every neighbourhood O of A there is another neighbourhood U of zero such

that
ag
E 27.@0,...,(17L€U CO

k=0
for each n € N. It is easy to see that every locally pseudoconvex algebra is an exponen-
tially galbed algebra.

Notice that every (27™)-galbed algebra is an ezponentially galbed algebra, every locally
pseudoconvex algebra is an (a, )-galbed algebra if (a,) € 10011 and every locally k-convex
algebra is an (a,)-galbed algebra if (ay,) € [F. Moreover, every exponentially galbed
algebra is an (o, )-galbed algebra if |, | < 27" for each n € N, and every («,)-galbed

!That is, px(ab) < px(a)pa(b) for each a,b € A and X € A.
2That is, for each a € A and each A € A there are numbers N(a,)\) > 0 and M(a,\) > 0
such that px(ab) < N(a, \)pa(b) and px(ba) < M(a, \)pa(b) for each b € A.
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algebra is an exponentially galbed algebra if |«,,| > 27" for each n € N. Hence, the class
of galbed algebras is much larger than the class of exponentially galbed algebras.

A topological algebra A is a topologically primitive algebra (see [7]) if {a € A :
aAC M} ={04} {ae€ A: AaC M} = {04}) for a closed maximal regular (or mod-
ular) left (respectively, right) ideal M of A (here 6,4 denotes the zero element of A).
Recall that a ring (in particular, algebra) R is primitive if it has a maximal regular
left (respectively, right) ideal M such that {a € R : aR C M} = {0gr} (respectively,
{a € R: Ra C M} ={0gr}). An element a in a topological algebra A is bounded if there
exists a number A, € C\{0} such that the set

() »<)

(n € N, if A is unital) is bounded in A. If all elements in A are bounded, then A is a
topological algebra with bounded elements. An element a € A is nilpotent if a™ = 04 for
some m € N. If all elements in A are nilpotent, then A is called a nil algebra.

1.2. It is well known that the center of a primitive ring is an integral domain?® (see

[12], Lemma 2.1.3, p. 45) and any commutative integral domain can be the center of
a primitive ring? (see [13], Chapter 1.6, Example 3, p. 36). Recall that every field is
a commutative integral domain, but a commutative integral domain is not necessarily a
field. In particular (see [7]), when R is a unital primitive locally A-pseudoconvex Hausdorff
algebra or a unital primitive locally pseudoconvex Fréchet Q-algebra, then R is central
(for Banach algebras a similar result is given in [15], Corollary 2.4.5, see also [10], p.
127; [14], Theorem 4.2.11, and [11], Theorem 2.6.26 (ii); for k-Banach algebras in [9],
Corollary 9.3.7; for locally m-convex Q-algebras in [16], Corollary 2, and for locally A-
convex algebras in which all maximal ideals are closed in [17], Theorem 3). In [4] it was
shown that a unital o-complete topologically primitive exponentially galbed Hausdorff
algebra with bounded elements is central.

In the present paper we will show that a similar result will be true for any unital
o-complete topologically primitive strongly galbed Hausdorff algebra in which all ele-
ments are bounded.

2. Auxiliary results. Let M be a closed linear subspace of a linear topological space
X. By X/M we denote the quotient space of X with respect to M. To describe the center
of primitive galbed algebras we need the following results.

PROPOSITION 2.1. Let X be a (strongly) galbed space. If M is a closed linear subspace of
X, then X/M is a (strongly) galbed (Hausdorff) space.

Proof. Let T be the topology on X such that (X,7) is an («a,)-galbed space. Let M
be a closed linear subspace of X and 7,; the quotient topology on X/M, defined by 7.
Let m : X — X/M be the canonical homomorphism and O a neighbourhood of zero in

3A ring R is an integral domain, if from a,b € R and ab = 0 follows that a = O or b = Og.
4The author would like to express his gratitude to Professor Laszlo Marki for informing him
about this result.
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(X/M,7pr). Then 7 is continuous and open. Therefore, O’ = 7~1(0) is a neighbourhood
of zero in (X, 7) and there exists a neighbourhood V' of zero in X such that

n
{Zakvk : vo...,vneV} coO
k=0

for each n € N. Now, U = m(V) is a neighbourhood of zero in (X/M,7as) such that

n
{Zakuk : uo,...,uneU} cO
k=0

for each n € N. Thus, (X/M,1ar) is an (ay,)-galbed (Hausdorff) space. m

PROPOSITION 2.2. Let A be a unital strongly galbed Hausdorff algebra with bounded ele-
ments, which is also o-complete or a nil algebra. Moreover, let Ao € C and ag € A. Then
there exists a neighbourhood O(Xg) of Ao such that

> (A= 2o)kag
k=0
converges in A and
(ea+ (Mo —A) Z)\ o) rag
k=0

for each A € O(\g).

Proof. Let A be an (ay,)-galbed Hausdorff algebra with bounded elements, a > 0 and O
an arbitrary neighbourhood of zero in A. Then there is a closed and balanced neighbour-
hood O’ of zero in A and a closed neighbourhood O” of zero in C such that 0”0’ C O.
Now O’ yields a balanced neighbourhood V' of zero in A such that

n
{Zakvk D Vg,...,Up € V} co
k=0

for each n € N. Since every element in A is bounded, there is a number

/LO - MU'O € C\{O} SuCh ‘ha‘
/'LO

is bounded in A. Therefore, there exists a number pg > 0 such that

<@> € poV N poagV’
Ho

for each n € N.
Let now ag € A and \g € C be fixed,

for each n € N and A € C,
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and O(/\o) = Ao + Uc. Then

S-S = 30 O = 30 (A=)
k=n+1 k=0

for each n,m € N, whenever m > n and A € C. If we take

n+k+1
(0 7k()\) = ()\ — )\0) 7,”
L pocpig
for each n,k € N and A € C, then
m—n—1
Sm(A) = Sn(A) = A =20)" g o0 Y anvn (V)
k=0

for each n,m € N, whenever m > n and A € C. Now,

1 n+1
Uno(N) = <“°) eV

PoCp \ Mo

and
k k n+k+1 kK
1 — 1 —
Unr(A) = — <—(A AO)“O) o (—“0) e —(7(A A0)”0) L Vv
Po «Q Qg \ Ho Po o A

for each n € N, k € Z™ and A € O()\g), because |(A — A\o)puo| < o and ¥ < ay, for each
k € Z". Hence,

Sin(X) = Sa(X) € (A= A0)uo)" " po0,

whenever m > n and A € O(Xg). Since again |(A — Ag)po| < o < 1, there exists a number
ng € N such that

1
(A= Xo)po)" ™ € —0O"
Po
for each n > ng. Taking this into account,
1
Sm(A) = Sn(N) € p—O”poO’ c 0’0’ co,
0

whenever m > n > ng and A € O()\), since O’ is balanced. This means that (S, ())) is
a Cauchy sequence in A for each fixed A € O(\g).

In the case when A is o-complete, the sequence (S, (A)) converges in A. But if A is

not o-complete, let A be a nil algebra. Then aSnJrl = 04 for some m € N. Hence,
m
Sn(X) =D (A= Ao)"ag
k=0

for each A € C, whenever n > m. Consequently, (S, (X)) converges in A for each A € O(\g)
in both cases.
Because

(€A+ )\0_ Z)\ )\0 a Z}\ )\0 a €A+()\0_ )O):eAa
k=0 k=0
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we have

(ea+ (Xo—2A) Z)\ Xo)Fag
k=0

for each A € O(\g). =

COROLLARY 2.3. Let A be a unital strongly galbed Hausdorff algebra with bounded ele-
ments. If A is a o-complete or a nil algebra, then for each ag € A there exists a number
R > 0 such that

z : alg
k+1
k=0 IU/

converges in A, whenever |u| > R.

Proof. If we take A\g = 0 in the previous proposition, then we get that
o0
Soaval
k=0

converges in A, whenever |\| < § for some 6 > 0. If now |u| > R =571, then [p~!| < §
which means that

iﬁ
k:Ouk
converges in A. Hence,
iai _ liﬁ
k:()'uk—H - ’u’k:ouk

converges in A, whenever |y| > R. m

3. Main result. Now, by Proposition 2.2 and Corollary 2.3, we give a description of
the center Z(A) of unital topologically primitive strongly galbed Hausdorff algebras A in
which all elements are bounded.

THEOREM 3.1. Let A be a unital o-complete topologically primitive strongly galbed Haus-
dorff algebra with bounded elements. Then A is a central algebra.

Proof. There exists a sequence (a,) € [ such that A is (a,)-galbed with ap # 0 and
a = infn>0|an|% > 0. Let M be a closed maximal left ideal® in A such that {a € A :
aA C M} = {04} (then M N Z(A) = {04}), mam a canonical homomorphism from A
onto the quotient space A/M of A with respect to M and for each z € Z(A)\{04} let
K,={a€ A:az € M}. Because mz = zm € M for each m € M and esz =z ¢ M, we
have M C K, # A. Hence, K, is a left ideal in A. Since the ideal M is maximal, M = K,
for each z € Z(A)\{0a}.

We will show that for every z € Z(A) there is a number A, € C such that z = A,eq.
If z = 04, then we take A\, = 0. Suppose now that there exists a z € Z(A) \ {64} such
that z(A\) = Aea — z # 64 for all A € C. Then z(\) € Z(A)\{04} means that z(\) & M
for each A € C, M+ Az(\) is a left ideal in A, M C M + Az(A) and z(A\) =04 +eaz(N) €

SIf M is a closed maximal right ideal, then the proof is similar.
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(M+Az(X\))\M for each A € C. Since M is a maximal left ideal in A, we have M+ Az(\) =
A for each A € C. Therefore, for each A € C, there are m(\) € M and a(\) € A such that
ea = m(A\) —a(N)z()N), because of which a(A)z(X) +eq € M.

Let a’(M\) € A be another element such that a’(A\)z(A\) + e4 € M. Then from [a(\) —
a'(N)]z(A) = a(N)z(A) —a'(N)z(A) € M it follows that [a()\) —a'(A)] € K.(n) = M. Thus,
ma(a(N)) = ma(a’(N)) for each A € C.

Moreover, let A\g € C and d(\) = eq + (Mg — A)a(Ag) for each A € C. Then there is
(by Proposition 2.2) a neighbourhood O(Ag) of A\g such that

oo

> (A= 20) a(g)"

k=0
converges in A and

i/\ /\oa

for each A € O(Ag). Now
a(M0)d(N) " 2(N) + ea = a(Xo)d(N) T 2(N) — [a(Xo)2(Xo) — m(ho)] =
—a(X0)d(N) " [2(A) + d(N)z(ho)] + m(Ao) =
—a(Mo)dN) (2 = Aea) + (ea + (Mo — Na(Ao))(Moea — 2)] + m(Ao) =
—a(A)d(N) " [(Ao — M(ea + a(Xo)z(X))] + m(Xo) =
—a(X0)d(N) " (Ao — N)m(Ao) +m(Xo) € M.

Therefore, mar(a(N)) = mar(a(No)d(N) ™) for each A € O(Xg).

Let ¥(A) = mp(a(X)) for each A € C. We will show that ¥ is an (A/M)-valued
analytic function® on C U {oo}. For it, let again Ag € C. Then W(\) = mar(a(Ao)d(X) ™)
for each A € O(\g) and there exists a number ¢ > 0 such that A\g + A € O(\g), whenever
|A] < 6.

Now,

U(Ao + k) = mar(a(No)d(ho + k) ) = ﬂ'M( (Ao) Zh a(Xo) ) Zh mar(a(Xo)™),

if |h| < &, where my(a(No)"™) € A/M for each k € N.
By Corollary 2.3 there is a number R > 0 such that

>
k=0
converges in A, if |A\| > R. Easy calculation shows that

Z)\kJrl Z)\kJrl = ea

5That is, if Ao € C, then there are a number § > 0 and a sequence (z,) of elements of A/M
such that U(Xo +\) = 3°5° ) 2k A", whenever |A| < §. Otherwise, there are a number R > 0 and
a sequence (yn) of elements of A/M such that W(\) = S5 yr/A\*, whenever [A| > R.
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Therefore,
—1 > Zk
N7 =) S
k=0
whenever |A| > R. Since z(A\)"'z(\) — e4 € M for each A with |A| > R, we have

> Zk > s Zk
W) =mar(z(N) ) :WM(’;]W) = ]\)\/[k(Jrl)’

if [\| > R, where mp(2%) € A/M for each k € N. Consequently, ¥ is an analytic
(A/M)-valued function on C U{oo}. Since A/M is a strongly galbed Hausdorfl space
by Proposition 2.1, ¥ is a constant map, by Theorem 2.1 from [8].

To show that W(A) = 604,y for each A € C, let O be any neighbourhood of zero in A.
Then there exist in A a closed neighbourhood O’ of zero and a balanced neighbourhood
V of zero such that O’ C O and

n
{Zakvk S0y ..., Un € V} co
k=0

for each n € N. Moreover, there are u, € C\{0} and py > 0 such that

S\ F
() €pvV
I
for each k € N. If now |A| > max{ £zl . 22}, then

ak k
Ao \a\
for each k € N and

) = Levat (u\ 2\ L qpvat (u\T Ly
KA ap EtL oy XN ag \a Iz pv | A ap \a) pv
for each k € N, because V is balanced. Therefore,
n o n
D_5err = 2 (A € O
k=0 k=0

for each n € N. Since O’ is closed, we have

oo k n
— z . !
z(\) 1_ E EFL = nlgr;o E aivr(N) € 0" C O,
k=0 k=0

whenever |A| > max{%,pv, 82, R}. Hence,
lim 2(\)"' =0
\)\|ll>nooZ( ) 4
and
lim U(\) = lim mp(z(N)7 1) =mar( lim 2(\) 1) = 0/

[A| =00 |A] =00 [A| =00
Thus, W(A) = 6 4/0 or a(\) € M for each A € C. Therefore,
ea = —(a(A)z(A) —ea) +a(N)z(A) € M,
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which is not possible. Consequently, for every z € Z(A) there is a A, € C such that
2z = Aea. Hence, Z(A) is isomorphic to C.

To show that the isomorphism p defined by p(z) = A, for each z € Z(A) is continuous,
let O be a neighbourhood of zero in C. Then there exists an € > 0 such that

O.={XeC:|\<etCO.

Let A\g € O\{0}. Since A is a Hausdorff space, there exists a balanced neighbourhood V'
of zero of A such that A\gea & V. But then also

Xoea €V =V N Z(A).

If [A.] > |Aol, then [AoAJ!| < 1 and therefore, Agpea = (AoA; 1)z € V/ for each 2z € V',

which is not possible. Hence, A, € O for each z € V’. Thus, p is continuous (p~! is contin-
uous because Z(A) is a topological linear space in the subspace topology). Consequently,

A is central. m

REMARK 3.2. Based on the previous Theorem 3.1 we can use the techniques of [3] to
obtain the description of all closed maximal regular ideals of a unital o-complete strongly
galbed algebra A in which all elements are bounded (see Theorem 3.6 in [3]). Similarly, by
looking at the framework of Theorem 3.13 in [3], we can also show that such an algebra
can be viewed as a subalgebra of the section algebra.

The author wishes to express his gratitude to Professor Anastasios Mallios for very
useful conversations and terminological recommendations during the writing of the
present article.

References

[1] Mart Abel, Description of closed mazimal ideals in topological algebras, in: General Topo-
logical Algebras. Proc. of the Intern. Workshop held in Tartu, October 4-7, 1999. Est.
Math. Soc., Tartu, 2001, 7-13.

[2] Mart Abel, Sectional Representations of Gelfand-Mazur Algebras, Sc. Math. Jap. (2001),
797-804.

[3] Mart Abel, Structure of Gelfand-Mazur algebras, Dissertationes Mathematicae Universi-
tatis Tartuensis 31, Tartu University Press, Tartu, 2003.

[4] Mart Abel and Mati Abel, The center of topologically primitive exponentially galbed alge-
bras, submitted.

[5] Mati Abel, On the Gelfand-Mazur theorem for exponentially galbed algebras, Tartu Ulik.
Toimetised 899 (1990), 65-70.

[6] Mati Abel, Gelfand-Mazur algebras, in: Topological Vector Spaces, Algebras and Related
Areas. Pitman Research Notes in Math. Series 316, Longman, Harlow, 1994, 116-129.

[7] Mati Abel, The center of primitive locally psedoconvez algebras, Bull. Belg. Math. Soc.
Simon Stevin 11 (2004), 191-199.

[8] Mati Abel, Galbed Gelfand-Mazur algebras, Contemporary Mathematics, to appear.

[9] V. K. Balachandran, Topological Algebras, North-Holland Math. Studies 185, Elsevier,
Amsterdam, 2000.

[10] F. F. Bonsall and J. Duncan, Complete Normed Algebras, Springer-Verlag, Berlin 1973.



54
(11]

[12]
(13]

[14]
[15]
[16]
17]
18]
[19]

20]

M. ABEL

H. G. Dales, Banach Algebras and Automatic Continuity, London Math. Soc. Monographs.
New Series 24, Oxford Univ. Press, New York, 2000.

I. N. Herstein, Noncommutative Rings, Wiley, New York, 1968.

N. Jacobson, Structure of Rings, Amer. Math. Soc., Colloquium Publ. 37, Providence,
Rhode Island, 1968 (revised edition).

Th. W. Palmer, Banach Algebras and the General Theory of *-Algebras, Vol. 1. Algebras
and Banach algebras, Encyclopedia Math. Appl. 49, Cambridge Univ. Press, Cambridge,
1994.

C. E. Rickart, General Topology of Banach Algebras, D. van Nostrand, Princeton, 1960.
Y. Tsertos, On primitive topological algebras, Bull. Math. Greek Math. Soc. 28 (1987),
81-92.

Y. Tsertos, On primitive A-conver algebras, Comment. Math. Prace Mat. 41 (2001),
203-219.

Ph. Turpin, Espaces et opérateurs exponentiellement galbés, in: Séminaire Lelong (Anal-
yse) Année 1973/74, Lect. Notes in Math. 474, Springer-Verlag, Berlin, 1975, 48-62.

Ph. Turpin, Convezités dans les espaces vectoriels topologiques généraur, Dissertationes
Math. (Rozprawy Mat.) 131 (1976).

L. Waelbroeck, Topological Vector Spaces and Algebras, Lecture Notes in Math. 230,
Springer-Verlag, Berlin, 1973.



