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úaçHæ�õÜélûÛôUéR÷ÿøYì�ôUì�ü{ö�é ý�æ�øYé]êUèÜì�üyçbøYýyì�æ�èÛêYìHõ¶üyé]í�ôVëEìHêtõ\ìHû¶æÛ÷Ûé]÷�çHæ¶çHü���øYý�úlëWûÛæÛú]øYý�ì�æÛôVì�æ�øYùÛé ûÛæÛý�ø
÷¶ý�ôUú�����ùÛýyôLý�÷Ûéaç���çHôdú]ì�æÛôUýy÷Ûéjêqçbõ¶ü��!é	��øYé]æÛ÷ÛéR÷ ýyæ øYùÛé
�5ìbê�� ì�ë_ó�
�� ���tçHþ��¦çHæÛ÷��¶ì�ýFç��Lì�æ��dý�ü�õÜé]êUø
ôCè1çbúRé ú]ì�æ�øUêqçHú]øYý�ì�æÛô��³ôUé]é��\ëWìHêVé	�Ûçbí è¶üyé���� �%î����%î! #"$�&%_çHú�ù�ú]ì�æ�øUêqçHújøYýyì�æ

T ∈ B(H)
ì�ë#ø'��èÜé

C·0ýyô	��û%è�øYì�ûÛæ¶ý{øqçbê���é)(AûÛý�öHçHüyé]æÛúRé��AøYùÛédú]ì�í èÛêYé]ôUôUýyì�æ�ì�ëÜøYùÛédí�ûÛü�øYý�è¶ü�ýyúRçbøYýyì�æQìHèÜéjêqçbøYìHê*�Ìý�øYù�øYù¶édý�æ+�
÷¶éjèÜéRæÛ÷Ûé]æAø/ö�çsêYýFçbõ¶üyé

Mz ∈ B(H2(D, E))
ì�æ�ç}ö�é]ú]øYìbê��3ö�çHü�ûÛéR÷,�tçbêY÷+��ôCè1çbúRéLøYìlç�ú]üyìHôUéR÷Qü�ýyæÛéRçbê

ôUûÛõ¶ôCè�çHú]é
M ⊂ H2(D, E)

�ÌùÛý�ú�ù�ý�ôVýyæ�öHçbêYýFçHæ�ø}ëEìHêtøYùÛé�çH÷�-CìHýyæ�ø
M∗z

�/. ëEû¶æÛújøYýyì�æ¶çHü-ö�éjêYôUýyì�æ�ìHë
øYù¶é}ú]ì�í�í¼ûÛøqçbæAøLüyýyëFøYýyæÛþ�øYùÛéRìbêYéRí0�¶ôUû¶ý{øqçbõ¶üyé}ëWìHêdçbèÛè¶üyý�úaçbøYý�ì�æÛôÌøYì�ýyæ�øYé]êUèÜì�üyçbøYýyìHæ èÛêYìHõ¶üyé]í�ô	�1ôYç)��ô
øYù�çsøtéaçHúqùÿìHèÜé]êqçbøYìbê

X
ý�æÿøYùÛé�úRìHí�í�û%øqçHæ�øVì�ë)øYù¶élú]ì�í èÛêYé]ôUôUýyì�æ

T = PMMz |M
÷ÛýyüyçbøYéRôdøYì�ç
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í�ûÛü�øYý�è¶ü�ýyúRçbøYýyì�æ ìHèÜé]êqçbøYìbê
Mf
þ�ý{ö�é]æ õ���çdõÜì�ûÛæ¶÷Ûé]÷�çHæ¶çHü ��øYýyú�ëWûÛæÛú]øYý�ì�æ

f ∈ H∞(D, B(E))
�Ìý{øYù

‖X‖ = ‖f‖∞
�1óAýyæÛúRédøYù¶étú]ì�í�í�û%øqçHæ�øÌì�ëvøYùÛétí�ûÛü�øYý�è¶ü�ýyúRçbøYýyì�æ!ìHèÜéjêqçbøYìHê

Mz
ì�æ

H2(D, E)
ú]ì�æ+�

ôUýyôCøYô�èÛêYéRú]ýyôUé]ü���ì�ë1çbüyü%í�ûÛü�øYý{è¶üyýyúRçbøYý�ì�æ ìHèÜé]êqçbøYìbêYô
Mf

�Ìý�øYù
f ∈ H∞(D, B(E))

�søYùÛé�çbõÜìaö�é5êYé]ôUûÛü�ø
úaçHæ�õÜéVôUéRé]æ çHô;øYùÛé

C·0
�JúaçbôUé}ì�ë�øYùÛé}çbõ¶ôCøUêqçHújøÌú]ì�í�í�û%øqçHæ�øLüyý�ëEøYýyæÛþ øYùÛé]ìHêYé]í ëWìHêÌú]ì�æ�øUêqçHújøYýyì�æÛô	�

å�ëvì�æÛéLêYéjè�üyçHú]éRô_øYù¶é �tçsêY÷ ��ôCè�çHú]édì�æQøYùÛéLûÛæ¶ý{ø�÷¶ý�ôUúdõ���øYù¶é �tçsêY÷ ��ôCè�çHú]édì�æQøYùÛéLìHèÜéRæQûÛæÛý�ø
õ1çbüyü

B
ýyæ
Cn
çHæÛ÷�û¶ôUé]ôløYùÛé�ú]ì�í�í�û%øYý�æ¶þ

n
�3øYû%è�ü�é

Mz = (Mz1 , . . . ,Mzn) ∈ B(H2(B, E))núRì�æÛôUý�ôCøYýyæÛþ�ìHë;øYùÛé�í¼û¶ü{øYý�è¶üyý�úaçsøYýyì�æ�ìbè\éjêqçbøYìHêYô;�Ìý{øYùhøYù¶éQú]ì�ìHêY÷Ûýyæ¶çbøYéQëWûÛæÛú]øYý�ì�æÛôlýyæÛôCøYéRçH÷�ì�ë�øYù¶é
ìHèÜé]êqçbøYìbê

Mz
ìHæ

H2(D, E)
�%øYùÛé]æ�øYù¶éVí�ûÛü�øYý{ö�çsêYýFçbõ¶üyé}çHæ¶çHü�ì�þ�ûÛé}ì�ë�øYùÛé}çsõ\ìRö�é}ëEûÛæ¶újøYýyìHæ�çbü�ëEìHêYí

ì�ë�øYùÛé�ú]ì�í�í¼ûÛøqçbæAøtü�ýyëFøYýyæÛþ�øYù¶é]ìHêYé]í ý�ôdæ¶ì7ü�ì�æÛþ�é]êLøUêYûÛé���.dæ¦éaçbô � ��ç	� øYì�ôUùÛì3��øYùÛýyô	�Üý�ôLøYì7ûÛôUé
øYù¶é,�5é]üyü�� ��æ¶ì)�Ìæ ë³çHújøløYù¶çbø øYùÛéQõ�çHüyü/ö�é]êYôUý�ì�æ�ì�ë;øYù¶é�ú]üFçbôUôUýyúRçHü>�déjö�çHæÛü�ýyæÛæ¶ç����_ýyúJ�(øYù¶é]ìHêYé]í ëEìHê
ëWûÛæÛú]øYý�ì�æÛô;ýyæ

H∞(B)
ý�ôL�;êYì�æÛþ��³ôUéRéVé�� þ ��� ���� #"$�

�H�7ö�ìHæ �dé]ûÛí�çHæÛæ�� ô;ý�æ¶é)(Aû¶çHü�ý�ø'���ÛøYùÛéVôUû%èÛêYéRí�ûÛí æÛìHêYí ìHë�çlõÜì�ûÛæÛ÷ÛéR÷ çHæ¶çHü ��øYýyúVëEûÛæ¶újøYýyìHæ
fýyæ

H∞(D, B(E))
úaçHæ�õ\ét÷¶é]ôUújêYý�õÜéR÷ çHô

‖f‖∞ = sup{‖f(T )‖; T ∈ B(H)
�Ìý�øYù ‖T‖ < 1}.

�dé]êYé
H
ýyôÌç	� �%é]÷�ôUé]è�çbêqçsõ�ü�é��Ûýyæ
�¶æÛý�øYé!�J÷¶ý�í�é]æ¶ôUý�ì�æ¶çHü&�dýyü{õ\éjêUø;ôCè�çHú]é��¶çHæÛ÷�øYùÛétìHèÜé]êqçsøYìHê

f(T )
ý�ô

ëWìHêYí�é]÷0�Ìý�øYù!øYù¶é}ùÛéRü{è�ì�ë�çHæ�çbèÛèÛêYìHèÛêYýFçbøYéVö�éRújøYìHê��3öHçHüyûÛé]÷¦çHæ¶çHü ��øYýyú}ëWûÛæÛú]øYý�ì�æ¶çHü�úRçHüyú]ûÛüyûÛô �ÌùÛýyúqù
�ÌýyüyüÜõÜé}é!��è¶üFçHý�æÛéR÷�õÜéRü�ì3�
�
å�ë�ìHæ¶é�ôUû%õ�ôCøYý{øYû%øYéRô

B
ëWìbê

D
çHæÛ÷$êYé]è¶üyçHúRé]ô!ôUýyæÛþ�ü�é(úRìHæAøUêqçbú]øYý�ì�æÛô!õ��¬øYù¶é�úRüyçHôUô ì�ëlçHü�ü

n
�

úRì�æ�øUêqçHújøYýyìHæ¶ô7çbô7ýyæ�øUêYì�÷ÛûÛú]éR÷ õ�� .LêUö�éRôUì�æ ýyæ � �  ��#øYùÛéRæ øYùÛé ôCè1çbúRé¦ì�ëtçHüyüÌçHæ¶çHü��AøYýyú ëWûÛæÛú]øYý�ì�æÛô
f ∈ O(B, B(E))

�)ëEìHê��ÌùÛýyúqù øYù¶é!æ¶ìbêYí ÷Ûé���æÛé]÷ õ ��øYù¶é!ôUûÛèÛêYé]í�ûÛí ýyæ øYùÛé¦çbõÜìaö�é ëWìbêYí�ûÛüFç
ýyô
�¶æÛý�øYé���ëEìHêYí�ô¼ç!úRìHæAøUêqçbú]øYý{ö�éRü �ÿéRí¼õÜé]÷Û÷¶é]÷��;çbæ�çbú�ù�ôUû%õ�çHüyþ�éjõÛêqç ì�ë

H∞(B, B(E))
�9��ìHê}øYùÛýyô

úRüyçHôUô-ì�ë¶çHæ¶çHü ��øYýyú_ëWûÛæÛújøYýyì�æÛô	�sýyæ�øYéjêUè\ìHüFçbøYý�ì�æ¼êYé]ôUû¶ü{øYô-ì�ë+�dé]öHçHæÛüyý�æÛæ�ç ���_ýyúJ�¼ìbê��5çbêqçbøYù��]ì�÷ÛìHê�� ���¶é -��]ê
ø'��èÜédù¶çRö�éLõÜéRé]æQìHõÛøqçHý�æ¶é]÷/�ÛçHæÛ÷QúRü�ì�ôUéRü ��êYé]üFçsøYéR÷7ö�é]êYôUý�ì�æÛô�ìHëvøYùÛétçbõÜìaö�édëWûÛæÛújøYýyì�æ¶çHü1ëWìbêYí ì�ë\øYù¶é
úRì�í í�û%øqçHæ�ø�üyý�ëEøYý�æ¶þ¼øYùÛéRìbêYéRí úaçbæ7õÜéLèÛêYìaö�é]÷ �³ôUéRé;�Ýñ �Üî3���\îRñ �Üîað � ��ò3 #"$�
��çHôUéR÷7ì�æ .dþ�ü�é]ê�� ô5úqù�çsê��
çHú]øYéjêYý 
RçbøYý�ì�æ,�yî! %ìHëÜóAúqùAûÛê�úRüyçHôUô�ëWûÛæÛújøYýyì�æÛô-ì�æ¼øYù¶é/ìbè\é]æ�ûÛæÛý�ø-èÜì�ü���÷¶ý�ôUú

Dn
ýyæ
Cn

�bú]ìHêUêYé]ôCè\ìHæ¶÷Ûý�æ¶þ
ýyæ�øYé]êUèÜì�üyçbøYýyìHæ�çbæ¶÷�ú]ì�í�í�û%øqçHæ�ø_ü�ýyëFøYýyæÛþVêYé]ôUûÛü�øYô)ù�ç]ö�é�õÜéRé]æ èÛêYìaö�é]÷�ìaö�éjê#øYùÛé�ûÛæ¶ý{ø#èÜì�ü �%÷ÛýyôUú;ýyæ0� �  
çHæÛ÷ �yî)�  �� �dì�æ+�JúRì�í í�û%øqçbøYý�ö�étúRì�í í�û%øqçHæ�øÌüyýyëFøYýyæÛþløYùÛéRìHêYé]í�ô�ëWìHê�êYì3��úRìHæ¶újøUêqçHújøYýyì�æÛô�ù¶çRö�étõÜé]éRæ
è¶êYìRö�éR÷(õ�����ìHèÜéRôUú]ûhýyæ � ����� ��ñ3 �� .dôlçHæ�çbèÛè¶üyý�úaçbøYý�ì�æhú]ì�í�í�û%øqçbøYý{ö�é�ö�é]êYôUý�ì�æÛôlìHë5øYùÛé ó�çbêqçbôUì�æ
÷¶ý�üFçbøYý�ì�æ�øYùÛéRìbêYéRí ù�ç]ö�éÌõÜéRé]æ�ìHõÛøqçHý�æ¶é]÷�õ��løYù¶éÌôYçHí édçHû%øYùÛìHê5ìRö�é]ê#øYù¶éÌûÛæÛý�ø_õ�çHüyü �³ôUéRéÌé�� þ ��� ���  #"$�
å�æ�øYùÛé�èÛêYéRôUé]æ�ø�è�çbèÜéjê �5é�êYé]è¶üFçbúRé�øYùÛé�õ1çbüyü;çHæÛ÷ ûÛæÛý�ø�èÜì�ü �%÷ÛýyôUú!õ�� ç�õÜì�ûÛæ¶÷Ûé]÷�çHæ¶çHü ��øYýyú

è\ìHü��%ùÛé]÷ÛêYìHæ ìHë�øYùÛé}ëEìHêYí

D = {z ∈W ; ‖d(z)‖ < 1} ⊂ Cn,
�Ìù¶éjêYé

d : W → Cp,q
ý�ô/çdí�çbøUêYý����3ö�çHü�ûÛéR÷�çHæ¶çHü ��øYýyú�ëWûÛæÛú]øYý�ì�æ�ì�æ�çHæ ìHèÜéRæ�æÛé]ýyþ�ù�õÜì�û%êYùÛì�ì�÷

W
ìHë

D
ýyæ
Cn

��å�æÛôCøYéaçb÷�ì�ëÜú]ì�æ�øUêqçHújøYýyì�æÛô �5é;ûÛôUé�øYù¶é;ú]üFçbôUô C ì�ëÜçHü�ü¶ú]ì�í�í�û%øYýyæÛþ n �3øYû%è¶üyé]ô T ∈ B(H)nì�æ$ç�� �%é]÷�ôUéjè1çsêqçbõ¶üyé���ýyæ
�¶æÛý�øYé!�J÷Ûýyí�é]æÛôUýyì�æ¶çHüO�dý�ü�õÜéjêUø�ôCè�çHúRé
H
ôUûÛú�ù¬øYù¶çbø

σ(T ) ⊂ W
çHæÛ÷

‖d(T )‖ < 1
��óAýyæÛúRétý�æQøYùÛýyô5ôUý�øYû¶çbøYýyìHæQøYù¶é �-ç)��üyìHê;ôCèÜé]ú]øUêYûÛí

σ(T )
ì�ë
T
ýyô�ú]ì�æ�øqçHý�æ¶é]÷�ýyæ

D
�%øYùÛé

ëWìHêYí�ûÛüyç

‖f‖S = sup{‖f(T )‖; T ∈ C}
úaçHæ õÜé$ûÛôUéR÷ øYì ÷Ûé��¶æÛé�ç ú]ì�æ�øUêqçHújøYý�ö�é]ü�� éRí¼õÜé]÷Û÷¶é]÷��;çHæ¶çHúqùïôUû%õ�çHüyþHé]õÛêqç S(d,B(E))

ì�ë
H∞(D,B(E))

�_úRçHü�üyé]÷�øYù¶é�óAúqù�û%ê�ôCè�çHúRé�ì�æ
D
���(é¦êYéjè�üyçHú]é�øYùÛé��tçbêY÷+��ôCè�çHú]é�õ�� �dýyü�õÜéjêUø

ôCè1çbúRé]ô H ì�ë;çHæ¶çHü��AøYýyú7ëEûÛæ¶újøYýyìHæ¶ô¼ì�æ D ÷Ûé��¶æÛéR÷(õ��hç¦ôUûÛý{øqçbõ¶üyé�êYé]èÛêYì�÷ÛûÛú]ýyæÛþ���éjêYæÛéRü_ëWûÛæÛújøYýyì�æ
C
���Lû%ê�í�çHýyæ7êYé]ôUû¶ü{ø
� ��ùÛé]ìHêYéRí � ��ò�")ôUùÛì3�Ìô�ýyæ�è1çsêUøYýyú]û¶üyçbê5øYù¶çbø)��ëEìHê�éRçHúqù

M∗z
�Jý�æAöHçbêYýyçHæ�ø��¶æÛý�øYé!�



COMMUTANT LIFTING THEOREM
� =

÷¶ý�í�é]æ¶ôUý�ì�æ¶çHü¶ôUûÛõ¶ôCè�çHú]é
M ⊂ H⊗E �HøYùÛéÌìHèÜéjêqçbøYìHêYô X ýyæ øYù¶é;ú]ì�í�í¼ûÛøqçbæAø_ì�ë1øYùÛé;úRìHí èÛêYéRôUôUý�ì�æ

T = PMMz |M ∈ B(M)n
� �Ìù¶ý�ú�ù¦è\ìHôUôUéRôUôtç7üyý�ëEøYýyæÛþ�øYì�ç7í¼û¶ü{øYý�è¶üyý�úaçsøYýyì�æ�ìHèÜéjêqçbøYìHê

Mf
þ�ý�ö�éRæ

õ ��çVóAúqùAûÛê)ú]üFçHôUô�ëEûÛæ¶újøYýyìHæ
f ∈ S(d,B(E))

�Ìý�øYù�ó�úqùAû%ê)æÛìHêYí ‖f‖S ≤ 1
�búRçHæ¼õ\é/ú�ù¶çbêqçbú]øYéjêYý 
]éR÷

õ ��ç7èÜì�ôUý�øYý{ö%ý�ø'�¦ú]ì�æÛ÷¶ý{øYýyì�æ��Ìù¶ý�ú�ùÿýyôtëWìHêYí�ûÛüyçbøYéR÷�ýyæ�øYé]êYí�ôtì�ë)øYùÛé�êYéjè¶êYìA÷¶ûÛú]ýyæÛþ ��éjêYæÛéRü
C
çHæÛ÷

øYù¶édõ\ìHû¶æÛ÷¶çbê���ëWûÛæÛú]øYý�ì�æ
d
ì�ë�øYùÛéV÷¶ìHí�çHýyæ

D
�

��ùÛéQêYé]ôUû¶ü{øYô ìHõÛøqçHý�æÛéR÷�ýyæ�øYùÛý�ô���ç	��çbèÛè¶ü��hýyæ�è�çbêUøYýyú]ûÛüFçbêløYìÿøYùÛé7õ�çHüyü ��øYùÛéQè\ìHü��%÷ÛýyôUú!çbæ¶÷/�
ëWû%êUøYùÛé]êYí�ìbêYé��-øYì�çHüyü�ú]üFçbôUôUýyúRçHü;ô ��í�í�éjøUêYýyú!÷Ûì�í�çHýyæÛô�ì�ë;ø'��èÜé�å$�)åUå¼çHæÛ÷ åUåUå$��å�æÛ÷ÛéRé]÷/�)ýyæ�øYùÛéRôUé
úaçHôUé]ô5ôUûÛý�øqçbõ¶üyédé	�%çHí è¶üyé]ô�ì�ë\êYéjè¶êYìA÷¶ûÛú]ýyæÛþ;��éjêYæÛéRü9�dý�ü�õÜéjêUø�ôCè�çHú]éRô�ôYçsøYýyôUë5��ýyæÛþ çHüyü1ì�û%ê;ú]ì�æÛ÷Ûý�øYý�ì�æÛô
çbêYé@�%æÛì3�ÌæÿøYì�é	��ýyôCø)�/.dô}çHæ�çbèÛè¶üyý�úaçbøYý�ì�æ �5é ÷Ûé]êYý{ö�é ýyæ�øYé]êUèÜì�üyçbøYýyìHæÿêYéRôUûÛü�øYôtëWìHê}ëEûÛæ¶újøYýyìHæ¶ô

f
ý�æ

S(d,B(E))
ì�ë �dé]öHçHæÛüyý�æÛæ�ç ���_ýyúJ�!çHæÛ÷ �5çbêqçsøYù��]ì�÷ÛìHê�� ���¶é - �jê;ø'��èÜéVì�æ�øYùÛéRôUéV÷Ûì�í�çHý�æ¶ô	�

��ùÛé�è�çbèÜé]êtúRìHæAøYý�æAû¶é]ô*-Cì�ý�æ�ø �5ìHê�� � � � �  �ì�ë)øYùÛé	�ÛêYôCøVæ¶çHí�é]÷�çHû%øYù¶ìbê �Ìý�øYù����/��ý�í�ìHøYýyæ�ì�æ
ö�ì�æ �déRûÛí�çbæ¶æ¦ø'��èÜé�ý�æÛé3(Aû¶çHü�ý�øYý�éRôtçHæÛ÷�ýyæ�øYéjêUø'�ÌýyæÛýyæÛþQüyý�ëEøYýyæÛþ�êYé]ôUû¶ü{øYôtìaö�é]êtôUûÛý�øqçsõ�ü�él÷Ûì�í�çHýyæÛôtý�æ
Cn

� �(é¦í�ç���é éRôUôUé]æ�øYýFçHüÌûÛôUé¦ì�ëtç�êYé]úRé]æ�ø�êYéRôUûÛü{ø7ì�ë �;çbüyüLçbæ¶÷ ��ì�üyìbøYæ¶ý ��ìaö �yîHî! �Ìù¶ý�ú�ù þ�ý{ö�é]ô
ö�çbêYý�ì�ûÛô;ú�ù¶çbêqçbú]øYéjêYý 
RçbøYýyìHæ¶ô;ìHë#óAú�ùAû%êLúRüyçHôUôÌëEûÛæ¶újøYýyìHæ¶ô;ì�æ�èÜì�ü��%æÛì�í ýFçHü\èÜì�ü���ù¶é]÷%êqç+�

�����	��

����������������
������ éjø
H
çHæÛ÷

K
õÜé}úRì�ílè�ü�é	� �dýyü{õÜé]êUøÌôCè�çHú]éRô	���hé �;êYý�øYé

B(H,K)
ëWìHê;øYùÛé

ôUé]ø¼ì�ë�çHü�ü)õÜì�ûÛæÛ÷ÛéR÷(üyý�æ¶éRçbê¼ìHèÜé]êqçbøYìbêYô}ëEêYì�í
H
øYì
K
çbæ¶÷

H ⊗ K ëWìHê}øYùÛé��dýyü{õÜé]êUøYýyçHæ�øYéRæÛôUìHêè¶êYìA÷¶ûÛújødì�ë
H
çHæÛ÷

K
� �¶ìHêVçbæ�ìHèÜé]æ¦ôUé]ø

U
ý�æ
Cn
çbæ¶÷�ç�þ�ý�ö�é]æ �;çHæ¶çHúqù�ôCè�çHú]é

X
� �5é¼÷ÛéRæÛìHøYé

õ � O(U,X)
øYù¶é �¶ê �]ú�ùÛéjøtôCè�çHú]é�ì�ë#çHüyü-çHæ¶çHü��AøYýyú

X
�3öHçHüyûÛé]÷�ëEû¶æÛújøYýyì�æÛôdì�æ

U
�Üå�ë

T ∈ B(H)n
ý�ô

ç�ú]ì�í�í�û%øYý�æ¶þ�øYû%è�ü�étì�ë\õÜì�ûÛæÛ÷ÛéR÷Qüyý�æ¶éRçbê�ìHèÜéjêqçbøYìHêYô5ì�æ
H
��øYùÛé]æ

σ(T )
ýyô�÷Ûé��¶æ¶é]÷�çHô/øYù¶é ��ç)�%ü�ìHê

ôCè\é]újøUêYû¶í ì�ë
T
�#çHæÛ÷ �5é �;êYý�øYé

Φ : O(σ(T )) → B(H)
�
f 7→ f(T )

��ëWìHê �-ç)�%ü�ìHê�� ô�çHæ¶çHü ��øYýyú
ëWûÛæÛú]øYý�ì�æ¶çHü5úaçHü�úRûÛü�û¶ôlì�ë

T
� ��ìHê øYùÛéQ÷¶é��¶æÛý�øYýyìHæ çHæÛ÷�õ�çHôUý�ú�èÛêYìHèÜéjêUøYýyé]ôlì�ë;øYù¶é]ôUé�æÛìHøYýyìHæ¶ô ëFêYì�í

í�ûÛü�øYý�öHçbêYýyçbõ¶üyéVìHèÜé]êqçbøYìbê;øYù¶é]ìHê���� �5étêYéRëEé]ê;øYùÛétêYéaçb÷¶éjê;øYì ��î �  �ìbê;� ���  ��
�¶ìHê;þ�ý�ö�é]æ0�dý�ü�õÜéjêUø;ôCè�çHú]é]ô

E
çHæÛ÷

E∗
çHæÛ÷�éaçHúqù�ìHèÜé]æ!æÛéRý�þ�ù�õÜì�û%êYù¶ìAì�÷

U
ì�ë
σ(T )

�%øYùÛéjêYéVý�ô
ç ûÛæ¶ý (AûÛé}ú]ì�æ�øYýyæAûÛì�ûÛôÌüyý�æ¶éRçbêÌí�çbè

ΦE,E∗ : O(U,B(E,E∗)) ∼= O(U)⊗̃B(E,E∗)→ B(H ⊗ E,H ⊗ E∗)
�Ìý�øYù øYùÛé¼èÛêYìHèÜé]êUø'��øYù¶çbø

ΦE,E∗(f ⊗ A) = f(T )⊗ A ëEìHê f ∈ O(U)
çHæÛ÷

A ∈ B(E,E∗).
��ìbê

ôUýyí è¶üyý�úRý{ø'�E���5é��;êYý{øYé7çHþ�çHý�æ
f(T )

ýyæÛôCøYéRçH÷hì�ë
ΦE,E∗(f).

å�ë
S ⊂ Cn ýyô�çHæ�çsêUõ�ý{øUêqçbê���ôUû%õ¶ôUé]ø)�øYù¶é]æ �5é}÷Ûé��¶æ¶é

S̃ = {z ∈ Cn; z ∈ S} � �¶ìHê f ∈ O(U,B(E,E∗)),
øYùÛé}ëEûÛæ¶újøYýyìHæ

f̃ : Ũ → B(E∗, E), f̃(z) = f(z̄)∗

ýyôlçHæ¶çHü���øYý�ú�çHþ�çbýyæ/� .dæhéRü�éRí�é]æ�øqçbê��(é	��é]êYú]ýyôUé��-ûÛôUýyæÛþ�øYùÛéQú]ìHêUêYéRôCèÜì�æÛ÷ÛýyæÛþÿôUúRçHüyçbê��3ö�çbüyûÛéR÷(êYéRôUûÛü{ø
çHæÛ÷¬øYùÛé�÷¶é]æÛôUý�ø'�¬ìHëVøYùÛéÿü�ýyæÛéaçsê!ôCè�çHæ�ì�ë}çHüyüdéRü�éRí éRæ�øqçbê�� øYéRæÛôUìHêYô	�5ôUù¶ì)�ÌôQøYù�çsøQøYùÛéÿýy÷Ûé]æAøYý{ø'�
f̃(T ∗) = f(T )∗

ùÛì�üy÷Ûô;ëWìHêLçHü�üvëWûÛæÛú]øYý�ì�æÛô
f ∈ O(U,B(E,E∗)).å�ë

p, q
çbêYé/èÜì�ôUý�øYý{ö�é5ýyæ�øYé]þ�é]êYô	�bøYùÛé]æ;�5é5ýy÷ÛéRæ�øYý�ë5�¼øYùÛé5ôCè�çHú]é

B(Hq, Hp)
ì�ë�çHüyü�õÜì�ûÛæÛ÷ÛéR÷lü�ýyæÛéaçsê

ìHèÜé]êqçbøYìbêYôVëEêYì�í
Hq øYì Hp �Ìý{øYùÿøYù¶é ôCè�çHú]é B(H)p,q

ì�ë5çbüyü
(p × q) �JìHèÜé]êqçsøYìHêVí�çbøUêYýyú]é]ôO�Ìý{øYùéRæ�øUêYýyé]ô;ýyæ

B(H)
� �¶ìHê

p = q
� �5étêYé]þ�çbêY÷�øYùÛé}í�çsè

øUê
: B(H)p,p → B(H), (Aij) 7→

p∑

j=1

Ajj

çHôÌç�þHéRæÛéjêqçHüyý�
açbøYý�ì�æ!ì�ë�øYùÛéVìHêY÷Ûýyæ¶çbê��QøUêqçbúRéVëWìHêÌôUúRçHüyçbêLí�çsøUêYýyú]éRô	�
� é]ø

Λ
õ\é#çHæ}çbêUõ¶ý�øUêqçbê��dôUé]ø)�	.dæ}ìHèÜéjêqçbøYìHê��3öHçHüyûÛé]÷VëWûÛæÛújøYýyì�æ

K : Λ×Λ→ B(H)
ýyô�úRçHü�üyé]÷VèÜì�ô �

ý�øYý�ö�é5÷Ûé��¶æÛý�øYé5ý�ë ∑s
i,j=1〈K(λi, λj)ci, cj〉 ≥ 0

�Ìù¶é]æÛé]ö�é]ê
s
ý�ô)çLèÜì�ôUý�øYý{ö�é5ý�æ�øYéRþ�éjê)�

λ1, . . . , λs ∈ Λ
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çHæÛ÷
c1, . . . , cs ∈ H

���H��ç,�5é]üyü � �%æÛì3�ÌæÿøYùÛé]ìHêYé]í ì�ë��Lì�üyí ì�þ�ìHêYìaöÿçbæ¶÷ .LêYì�æÛô�
Rç�-?æ�ç7ëWûÛæÛújøYýyì�æ
K : Λ × Λ → B(H)

ý�ô}èÜì�ôUý�øYý{ö�é�÷Ûé��¶æÛý�øYé�ý�ë�çHæÛ÷(ì�æÛü���ýyë_øYù¶éjêYé�ýyô¼ç �dý�ü�õÜéjêUø¼ôCè1çbúRé
G
çHæÛ÷�ç

ëWûÛæÛú]øYý�ì�æ
k : Λ→ B(H,G)

ôUûÛú�ù!øYù¶çbø
K(λ, µ) = k(µ)∗k(λ)

ëWìHê
λ, µ ∈ Λ.

������� �
	�����
 ������� ����� 

��� ������	 
���� � éjø
D ⊂ Cn õÜé çHæ�ìHèÜé]æ�ôUé]ø �Ìý{øYù 0 ∈ D �/��ù%êYì�ûÛþ�ùÛì�û%ø

øYù¶ý�ô æ¶ìbøYé0�5é�ôUù¶çHüyü;÷Ûé]æ¶ìbøYé�õ�� H ç � �%éR÷ ëEûÛæ¶újøYýyìHæ�çbü>�dýyü{õ\éjêUø�ôCè�çHúRé�úRìHæ¶ôUý�ôCøYýyæÛþ�ì�ëdçHæ¶çHü ��øYýyúëWûÛæÛú]øYý�ì�æÛô�ì�æ
D
����ìHêYé/è¶êYé]ú]ýyôUé]ü���� H ýyô)ç �dýyü{õÜé]êUø�ôCè�çHú]é�úRìHæ¶ôUý�ôCøYýyæÛþtì�ë¶úRì�ílè�ü�é	���3ö�çHü�ûÛéR÷ çHæ¶çHü ��øYýyúëWûÛæÛú]øYý�ì�æÛô;ì�æ

D
ôUûÛú�ù!øYù¶çbøLçbüyü\èÜì�ýyæ�øÌéjö�çHü�û¶çbøYýyì�æÛô

δw : H → C, f 7→ f(w) (w ∈ D)
çbêYé}ú]ì�æ�øYýyæAûÛì�ûÛô	� �¶ìHêLéRçHúqù�è\ìHýyæ�ø

w ∈ D �ÛøYùÛé]êYéVýyôÌç ûÛæÛý (AûÛé}ëWûÛæÛújøYýyì�æ
Cw ∈ H

ôUûÛúqù øYù¶çbø

〈f, Cw〉 = f(w) (f ∈ H).
��ù¶é�í�çbè

D → H � w 7→ Cw
��ýyô �5éRç��%ü �(çbæAøYý �NçHæ¶çHü��AøYýyú��-çHæÛ÷hùÛéRæÛú]é7ý�ø¼ýyôlçbæAøYý �NçHæ¶çHü��AøYýyúQçbôlç

í�çbè �Ìý{øYù!öHçHü�û¶é]ôÌý�æ H � �/ì�æÛôUé3(AûÛé]æ�øYü����¶ì�æ!øYùÛé}ìHèÜé]æ!ôUé]ø ∆ = {(z, w); z, w ∈ D} ⊂ C2n � �5é
úaçHæ!÷Ûé���æÛé}çHæ¦çHæ¶çHü ��øYýyúVëWûÛæÛújøYýyì�æ

C : ∆→ C
õ �

C(z, w) = Cw(z).
å�æ çH÷Û÷Ûý�øYý�ì�æ/� �5é}ôUù¶çHü�üvôUûÛèÛèÜì�ôUéVøYù�çsø;øYù¶éV÷Ûì�í�çHý�æ

D
çHæÛ÷!øYùÛéVëWûÛæÛú]øYý�ì�æ¶çHü&�dýyü{õ\éjêUø;ôCè1çbúRé HôYçbøYýyôUë �QøYùÛé}ëEì�üyü�ì3�ÌýyæÛþ�úRì�æÛ÷Ûý�øYý�ì�æÛô��

�³ý#" H ú]ì�æ�øqçHý�æ¶ô�øYùÛé}ú]ì�æÛôCøqçHæ�øÌëWûÛæÛú]øYý�ì�æÛôLçHæÛ÷ ‖1‖ = 1
�

�³ýyý#"�øYù¶é7ú]ì�ìHêY÷Ûýyæ¶çbøYé7ëEû¶æÛújøYýyì�æÛôlçbêYé7í�ûÛü�øYý{è�ü�ýyéjêYô ì�ë H ��çHæÛ÷høYùÛé�øYû%è�ü�é Z = (Z1, . . . , Zn) ∈
B(H)n

ú]ì�æÛôUýyôCøYýyæÛþ ì�ë/øYùÛé�í�ûÛü�øYý{è�ü�ýyúRçbøYýyìHæ(ìHèÜé]êqçsøYìHêYô
Zj : H → H � f 7→ zjf

��ù¶çHôVøYù¶é
è¶êYìbè\éjêUø'�7øYù¶çbø

σ(Z) = D
�

�³ý�ýyý#"
D
ý�ô;èÜì�ü �%æÛì�í�ýFçbüyü��QúRì�æ�ö�é!�!çHæÛ÷!øYùÛétèÜì�ü��%æÛì�í ýFçHü�ôÌëWìbêYí ç ÷Ûé]æÛôUé}ôUûÛõ¶ôUéjøLì�ë H ��³ý{ö "�øYù¶é ëEû¶æÛújøYýyì�æ

C
ù¶çHô}æÛì0
]é]êYì�ô	�

C0 ≡ 1
çHæÛ÷

C−1 é	��øYé]æÛ÷ÛôVøYì!ç!ùÛì�ü�ì�í�ìHêUè¶ùÛýyú�ëWûÛæÛújøYýyì�æ
÷¶é��¶æÛéR÷!ì�æ¦çbæ ìHèÜéRæ!æÛé]ýyþ�ù�õÜì�û%êYùÛì�ì�÷ ì�ë

∆
�

����è¶ýyúRçHü\é	�%çHí è¶üyé]ô;ì�ë-çHæ¶çHü ��øYýyútëWûÛæÛújøYýyì�æ¶çHü/�dý�ü�õÜé]êUø;ôCè�çHú]éRô;ôYçbøYý�ôUë5�%ý�æÛþ�çbüyü\øYùÛé]ôUéVú]ì�æÛ÷¶ý{øYýyì�æÛôÌçbêYé
øYù¶é ��éjêYþ�í�çHæ �³ìHê �tçbêY÷+� " ôCè�çHú]éRôQì�æ�øYùÛé�ú]üFçbôUôUýyúRçHüdô �%í�í�éjøUêYýyú�÷Ûì�í�çbýyæÛô �³ôUé]é��/ù¶çbèÛøYé]êQå��
ýyæ � ���3 "$�

�¶ìHê¼ç�þ�ý{ö�éRæ �dý�ü�õÜéjêUø}ôCè�çHú]é
E
�9�5é�ôUù¶çHü�ü)ýy÷Ûé]æAøYý�ë5�¦øYù¶é��dý�ü�õÜé]êUøYýyçHæ�øYéRæÛôUìHêVèÛêYì�÷ÛûÛújø H ⊗ E�Ìý�øYù¦ç üyý�æ¶éRçbêLôUû%õ¶ôCè1çbúRé¼ì�ë�øYùÛé}ôCè�çHúRé O(D,E)

ì�ë�çHü�ü
E
�3öHçHüyûÛé]÷ çHæ¶çHü���øYý�ú}ëWûÛæÛú]øYý�ì�æÛôÌì�æ

D
ö%ýFç

øYù¶étýyæ�-Cé]ú]øYý{ö�éVüyýyæÛéRçbêÌí�çbè

j : H⊗ E → O(D,E), (jh)(z) = (δz ⊗ 1E)(h).
� éjø

E,E.
õÜé � �%é]÷ �dý�ü�õÜéjêUø ôCè�çHú]éRô	��çHæÛ÷�üyéjø

f ∈ O(U,B(E,E.))
õ\éQçHæ�çHæ¶çHü���øYý�úQëWûÛæÛújøYýyì�æ

÷¶é��¶æÛéR÷!ì�æ¦çbæ ìbè\é]æ ôUéjø
U ⊃ D � ��ùÛé]æ!øYùÛé}í¼û¶ü{øYý�è¶üyý�úaçsøYýyì�æ ìbè\éjêqçbøYìHê

Tf : H⊗ E → H⊗ E., h 7→ fh
ýyôL�5é]üyü\÷Ûé��¶æÛéR÷ çHæÛ÷ úRìHæAøYý�æAû¶ìHû¶ôÌü�ýyæÛéaçsê)� ��ì ö�éjêYýyë �QøYùÛý�ô	��ý{øÌôUû���úRé]ô;øYì ôUù¶ì)� øYù¶çbø

(f(Z)h)(z) = f(z)h(z) (h ∈ H⊗ E, z ∈ D),
�Ìù¶éjêYé

f(Z)
ýyô;ëWìHêYí�é]÷0�Ìý�øYù�øYùÛé}ìHèÜé]êqçbøYìbê��3ö�çHü�ûÛéR÷ çHæ¶çHü ��øYýyú}ëEû¶æÛújøYýyì�æ¶çHüvúRçHüyú]ûÛüyûÛôÌé!��è¶üFçbýyæÛéR÷!ýyæ

øYù¶éÌèÛêYéRü�ýyí�ý�æ¶çbêYýyé]ô	�1óAý�æ¶ú]éLõÜìHøYùQôUý�÷¶é]ô5ì�ë\øYùÛétçbõÜìaö�édé3(Aû¶çbøYý�ì�æQ÷Ûéjè\é]æÛ÷QýyæQç�ú]ì�æ�øYýyæAûÛì�ûÛô5õ¶ýyü�ýyæÛéaçsê
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� <

��ç)�ÿì�æ
f
çHæÛ÷

h
�vý�ø}ôUû���ú]éRôVøYì!úRì�æÛôUý�÷¶éjê}øYùÛé�úRçHôUé��ÌùÛé]êYé

f ∈ O(U)
çbæ¶÷

h ∈ H ����ì!ôUéjøUøYüyéøYù¶ý�ô;úaçbôUé��¶ì�æÛéVúaçHæ!ûÛôUéVøYùÛé}ìbõ�ôUéjêUöHçbøYýyì�æ�øYù¶çbø
Z∗jCz = zjCz (1 ≤ j ≤ n)

øYì�÷Ûé]÷¶ûÛú]éVøYù¶çbø

(f(Z)h)(z) = 〈h, f(Z)∗Cz〉 = 〈h, f̃(Z∗)Cz〉 = 〈h, f̃(z)Cz〉 = f(z)h(z).
�¶ìHêLþHý�ö�é]æ0�dýyü�õÜéjêUøÌôCè�çHú]é]ô

E
çHæÛ÷

E∗
� �5éVú]ì�æÛôUýy÷Ûé]ê;øYùÛé}í�ûÛü{øYý�è¶üyý�é]êÌôCè1çbúRé

M(E,E∗) = {f ∈ O(D,B(E,E∗)); f H⊗ E ⊂ H⊗ E∗}.
�H��øYùÛé7ú]üyì�ôUé]÷�þHêqçsè�ù(øYùÛé]ìHêYé]í éRçHú�ùhëEûÛæ¶újøYýyìHæ

f ∈ M(E,E∗)
ýyæÛ÷ÛûÛúRé]ôlç¦ú]ì�æ�øYýyæAûÛì�ûÛôlü�ýyæÛéaçsê

í�ûÛü�øYý�è¶ü�ýyúRçbøYýyì�æ ìHèÜéjêqçbøYìHê
Tf : H⊗ E → H⊗ E∗

�
g 7→ fg

����ùÛé¼ôCè�çHú]é
M(E,E∗)

õÜéRú]ì�í�é]ôLç
�;çHæ¶çHúqù ôCè�çHú]éVêYé]üFçbøYý{ö�étøYì øYùÛéVí�ûÛü�øYý�è¶ü�ýyéjêdæÛìHêYí ‖f‖ = ‖Tf‖..ïú]üyì�ôUé]÷hôUû%õ¶ôCè�çHú]é

M ⊂ H ⊗ E �Ìýyüyü#õÜé7úRçHüyü�éR÷ ∗ �Jý�æAöHçbêYýyçHæ�ølýyë (Zj ⊗ 1E)∗M ⊂ M
ëWìHê

j = 1, . . . , n
�

�����������
	��
	
������� �b¤]£¼±³²%©H±
M ⊂ H⊗ E §W¤¼© ∗ � §W°¶µb©b¡�§J©b°�±�´j­��b¤]£q¸�¤ � ·j¤ � ©�´q£��

�3ç�" ��²%£�´q��� � ¡Y£�¤q¤q§J�b°
T = PM (Z ⊗ 1E)|M ∈ B(M)n

§W¤l© ´q����� � ±³§W°���± ��� ­�£��b°
M
¤ � ´�²

±³²%©H±
σ(T ) ⊂ D ¤ � ´�²!±³²%©H±

f(Z ⊗ 1E)∗M ⊂M ©b°Ü¸
f(T ) = PMf(Z ⊗ 1E)|M

²%�H­y¸b¤)¢j�b¡l£q©�´�²V¢ � °1´]±³§J�b°
f ∈ O(D)

�
�Wõ/"�� �b¡

h ∈ H ⊗ E � z ∈ D ©b°Ü¸ x ∈ E � ª/£¼²%©bµb£�±³²%£}§J¸�£j°¶±³§³±³¹

〈h,Cz ⊗ x〉 = 〈h(z), x〉.
�³ú "�� �b¡

f ∈M(E,E∗), z ∈ D
©b°Ü¸

x ∈ E∗
§³±1¢j�H­E­��bª)¤}±³²%©H±

T ∗f (Cz ⊗ x) = Cz ⊗ f(z)∗x.
�5¡Y�s�C¢�� �3ç�"5óAýyæÛúRédøYù¶étçH÷�-Cì�ý�æ�ø

T ∗ = Z∗ ⊗ 1E |M
ýyô;çlú]ì�í�í¼ûÛøYý�æÛþ øYû%è�ü�é���øYùÛétôYçHí�étýyô5øUêYûÛéVëEìHê

T
� ��ùÛé¼çsè¶èÛêYì3��ýyí�çbøYéVèÜì�ý�æ�øÌôCè\é]újøUêYû¶í ì�ë

T ∗
ôYçsøYýyô �¶éRô

σπ(T ∗) ⊂ σπ(Z∗ ⊗ 1E) ⊂ σ(Z∗ ⊗ 1E) = σ(Z∗) = {z; z ∈ D}.
ó�ý�æÛúRéQøYù¶é0��ç)�%ü�ìHê�ôCèÜéRújøUêYûÛí ýyô�çbü���ç)�%ô úRì�æ�øqçHý�æÛéR÷�ýyæ�øYùÛé�èÜì�ü���æ¶ìHí�ýFçHü�ü���ú]ì�æ�ö�é!��ù�ûÛü�ü;ì�ë;øYù¶é
çbèÛè¶êYì)�%ýyí�çsøYé�èÜì�ýyæ�ølôCèÜé]ú]øUêYûÛí � � �! � "$�&�5é7ú]ì�æÛúRü�û¶÷Ûé�øYù¶çbø

σ(T ) ⊂ D
� � éjø

f ∈ O(D)
�#óAý�æ¶ú]é

σ(Z∗⊗1E)∪σ(T ∗) ⊂ {z; z ∈ D} ��øYùÛéÌôCè�çHúRé M ýyô#ýyæ�ö�çsêYýFçHæ�ø/ëWìHê f̃(Z∗⊗1E) = f(Z⊗1E)∗
�

�déRæÛú]éVý�øÌëEì�üyü�ì3�Ìô;øYù¶çbø;�³ú]ë'� � éRí í�ç,��� � � �lýyæ ��î �  #"

f(T )∗ = f̃(T ∗) = f̃(Z∗ ⊗ 1E)|M = f(Z ⊗ 1E)∗|M.
�Wõ9"���ùÛédìHõ¶ôUé]êUöHçbøYý�ì�æ7øYù¶çbø/õÜìHøYùQôUý�÷¶é]ô5ì�ë\øYùÛédúRüyçHýyí�é]÷Qý�÷¶é]æ�øYý�ø'�QçbêYéLú]ì�æ�øYýyæAûÛì�ûÛô�üyý�æ¶éRçbê�ýyæ

hêYéR÷ÛûÛúRé]ôdøYùÛé çHôUôUéjêUøYýyìHæÿøYì7øYùÛélúaçHôUélìHë_éRü�éRí éRæ�øqçbê�� øYéRæÛôUìHêYô
h = h0 ⊗ y

�
h0 ∈ H

çHæÛ÷
y ∈ E ��Ìù¶éjêYéVý�øÌýyô;ìHõAö%ýyìHû¶ô	�

�³ú "*.LèÛè¶ü��7è1çsêUø;�Wõ/"_øYì ôUéRétøYù¶çbø

〈g, T ∗f (Cz ⊗ x)〉 = 〈f(z)g(z), x〉 = 〈g, Cz ⊗ f(z)∗x〉
ëWìHê

g ∈ H⊗ E � z ∈ D çHæÛ÷ x ∈ E∗
�

�¶ìHêdçlúRì�í í�û%øYýyæÛþ�øYû%è¶üyé
T ∈ B(H)n

ì�æ¦ç��dý�ü�õÜé]êUø;ôCè�çHú]é
H
� �5é}÷Ûé]æÛìHøYéVõ��

MT = (LT , RT∗) ∈ B(B(H))2n

øYù¶étúRì�í í�û%øYýyæÛþ
(2n)

�3øYû%è¶üyétúRì�æÛôUý�ôCøYýyæÛþ�ìHë�øYù¶édøYûÛè¶ü�é
LT = (LT1

, . . . , LTn)
ì�ë-ü�éRëFø;í�ûÛü�øYý{è¶üyýyúRç��

øYýyì�æ¦ìHèÜéjêqçbøYìHêYô
LTj : B(H) → B(H)

�
X 7→ TjX

�1çHæÛ÷�ì�ë-øYùÛé}øYû%è¶üyé
RT∗ = (RT∗1 , . . . , RT∗n )
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ì�ë�êYýyþ�ù�ødí�ûÛü{øYý�è¶üyý�úaçbøYý�ì�æ ìHèÜé]êqçbøYìbêYô
RT∗j : B(H)→ B(H)

�
X 7→ XT ∗j

��åNøLý�ô �5é]üyü&�%æÛì3�Ìæ �³ôUéRé
�yîsò3 #";øYù¶çbø

σ(MT ) = σ(T ) × σ(T ∗)
�9�¶ìHê¼çQþ�ý{ö�éRæ�çHæ¶çHü ��øYýyúlëEû¶æÛújøYýyì�æ

f ∈ O(σ(T ) × σ(T ∗))
�

�5é}ûÛôUéVøYùÛé}æÛìHøqçsøYýyì�æ
f(T, T ∗) = f(MT )(1H) ∈ B(H).

ó�û%èÛèÜì�ôUéløYù¶çbø
T ∈ B(H)n

çbæ¶÷
S ∈ B(K)n

çsêYé�ú]ì�í�í¼ûÛøYý�æÛþ!øYû%è¶üyé]ôVì�ë#õÜì�ûÛæÛ÷¶é]÷�ìHèÜéjêqçbøYìHêYô
ì�æ �dýyü{õÜé]êUøÌôCè�çHú]éRô

H
çbæ¶÷

K
çHæÛ÷!øYù¶çbø

X ∈ B(H,K)
ýyæ�øYé]êUø'�Ìý�æÛéRô

T
çbæ¶÷

S
úRìHí èÜì�æÛéRæ�ø'�ÌýyôUé

ýyæ�øYùÛé}ôUé]æÛôUéVøYù�çsø

XTi = SiX (1 ≤ i ≤ n).
��ù¶é]æ�øYù¶é�ìbè\éjêqçbøYìHê

∆X : B(H) → B(K)
�
A 7→ XAX∗

�)ý�æ�øYé]êUø'�Ìý�æ¶é]ôløYùÛé!í�ûÛü�øYý{è¶üyýyúRçbøYý�ì�æ
øYûÛè¶ü�éRô

MT ∈ B(B(H))2n çHæÛ÷ MS ∈ B(B(K))2n ú]ì�í èÜì�æÛé]æAø'�Ìý�ôUé��5å�ë f ýyô!çHæ$çHæ¶çHü ��øYýyúúRì�ílè�ü�é	���3ö�çHü�ûÛéR÷�ëEû¶æÛújøYýyì�æ�ìHæ!çHæ�ìHèÜéRæ�æÛé]ýyþ�ù�õÜì�û%êYùÛì�ì�÷�ì�ë
(σ(T )× σ(T ∗))∪ (σ(S)× σ(S∗))

�
øYù¶é]æ

∆Xf(MT ) = f(MS)∆X
� � éRí�í�ç�� � ��� �lý�æ �yî �3 "

.
�����������
	�� 	 ¥Q§³±³²�±³²%£¼°Ü�H±N©H±³§3�b° ¢q¡Y��� ©�·q�bµH£

�
ª/£ ��·j±N©b§W°ÿ±³²%£¼§3¸�£j°�±³§W±³¹

1

C
(Z ⊗ 1E , (Z ⊗ 1E)∗) = PE ,

ª)²%£j¡Y£
PE ∈ B(H⊗E)

¸�£�°Ü�H±N£j¤L±³²%£V�b¡j±³²%� �A�b°Ü©H­ � ¡Y���R£q´j±³§J�b°¦�b°�±N�l±³²%£L¤ � ·j¤ � ©�´q£t�C¢t©H­E­Ü´q�b°Û¤�±N©b°�±
¢ � °Ü´]±³§3�b°¶¤ �
�5¡Y�s�C¢�� �dû%êÌù��Aè\ìbøYù¶é]ôUýyô�øYù¶çbø

C0 ≡ 1
ýyí è¶ü�ýyé]ôLý�æ�è1çsêUøYýyú]û¶üyçbêÌøYù¶çbø

PEf = f(0) (f ∈ H ⊗ E).
� éjø

U ⊃ σ(Z)
çHæÛ÷

V ⊃ σ(Z∗)
õÜédìHèÜéRæQæÛé]ýyþ�ù�õÜì�û%êYùÛì�ì�÷Ûô	� ��ì�è¶êYìRö�éLøYùÛétçHôUôUé]êUøYý�ì�æQý�ø�ôUû���ú]é]ô

øYì�ôUùÛì3� øYù¶çbø)�ÛëWìHêLçHæE��ëEûÛæ¶újøYýyìHæ
f ∈ O(U × V )

�ÛøYùÛé}ý�÷ÛéRæ�øYý�ø'�

〈f(Z ⊗ 1E , Z
∗ ⊗ 1E)Cλ ⊗ x,Cµ ⊗ y〉 = f(µ, λ)C(µ, λ)〈x, y〉

ù¶ìHüy÷Ûô#ëEìHê_çHüyü
λ, µ ∈ D çHæÛ÷ x, y ∈ E ��óAý�æ¶ú]é5õ\ìbøYù�ôUýy÷Ûé]ô#ì�ë¶øYù¶ý�ô#é)(Aû¶çbøYýyìHæ�çsêYé;ú]ì�æ�øYýyæAûÛì�ûÛô#üyýyæÛéRçbêýyæ

f
���5é�í�ç)��ôUû%èÛèÜì�ôUé�øYù�çsø

f = g ⊗ h �Ìý�øYù
g ∈ O(U)

çHæÛ÷
h ∈ O(V )

��å�æ(øYùÛý�ô�úRçHôUé�� �5é
ìHõÛøqçHýyæ�øYù¶çbø

f(Z ⊗ 1E , Z
∗ ⊗ 1E) = g(LZ⊗1E ) h(RZ∗⊗1E ) (1H⊗E)

= Lg(Z⊗1E) Rh(Z∗⊗1E) (1H⊗E) = g(Z ⊗ 1E) h(Z∗ ⊗ 1E)

= (g(Z)h(Z∗))⊗ 1E .��ùAûÛô;øYùÛétè¶êYìAì�ë-ý�ôÌú]ì�í è¶üyéjøYéR÷�õ��QøYù¶éVìHõ¶ôUéjêUö�çbøYý�ì�æ�øYù¶çbø

〈h(Z∗)Cλ, g(Z)∗Cµ〉 = h(λ) g(µ) 〈Cλ, Cµ〉 = (g ⊗ h) (µ, λ) C(µ, λ).
� é]ø

M ⊂ H⊗ E çHæÛ÷ M∗ ⊂ H⊗ E∗
õ\é ∗ �Jýyæ�öHçbêYýFçHæ�øLú]üyì�ôUé]÷!ôUûÛõ¶ôCè�çHú]éRô	� ��ù¶é]æ

T = PM (Z ⊗ 1E)|M ∈ B(M)n, T∗ = PM∗(Z ⊗ 1E∗)|M∗ ∈ B(M∗)
n

çbêYétúRì�í í�û%øYýyæÛþ
n
�3øYû%è¶üyé]ô>�Ìý{øYù

σ(T )∪ σ(T∗) ⊂ D
� ��ìbêÌéjö�éjê��QëWûÛæÛújøYýyì�æ

f ∈ O(∆)
çbæ¶÷�é]ö�é]ê��

ìHèÜé]êqçbøYìbê
X ∈ B(H⊗ E)

�%øYù¶éVýy÷Ûé]æ�øYý�ø'�

f(MT )(PM X|M) = PM [f(MZ⊗1E )(X)]|M
ù¶ìHüy÷Ûô	�¶å�æ¶÷Ûé]éR÷/�¶ý�øÌôUû���ú]é]ô;øYì�úqùÛéRúJ�QøYùÛýyô;ýy÷ÛéRæ�øYý{ø'��ëWìHêÌëEûÛæ¶újøYýyìHæ¶ô

f
ì�ë�øYùÛéVëEìHêYí

f = g ⊗ h, g ∈ O(U), h ∈ O(V ),
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�Ìù¶éjêYé
U ⊃ σ(Z)

çHæÛ÷
V ⊃ σ(Z∗)

çbêYé � �%é]÷ ìHèÜé]ælæÛéRý�þ�ù�õ\ìHûÛêYùÛì�ìA÷¶ô	�Hå�æ�øYùÛý�ô)úRçHôUé/øYùÛé;çbôUôUé]êUøYý�ì�æ
éaçHôUý�ü���ëEì�üyü�ì3�ÌôLçbôLçHæ çbèÛè¶üyý�úaçbøYý�ì�æ ì�ë � é]í�í�ç!î��yîE�3ç�"$�
�������	��

�����������
	�� 	 � �b¡�£jµb£j¡�¹�� � £�¡Y©H±N�b¡

X ∈ B(M,M∗)
ª)²�§J´�²�§E°�±N£j¡j±³ª)§E°Ü£j¤}±³²%£ ´Y��� � � ±³§W° �

± ��� ­�£j¤
T ∈ B(M)n

©b°Ü¸
T∗ ∈ B(M∗)n

´q��� � �b°Ü£j°�±³ª)§E¤]£
�
ª/£¼²%©bµb£�±³²%£¼§3¸�£j°�±³§W±³¹

〈
1

C
(MT∗)(XX

∗)h, k

〉
= 〈PEX∗h,X∗k〉

¢]�b¡�©H­E­
h, k ∈M∗

�

�5¡Y�s�C¢���� ôUýyæÛþ � é]í�í�ç!î�� �;�5é}ìHõÛøqçHý�æ!øYùÛéVýy÷Ûé]æ�øYý�ø'�

1

C
(MT∗)(XX

∗) = ∆X

(
1

C
(T, T ∗)

)
= ∆X(PMPE |M),

�Ìù¶ý�ú�ù!ýyô;é)(AûÛý�öHçHüyé]æ�ø;øYì øYùÛé¼çHôUôUéjêUøYýyìHæ&�

� � � � ��	���� 
 � � � ��� � ���
� 
 ��� � ����� ����
�� 	�� � � 	 ����� ��� ��ù%êYì�ûÛþ�ùÛì�û%ø)øYùÛý�ô)ôUé]ú]øYý�ì�æ;�5é�í�ç ��é/øYù¶é
çHôUôUûÛí èÛøYýyì�æ�øYù¶çbøLøYùÛé�ìHèÜé]æÿôUéjø

D ⊂ Cn ýyôtç7þHéRæÛéjêqçHüyý�
Ré]÷ÿçHæ¶çHü ��øYýyú}è\ìHü��%ùÛé]÷ÛêYìHæÿý�æ¦øYù¶é¼ôUéRæÛôUéøYù�çsøVøYùÛéjêYé�çbêYé�çHæ�ìHèÜé]æ�æÛéRý�þ�ù�õ\ìHûÛêYùÛì�ìA÷
W
ì�ë
D
çbæ¶÷�çHæ(çbæ�çbü���øYý�ú�í�çbøUêYý�� �3öHçHü�û¶é]÷�ëWûÛæÛújøYýyì�æ

d = (djk) : W → B(Cq,Cp) ∼= Cp,q
ôUûÛú�ù!øYù¶çbø

d(0) = 0
çHæÛ÷

D = {z ∈W ; ‖d(z)‖ < 1}.
� éjø5ûÛô�� ��ç�ôUéjè�çbêqçbõ¶üyédý�æ��¶æÛý�øYé!�J÷Ûýyí�é]æÛôUýyì�æ¶çHü��dýyü�õÜéjêUø5ôCè�çHúRé

H
� �¶ìHê;ç¼þ�ý{ö�éRæ7ú]ì�í�í�û%øYý�æ¶þ�øYû%è¶üyé

X ∈ B(H)n
�Ìý�øYù

σ(X) ⊂ W
�/øYùÛé�ìHèÜé]êqçsøYìHê��3ö�çbüyûÛéR÷�çbæ�çbü���øYý�úÿëEûÛæ¶újøYýyìHæ�çbüdúRçHüyú]ûÛüyûÛô�ì�ë

XçbèÛè�ü�ýyé]÷!øYìløYùÛé}ëEû¶æÛújøYýyì�æ
d
þ�ý{ö�éRô�êYýyôUéVøYì øYùÛéVí�çbøUêYý � �JìHèÜéjêqçbøYìHê

d(X) = (djk(X)) ∈ B(Hq, Hp).
� ôUýyæÛþ�øYùÛé�ôCèÜé]ú]øUêqçbü5í�çbèÛè¶ýyæÛþÿøYùÛé]ìHêYéRí ëWìHê ��ç)�%üyìbê�� ô�çbæ�çbü���øYý�ú�ëEû¶æÛújøYýyì�æ¶çHü/úaçbüyú]û¶ü�ûÛô	�)ìHæ¶é�úRçHæ
è¶êYìRö�éVøYùÛéVëWì�ü�üyì3�Ìý�æÛþ�êYé]ôUûÛü�ø)�
��������� � 	��
	! £]±

X ∈ B(H)n
·q£l©�´Y��� � � ±³§W° �7± ��� ­�£¼ª)§W±³²

σ(X) ⊂W �;��²%£�°

sup
z∈σ(X)

‖d(z)‖ ≤ ‖d(X)‖.
��ùÛýyô/êYéRôUûÛü�øH��çHô/è¶êYìRö�éR÷�ý�æ � �  \ëWìHê5øYùÛédúaçbôUétøYù¶çbø/øYùÛétú]ì�é���úRý�éRæ�øYô

djk
ì�ë
d
çbêYéLèÜì�ü��%æÛì�í ýFçHü

ëWûÛæÛú]øYý�ì�æÛô	��óAýyæÛú]é�øYù¶é¼ôYçHí�é�èÛêYì�ì�ë ���Ìý�øYùÛì�û%øVçHæE�¦úqù¶çHæÛþ�é]ô	�vçsè¶è¶ü�ýyé]ôdøYìQì�û%êtí�ìHêYé�þ�éRæÛéjêqçHü-ôUý{øYû+�
çbøYýyì�æ/�9�5é ì�í�ý�øtøYù¶él÷Ûé]øqçHý�üyô	�&�dìHøYé�øYù¶çbø)�\ýyë ‖d(X)‖ < 1

ýyæÿøYùÛé ôUéjøUøYýyæÛþ!ì�ë � é]í�í�ç � �yî��\øYùÛé]æ
σ(X) ⊂ D

���déRæÛú]é��vëEìHê�çbæ���ìHèÜéjêqçbøYìHê��3öHçHüyûÛé]÷(çHæ¶çHü ��øYýyú�ëEûÛæ¶újøYýyìHæ
f ∈ O(D,B(E,E∗))

�Ìý�øYù
þ�ý�ö�é]æ0�dýyü{õ\éjêUø;ôCè1çbúRé]ô

E
çbæ¶÷

E∗
�+�5é}úRçHæ ëEìHêYíïøYùÛé}ìbè\éjêqçbøYìHê

f(X) ∈ B(H ⊗ E, H ⊗ E∗).
�Vé��¶æÛé C çbô)øYùÛé;ôUéjø_ìHëÜçHü�ü¶ú]ì�í�í¼ûÛøYý�æÛþVøYû%è¶üyé]ô X ∈ B(H)n

�Ìý{øYù
σ(X) ⊂W çHæÛ÷ ‖d(X)‖ < 1

�
��ìHê

f ∈ O(D,B(E,E∗))
�+�5é}úRçHüyü

‖f‖S = sup{‖f(X)‖; X ∈ C}
øYù¶é!ó�úqùAû%ê æ¶ìbêYí ì�ë

f
�#óAýyæÛú]é��-ëWìHêléaçbú�ùhèÜì�ýyæ�ø

z ∈ D
�-øYùÛé

n
�3øYû%è¶üyé

z1 = (z11H , . . . , zn1H)õ\é]üyìHæ¶þHô�øYì C çHæÛ÷¬ôUý�æÛúRé f(z1) = 1H ⊗ f(z)
ëWìbêQéRçHú�ù�ëWûÛæÛújøYýyì�æ

f ∈ O(D,B(E,E∗))
�_ý�ø

ëWì�ü�üyì3�Ìô�øYù�çsø ‖f‖S ≥ ‖f‖∞,D
ëEìHêÌéRçHú�ù!ôUû¶úqù ëEû¶æÛújøYýyì�æ

f
�
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��ùÛéVüyýyæÛéRçbêÌôCè�çHú]é

S(d,B(E,E∗)) = {f ∈ O(D,B(E,E∗)); ‖f‖S <∞}
õ\é]ú]ì�í�é]ôÌç �;çHæ¶çHúqù ôCè�çHú]é}ý�ë�é)(AûÛý�èÛèÜé]÷0�Ìý{øYù�øYù¶é�óAú�ùAû%êLæÛìHêYí ‖ · ‖S

��åNøYô;ûÛæÛý�ø;õ�çHüyü

Sd(E,E∗) = {f ∈ O(D,B(E,E∗)); ‖f‖S ≤ 1}
ýyôlúRçHüyü�éR÷høYùÛé

B(E,E∗)
�3öHçHüyûÛé]÷�óAúqùAûÛê úRüyçHôUô ìHæ

D
�#�Ìý{øYù�êYé]ôCèÜéRújø�øYì

d
"$�-å�æhøYù¶éQôUúRçHüFçbê úaçbôUé

E = E∗ = C
� �5é}ôUý�í è¶ü�� �;êYý�øYé Sd

ýyæÛôCøYéRçH÷ ì�ë Sd(C,C)
�

� é]ø
L
çHæÛ÷

L∗
õÜéO�dýyü{õ\éjêUø;ôCè1çbúRé]ô	��çHæÛ÷ üyéjø;øYùÛé}í�çsøUêYý���ìHèÜéjêqçbøYìHê

U =

(
a b

c d

)
∈ B(L⊕ E, L∗ ⊕ E∗)

õ\é�çtú]ì�æ�øUêqçHújøYýyì�æ/���hé5ôUù�çbüyüÛûÛôUé5øYùÛé>�5é]üyü � �%æÛì3�Ìæ�çHæÛ÷�é]üyé]í�é]æ�øqçbê���ë³çHújø)øYù¶çbø)�HëEìHê)éaçHúqùlõÜì�ûÛæ¶÷Ûé]÷
ìHèÜé]êqçbøYìbê

X ∈ B(L∗, L)
�Ìý�øYù ‖X‖ < 1

�ÛøYùÛéVìHèÜé]êqçbøYìbê

d+ c(1L −Xa)−1Xb ∈ B(E,E∗)
ýyôVçQúRìHæAøUêqçbú]øYý�ì�æ�çbþ�çHýyæ/�/��ý��ÿçbæ�çbêUõ¶ý{øUêqçbê�� �dýyü{õ\éjêUøVôCè�çHú]é

K
� �$ý{øYù

L = Kp ∼= Cp ⊗K çHæÛ÷
L∗ = Kq ∼= Cq ⊗K, çbæ¶÷��Ìý�øYù X êYéjè�üyçHú]éR÷7õ�� dK(z) = d(z)⊗ 1K (z ∈ D)

���5édôUéRéLøYù¶çbø/øYùÛé
çHæ¶çHü���øYý�úVëWûÛæÛújøYýyì�æ

fU : D → B(E,E∗)
÷Ûé��¶æÛé]÷!õ��

fU (z) = d+ c(1Kp − dK(z)a)−1dK(z)b
ýyôVôUû%è �JæÛìHêYí õÜì�ûÛæÛ÷¶é]÷ÿõ��ÿì�æÛé�����ì ��é]éjè�øYùÛé æÛìHøqçbøYýyìHæ�ôUý�í è¶üyéjê)�/�5é�ôUù¶çHü�ü)ûÛôUû�çbüyü����;êYý�øYé

d(z)ýyæÛôCøYéaçb÷ ìHë
dK(z)

çHþ�çHý�æ/�
�¶ìHêÌøYùÛéVúRçHôUéVøYù¶çbø

d
ýyôLç�è\ìHü��%æÛì�í�ýyçHüvëWûÛæÛú]øYý�ì�æ/�ÛøYùÛéVëWì�ü�üyì3�Ìý�æÛþ�êYé]ôUûÛü�øLý�ôÌú]ì�æ�øqçHýyæÛé]÷!ýyæ � �  ��

�������	��

��������� � 	�� 	! £]±
K
·q£l©��t§W­�·q£j¡j±_¤ � ©�´q£�� ������� �b¤j£¼±³²%©H±/±³²%£ �7©H±³¡�§��Q� � £j¡Y©H±N�b¡

U =

(
a b

c d

)
∈ B(Kp ⊕ E, Kq ⊕ E∗)

§W¤¼©�´Y�b°�±³¡Y©�´]±³§J�b° �;��²%£�°
fU ∈ Sd(E,E∗)

�

�5¡Y�s�C¢�� ��ìbê/ú]ì�í è¶ü�é]øYé]æÛéRôUô	���5é;ýyæÛ÷ÛýyúRçbøYé;øYùÛé;é]üyé]í�é]æAøqçsê��lèÛêYì�ì�ë ��åNø_ôUû���ú]é]ô#øYì}ìbõ�ôUéjêUö�é�øYù�çsø)��ëEìHê
çHæE��þ�ý�ö�éRæ!øYû%è¶üyé

X ∈ C �ÛøYùÛé}ìbè\éjêqçbøYìHê

fU (X) = 1H ⊗ d+ (1H ⊗ c)(1H⊗Kp − dK(X)(1H ⊗ a))−1dK(X)(1H ⊗ b)
ýyô_çtú]ì�æ�øUêqçHú]øYý�ì�æ�çHþ�çHý�æ/����ùÛé�êYéaçHôUìHæ�ýyô�øYù�çsø#øYùÛé;í�çbøUêYý�� �Jìbè\éjêqçbøYìHê#ìbõ¶øqçbýyæÛéR÷ ëEêYì�í

U
õ ��êYéjè�üyçHú!�

ýyæÛþtý�øYô)ú]ì�é���úRý�éRæ�øYô-õ �¼øYù¶é/øYéRæÛôUìHê)èÛêYì�÷ÛûÛú]øYô �Ìý�øYùløYùÛé�ý�÷¶é]æ�øYý�ø'��ìHèÜéjêqçbøYìHê)ì�æ
H
ýyô_çdú]ì�æ�øUêqçHújøYýyì�æ

çHþ�çHý�æ&�
�Lû%ê#æÛé!��ø_çbýyí ý�ô�øYìV÷ÛéjêYý�ö�é5ôUì�í�é�û¶ôUé]ëWûÛü%ú�ù¶çbêqçHújøYéjêYý 
RçbøYýyì�æÛô�ì�ë\óAú�ùAû%ê_ú]üFçbôUô)ëWûÛæÛú]øYý�ì�æÛô	���ÌùÛýyúqù

ýyæ�è�çbêUøYý�úRûÛüFçsê ôUùÛì3� øYù¶çbø�øYùÛé�ú]ì�æ�ö�é]êYôUé�ì�ë �#êYìHèÜì�ôUý{øYýyì�æ ��� �hù¶ìHüy÷Ûô	� �¶ìHê!øYùÛé�úRçHôUéÿøYù�çsø�øYù¶é
úRì�é ��ú]ýyé]æ�øYô)ì�ë

d
çbêYé/è\ìHü��%æÛì�í�ýyçHüÛëEûÛæ¶újøYýyìHæ¶ô	�HøYùÛýyô-êYéRôUûÛü�ø#ý�ô)úRìHæAøqçbýyæÛéR÷ ý�æ ��î�î! ��óAýyæÛú]é;ì�û%ê#ôUéjøUøYýyæÛþ

ýyôÌôUü�ýyþ�ù�øYü ��í�ìHêYé}þ�é]æÛé]êqçbü � �5é}ý�æÛ÷¶ý�úaçsøYéVøYùÛéVí�çHýyæ!ýy÷Ûéaçbô	�
��������� � 	�� 	! £]±

A ∈ B(Hr) = B(H)r,r
·q£ © � �b¤q§³±³§EµH£l� � £j¡Y©H±N�b¡�����²%£�°

‖A‖ ≤ r ‖trA‖.
�5¡Y�s�C¢���� ôUýyæÛþ øYù¶é	�5çHûÛúqù����?ó�úqùE��çbêJ
¼ý�æÛé3(Aû¶çHü�ý�ø'��ëEìHê;øYùÛéVèÜì�ôUý{øYý�ö�éV÷Ûé��¶æÛý�øYéVí�çbè

{1, . . . , r}2 → B(H), (i, j) 7→ Aji



COMMUTANT LIFTING THEOREM
� A

ì�æÛé}ìHõÛøqçHý�æÛô;øYùÛé}é]ôCøYýyí�çbøYé

‖Aji‖ ≤ (‖Aii‖‖Ajj‖)1/2 ≤ max
k
‖Akk‖

ëWìHê
i, j = 1, . . . , r

� �dæ�øYù¶étìHøYùÛé]êÌù¶çHæÛ÷/��ëWìbêLçHæE� � �%éR÷!ý�æ¶÷Ûé!�
k ∈ {1, . . . , r} � �5é}ù¶çRö�é

‖Akk‖ ≤ sup
‖x‖=1

max
i
〈Aiix, x〉 ≤ ‖trA‖.

��ì�ú]ì�í è¶üyéjøYétøYù¶étèÛêYì�ì�ë�ý�øÌôUû���ú]éRô�øYì êYéRúRçHü�ü\øYù¶çbø ‖A‖ ≤ rmax
j,i
‖Aji‖

�

� é]ø
δ : S → B(Cs,Cr)

õÜédçVí�çbè7ì�æQçHæ7çbêUõ¶ý�øUêqçbê�� ôUé]ø
S
ôUû¶úqù�øYù¶çbø ‖δ(z)‖ < 1

ëEìHê
z ∈ S �

��������� � 	�� 	
������� �b¤]£¼±³²%©H±
Γ : S × S → B(Hr)

§E¤ � �b¤q§³±³§EµH£l¸�£���°¶§³±N£}¤ � ´�²!±³²%©H±

F : S → B(H), F (z) = tr((1− δ(z)δ(z)∗)Γ(z))
§W¤t¤ ���

�
°Ü�b¡ � ·Y� � °Ü¸�£Y¸�·�¹!�b°Ü£��Ì��²%£j°ÿ±³²%£ £�¤�±³§ ��©H±N£

‖Γ(z, w)‖ ≤ r((1− ‖δ(z)‖2)(1− ‖δ(w)‖2))−(1/2)

²%�H­y¸b¤)¢j�b¡l©H­E­
z, w ∈ S �

�5¡Y�s�C¢�� �H� � éRí í�ç�� � �@�5éVìHõÛøqçHýyæ�øYù¶çbø

‖Γ(z, z)‖ ≤ ‖(1− δ(z)δ(z)∗)−1/2‖2‖(1− δ(z)δ(z)∗)1/2Γ(z, z)(1− δ(z)δ(z)∗)1/2‖
≤ r‖(1− δ(z)δ(z)∗)−1‖‖F (z)‖ ≤ r(1− ‖δ(z)‖2)−1

ëWìHê}çHü�ü
z ∈ S �&��ì�úRì�ílè�ü�é]øYéløYùÛélèÛêYì�ìHë_ý�øVôUû���ú]éRôtøYì!çbèÛè¶ü���øYùÛé �5çHûÛú�ùE� �?óAúqù���çsêJ
�ý�æ¶é)(Aû¶çHü�ý�ø'�øYì øYùÛétèÜì�ôUý�øYý{ö�é}÷Ûé��¶æÛý�øYéVí�çbè

Γ
�

.dëFøYé]ê�øYùÛé]ôUéÿè¶êYéjè�çbêqçbøYý�ì�æÛô0�5é�úaçbæ$èÛêYìaö�é�ì�û%ê!ö�é]êYôUý�ì�æ$ì�ë}øYù¶éÿøYùÛéRìHêYé]í ëEêYì�í �;çbüyüVçHæÛ÷
��ì�üyìbøYæ¶ý ��ìaö ��î�î! �
��� � ��� ��� � 	�� 	  £j±

S ⊂ D
©b°Ü¸

f : S → B(E,E∗)
·q£7©b¡R·j§W±³¡q©b¡�¹��t��²%£�°�±³²%£Ì¢j�H­E­��bª)§W°��ÿ©b¡Y£

£
	 � §Wµb©H­y£�°�±��
�³ý#"

f
£ �H±N£j°1¸b¤¼±N�Q©
��© � §E° Sd(E,E∗) 
�³ýyý#" ±³²%£j¡Y£}§W¤¼© � �b¤q§³±³§EµH£l¸�£��)°¶§³±N£ ��© �

Γ : S × S → B(Eq)
¤ � ´j²�±³²%©H±

1− f(w)∗f(z) = tr((1− dt(z)dt(w)∗)Γ(z, w)) (z, w ∈ S);
�³ý�ýyý#" ±³²%£j¡Y£l£ �b§W¤q±�©��t§W­�·q£j¡j±_¤ � ©�´q£ G ©b°Ü¸�©
��© � G : S → B(E,Gq) ¤ � ´j²!±³²%©H±

1− f(w)∗f(z) = G(w)∗(1− d(w)∗d(z))G(z) (z, w ∈ S);
�³ý{ö " ±³²%£j¡Y£l£ �b§W¤q±�©��t§W­�·q£j¡j±_¤ � ©�´q£

K
©b°Ü¸�© � °¶§³±N©b¡�¹�� � £�¡Y©H±N�b¡

U =

(
a b

c d

)
∈ B(Kp ⊕ E,Kq ⊕ E∗)

¤ � ´�²!±³²%©H±
f(z) = d+ cd(z)(1Kq − ad(z))−1b

¢]�b¡
z ∈ S 
�³ý�ý#" ′ ±³²%£j¡Y£}§W¤¼© � �b¤q§³±³§EµH£l¸�£��)°¶§³±N£ ��© � Γ : S × S → B(Ep∗)
¤ � ´j²!±³²%©H±

1− f(w)f(z)∗ = tr((1− dt(z)∗dt(w))Γ(z, w)) (z, w ∈ S);
�³ýyý�ý#" ′ ±³²%£j¡Y£l£ �b§W¤q±�©��t§W­�·q£j¡j±_¤ � ©�´q£ G ©b°Ü¸�©
��© � G : S → B(Gp, E∗)

¤ � ´j²!±³²%©H±

1− f(w)f(z)∗ = G(w)(1− d(w)d(z)∗)G(z)∗ (z, w ∈ S);
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�³ý{ö " ′ ±³²%£j¡Y£!£ �b§W¤�±V© �t§³­�·q£�¡j±d¤ � ©�´q£ K ©b°Ü¸�© � °¶§W±N©b¡�¹(� � £�¡q©H±N�b¡
U
©b¤�§E°¬´Y�b°Ü¸b§³±³§3�b°��J§Eµ�� ¤ � ´�²

±³²%©H±
f = fU

�b°
S
�

�5¡Y�s�C¢�� �³ý#" ⇒ �³ýyý5"$� � éjø
f ∈ Sd(E,E∗)

õÜélç�óAúqù�û%êtúRüyçHôUôdëWûÛæÛú]øYý�ì�æ/�ÜçHæÛ÷�üyéjø
S ⊂ D

õÜé �¶æÛý�øYé��
ó�éjø

δ(z) = dt(z)
��óAû%èÛèÜì�ôUéløYù�çsø

dim(E) < ∞ �\åNøVôUû���úRé]ôtøYì�ôUù¶ì)� øYù¶çbøVýyæÿøYùÛýyôVúRçHôUé�øYù¶éjêYé
ýyô¼çQèÜì�ôUý�øYý{ö�é�÷Ûé��¶æÛý�øYé�í�çbè

Γ
çbô}ýyæ�úRìHæ¶÷Ûý{øYýyì�æ �³ýyý#"$����ùÛé]æ�øYù¶é þ�éRæÛéjêqçHü)úRçHôUé�úRçHæÿõ\é ÷¶é]÷ÛûÛúRé]÷

õ ��ú�ùÛì�ìHôUýyæÛþ �\ëWìHê}éRçHúqù �¶æ¶ý{øYé ôUé]ø
M ⊂ D

çHæÛ÷�éaçHúqù �¶æÛý�øYé!�J÷¶ý�í�é]æ¶ôUý�ì�æ¶çHü#ôUû%õ¶ôCè�çHú]é
F ⊂ E

�vç
è\ìHôUý�øYý�ö�é}÷Ûé���æÛý{øYé}í�çsè

ΓM,F : M ×M → B(F q)
ôUûÛú�ù!øYù¶çbø

PF (1− f(w)∗f(z))|F = tr((1− δ(z)δ(w)∗)ΓM,F (z, w))
ù¶ìHüy÷Ûô}ëWìHê

z, w ∈ M ����ù¶éløUêYý�ö%ýyçHü)é	�AøYéRæÛôUýyìHæ¶ô
∆M,F : D × D → B(Eq)

÷¶é��¶æÛéR÷�õ���ôUéjøUøYýyæÛþ
∆M,F = 0

ìHæ
(D ×D) \ (M ×M)

çHæÛ÷

∆M,F (z, w) = ΓM,F (z, w)PF q (z, w ∈M)
ëWìHêYí çlæ¶éjøÌýyæ�øYù¶éVú]ì�í è�çHújø �tçHûÛôU÷¶ìbê���ôCè�çHú]é

∏

(z,w)∈D×D
({X ∈ B(Eq); ‖X‖ ≤ r(z, w)}, τWOT),

�Ìù¶éjêYé
r(z, w)

çsêYédôUûÛý�øqçsõ�ü�éLêYéaçbü1æAûÛí¼õÜé]êYô*�ÌùÛýyúqù�úRçHæ�õÜédúqùÛì�ôUé]æ,�Ìý�øYù7øYùÛéLùÛéRü{è�ì�ë � é]í�í�ç@� � �
çHæÛ÷

τWOT
êYé]ëWéjêYô#øYìVøYùÛéL�5éRç���ìHèÜéjêqçbøYìHê#øYìHèÜì�ü�ì�þ�����åNø/ýyô#éRü�éRí�é]æ�øqçbê�� øYì}úqùÛéRúJ� øYù¶çbø#øYùÛéÌüyý�í�ý�ø

Γì�ëvçbæ���ú]ì�æ�ö�éjêYþ�éRæ�ø5ôUû%õ¶æÛé]ø/ì�ë
(∆M,F )

�Ìý�üyü�þ�ý{ö�édçVêYé]èÛêYé]ôUéRæ�øqçbøYý�ì�æ7ìHë
1−f(w)∗f(z)

ì�æ
D×DçHô;ýyæ ú]ì�æÛ÷Ûý�øYý�ì�æ �³ýyý5"$�

��ùAûÛôtôUûÛèÛèÜì�ôUéløYù¶çbø
S ⊂ D

ý�ô ��æÛý{øYé çHæÛ÷ÿøYù¶çbø
dim(E) < ∞ �/��ìQèÛêYìaö�éløYù¶çbø��³ý5";ýyí è¶ü�ýyé]ô

�³ýyý#"Ìýyæ�øYùÛý�ô}úRçHôUé��5é�ûÛôUé�ç�ôUéjè�çbêqçbøYýyìHæ(çbêYþ�ûÛí�é]æ�ø¼÷ÛûÛé øYì .dþ�üyéjê,��î! �����ùÛé ôUéjø
V = B(E)S×S̃ì�ë#çbüyü�ëWûÛæÛújøYýyì�æÛô

S × S̃ → B(E)
ýyôtç �¶æÛý�øYé!�J÷Ûýyí�é]æÛôUýyì�æ¶çHü�æ¶ìbêYí�éR÷�ôCè�çHú]é �Ìý�øYù êYéRôCèÜé]ú]øÌøYì�øYùÛé

ôUûÛè �JæÛìHêYí0�¶åNøÌôUû ��úRé]ô;øYì�ôUùÛì3��øYù¶çbø;øYùÛé}ëEû¶æÛújøYýyì�æ

F : S × S̃ → B(E), F (z, w) = 1− f(w)∗f(z)
õ\é]üyìHæ¶þHô)øYìtøYù¶é;ôUû%õ¶ôUéjø

C ⊂ V ú]ì�æÛôUýyôCøYý�æÛþ}ì�ëÜçHüyü¶ëEûÛæ¶újøYýyìHæ¶ô g ∈ V ëEìHê��ÌùÛýyúqù øYù¶éjêYé;ýyô_çdèÜì�ôUý�øYý{ö�é÷¶é��¶æÛý�øYéVí�çbè
Γ : S × S → B(Eq)

ôUûÛúqù øYù¶çbø

g(z, w) = tr((1− δ(z)δ(w)∗)Γ(z, w)) (z, w ∈ S).
�H� � éRí í�ç�� � � øYùÛéVôUé]ø

C
ýyôÌçlúRü�ì�ôUéR÷�èÛêYìHèÜéjêÌú]ì�æÛé}ý�æ

V
� .dôUôUûÛí�étøYù¶çbø

F /∈ C �1óAý�æ¶ú]é F çHæÛ÷øYù¶étéRü�éRí�é]æ�øYôÌì�ë
C
çbêYéVôUé]üyë5�Nçb÷�-?ì�ýyæ�øL�Ìý�øYù�êYéRôCèÜé]ú]ø;øYìløYù¶éVýyæ�ö�ìHüyû%øYýyì�æ!ì�æ

V
÷¶é��¶æÛéR÷!õ��

g∗(z, w) = g(w, z)∗,
ç �5é]üyü�� ��æ¶ì)�Ìæ�ôUé]è�çbêqçbøYý�ì�æ�øYùÛé]ìHêYé]í � ��ù¶é]ìHêYé]í � ��ò�ý�æ � ���  #"�çHü�üyì3�Ìô ûÛô øYì úqùÛì�ì�ôUé(ç ü�ýyæÛéaçsê
ëWûÛæÛú]øYý�ì�æ¶çHü

L : V → C
ôUûÛúqù øYù¶çbø

L > 0
ì�æ

C \ {0} çHæÛ÷ L(F ) < 0
� � é]ø

H0 = B(E,C)S
õ\é

øYù¶éVö�éRújøYìHêÌôCè�çHú]é¼ì�ë�çHü�ü�ëWûÛæÛú]øYý�ì�æÛô
g : S → B(E,C)

� �¶ìHê
g, h ∈ H0

��÷Ûé���æÛé¼ç�ëEû¶æÛújøYýyì�æ
g × hýyæ

V
õ��

g × h(z, w) = h(w)∗g(z).
.düyü¶ëEû¶æÛújøYýyì�æÛô_ì�ë1øYù¶éÌëEìHêYí

g×g � g ∈ H0
��õÜéRü�ì�æÛþ}øYì

C
�Aå�æÛ÷Ûé]éR÷/��õ �7óAú�ùAû%ê�� ô_øYùÛé]ìHêYéRí øYùÛéLí�çbè

Γ : S × S → B(E)
÷Ûé��¶æÛé]÷!õ��

Γ(z, w) =
∞∑

m=0

(〈(dk1(z))k, (dk1(w))k〉Cp)mg(w)∗g(z)
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� C

ýyô;èÜì�ôUý{øYý�ö�éV÷Ûé��¶æÛý�øYé}çHæÛ÷ ôYçbøYý�ô �¶éRô

g × g(z, w) = tr((1− δ(z)δ(w)∗)π∗1Γ(z, w)π1) (z, w ∈ S),
�Ìù¶éjêYé

π1 : Eq → E
ý�ô7øYùÛé¦èÛêYì�-Cé]ú]øYý�ì�æ�ì�æ�øYì(øYù¶é �ÛêYôCø�úRìAìHêY÷Ûýyæ¶çbøYé��H��ùAû¶ô

H0
ý�ô�ç��¶æÛý�øYé!�

÷¶ý�í�é]æ¶ôUý�ì�æ¶çHü��dý�ü�õÜé]êUø;ôCè�çHú]éVêYé]üFçbøYý{ö�étøYì øYùÛé}ý�æ¶æÛéjêÌèÛêYì�÷ÛûÛú]ø

〈g, h〉 = L(g × h).
��ù¶é!øYû%è¶üyé

X ∈ L(H0)n
÷Ûé��¶æÛé]÷ õ��

(Xjg)(z) = zjg(z)
ëWìbê

z ∈ S
çHæÛ÷

j = 1, . . . , n
ýyô

úRì�í í�û%øqçbøYý�ö�é �Ìý�øYù
σ(X) = S

�ÜóAý�æ¶ú]éVëWìHêÌéRçHúqù æÛì�æ+��
RéjêYì�é]üyé]í�é]æ�ø
h ∈ Hq

0

øYùÛéVêYé]üFçsøYýyì�æ

‖h‖2 − ‖d(X)h‖2 = L
( q∑

i,j=1

(
δij −

p∑

k=1

dkj(z)(dki)
∼(w)

)
hi(w)∗hj(z)

)

= L(tr[(1− δ(z)δ(w)∗)Γh(z, w)]) > 0
ù¶ìHüy÷ÛôL�Ìý{øYù

Γh(z, w) = (hi(w)∗hj(z))1≤i,j≤q
� �5éVúRìHæ¶ú]üyûÛ÷ÛéVøYù¶çbø ‖d(X)‖ < 1

�
óAýyæÛú]é!õ�� ùE��èÜìHøYùÛéRôUý�ô

f ∈ Sd(E,E∗)
�#ý{ø7ëEì�üyü�ì3�Ìô�øYù¶çbø ‖f(X)‖ ≤ 1

� �¶ìHê � �%é]÷ ö�é]ú]øYìbêYô
g, h ∈ H0

çHæÛ÷
x, y ∈ E �%øYùÛé}ý�÷¶é]æ�øYý�ø'�

〈u(X)g ⊗ x, v(X)h⊗ y〉H0⊗E∗ = L(〈u(z)x, v(w)y〉E∗ g × h(z, w))
ù¶ìHüy÷ÛôÌëWìHêLéRçHú�ù!è�çHý�êLì�ë-ëEû¶æÛújøYýyì�æÛô

u, v ∈ O(D,B(E,E∗))
��åNøÌôUû���úRé]ôÌøYì�ú�ùÛé]ú$��øYùÛý�ôdçbôUôUé]êUøYý�ì�æ

ëWìHêÌé]üyé]í�é]æAøqçsê��QøYéRæÛôUìHêYô
u = u0 ⊗A

�
v = v0 ⊗B

� �ÌùÛý�ú�ù ý�ôÌôCøUêqçHý�þ�ù�øYëWìHê���çsêY÷&�
��ý �!çHæ ìbêUøYù¶ìHæ¶ìbêYí�çHü\õ�çHôUý�ô

(ej)
r
j=1

ì�ë
E
çHæÛ÷ ÷Ûé���æÛé��¶ëWìHê

j = 1, . . . , r
�

fj : S → B(E,C), fj(z)x = 〈x, ej〉.
��ù¶é]æ

fi × fj ≡ 〈·, ei〉ej
ì�æ

S × S̃ � ��ùÛéVýy÷Ûé]æAøYý{ø'�

F (z, w) =
r∑

i,j=1

〈F (z, w)ei, ej〉 〈·, ei〉ej ,

ö�çHü�ýy÷!ëWìbêLçHüyü
(z, w) ∈ S × S̃ �¶ýyílè�ü�ýyé]ô;øYù�çsø

L(F ) = L
( r∑

j=1

(fj × fj)(z, w)−
r∑

i,j=1

〈f(z)ei, f(w)ej〉fi × fj(z, w)
)

=
∥∥∥

r∑

j=1

fj ⊗ ej
∥∥∥

2

H0⊗E
−
∥∥∥f(X)

( r∑

j=1

fj ⊗ ej
)∥∥∥

2

H0⊗E∗
≥ 0.

��ù¶ý�ôÌú]ì�æ�øUêqçH÷ÛýyújøYýyì�æ!ú]ì�í è¶üyéjøYé]ô�øYù¶étèÛêYì�ì�ë�ì�ë�øYùÛéVýyí è¶üyý�úaçsøYýyì�æ �³ý5" ⇒ �³ý�ý#"$�
�³ý�ý#" ⇒ �³ý�ýyý#"$� óAû%èÛèÜì�ôUé7øYù¶çbø

Γ
ýyô�þ�ý�ö�é]æ�çbôlý�æ�ú]ì�æÛ÷¶ý{øYýyì�æ �³ýyý5"$� ��ù¶é]æhøYùÛéjêYé7ýyôlç �dý�ü�õÜéjêUø

ôCè1çbúRé G çHæÛ÷7ç¼í�çbè G̃ : S → B(Eq,G)
ôUûÛúqù�øYù�çsø

Γ(z, w) = G̃(w)∗G̃(z)
ëEìHê

z, w ∈ S ���(êYý{øYé
G̃(z) = (G1(z), . . . , Gq(z))

çHæÛ÷ ÷Ûé��¶æÛé

G : S → B(E,Gq), G(z) = (G1(z), . . . , Gq(z))
t.

��ù¶é]æ/� �Ìý{øYù
δ(z) = dt(z)

�+�5é}ìHõÛøqçHýyæ�øYù¶çbø

tr((1− δ(z)δ(w)∗)Γ(z, w)) =

q∑

j=1

Gj(w)∗Gj(z)−
q∑

i,j=1

Gi(w)∗
( p∑

k=1

dki(w)dkj(z)
)
Gj(z)

= G(w)∗(1− d(w)∗d(z))G(z)
ëWìHê

z, w ∈ S �
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�³ý�ýyý#" ⇒ �³ý{ö "$� � éjø
G
õÜé¼ç�í�çsè�çHôÌýyæ ú]ì�æÛ÷Ûý�øYý�ì�æ �³ýyý�ý#"$� ��ùÛéRæ/�¶ëWìbê

z, w ∈ S çHæÛ÷ x, y ∈ E ��5é}ìHõÛøqçHý�æ�øYù¶éVýy÷Ûé]æ�øYý�ø'�

〈d(z)G(z)x, d(w)G(w)y〉Gp + 〈x, y〉E = 〈G(z)x,G(w)y〉Gq + 〈f(z)x, f(w)y〉E∗ .
�déRæÛú]éLøYùÛéjêYédé	�%ý�ôCø;ç;�dý�ü�õÜé]êUø5ôCè�çHú]é

K ⊃ G çHæÛ÷�ç�ûÛæ¶ý{øqçbê���ìHèÜé]êqçbøYìbê U ì�ë\øYùÛédëWìbêYí ÷Ûé]ôUú]êYý{õ\é]÷ýyæ!úRìHæ¶÷Ûý{øYýyì�æ �³ý{ö "_ôUû¶úqù!øYù¶çbø

U

(
d(z)G(z)x

x

)
=

(
G(z)x

f(z)x

)

ëWìHêLçHü�ü
z ∈ S çHæÛ÷ x ∈ E ���H�QôUì�ü{ö%ýyæÛþ øYù¶éVú]ìHêUêYéRôCèÜì�æÛ÷ÛýyæÛþ�ô �%ôCøYé]í ìHë-üyý�æÛéaçbêÌé)(Aû¶çbøYý�ì�æÛô

ad(z)G(z) + b = G(z), cd(z)G(z) + d = f(z),
�5é}ìHõÛøqçHý�æ�øYù�çsø)�¶ëWìbêLçHüyü

z ∈ S �

f(z) = d+ cd(z)(1Kq − ad(z))−1b.
�³ý{ö " ⇒ �³ý�ö " ′ � ó�û%èÛèÜì�ôUéVøYù¶çbø

U
êYé]èÛêYé]ôUéRæ�øYô

f
çbôÌýyæ!úRì�æÛ÷Ûý�øYý�ì�æ �³ý�ö "$� � ôUýyæÛþ øYùÛéVýy÷ÛéRæ�øYý{ø'�

(1Kq − ad(z))−1 = 1Kq + a(1Kp − d(z)a)−1d(z)
�5é}ôUé]éVøYù¶çbø

f(z) = d+ cd(z)b+ cd(z)a(1Kp − d(z)a)−1d(z)b

= d+ c(1Kp − d(z)a)−1d(z)b.
å�æ �)êYìHèÜì�ôUý�øYý�ì�æ,� � � �5é�èÛêYìaö�é]÷ øYù�çsøB�³ý�ö " ′ ýyílè�ü�ýyé]ôB�³ý#"$� �/ìHí è¶üyéjøYéRü ��çHæ¶çHü�ì�þ�ì�ûÛô)øYìtøYùÛéÌçbõÜìaö�é

çbêYþ�ûÛí�é]æAøYôÌì�æÛé�úRçHæ èÛêYìaö�é}øYù¶é}ýyí è¶ü�ýyúRçbøYýyì�æÛô@�³ý#" ⇒ �³ýyý#" ′ ⇒ �³ýyýyý5" ′ ⇒ �³ý�ö " ′ �9��ùAûÛôLøYùÛéVè¶êYìAì�ë)ìHë
��ù¶é]ìHêYé]í � � �lýyô;úRì�ílè�ü�é]øYé��

����� 	 
 ��� � � � � � ��� ��������� ����
 
 � 

� � � éjø H õÜé¦ç�ëWûÛæÛú]øYý�ì�æ¶çHüL�dýyü{õÜé]êUø�ôCè�çHú]é¦ú]ì�æÛôUýyôCøYý�æ¶þì�ëtçbæ�çbü���øYý�ú ëEûÛæ¶újøYýyìHæ¶ô�÷Ûé��¶æÛé]÷ ì�æ çHæ ìHèÜéRæ ôUéjø
D
ýyæ
Cn
ôUûÛú�ù øYù¶çbø H çbæ¶÷ D ôYçbøYý�ôUë5�høYù¶éúRì�æÛ÷Ûý�øYý�ì�æÛôV÷ÛéRôUújêYý�õÜé]÷(çbøtøYùÛélõÜéRþ�ý�æÛæ¶ý�æÛþ!ì�ë��sî��&.dôVý�æ��!���5é ôUûÛèÛèÜì�ôUé øYù¶çbøtøYù¶éjêYé ý�ô¼çbæ�ìHèÜéRæ

æ¶é]ýyþHùAõÜì�û%êYùÛì�ì�÷
W
ìHë
D
çHæÛ÷�çHæ¦çHæ¶çHü ��øYýyúVëWûÛæÛú]øYý�ì�æ

d : W → B(Cq,Cp)
ôUûÛú�ù!øYù¶çbø

d(0) = 0çHæÛ÷

D = {z ∈W ; ‖d(z)‖ < 1}.
.dô5ø'�Aè�ý�úaçbüÜé	�%çHí è¶üyé]ô�ì�æÛétúRçHæ�úqùÛì�ì�ôUédøYùÛé ��é]êYþHí�çHæ�çHæÛ÷ �tçbêY÷+�7ôCè1çbúRé]ô�ì�æQøYùÛétûÛæÛý�ø5õ�çHü�ü ��øYù¶é
û¶æÛý{ø;è\ìHü��%÷ÛýyôUú}ìbê;øYù¶éVú]üFçHôUôUý�úaçHüvô �%í í�é]øUêYý�ú}÷Ûì�í�çHýyæÛôÌì�ë�ø'�Aè\é]ô;å$�¶åUå5çbæ¶÷!åUåUå �³ôUé]é�� ���  "$�

�¶ìHê
0 < r < 1

��øYùÛé!ôUéjø
Wr = {z ∈ W ; ‖d(z)‖ < 1/r} ýyô�çHæ�ìHèÜé]æ æÛé]ýyþ�ù�õÜì�û%êYùÛì�ì�÷ì�ë

D
���ÌéRúRçHü�ü)øYù¶çbøVøYù¶é ìHèÜé]êqçbøYìbê��3ö�çHü�ûÛéR÷�çHæ¶çHü���øYý�ú�ëWûÛæÛújøYýyì�æ¶çHü)úaçHü�úRûÛü�û¶ô}ìHë/øYùÛé�í�ûÛü�øYý{è¶üyýyúRçbøYý�ì�æ

øYûÛè¶ü�é
Z = (Z1, . . . , Zn) ∈ B(H)n

þ�ý�ö�é]ô¼êYý�ôUé�øYì øYùÛé�í�çbøUêYý ��ìHèÜé]êqçbøYìbê
d(Z) ∈ B(Hq,Hp) ���ùÛêYìHû¶þHù¶ìHûÛø;øYùÛý�ôÌôUé]ú]øYý�ì�æ �5é}í�ç���étøYùÛé¼çH÷Û÷Ûý�øYý�ì�æ¶çHü�çHôUôUûÛí èÛøYýyì�æ!øYù¶çbø

‖d(Z)‖ ≤ 1.
� é]ø

E
çHæÛ÷

E∗
õÜétçsêUõ�ý{øUêqçbê����dý�ü�õÜé]êUø/ôCè�çHú]éRô	��åNø5ýyô �5éRü�ü �%æÛì3�Ìæ � �yî��� �9�yî �  #"�øYù¶çbø�ç¼ëWûÛæÛújøYýyì�æ

f ∈ O(D,B(E,E∗))
õÜéRü�ì�æÛþ�ô�øYì�øYùÛé¦ú]üyìHôUéR÷ ûÛæÛý�ø�õ�çHüyüÌì�ë

M(E,E∗)
�Ìý�øYù êYé]ôCèÜéRújø�øYì�øYù¶é

í�ûÛü�øYý�è¶ü�ýyéjêLæÛìHêYí ‖f‖ = ‖Tf‖
ýyë-çHæÛ÷ ì�æÛü��Qýyë�øYùÛéVýyæÛ÷ÛûÛúRé]÷ í�çbè

Kf : D ×D → B(E∗), (z, w) 7→ C(w, z)(1E∗ − f(w)f(z)∗)
ýyô;èÜì�ôUý{øYý�ö�éV÷Ûé��¶æÛý�øYé��
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� =

��������� � 	��
	! £]±
E
©b°1¸

E∗
·q£ �t§W­y·Y£j¡j±/¤ � ©�´Y£j¤ ����²%£�° S(d,B(E,E∗)) ⊂M(E,E∗)

©b°Ü¸

‖Tf‖ ≤ ‖f‖S
¢]�b¡�©H­E­

f ∈ S(d,B(E,E∗))
�

�5¡Y�s�C¢�� � éjø
f ∈ Sd(E,E∗)

õÜé¼ç�ó�úqùAû%êdú]üFçbôUôLëEûÛæ¶újøYýyìHæ&���H�0��ùÛé]ìHêYéRí � � ��øYùÛé]êYé}çbêYé}ç �dý�ü�õÜé]êUø
ôCè1çbúRé G çbæ¶÷ ç í�çbè G : D → B(Gp, E∗)

ôUûÛú�ù!øYù¶çbø

1− f(w)f(z)∗ = G(w)(1− d(w)d(z)∗)G(z)∗ (z, w ∈ D).
�ÿûÛü{øYý�è¶ü��%ý�æÛþ�õ\ìbøYù$ôUýy÷Ûé]ô ì�ë¼øYùÛýyô!é)(Aû¶çbøYýyìHæ �Ìý�øYù

C(w, z)
çbæ¶÷$ûÛôUýyæÛþ øYùÛé�çbõÜìaö�é�í�ûÛü�øYý{è¶üyýyéjê

ú�ù¶çbêqçHújøYéjêYý 
RçbøYýyì�æQø'�Ìýyú]é��
�ÛêYôCøLëWìbê
d
çbæ¶÷�øYùÛé]æ ëWìHê

f
�+�%ýyé]üy÷Ûô;øYùÛé}çHôUôUéjêUøYýyì�æ/�

. ôUéRú]ì�æÛ÷�ý�í èÜìHêUøqçHæ�øVúRìHæ¶ôUé)(AûÛé]æ¶ú]élì�ë#øYùÛélùE��èÜìHøYùÛé]ôUýyôtøYù¶çbø ‖d(Z)‖ ≤ 1
ýyôtøYùÛélëEì�üyü�ì3�ÌýyæÛþ

êYéRôUûÛü�ø)�+�ÌùÛýyúqù ôUùÛì�ûÛüy÷!õ\éVú]ì�í è�çbêYé]÷0�Ìý{øYù � éRí�í�ç�� � �lýyæ ��î3�  ��
��������� � 	�� 	! £]±

K
©b°Ü¸

E∗
·q£ �t§³­�·q£�¡j±�¤ � ©�´q£j¤ � ������� �b¤]£�±³²%©H±

a ∈ B(Kp,Kq)
©b°Ü¸

c ∈
B(Kp, E∗)

©b¡Y£ ·q� � °1¸�£q¸!� � £j¡Y©H±N�b¡�¤Vª)§W±³²
a∗a+ c∗c ≤ 1Kp

�L��²%£j°
�
¢j�b¡

x ∈ Kp �
±³²%£5¢ � °1´]±³§J�b°

Ωx : D → E∗
¸�£���°Ü£q¸�·j¹

(Ωx)(z) = c(1Kp − dK(z)a)−1x
·q£]­��b°��b¤d±N� H⊗E∗

�/��²%£��7© �
Ω : Kp → H⊗E∗ � x 7→ Ωx �

§W¤d©l­Ý§W°Ü£q©b¡V´q�b°�±³¡Y©�´j±³§J�b°!¤ � ´�²7±³²%©H±

Ω∗(Cz ⊗ y) = (1Kp − a∗dK(z)∗)−1c∗y (z ∈ D, y ∈ E∗).
�5¡Y�s�C¢�� �té��¶æÛé

α = 1H ⊗ a ∈ B(H⊗Kp,H⊗Kq)
� � éjødûÛô � � çHæÿçbêUõ¶ý{øUêqçbê���êYéaçbü�æAûÛí¼õÜé]ê

r�Ìý�øYù
0 < r < 1

� ��ùÛéRæ!øYùÛéVìHèÜé]êqçsøYìHê

δ = δr = rd(Z)⊗ 1K ∈ B(Hq ⊗K,Hp ⊗K) ∼= B(H⊗Kq,H⊗Kp)
ôYçbøYýyô �¶é]ô ‖δr‖ ≤ r

���H�7øYù¶étêYé]í�çbê��%ô�è¶êYé]ú]éR÷ÛýyæÛþ � é]í�í�ç!î��FîtøYùÛéVëWûÛæÛú]øYý�ì�æÛô

ω = ωr : Wr → B(Kp, E∗), z 7→ c(1− rdK(z)a)−1,

ϕ = ϕr : Wr → B(Kp), z 7→ (1 + rdK(z)a)(1− rdK(z)a)−1

ýyæÛ÷Ûû¶ú]éVí�ûÛü�øYý�è¶ü�ýyéjêYô
Tω ∈M(Kp, E∗)

çHæÛ÷
Tϕ ∈M(Kp).

�dû%êÌù��Aè\ìbøYù¶é]ôUé]ôÌì�æ
a
çHæÛ÷

c
ýyí è¶ü �

øYù�çsø
Tϕ + T ∗ϕ

2
=

1

2
[(1 + δα)(1− δα)−1 + (1− α∗δ∗)−1(1 + α∗δ∗)]

= (1− α∗δ∗)−1(1− α∗δ∗δα)(1− δα)−1 ≥ (1− α∗δ∗)−1(1− r2α∗α)(1− δα)−1

≥ r2(1− α∗δ∗)−1(1H ⊗ c∗)(1H ⊗ c)(1− δα)−1 = r2T ∗ωTω.
å�æ�è�çbêUøYýyú]ûÛüFçbê)�¶ý{øÌëWì�ü�üyì3�Ìô�øYù�çsø

r2
∥∥Tωr(C0 ⊗ x)

∥∥2 ≤ (1/2)〈(Tϕr + T ∗ϕr )C0 ⊗ x, C0 ⊗ x〉 = ‖x‖2
ëWìHê

0 < r < 1
çHæÛ÷

x ∈ Kp �ÜóAýyæÛú]é��¶ëEìHê x ∈ Kp � y ∈ E∗
çHæÛ÷

z ∈ D � �5é}ù¶çRö�é

〈Tωr(C0 ⊗ x), Cz ⊗ y〉 = 〈x, ωr(z)∗y〉 = 〈ωr(z)x, y〉,
ý�ø�ëEì�üyü�ì3�Ìô/øYù¶çbø5øYùÛédüyý�í�ý�ø

limr↑1〈Tωr(C0⊗ x), h〉 é!�%ýyôCøYô5ëWìbê x ∈ Kp çbæ¶÷ h ýyæ7øYùÛédüyýyæÛéRçbê�ôCè�çHæì�ë�çHü�ü\ö�é]újøYìHêYô
Cz ⊗ y

�
z ∈ D çHæÛ÷ y ∈ E∗

����é]úaçHûÛôUéVì�ë

lim
r↑1

∥∥Tωr(C0 ⊗ x)
∥∥ ≤ ‖x‖
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øYù¶éVçbõÜìaö�éVü�ýyí�ý{øÌé	�%ý�ôCøYô;ëWìHêÌçHü�ü
x ∈ Kp çHæÛ÷ h ∈ H⊗E∗

çHæÛ÷!úRçHæ�õ\édêYé]èÛêYé]ôUéRæ�øYé]÷!õ��!çlü�ýyæÛéaçsê
úRì�æ�øUêqçHújøYýyìHæ

Ω′ : Kp → H⊗ E∗
ýyæ!øYùÛéVôUéRæÛôUéVøYù¶çbø

〈Ω′x, h〉 = lim
r↑1
〈Tωr(C0 ⊗ x), h〉 (x ∈ Kp, h ∈ H ⊗ E∗).

å�æ!ö�ýyé!� ì�ë�øYùÛéVýy÷ÛéRæ�øYý{ø'�

〈(Ω′x)(z), y〉 = lim
r↑1
〈ωr(z)x, y〉 = 〈(Ωx)(z), y〉

ý�øQý�ôQú]üyéRçbê7øYù¶çbø
Ω = Ω′ ∈ B(Kp,H ⊗ E∗)

ý�ô�ç �5é]üyü��J÷Ûé��¶æ¶é]÷¬ú]ì�æ�øUêqçHú]øYý�ì�æ/�H��ùÛé èÛêYì�ì�ëVý�ô
úRì�ílè�ü�é]øYé]÷�õ��QøYùÛé}ìHõ¶ôUéjêUö�çsøYýyì�æ�øYù¶çbø

〈Ω∗(Cz ⊗ y), x〉 = 〈y, (Ωx)(z)〉 = 〈(1− a∗dK(z)∗)−1c∗y, x〉
ù¶ìHüy÷ÛôÌëEìHêLçHüyüvé]üyé]í�é]æAøYô

y ∈ E∗
�
x ∈ Kp çHæÛ÷ z ∈ D �

� é]ø
E
çHæÛ÷

E∗
õÜé;úRì�ílè�ü�é	�;�dýyü�õÜéjêUø#ôCè�çHúRé]ô	�%óAû%èÛè\ìHôUé;øYù¶çbø

M ⊂ H⊗E çHæÛ÷ M∗ ⊂ H⊗E∗çbêYé ∗ �Jýyæ�ö�çsêYýFçHæ�øLú]üyìHôUéR÷ ôUû%õ¶ôCè�çHú]éRô	���té]æÛìHøYétõ��

T = PM (Z ⊗ 1E)|M ∈ B(M)n, T∗ = PM∗(Z ⊗ 1E∗)|M∗ ∈ B(M∗)
n

øYù¶é}ú]ì�í èÛêYé]ôUôUýyì�æÛôLì�ë
Z ⊗ 1E

çbæ¶÷
Z ⊗ 1E∗

øYì
M
çHæÛ÷

M∗
�¶êYéRôCèÜé]ú]øYý{ö�é]ü������dû%êdçHý�í ýyô;øYì �¶æÛ÷

è\ìHôUý�øYý�ö�ý�ø'��ú]ì�æÛ÷Ûý�øYýyìHæ¶ô;øYù�çsøÌú�ù¶çbêqçHújøYéjêYý 
]éVøYù¶ìHôUé}ìHèÜé]êqçbøYìbêYô
X : M →M∗

�ÌùÛýyúqù ýyæ�øYé]êUø'�Ìý�æÛé
TçHæÛ÷

T∗
çbæ¶÷ �ÌùÛý�ú�ùÿè\ìHôUôUéRôUô}ç�ü�ýyëEøYý�æÛþ�øYì çQí�ûÛü�øYý{è�ü�ýyéjê

Tf : H ⊗ E → H ⊗ E∗
�Ìý{øYù�ç¦óAúqù�û%ê

úRüyçHôUôÌô �%í}õ\ìHü
f
�

�¶ìHê�øYù¶ý�ô�è¶û%êUèÜì�ôUé�� �5é � ��çHæ!ìbêUøYù¶ìHæ¶ìbêYí�çHüÜõ�çHôUýyô
(ek)k≥0

ì�ë H ú]ì�æÛôUýyôCøYý�æ¶þ ì�ë�èÜì�ü��%æÛì�í ýFçHü�ôôUû¶úqù}øYù¶çbø
C[z]

ý�ô�øYùÛé/ü�ýyæÛéaçsê-ôCè1çbæ�ì�ë�øYùÛé#èÜì�ü���æ¶ìHí�ýFçHü�ô
ek
����ìÌôUéRé#øYù¶çbø-ôUûÛúqùlç;ôUé3(�û¶é]æÛúRé

(ek)k≥0é	�%ý�ôCøYô	�Üý{øtôUû ��úRé]ôdøYì7êYé]úRçHüyü�øYù�çsødõ � ù��Aè\ìbøYù¶é]ôUýyôLøYùÛé�èÜì�ü �%æÛì�í�ýFçbüyôtëEìHêYí ç7÷ÛéRæÛôUélôUû%õ¶ôUé]øtì�ë HçHæÛ÷�øYìVçbèÛè¶ü��}øYù¶é��LêqçHí@�?ó�úqùÛí�ýy÷%ø#ìHêUøYùÛì�æÛìHêYí�çHüyý�
açbøYý�ì�ælèÛêYì�ú]é]÷¶û%êYé_øYìdøYùÛé5ë³çHí�ý�ü��
zα (α ∈ Nn)

�
�Vé��¶æÛé

Ak = ek(T∗) ∈ B(M∗)
ëWìbê

k ≥ 0
�¶å�æ çH÷Û÷Ûý�øYý�ì�æ�øYì ì�û%ê;è¶êYéjö%ý�ì�ûÛô;ù��Aè\ìbøYù¶é]ôUé]ô>�5é}í�ç ��é

øYù¶éVçHôUôUûÛí èÛøYýyì�æ!øYù¶çbø;øYùÛé}ôUéjø

M0 =
{
x ∈M∗;

∑

k≥0

‖A∗kx‖2 <∞}

ýyôt÷ÛéRæÛôUé ý�æ
M∗

� �(élôUù�çbüyü�ôUé]é üyçbøYé]êdøYù¶çbøtøYùÛýyôtú]ì�æÛ÷Ûý�øYýyìHæ�ý�ô}çbûÛøYìHí�çbøYýyúRçHü�ü��¦ôYçbøYýyô �¶é]÷�ýyæÿôUì�í�é
ýyí èÜìHêUøqçHæ�ø úaçHôUé]ô	� �dìHøYéQøYù¶çbø

M0 ⊂ M∗
ý�ô�çÿü�ýyæÛéRçbê�ôUûÛõ¶ôCè�çHú]é �ÌùÛýyúqù ýyô ý�æAöHçbêYýyçHæ�ø�ëEìHê�éRçHúqù

ìHèÜé]êqçbøYìbêÌý�æ!øYùÛé}ú]ì�í�í�û%øqçHæ�øÌì�ë
T ∗∗

� �¶ìHêLçHæE��þ�ý�ö�éRæ ìbè\éjêqçbøYìHê
B ∈ B(M∗)

�ÛøYùÛé}í�çbè

B̃ : M0 ×M0 → C, B̃(x, y) =
∑

k≥0

〈AkBA∗kx, y〉

ýyôdç��5é]üyü �J÷Ûé��¶æÛéR÷�ôUé]ôJ(AûÛýyü�ýyæÛéaçsêtëWìHêYí0� ��ìHêYé¼þ�éRæÛéjêqçHüyü �E�1ü�é]ø
p ≥ 1

õÜélç � �%é]÷¦æ¶çbøYû%êqçHü�æAû¶í}õ\éjê)�
��ù¶é]æ/�#ý�æ é	�%çHú]øYü �høYùÛé�ôYçHí�é ��ç)���)øYùÛé

p
�JëEì�üy÷�÷Ûý�êYé]ú]ø�ôUû¶í ô

A
(p)
k ∈ B(Mp

∗ )
úRçHæ�õÜé ûÛôUé]÷�øYì

çHôUôUì�ú]ýFçbøYé �Ìý�øYù!éRçHú�ù!ìHèÜéjêqçbøYìHê
B ∈ B(Mp

∗ )
ç ôUé]ôJ(AûÛýyü�ýyæÛéaçsêLëWìbêYí

B̃ : Mp
0 ×Mp

0 → C, B̃(x, y) =
∑

k≥0

〈A(p)
k BA

∗(p)
k x, y〉.

��ìHê
1 ≤ i ≤ p � �5é}÷ÛéRæÛìHøYétõ��

ιi : M∗ →Mp
∗ , x 7→ (δijx)pj=1,

πi : Mp
∗ →M∗, (xj)

p
j=1 7→ xi

øYù¶étúaçHæÛì�æÛý�úaçHüvý�æ¶ú]üyûÛôUý�ì�æÛôdçbæ¶÷�è¶êYì�-?éRújøYýyì�æÛô	�



COMMUTANT LIFTING THEOREM
� <

��������� � 	 � 	  £j±
B = (Bij) ∈ B(Mp

∗ )
·Y£�© �H§Wµb£j°$� � £j¡Y©H±N�b¡��l��²%£j°

�
¢]�b¡

ρ, σ = 1, . . . , q �
µ, ν = 1, . . . , p

©b°Ü¸�©H­E­\µH£q´j±N�b¡�¤
x, y ∈M0 �

ª/£ ��·]±N©b§E°�±³²%£¼§3¸�£j°�±³§W±³§J£�¤
�3ç�"

B̃(ινx, ιµy) = (Bµν)∼(x, y) �
�Wõ/"

B̃(dt(T∗)∗(ιρx), dt(T∗)∗(ισy)) =

p∑

i,j=1

(Bij)
∼(djρ(T∗)

∗x, diσ(T∗)
∗y)

�

�5¡Y�s�C¢�� �3ç�"��H��÷Ûé��¶æÛý�øYý�ì�æ0�5éVù¶çRö�é

B̃(ινx, ιµy) =
∞∑

k=0

〈A(p)
k BA

∗(p)
k (ινx), (ιµy)〉 =

∞∑

k=0

〈Ak(πµBιν)A∗kx, y〉 = (Bµν)∼(x, y).

�Wõ9" �té��¶æÛé
C = dt(T∗)∗ ∈ B(M∗)p,q.

��ùÛéRæ�çbô/çbæ�çbèÛè¶üyýyúRçbøYý�ì�æ�ì�ë�è�çbêUøB�3ç�"��5é;ìHõÛøqçHý�æ øYù¶çbø

B̃(C(ιρx), C(ισy)) =

p∑

i,j=1

B̃(ιj(Cjρx), ιi(Ciσy)) =

p∑

i,j=1

(Bij)
∼(Cjρx, Ciσy).

��ù�ûÛô�øYù¶étèÛêYì�ì�ë�ýyôÌú]ì�í è¶ü�é]øYé��
�¶ìHê

B = (Bij) ∈ B(Mp
∗ )
� �5éd÷Ûé��¶æÛéVç�ôUé]ôJ(AûÛýyü�ýyæÛéaçsêÌëEìHêYí

τB : M0 ×M0 → C
õ��7ôUéjøUøYýyæÛþ

τB(x, y) =

p∑

j=1

(Bjj)
∼(x, y)−

p∑

i,j=1

q∑

k=1

(Bij)
∼(djk(T∗)

∗x, dik(T∗)
∗y).

��������� � 	�� 	  £j±
Γ = 〈·, y〉y ∈ B(Mp

∗ )
·q£�© � �b¤q§W±³§WµH£�¡Y©b°¶¯

�
�b°Ü£�� � £j¡Y©H±N�b¡ �H§EµH£�°�·�¹¦©7µH£q´j±N�b¡

y ∈Mp
∗
�;��²%£j°�±³²%£�¡q£}§E¤�©�­�§E°Ü£q©b¡ ��© �

S = Sy : M0 → Hp
¤ � ´j²!±³²%©H±

�³ý#"
τΓ(x, x) = ‖Sx‖2 − ‖d(Z)∗Sx‖2 ¢j�b¡l©H­E­ x ∈M0 �

�³ýyý#" 〈Sx, q〉 =
〈
x,

p∑

j=1

qj(T∗)yj
〉 ¢j�b¡l©H­E­

x ∈M0
©b°1¸

q = (qj) ∈ C[z]p
�

�5¡Y�s�C¢�� ��ìbê
x ∈Mp

0

�ÛøYùÛé}í�çbè
tx : C[z]→ C

�
q 7→ 〈x, q(T∗)(p)y〉 �ÛýyôLçbæAøYý�üyý�æ¶éRçbêÌôUû¶úqù!øYù�çsø

∞∑

k=0

|tx(ek)|2 =

∞∑

k=0

〈A(p)
k ΓA

∗(p)
k x, x〉 = Γ̃(x, x) <∞.

�déRæÛú]é �5é}ìbõ¶øqçbýyæ¦ç@�5é]üyü �J÷Ûé��¶æÛéR÷ üyý�æÛéaçbêÌí�çbè
t : Mp

0 → H
õ���ôUéjøUøYýyæÛþ

t(x) =

∞∑

k=0

tx(ek)ek.

�H��÷Ûé��¶æÛý�øYý�ì�æQý{ø�ëWìHüyüyì)�Ìô5øYù¶çbø 〈t(x), ek〉 = tx(ek)
ëEìHê;çbüyü

k ∈ N �¶óAýyæÛúRé C[z]
ý�ô/øYù¶éLüyý�æÛéaçbê�ôCè�çHæ

ì�ë�øYùÛéVè\ìHü��%æÛì�í�ýyçHüyô
ek (k ∈ N)

çHæÛ÷�ôUý�æÛúRé¼éRçHú�ù¦ëWûÛæÛú]øYý�ì�æ
f ∈ O(D)

ý�ôLøYùÛé¼ûÛæÛýyëWìbêYí üyý�í�ý�ødì�ë
è\ìHü��%æÛì�í�ýyçHüyô;ì�æ çHæ ìHèÜé]æ!æ¶é]ýyþHùAõÜì�û%êYùÛì�ì�÷!ì�ë

D
� �5é}ìbõ¶øqçbýyæ�øYù¶çbø

〈t(x), f〉 = 〈x, f(T∗)
(p)y〉

ëWìHê
x ∈Mp

0

çHæÛ÷
f ∈ O(D)

� ��û%êUøYùÛéjêYí�ìHêYé���ëEìHê
x, x′ ∈Mp

0

� �5éVù�ç]ö�é

〈t(x), t(x′)〉 = Γ̃(x, x′).
��ùÛéVìHõ¶ôUé]êUöHçbøYýyìHæ!øYù¶çbø)�ÛëWìHê

r, s ∈ O(D)
çHæÛ÷

x ∈Mp
0

�%øYùÛé}ý�÷¶é]æ�øYý�ø'�

〈t(r(T∗)∗(p)x), s〉 = 〈r(T∗)∗(p)x, s(T∗)(p)y〉
= 〈x, (rs)(T∗)(p)y〉 = 〈t(x), rs〉 = 〈r(Z)∗t(x), s〉
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ù¶ìHüy÷Ûô	��çHüyü�ì3�ÌôÌûÛô;øYì úRì�æÛú]üyûÛ÷ÛéVøYù¶çbø;øYùÛéVýyæ�øYéjêUø'�ÌýyæÛýyæÛþ êYéRüyçbøYýyì�æ

t ◦ r(T∗)∗(p) = r(Z)∗ ◦ t
ù¶ìHüy÷ÛôÌì�æ

Mp
0

����êYý{øYé
t
çHôÌçlêYì3� ìHèÜé]êqçbøYìbê

t = (t1, . . . , tp) ∈ B(Mp
0 ,H)

çHæÛ÷ ÷Ûé��¶æÛé

S : M0 → Hp, x 7→ (tjx)pj=1.

� ôUý�æ¶þ � é]í�í�ç�� � � �3ç�" �5é}ìbõ¶øqçbýyæ!øYù¶çbø

〈t(ιjx), t(ιix
′)〉 = Γ̃(ιjx, ιix

′) = (Γij)
∼(x, x′)

ëWìHê
i, j = 1, . . . , p

çHæÛ÷
x, x′ ∈M0

��çHæÛ÷ ùÛéRæÛú]éVøYù¶çbø

(Γij)
∼(djk(T∗)∗x, dik(T∗)∗x) = 〈t(djk(T∗)∗(p)ιjx), t(dik(T∗)∗(p)ιix)〉

= 〈djk(Z)∗(Sx)j , dik(Z)∗(Sx)i〉
ëWìHêLçHü�ü

i, j = 1, . . . , p
�
k = 1, . . . , q

çHæÛ÷
x ∈M0

� .;÷¶÷Ûý�æ¶þ�û%è0�5é
��æÛ÷!øYù¶çbø
p∑

i,j=1

q∑

k=1

(Γij)
∼(djk(T∗)

∗x, dik(T∗)
∗x) =

p∑

i,j=1

〈(d(Z)d(Z)∗)i,j(Sx)j , (Sx)i〉

= ‖d(Z)∗Sx‖2
ëWìHêLçHü�ü

x ∈M0
� �dì3�
�ÛúRìHæ¶÷Ûý{øYýyì�æ �³ý5"/ëEì�üyü�ì3�ÌôÌëFêYì�íïøYù¶éVìHõ¶ôUéjêUö�çbøYý�ì�æ�øYù¶çbø

p∑

j=1

(Γjj)
∼(x, x) =

p∑

j=1

〈(Sx)j, (Sx)j〉 = ‖Sx‖2

ëWìHêLçHü�ü\ö�é]újøYìHêYô
x ∈M0

� .�ø;øYùÛé}ôYçHí éVøYýyí�é �5é
�¶æÛ÷!øYù¶çbø

〈Sx, q〉 =

p∑

j=1

〈t(ιjx), qj〉 =

p∑

j=1

〈ιjx, qj(T∗)(p)y〉

=

p∑

j=1

〈x, qj(T∗)yj〉 =
〈
x,

p∑

j=1

qj(T∗)yj
〉

ëWìHê
x ∈M0

çbæ¶÷
q = (qj) ∈ C[z]p

�
åNølëWì�ü�üyì3�ÌôlëFêYì�í � éRí í�ç � � ��øYù¶çbø

τΓ
ýyô ç¦èÜì�ôUý{øYý�ö�éQôUéRí ý��J÷Ûé��¶æÛý�øYéQôUé]ôJ(AûÛýyüyý�æÛéaçbê ëWìHêYí ëWìHê

éaçHúqù�èÜì�ôUý{øYý�ö�é�êqçHæ+� �Jì�æÛé ìHèÜéjêqçbøYìHê
Γ ∈ B(Mp

∗ )
� �dû%êVæÛé	��øVçHýyí ý�ôdøYì�ôUùÛì3� øYù¶çbø

Γ
ù¶çHôtøYì7õ\é


RéjêYì ýyë
τΓ = 0

�
��������� � 	�� 	 ������� �b¤j£�±³²%©H±

Γ = 〈·, y〉y ∈ B(Mp
∗ )
§E¤�© � �b¤q§³±³§EµH£/¡q©b°Û¯

�
�b°Ü£Ì� � £�¡Y©H±N�b¡����W¢

τΓ = 0 �±³²%£j°
Γ = 0

�

�5¡Y�s�C¢�� �/ùÛì�ì�ôUé}çlüyý�æÛéaçbê;í�çbè
S : M0 → Hp

çHô�ýyæ � éRí í�ç � � � � ��ùÛétùE��èÜìHøYùÛéRôUý�ô�øYù¶çbø
τΓ ≡ 0í�éaçbæ¶ô�èÛêYéRú]ýyôUé]ü��QøYù¶çbø

〈Sx, Sx〉 = 〈d(Z)d(Z)∗Sx, Sx〉 (x ∈M0).
ó�ý�æÛúRé

d(Z)d(Z)∗ ∈ B(Hp) ýyô7ç�èÜì�ôUý�øYý{ö�é úRì�æ�øUêqçHújøYýyìHæ&�#ý{ø7ëWì�ü�üyì3�Ìô�øYù¶çbø d(Z)d(Z)∗S = S
�

��éRúRçHûÛôUéVì�ë
d(Z)∗(C0 ⊗ α) = C0 ⊗ (d(0)∗α) = 0

ëEìHê
α ∈ Cp �5é �¶æÛ÷!øYù¶çbø

〈Sx, C0 ⊗ α〉 = 〈Sx− d(Z)d(Z)∗Sx, C0 ⊗ α〉 = 0
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���

ëWìHê
x ∈M0

çbæ¶÷
α ∈ Cp �1óAýyæÛúRé C0 ≡ 1

�Ûè�çbêUø;�³ý�ý#"_ì�ë � éRí í�ç,��� ��çHü�üyì3�ÌôÌûÛô;øYì úRì�æÛú]üyûÛ÷ÛéVøYù¶çbø

0 = 〈Sx, C0 ⊗ α〉 =
〈
x,

p∑

j=1

αjyj

〉
=

p∑

j=1

αj〈x, yj〉

ëWìHê
x ∈M0

çbæ¶÷
α = (αj) ∈ Cp

� � ôUýyæÛþ øYùÛé}÷Ûé]æÛôUý�ø'��ì�ë
M0

�5é}÷Ûé]÷¶ûÛú]éVøYù¶çbø
y = 0

�
��ùÛétë³çHújø�øYù¶çbø�éRçHú�ùQèÜì�ôUý�øYý{ö�étìHèÜé]êqçbøYìbê

∆ ∈ B(Mp
∗ )
úRçHæQõ\édêYéjèÛêYéRôUé]æ�øYéR÷!çHô�øYùÛétüyý�í�ý�ø�ì�ë-ç

ôCøUêYì�æÛþ�ü��}úRìHæAö�é]êYþ�é]æ�ø)�Hý�æÛú]êYéRçHôUýyæÛþdôUéjêYýyé]ô�ì�ë%èÜì�ôUý�øYý{ö�é/êqçbæ ���Jì�æÛé5ìHèÜéjêqçbøYìHêYô�çHüyü�ì3�Ìô-ì�æÛé/øYìdý�í èÛêYìaö�é
øYù¶éVçbõÜìaö�éVêYé]ôUû¶ü{øYôÌú]ì�æÛôUýy÷Ûéjêqçbõ¶ü����
�������	��

��������� � 	�� 	! £]±

∆ ∈ B(Mp
∗ )
·q£l© � �b¤Y§³±³§Wµb£l� � £j¡Y©H±N�b¡��;��²%£j°

τ∆ ≥ 0 �
©b°Ü¸

τ∆ = 0
§ ¢

©b°Ü¸��b°¶­�¹�§ ¢
∆ = 0

�

�5¡Y�s�C¢�� �té��¶æÛé
γ = ∆1/2 çHæÛ÷ � � çHæ�ìHêUøYùÛì�æÛìHêYí�çHü%õ1çbôUýyô (ui)i∈I

ì�ë
Mp
∗
����ùÛéRæ øYùÛéÌìHêUøYùÛì�þ�ìHæ�çbü

è¶êYì�-?éRújøYýyì�æÛô
πJ =

∑
j∈J 〈·, uj〉uj , J ⊂ I

�¶æ¶ý{øYé
,
ëEìHêYí çbæ ýyæÛújêYéaçbôUýyæÛþtæ¶éjø)ì�ë¶èÜì�ôUý{øYý�ö�é5ìHèÜéjêqçbøYìHêYô

úRì�æ�ö�éjêYþ�ý�æ¶þ;ôCøUêYì�æÛþ�ü��døYì�øYùÛé)ýy÷ÛéRæ�øYý{ø'�VìHèÜéjêqçbøYìHê)�	��ý��Vç5ö�é]ú]øYìHê
x ∈Mp

0

çHæÛ÷¼ç�êYéRçHü�æAûÛí¼õÜé]ê
ε > 0

�
��ù¶é]æ�øYùÛé]êYéVýyôÌç æ¶çbøYû%êqçHüvæAûÛí¼õÜé]ê

k = k(x, ε)
ôUû¶úqù!øYù�çsø

0 ≤ ∆̃(x, x)−
k∑

j=0

〈A(p)
j ∆A

∗(p)
j x, x〉 < ε/2.

��ìHê
k
� �%é]÷/� �5éVúRçHæ!ú�ùÛì�ì�ôUé¼ç	��æÛý{øYé}ôUé]ø

J0 ⊂ I
ôUûÛú�ù!øYù¶çbø

0 ≤
k∑

j=0

(〈γA∗(p)j x, γ A
∗(p)
j x〉 − 〈πJγA∗(p)j x, γA

∗(p)
j x〉) < ε/2

ëWìHêLçHü�ü��¶æÛý�øYéVôUé]øYô
J ⊂ I ú]ì�æ�øqçHý�æ¶ý�æÛþ J0

� �dé]æÛúRé��ÛëWìHê;øYùÛéVôYçHí�é}ôUéjøYô
J
�+�5é}ù¶çRö�é

0 ≤ ∆̃(x, x)−
k∑

j=0

〈γπJγA∗(p)j x,A
∗(p)
j x〉 < ε.

��ù�ûÛô �5é ìbõ¶øqçbýyæ�øYù¶çbø
0 ≤ ∆̃(x, x) − (γπJγ)∼(x, x) < ε

ëEìHê}çbüyü �¶æÛý�øYélôUéjøYô
J ⊃ J0

� �/ì�æÛôUé!�
(AûÛéRæ�øYü��,�5é}ù¶çRö�é}ôUùÛì3�Ìæ�øYù�çsø

limJ (γπJγ)∼(x, x) = ∆̃(x, x)
ëWìbêLçHüyü

x ∈Mp
0

�
��ý �lçÌö�éRújøYìHê

x ∈M0
��óAýyæÛúRé��bëWìHê#çbüyü

J ⊂ I �¶æÛý�øYé��søYù¶é/ìHèÜé]êqçsøYìHêYô γπJγ =
∑
j∈J 〈·, γuj〉γujçbêYé
�¶æÛý�øYéVôUûÛí�ôÌì�ë�èÜì�ôUý{øYý�ö�étêqçHæ+� �Jì�æÛé}ìHèÜéjêqçbøYìHêYô	� � é]í�í�ç���� ��ôUù¶ì)�ÌôÌøYù¶çbø�øYùÛé}é!��èÛêYé]ôUôUýyì�æÛô

τ(γπJγ)(x, x) =

p∑

j=1

(γπJγ)∼(ιjx, ιjx)−
q∑

k=1

(γπJγ)∼(dt(T∗)
∗ιkx, d

t(T∗)
∗ιkx)

ëWìHêYí çbæ ýyæÛújêYéaçHôUý�æÛþ�æÛéjøÌì�ë-æÛì�æ+�JæÛéRþ�çbøYý�ö�étêYéRçHüvæAûÛí¼õÜé]êYô	� ��û%ø�øYù¶é]æ

τ(∆)(x, x) = lim
J
τ(γπJγ)(x, x) ≥ 0.

å�ë\øYùÛýyô/ü�ýyí�ý{ø�ýyô*
RéjêYì�ëEìHê5éaçbú�ù
x ∈M0

�AøYùÛéRæ
τ(〈·, γuj〉γuj) ≡ 0 (j ∈ I),

çHæÛ÷�õ�� � é]í�í�ç@� � �
çHüyôUì

γuj = 0
ëWìHêLçHüyü

j ∈ I � ��ùÛýyô;ìHõ¶ôUé]êUöHçbøYýyìHæ úRìHí è¶üyéjøYéRô�øYùÛétè¶êYìAì�ë'�
� é]ø;çHô;õÜé]ëWìHêYé

T ∈ B(M)n
çbæ¶÷

T∗ ∈ B(M∗)n
õÜéVú]ì�í èÛêYé]ôUôUýyì�æÛôÌì�ë

Z ⊗ 1E
çHæÛ÷

Z ⊗ 1E∗øYì ∗ �Jýyæ�ö�çsêYýFçHæ�øtú]üyì�ôUé]÷�ôUûÛõ¶ôCè�çHú]éRô M ⊂ H ⊗ E çbæ¶÷ M∗ ⊂ H ⊗ E∗
�1êYé]ôCè\é]újøYý�ö�é]ü���� � æÛ÷¶éjêLøYù¶é

ù��Aè\ìbøYù¶é]ôUýyô�øYù¶çbø;øYùÛéVôUé]ø

M0 =
{
x ∈M∗ ;

∞∑

k=0

‖ek(T∗)
∗x‖2 <∞

}
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ýyô¼÷Ûé]æÛôUé�ý�æ
M∗

�&�5é�úqù¶çbêqçHújøYé]êYý�
RéløYù¶ìHôUé�ìHèÜé]êqçbøYìbêYô
X ∈ B(M,M∗)

ý�æ�øYé]êUø'�Ìý�æ¶ý�æÛþ
T
çHæÛ÷

T∗øYù�çsø;èÜì�ôUôUé]ôUôLç üyý�ëEøYýyæÛþ øYì�ç í�ûÛü{øYý�è¶üyý�é]êL�Ìý�øYù�óAú�ùAû%êLúRüyçHôUôÌô �%í}õ\ìHü �
��� � ��� ��� � 	���	! £]±

X ∈ B(M,M∗)
·Y£¦©(·q� � °Ü¸�£q¸(� � £�¡Y©H±N�b¡Q¤ � ´j²h±³²%©H±

XTi = T∗iX
¢]�b¡

i = 1, . . . , n
�;��²%£�°�±³²%£/¢j�H­E­��bª)§W°��!´q�b°Ü¸b§W±³§J�b°¶¤¼©b¡Y£l£
	 � §EµH©H­�£j°�±��

�³ý#" ±³²%£j¡Y£l£ �b§W¤q±³¤�©L¢ � °1´]±³§J�b°
F ∈ Sd(E,E∗)

¤ � ´�²!±³²%©H±
XPM = PM∗TF 
�³ýyý#" ±³²%£j¡Y£l£ �b§W¤q±³¤�© � �b¤q§W±³§Wµb£l� � £�¡Y©H±N�b¡

Γ = (Γij) ∈ B(Mp
∗ )
¤ � ´�²!±³²%©H±

1

C
(MT∗)(1−XX∗) =

p∑

j=1

Γjj −
p∑

i,j=1

q∑

k=1

dik(T∗)Γijdjk(T∗)
∗;

�³ý�ýyý#" ±³²%£j¡Y£l£ �b§W¤q±�©��t§W­�·q£j¡j±_¤ � ©�´q£
K
©b°Ü¸�© � °¶§³±N©b¡�¹�� � £�¡Y©H±N�b¡

U =

(
a b

c d

)
∈ B(Kp ⊕ E, Kq ⊕ E∗)

¤ � ´�²!±³²%©H±_§ ¢
F (z) = d+ c(1Kp − dK(z)a)−1dK(z)b �

±³²%£�°
XPM = PM∗TF

�

�5¡Y�s�C¢�� ��ùÛé}é)(AûÛý�öHçHüyé]æÛúRétì�ë-ú]ì�æÛ÷Ûý�øYýyìHæ¶ô �³ý#"5çHæÛ÷ �³ý�ýyý5"/ëWì�ü�üyì3�Ìô;ëEêYì�í ��ùÛé]ìHêYé]í � � ���
��ìlèÛêYìaö�étøYùÛéVý�í è¶üyý�úaçbøYý�ì�æ �³ý�ý#" ⇒ �³ýyý�ý#"$�ÛôUû%èÛèÜì�ôUétøYù¶çbø

Γ ∈ B(M∗)p
ý�ôÌç�èÜì�ôUý{øYý�ö�étìHèÜéjêqçbøYìHê

çHô-ý�ælú]ì�æÛ÷Ûý�øYýyìHæ �³ýyý5"$���té��¶æ¶é
K0 = Mp

∗
çHæÛ÷

L = Γ1/2 � ��êYý�øYé L = (L1, . . . , Lp)
t ∈ B(K0,M

p
∗ )çHôVçQúRì�ü�ûÛí�æ�ìbè\éjêqçbøYìHê)�/��ùÛé]æ

Γij = LiL
∗
j

ëEìHê
1 ≤ i, j ≤ p

çHæÛ÷/�vûÛôUý�æ¶þ �#êYìHèÜì�ôUý{øYýyì�æ�î�� ���9�5é
ìHõÛøqçHýyæ�øYùÛé}ý�÷ÛéRæ�øYý�ø'�

‖PE∗h‖2 − ‖PEX∗h‖2 = ‖(L∗jh)pj=1‖2 −
∥∥∥
( p∑

j=1

L∗jdjk(T∗)
∗h
)q
k=1

∥∥∥
2

ëWìHêLçHü�ü
h ∈M∗

� �dé]æÛúRédøYù¶éVí�çbè
( p∑

j=1

L∗jdjk(T∗)
∗h
)q
k=1
⊕ (PE∗h) 7→ (L∗jh)pj=1 ⊕ (PEX

∗h)

÷¶é��¶æÛéRôtçHæ�ý�ôUì�í�éjøUê��
V
ëEêYì�í øYùÛé�ü�ýyæÛéRçbêtôUû%õ�ôCè�çHú]élì�ë

Kq
0 ⊕ E∗

ú]ì�æÛôUýyôCøYý�æÛþ�ì�ë�øYùÛé¼ö�éRújøYìHêYôLì�æ
øYù¶étü�éRëFø��Jù�çbæ¶÷�ôUýy÷ÛéVý�æAøYìløYùÛétôCè�çHúRé

Kp
0 ⊕E

� �/ùÛì�ì�ôUé}ç@�dý�ü�õÜé]êUø�ôCè1çbúRé
K ⊃ K0

çbæ¶÷!çlû¶æÛý{øqçbê��
ìHèÜé]êqçbøYìbê

U ∈ B(Kp⊕E, Kq⊕E∗)
ôUûÛúqù�øYù¶çbø

U∗
é	��øYé]æÛ÷Ûô

V
� � é]ø

a, b, c, d
õÜé/øYùÛé5ú]ì�é ��ú]ýyé]æAøYô

ì�ë
U

�3çbô�ý�æ ú]ì�æÛ÷¶ý{øYýyì�æ �³ýyý�ý#"�ì�ë �#êYìHèÜì�ôUý{øYýyì�æ � �{ò�"$���té���æÛý�æ¶þ
Φj = LjPK0

∈ B(K,M∗)
ëEìHê

j = 1, . . . , p
�5éVìHõÛøqçHýyæ!øYù¶çbø

a∗
( p∑

j=1

Φ∗jdjk(T∗)
∗h
)q
k=1

+ c∗PE∗h = (Φ∗jh)pj=1,

b∗
( p∑

j=1

Φ∗jdjk(T∗)
∗h
)q
k=1

+ d∗PE∗h = PEX
∗h

ëWìHê¼çHüyü
h ∈ M∗

��.;ú]úRìHêY÷Ûý�æ¶þ�øYì � é]í�í�ç � � �7øYù¶é û¶æÛý{øqçbê���ìHèÜéjêqçbøYìHê
U
ýyæÛ÷ÛûÛúRé]ô¼ç!ú]ì�æ�øUêqçHújøYýyì�æ

Ω = (Ω1, . . . ,Ωp) : Kp → H⊗ E∗
û¶æÛý (AûÛéRü �!÷ÛéjøYé]êYí�ý�æÛéR÷�õ��

Ω∗(Cz ⊗ x) = (1Kp − a∗dK(z)∗)−1c∗x (z ∈ D, x ∈ E∗).
åNøÌëEì�üyü�ì3�Ìô;øYù¶çbø

a∗dK(z)∗Ω∗(Cz ⊗ x) + c∗x = Ω∗(Cz ⊗ x),

b∗dK(z)∗Ω∗(Cz ⊗ x) + d∗x = PE T
∗
FU

(Cz ⊗ x)
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ëWìHê
x ∈ E∗

çHæÛ÷
z ∈ D �ÜóAýyæÛúRétøYùÛéVö�éRújøYìHêYô

Cz ⊗ x
ôCè�çHæ H⊗ E∗

øYìHèÜì�üyìHþ�ýyúRçHüyü �E�%øYùÛé}ý�÷¶é]æ�øYý�ø'�

dK(z)∗Ω∗(Cz ⊗ x) =
( p∑

j=1

Ω∗j (djk(Z)∗ ⊗ 1E∗)(Cz ⊗ x)
)q
k=1

ýyí è¶üyý�éRô�øYù¶çbø

a∗
( p∑

j=1

Ω∗j (djk(Z)∗ ⊗ 1E∗)h
)q
k=1

+ c∗PE∗h = (Ω∗jh)pj=1,

b∗
( p∑

j=1

Ω∗j (djk(Z)∗ ⊗ 1E∗)h
)q
k=1

+ d∗PE∗h = PE T
∗
FUh

ëWìHêdçHü�ü
h ∈ H ⊗ E∗

���té��¶æÛé
Φ′j = PM∗Ωj ∈ B(K,M∗)

çHæÛ÷
Ψj = Φj − Φ′j ∈ B(K,M∗)

ëEìHê
j = 1, . . . , p

����ùÛé]æ
(Φ′j)

∗h = Ω∗jh
ëWìbê

h ∈M∗
� ��ç��%ý�æ¶þVøYùÛé;÷¶ý �Üé]êYé]æÛúRéÌì�ë1øYùÛé�êYé]èÛêYé]ôUéRæ�øqçbøYý�ì�æÛô

ì�ë
Φ∗jh

çHæÛ÷
Ω∗jh

ìHõÛøqçHý�æ¶é]÷ çbõÜìaö�é���çHæÛ÷!õ���ûÛôUýyæÛþ�øYùÛéVë³çHújø;øYù¶çbø

(djk(Z)∗ ⊗ 1E∗)|M∗ = djk(T∗)
∗,

�5é}ú]ì�æÛúRü�ûÛ÷¶étøYù¶çbø

a∗
( p∑

j=1

Ψ∗jdjk(T∗)
∗h
)q
k=1

= (Ψ∗jh)pj=1 (h ∈M∗).

ó�ý�æÛúRé
a∗
ý�ôLç úRìHæAøUêqçbú]øYý�ì�æ/� �5é ��æÛ÷!øYù¶çbø

p∑

j=1

‖Ψ∗jh‖2 ≤
q∑

k=1

∥∥∥
p∑

j=1

Ψ∗jdjk(T∗)
∗h
∥∥∥

2

(h ∈M∗).

�déRæÛú]é
∆ = (ΨiΨ

∗
j )i,j ∈ B(Mp

∗ )
ýyôÌçlèÜì�ôUý�øYý{ö�éVìHèÜé]êqçbøYìbêÌôUû¶úqù!øYù¶çbø

p∑

j=1

∆jj −
p∑

i,j=1

q∑

k=1

dik(T∗)∆ijdjk(T∗)
∗ ≤ 0.

�H� �#êYìbè\ìHôUý�øYýyìHæ ����ñ¼øYùÛétèÜì�ôUý�øYý{ö%ý�ø'�Qì�ë�øYùÛéVìHèÜéjêqçbøYìHê
∆
ýyí è¶üyý�éRô�øYùÛétèÜì�ôUý{øYý�ö%ý{ø'�Qì�ë�øYùÛéVýyæÛ÷ÛûÛúRé]÷

ôUéRôJ(AûÛý�üyýyæÛéRçbêdëWìHêYí
τ∆ = M0 ×M0 → C

� � ôUýyæÛþ�øYùÛé¼÷¶é��¶æÛý�øYýyìHæ�ì�ë
τ∆
ìHæ¶é¼ìHõÛøqçHýyæÛôLøYù¶çbø

τ∆ýyô/æÛéRþ�çbøYý�ö�é�� �dé]æÛúRé
τ∆ = 0

�%çHæÛ÷�çbþ�çHýyæ�õ�� �#êYìHèÜì�ôUý�øYý�ì�æ � ��ñ��%ý{ø5ëWì�ü�üyì3�Ìô_øYù¶çbø
∆ = 0

� ��û%ø/øYùÛé]æ

Φ∗j = Φ
′∗
j = Ω∗j |M∗ (1 ≤ j ≤ p).

�/ì�í è�çbêYýyæÛþ øYùÛé¼çbõÜìaö�éVêYéjèÛêYéRôUé]æ�øqçbøYýyì�æÛô;ì�ë
PEX

∗h
çHæÛ÷

PET
∗
FU
h
�+�5é}ìHõÛøqçHý�æ�øYù�çsø

PEX
∗h = PET

∗
FUh (h ∈M∗).

��ù¶é]æ/�¶ëEìHêLçHæE�!ú]ì�æÛôCøqçHæ�øÌëWûÛæÛújøYýyì�æ
x ∈ E ⊂ H⊗ E çHæÛ÷¦çHæE��í¼û¶ü{øYýyý�æ¶÷Ûé!� α ∈ Nn �+�5é}ù¶çRö�é

〈X∗h, (Zα ⊗ 1E)x〉 = 〈T ∗αX∗h, x〉 = 〈X∗T ∗α∗ h, x〉
= 〈T ∗FUT ∗α∗ h, x〉 = 〈Z∗α ⊗ 1E T

∗
FU
h, x〉 = 〈T ∗FUh, (Zα ⊗ 1E)x〉.

óAýyæÛú]é H ⊗ E ýyô}ôCè�çHæÛæÛéR÷�øYìHèÜì�üyì�þHýyúRçHüyü ��õ��ÿøYùÛé�é]üyé]í�éRæ�øYô}ì�ë_øYùÛé�ëEìHêYí zα ⊗ x (α ∈ Nn,
x ∈ E)

�9�5é �¶æÛ÷�øYù¶çbø
X∗h = T ∗FUh

ëEìHê¼éRçHúqù
h ∈ M∗

����ùAûÛôVøYùÛélè¶êYìAì�ë/ìHë_øYù¶é ý�í è¶üyýyúRçbøYý�ì�æ
�³ýyý#" ⇒ �³ýyý�ý#"_ýyôÌú]ì�í è¶ü�é]øYé��

�(é�ú]ì�í è¶üyéjøYé�øYùÛé�èÛêYì�ìHëLì�ë ��ùÛé]ìHêYéRí ���{ò¦õ���ôUùÛì3�Ìý�æ¶þ�øYù¶çbø �³ýyýyý5" ⇒ �³ý�ý#"$�_óAûÛèÛèÜì�ôUé�øYù¶çbø
F = FU

ëWìHêLçlûÛæÛý�øqçbê��Qí�çsøUêYý���ìHèÜéjêqçbøYìHêÌçbô;ýyæ!úRìHæ¶÷Ûý{øYýyì�æ �³ýyý�ý#"$� ��ùÛéVù��Aè\ìbøYù¶é]ôUýyô�øYù¶çbø
XPM =

PM∗TF
ýyô-éaçHôUý�ü��¼ôUé]éRæ�øYìLõÜé5é)(AûÛý�öHçHüyé]æ�ø-øYìLøYùÛé5úRì�æÛ÷Ûý�øYý�ì�æ¼øYù�çsø

T ∗FM∗ ⊂M
çHæÛ÷

X∗ = T ∗F |M∗
�
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%��ÛçHújøYü��!çbôLý�æ!øYùÛéVèÛêYé]ö%ý�ì�ûÛô;è1çsêUøLì�ë-øYùÛéVèÛêYì�ì�ë � �5é¼çbèÛè�ü � � é]í�í�ç,��� ��øYì�øYùÛé
�ÛêYôCøLúRì�ü�ûÛí�æ¦ìHë
øYù¶é�í�çbøUêYý���ìHèÜé]êqçsøYìHê

U
øYì¦÷Ûé��¶æ¶é7ç úRìHæAøUêqçbú]øYý�ì�æ

Ω = (Ω1, . . . ,Ωp) : Kp → H ⊗ E∗
� ��ù¶é

ôYçHí�é¼çbêYþ�ûÛí�é]æ�øYôLçHô;ýyæ�øYùÛéVèÛêYì�ìHë-ì�ë�øYù¶éVýyílè�ü�ýyúRçbøYýyìHæ �³ýyý5" ⇒ �³ýyý�ý#"/ôUùÛì3��øYù�çsø

U∗
(( p∑

j=1

Ω∗j (djk(Z)∗ ⊗ 1E∗)h
)q
k=1
⊕ (PE∗h)

)
= (Ω∗h)⊕ PET ∗Fh

ëWìHê/éaçbú�ù
h ∈ H⊗E∗

� � ôUýyæÛþ	�#êYìbè\ìHôUý�øYýyìHæÿî�� �¼çHæÛ÷�øYùÛédëWçHújø/øYù¶çbø
U∗
ýyô/ý�ôUì�í�éjøUêYýyú����5éLôUéRéÌøYù¶çbø

〈 1
C (MT∗)(1−XX∗)h, h〉 = ‖PE∗h‖2 − ‖PEX∗h‖2

= ‖Ω∗h‖2 −
∥∥∥
( p∑

j=1

Ω∗jdjk(T∗)
∗h
)q
k=1

∥∥∥
2

ëWìHêLçHü�ü
h ∈M∗

� �dì)� ý�øÌýyô;éRü�éRí éRæ�øqçbê��QøYì ú�ùÛé]ú$�QøYù¶çbøÌú]ì�æÛ÷Ûý�øYý�ì�æ �³ýyý#"/ùÛì�ü�÷ÛôL�Ìý�øYù

Γ = (PM∗ΩiΩ
∗
j |M∗)ij ∈ B(Mp

∗ ).
��ù�ûÛô�øYù¶étèÛêYì�ì�ë�ì�ë ��ùÛé]ìHêYéRí � �{ò�ýyô;úRì�ílè�ü�é]øYé��
� ��� ����� � 	�� 	@��ùÛé�ùE��èÜìHøYùÛé]ôUýyô øYù¶çbø

M0 ⊂ M∗
ý�ô�÷Ûé]æÛôUé ý�ô ì�æÛü��hû¶ôUé]÷�øYìÿèÛêYìaö�éQøYù¶çbø��³ý�ý#"

ýyí è¶üyý�éRô �³ý�ýyý5"�ý�æ ��ùÛé]ìHêYé]í ���{ò�� �hé�÷¶ì�æ¶ìbø �%æÛì3� �ÌùÛéjøYùÛé]êQøYùÛýyô�ýyílè�ü�ýyúRçbøYýyìHæ�êYé]í�çHý�æÛôQøUêYû¶é
�Ìý�øYùÛì�û%øtøYùÛýyôtùE��èÜìHøYùÛé]ôUýyô	�/��ìHê

p = 1
�\æÛì�ú]ì�æÛ÷¶ý{øYýyì�æÿì�æ

M0
ý�ôtæ¶é]é]÷¶é]÷/�\å�æÛ÷ÛéRé]÷/�\ýyæ�øYùÛýyôtúaçbôUé��

ì�æÛé}ìHõÛøqçHý�æÛôÌé!�ÛçHújøYü���çHô;ýyæ�øYù¶é}çbõÜìaö�étèÛêYì�ì�ë-ç èÜì�ôUý{øYý�ö�éVìHèÜé]êqçsøYìHê
∆ ∈ B(M∗)

ôUû¶úqù!øYù¶çbø

∆−
q∑

k=1

dk(T∗)∆dk(T∗)
∗ ≤ 0.

��ì7è¶êYìRö�éløYù¶çbø �³ýyý#";ýyí è¶ü�ýyé]ô��³ýyý�ý#"ÌìHæ¶élù¶çHôdøYì�ôUùÛì3� øYù¶çbø
∆ = 0.

�H��ç,�5éRü�ü�� �%æÛì3�Ìæ�çbêYþ�ûÛí�é]æ�ø
�³ôUéRéÌøYùÛéÌèÛêYì�ì�ëvìHë&��ù¶é]ìHêYé]í � �yî� �ý�æ �Ýð  1ý�ø5ôUû���ú]éRô_øYì�ú�ùÛé]ú$� øYù�çsø/øYùÛéÌêYì3��úRìHæAøUêqçbú]øYý�ì�æ

d(T∗) ∈
B(M∗)q

ý�ô;è¶û%êYé��¶ý � é����ÛøYù¶çbø
ó�� �H�

lim
N→∞

ΣNd(T∗)(1) = 0,

�Ìù¶éjêYé
Σd(T∗) : B(M∗) → B(M∗), X 7→

∑q
k=1 dk(T∗)Xdk(T∗)∗.

��û%ø�øYùÛýyô¼ëWì�ü�üyì3�ÌôléRçHôUýyü �
ëEêYì�íïøYùÛéVìHõ¶ôUé]êUöHçbøYý�ì�æ�øYù�çsø

ΣNd(Z⊗1E∗ )(1)(Cw ⊗ x) =
( q∑

k=1

dk(w)dk(Z ⊗ 1E∗)
)N

(Cw ⊗ x)
N→ 0

ëWìHê
x ∈ E∗

çHæÛ÷
w ∈ D.

�Lû%ê ��æ¶çHü�çHý�í ý�æ!øYùÛýyô;ôUé]ú]øYý�ì�æ ý�ô;øYì ÷ÛéRôUújêYý�õÜéVø'��è¶ýyúRçHü\úaçHôUé]ôÌý�æ �Ìù¶ý�ú�ù�øYù¶éVôUéjø

M0 =
{
x ∈M∗;

∞∑

k=0

‖ek(T∗)
∗x‖2 <∞

}

ýyôLçbûÛøYìHí�çbøYýyúRçHü�ü��Q÷ÛéRæÛôUé}ýyæ
M∗

�
��������� � 	�� 	 ������� �b¤]£Q±³²%©H±

σ(T∗) ⊂ D.
��²%£j° ±³²%£Q¤]£�¡�§J£�¤ ∑∞

k=0 ek(T∗)ek(T∗)∗
§W¤�°1�b¡ �

´q�b°¶µH£�¡ �A£j°¶± �
�5¡Y�s�C¢�� ��ùÛé�ú]ì�æÛ÷Ûý�øYý�ì�æ¦øYù¶çbø

σ(T∗) ⊂ D
ý�í è¶üyýyé]ôÌøYù�çsø

σ(MT∗) = σ(T∗) × σ(T ∗∗ ) ⊂ ∆.
óAýyæÛú]é

øYù¶é}ôUé]êYý�éRô
C(z, w) =

∑∞
k=0 ek(z)ẽk(w)

ú]ì�æ�ö�é]êYþHéRôLûÛæÛýyëEìHêYí�ü �¦ìHæ�çHüyü�úRìHí è�çHú]øLôUûÛõ¶ôUéjøYôdìHë
∆
�

�5é}ìHõÛøqçHý�æ�øYù¶étêYéjè¶êYé]ôUé]æAøqçsøYýyì�æ
C(T∗, T ∗∗ ) =

∑∞
k=0 ek(T∗)ek(T∗)∗.

. ôUýyí�ý�üFçbêLôUý{øYû�çsøYýyì�æ ìAúRú]û%êYô>�Ìù¶é]æ
M∗
ýyô �¶æ¶ý{øYé	�J÷Ûý�í�éRæÛôUý�ì�æ¶çHü �



COMMUTANT LIFTING THEOREM
A 2 C

��������� � 	 ��� 	  £]±
M∗ ⊂ H⊗E∗

·q£V© �)°¶§W±N£
�
¸b§ �7£�°¶¤q§3�b°Ü©H­ ∗ � §W°ÛµH©b¡�§J©b°¶±�¤ � ·j¤ � ©�´Y£��_��²%£j°!±³²%£¤]£j¡�§3£j¤ ∑∞

k=0 ek(T∗)ek(T∗)∗
§W¤t°Ü�b¡ � ´q�b°¶µb£j¡ �A£�°�± �

�5¡Y�s�C¢�� �dìHøYétøYù¶çbø;øYùÛéVôUé]ø

L =
{
A ∈ B(M∗);

∞∑

k=0

ek(T∗)Aek(T∗)
∗ converges

}

ýyôLçlüyýyæÛéRçbêÌôUû%õ¶ôCè1çbúRé}ì�ë�øYùÛé ��æÛý{øYé	�J÷Ûýyí éRæÛôUýyìHæ�çbü�æÛìHêYí�é]÷ ôCè�çHúRé
B(M∗).

��é]úRçHûÛôUé}ì�ë

ó�� �H� ∞∑

k=0

ek(Z ⊗ 1E∗)PE∗ek(Z ⊗ 1E∗)
∗ =
ó�� �H� ∞∑

k=0

(〈·, ek〉ek)⊗ 1E∗ = 1H⊗E∗

ý�ødôUû���ú]éRôLøYì7ôUùÛì3��øYù¶çbøLøYùÛé�ìbè\éjêqçbøYìHê
Cj = PM∗ej(Z ⊗ 1E∗)PE∗ej(Z ⊗ 1E∗)

∗|M∗
õ\é]üyìHæ¶þHô

øYì
L
ëWìbêÌéaçHúqù � �%éR÷!æ�çsøYûÛêqçbüvæAûÛí¼õÜé]ê

j
����û%ø;øYùÛýyô;éRçHôUýyü �!ëEì�üyü�ì3�ÌôÌëFêYì�íïøYùÛé}ý�÷ÛéRæ�øYý�ø'�

ek(T∗)Cjek(T∗)
∗ = ej(T∗)Ckej(T∗)

∗

ö�çHü�ýy÷!ëWìbêLçHüyü
k ≥ 0

�
�H�!çbèÛè¶ü��%ý�æÛþ�øYùÛé}èÛêYéjö%ýyì�ûÛôLü�éRí í�ç�øYì�øYùÛé¼ôUúRçHüyçbêdúRçHôUé

E∗ = C
��ì�æÛé ��æÛ÷ÛôÌøYù¶çbøÌøYùÛé¼ôUéjêYýyé]ô

∑∞
k=0 ek(T∗)ek(T∗)∗

ýyô7çHü�ôUì(æÛìHêYí�ú]ì�æ�ö�éjêYþ�éRæ�ø�ì�æ�çbæ�� ∗ �}ýyæ�öHçbêYýFçbæAø�ôUû%õ¶ôCè1çbúRé M ⊗ E∗
ìHë

H⊗ E∗
÷ÛéjøYé]êYí�ý�æÛéR÷�õ�� ç	��æÛý{øYé	�J÷Ûýyí éRæÛôUýyìHæ�çbü

Z∗
�Jýyæ�ö�çsêYýFçHæ�øLôUû%õ¶ôCè�çHú]é

M ⊂ H.
� ��� ����� � 	 ���
	 �3ç�";å�ë

M∗
ý�ôdøYù¶é�ú]üyì�ôUé]÷�ü�ýyæÛéRçbêVôCè�çHæ�ì�ë_çHæÿçbêUõ¶ý�øUêqçbê��¦ë³çHí ýyü��¦ì�ë ∗ �Jý�æAöHçbêYýyçHæ�øôUûÛõ¶ôCè�çHú]éRô

Mi ⊂ H⊗ E∗ (i ∈ I)
ôUû¶úqù!øYù¶çbø)�ÛëWìHêÌéRçHúqù

i
�ÛøYùÛé}ôUû%õ¶ôUéjø

{
x ∈Mi;

∞∑

k=0

‖ek(PMi
(Z ⊗ 1E∗)|Mi)

∗x‖2 <∞
}
⊂Mi

ýyôÌ÷Ûé]æÛôUé��%øYù¶é]æ
M0 ⊂M∗

ýyô;÷¶é]æÛôUé��¶å�æ!è�çbêUøYý�úRûÛüyçbê)�¶ý�ë

M∗ =
∨

(Ker(λ− T∗∗)
α; λ ∈ D and α ∈ Nn),

øYù¶é]æ � é]í�í�ç � ��ðlýyí è¶ü�ýyé]ô;øYù¶çbø
M0 ⊂M∗

ýyô;÷ÛéRæÛôUé��
�Wõ9" �Læ(øYùÛé7ìHøYùÛéjê�ù�çbæ¶÷/��øYùÛéjêYé7çbêYé7éRü�éRí�é]æ�øqçbê���é!�ÛçHí è¶üyé]ô¼ôUùÛì3�ÌýyæÛþ¦øYù¶çbø�ýyæhþ�é]æÛé]êqçHü)øYù¶é

ôUé]ø
M0
úRçHæ7õÜé (AûÛý{øYédôUí�çHüyü � � é]ø H õÜéLøYùÛé �tçbêY÷+��ôCè1çbúRédì�æ7øYùÛédûÛæ¶ý{ø�÷¶ý�ôUú D ýyæ C çHæÛ÷QúqùÛì�ì�ôUé

(ek)k≥0 = (zk)k≥0.
%/çbú�ù

C·0
�Jú]ì�æ�øUêqçHújøYýyì�æ

T ∈ B(H)
ìHælçHæ�çbêUõ¶ý�øUêqçbê��O�dý�ü�õÜé]êUø�ôCè�çHú]é

H
ýyô	�sû%è

øYìdûÛæÛý�øqçbê��¼é)(AûÛý�öHçHü�éRæÛú]é��aøYùÛé5ú]ì�í èÛêYé]ôUôUýyì�ælì�ë
Z⊗1E∗ ∈ B(H⊗E∗)

øYìtç ∗ �Jýyæ�ö�çsêYýFçHæ�ø)ôUû%õ¶ôCè�çHúRé���Ìù¶éjêYé
E∗
ýyôLç ôUûÛý�øqçbõ¶ü �!úqùÛì�ôUéRæ �dýyü{õÜé]êUøÌôCè�çHú]é,� ��ùÛéRìHêYé]í �tå$� � � �lý�æ � �%î! #"$�¶å�æ!è�çbêUøYý�úRûÛüFçsê)�¶øYùÛý�ô

çbèÛè�ü�ýyé]ôLøYì�øYùÛé�çH÷�-Cì�ý�æ�ø
T = M∗z ∈ B(L2

a(D))
ì�ë�øYùÛé ��éjêYþ�í�çHæ¦ôUù¶ý�ëEød÷Ûé��¶æÛéR÷¦ì�æ¦øYùÛé;�dý�ü�õÜéjêUø

ôCè1çbúRé
L2
a(D)

ì�ë-çbüyü\ôJ(Aû¶çbêYétýyæ�øYé]þHêqçbõ¶üyéVçHæ¶çHü���øYý�útëEû¶æÛújøYýyì�æÛô�ì�æ
D
�
��û%øÌçHæ�é]üyé]í�é]æ�øqçbê��Qé!�%éjêYúRý�ôUé

ôUù¶ì)�Ìô;øYù¶çbø
{
f ∈ L2

a(D);
∞∑

k=0

‖ek(T )∗f‖2 <∞
}

=
{
f ∈ L2

a(D);
∞∑

k=0

‖zkf‖2 <∞
}

= {0}.

����� � � 
���� 
 ��� ����
 � � 
 � �
	�� � � 	 � ��� ��� � �
	�����
 � ��� ��ùÛélçbõÜìaö�é¼êYé]ôUûÛü�øYôdúRçHæ õÜé�ûÛôUéR÷ øYì7ôUì�ü{ö�é
ýyæ�øYé]êUèÜì�üyçbøYýyìHæQèÛêYìHõ¶üyé]í�ô�ëWìHêLó�úqùAû%êÌú]üFçHôUô�ëWûÛæÛújøYýyì�æÛô	�+��ìHê;ôUýyílè�ü�ýyú]ý�ø'���+�5étì�æÛü��7øUêYéRçbø/øYù¶étôUúRçHüFçsê��
ö�çHü�ûÛéR÷!úRçHôUé��%øYù¶çbøÌýyô	�¶ýyæ�øYù¶étëWì�ü�üyì3�Ìý�æ¶þ��5é}í�ç���éVøYùÛé}çHôUôUûÛí èÛøYýyì�æ!øYù¶çbø

E = E∗ = C
�

� é]ø H õÜé¼ç ëWûÛæÛú]øYý�ì�æ¶çHü&�dý�ü�õÜéjêUøÌôCè�çHú]é}úRìHæ¶ôUý�ôCøYýyæÛþ�ì�ë�çHæ¶çHü ��øYýyúVëWûÛæÛújøYýyì�æÛô;ì�æ¦çbæ ìHèÜéRæ!ôUéjø

D = {z ∈W ; ‖d(z)‖ < 1}
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ýyæ
Cn
ôUû¶úqù!øYù�çsø H çbæ¶÷ D ôYçbøYý�ôUë5�!çbüyüvùE��èÜìHøYùÛéRôUé]ôÌ÷¶é]ôUújêYý�õÜéR÷ çbø;øYùÛéVõÜé]þ�ýyæÛæÛýyæÛþ�ì�ë)ó�é]újøYýyì�æ ���

�hé	� �ÿç ��æÛý{øYé ôUû%õ¶ôUé]ø
S ⊂ D

çHæÛ÷�ôUû%èÛè\ìHôUé øYù¶çbø)�ÜëWìHêVéRçHú�ù
s ∈ S �vç �¶æÛý�øYélôUé]ø As ⊂ Nn

ý�ô
þ�ý�ö�é]æ �Ìý�øYù�øYùÛéVèÛêYìHèÜéjêUø'�QøYù¶çbø)�¶ëEìHêÌéRçHú�ù

α ∈ As
� �5éVù�ç]ö�é

{γ ∈ Nn; γ ≤ α} ⊂ As.
�dé]êYé¼øYùÛé ìHêY÷ÛéjêVêYé]üFçsøYýyì�æ

γ ≤ α
ý�ôt÷¶é��¶æÛéR÷ÿúRìHí èÜì�æÛéRæ�ø'�ÌýyôUé��/��ìHêVéRçHúqù

s ∈ S, üyéjø (cs,α)α∈Asõ\édç � �%é]÷Që³çbí�ýyü ��ì�ëvú]ì�í è¶ü�é	��æAû¶í}õ\éjêYô	� �Lû%ê;çHý�í ý�æ7øYùÛédëEì�üyü�ì3�ÌýyæÛþ�ýyô/øYì ��æÛ÷Qú]ì�æÛ÷Ûý�øYý�ì�æÛô/øYù¶çbø
ú�ù¶çbêqçHújøYéjêYý 
]étøYùÛé}é!�%ýyôCøYé]æÛúRétì�ë-ëWûÛæÛú]øYý�ì�æÛô

f ∈ Sd
ýyæ�øYùÛé�ó�úqùAû%êdú]üFçbôUôÌôUûÛú�ù�øYù�çsø

f (α)(s)/α! = cs,α (s ∈ S, α ∈ As).
óAýyæÛú]élé]ö�é]ê���óAú�ùAû%ê}ú]üFçHôUôVëEûÛæ¶újøYýyìHæ

f ∈ Sd
ýyôVçQí�ûÛü{øYý�è¶üyý�é]ê}ìHë H �Ìý�øYù ‖Tf‖ ≤ 1,

�5é �¶æÛ÷
çbø}üyéRçHôCø}ôUû���ú]ýyé]æ�ø¼úRìHæ¶÷Ûý{øYýyì�æÛôVëWìHêVøYùÛé�é!�%ý�ôCøYéRæÛú]é ì�ë/ý�æAøYéjêUèÜì�üFçsøYýyæÛþ!ëEû¶æÛújøYýyì�æÛô �Ìý�øYù�í�ûÛü�øYý�è¶ü�ýyéjê
æ¶ìbêYí ìHêLôUû%èÛêYé]í�ûÛí æ¶ìbêYí õÜì�ûÛæÛ÷ÛéR÷!õ���ì�æÛé��
óAýyæÛú]élõ ��øYùÛé ú]üyìHôUéR÷�þHêqçbè¶ù�øYùÛé]ìHêYéRí øYùÛé�ý�æÛúRü�û¶ôUý�ì�æ�í�çbèÛè�ý�æÛþ H ⊂ O(D)

ýyôVúRì�æ�øYý�æ�ûÛì�ûÛô	�
ëWìHêVéRçHú�ùÿèÜì�ý�æ�ø

w ∈ D çbæ¶÷�éaçbú�ù�í�ûÛü{øYýyýyæÛ÷Ûé!� α ∈ Nn, øYùÛéjêYé ýyô}çQû¶æÛý (AûÛé�ëEûÛæ¶újøYýyìHæ Cαw ∈ H�Ìý�øYù�øYùÛéVèÛêYìHèÜéjêUø'�QøYù¶çbø
〈f, Cαw〉 = f (α)(w)/α! (f ∈ H).

��ìLôUýyí è¶üyý�ë5�}øYùÛé/æÛìHøqçbøYý�ì�æ �5é �;êYý�øYé
f(α)(w) = f (α)(w)/α!

ëWìHê
f ∈ O(D), w ∈ D çHæÛ÷ α ∈ Nn.

� éjø
(ek)k∈N

õÜé¼çbæ ìbêUøYù¶ìHæ¶ìbêYí�çHü\õ�çHôUýyôÌì�ë H � ��ùÛéRæ

C(z, w) =

∞∑

k=0

ek(z)ẽk(w),

�Ìù¶éjêYé¦øYùÛé¦ôUéjêYýyé]ôQú]ì�æ�ö�é]êYþHéRôQûÛæÛýyëEìHêYí�ü ��ì�æ�úRìHí è�çHú]øQôUû%õ¶ôUé]øYô7ì�ë
∆ = {(z, w̄); z, w ∈ D}.�déRæÛú]é��ÛëEìHê

α ∈ Nn çHæÛ÷ z, w ∈ D, �5é
�¶æÛ÷!øYù¶çbø

(∂αwC)(z, w̄) =

∞∑

k=0

(∂αek)∼(w̄)ek(z) =

∞∑

k=0

(∂αek)(w)ek(z) = α!Cαw(z).

ó�ý�æÛúRé��¶ëEìHê
z, w ∈ D, øYùÛéVýy÷ÛéRæ�øYý{ø'�

Cz(w) = C(w, z̄) = C(z, w̄) = C(z, ·)∼(w)
ù¶ìHüy÷Ûô	�¶ý�øÌëWìHüyüyì)�Ìô;øYù¶çbø

(∂αCz)(w) = (∂αC(z, ·))(w̄) = α!Cαw(z).
��������� � 	��
	! £]±

f ∈ O(D)
·q£l©
� � ­�±³§ � ­Ý§3£j¡l�C¢ H �;��²%£�°�±³²%£¼§3¸�£j°�±³§W±³¹

T ∗fC
α
w =

∑

0≤γ≤α
f(α−γ)(w)Cγw

²%�H­y¸b¤)¢j�b¡l©H­E­ � �b§E°�±³¤
w ∈ D ©b°Ü¸�£q©�´j² � � ­�±³§W§E°Ü¸�£ � α ∈ Nn.

�5¡Y�s�C¢�� åNøÌôUû���úRé]ô;øYì ìHõ¶ôUé]êUö�éVøYù¶çbø

T ∗fC
α
w(z) = 〈Cαw, TfCz〉 = (fCz)(α)(w) =

∑

0≤γ≤α
f(α−γ)(w)Cγw(z)

ëWìHêLçHü�ü
z, w ∈ D çHæÛ÷ α ∈ Nn.

�H� � éRí í�ç �+�FîtøYùÛéVôUûÛõ¶ôCè�çHú]é

M = M∗ = LH{Cαs ; s ∈ S and α ∈ As}
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ýyôvýyæ�öHçbêYýFçHæ�ø�ëEìHêvøYùÛé)úRì�í í�û%øYýyæÛþ;øYû%è¶üyé
Z∗ ∈ B(H)n

�3.dô\õÜéRëEìHêYé��	�5é)÷ÛéRæÛìHøYé�õ �
T ∈ B(M)n

øYù¶é
úRì�ílè¶êYé]ôUôUýyìHæ�ì�ë

Z
øYì
M
�¶óAýyæÛúRéLøYùÛédþ�é]æÛé]êqçsøYýyæÛþ�ö�éRújøYìHêYô

Cαs
ëWìHê

M
çbêYédüyý�æ¶éRçbêYü �7ý�æ¶÷ÛéjèÜéRæÛ÷ÛéRæ�ø)�

øYù¶éjêYéVý�ôLç û¶æÛý (AûÛé}ìHèÜéjêqçbøYìHê
X ∈ B(M)

ôUûÛú�ù!øYù¶çbø

X∗Cαs =
∑

0≤γ≤α
c̄s,α−γC

γ
s

ëWìHêLçHü�ü
s ∈ S çHæÛ÷ α ∈ As.

��ùÛé}é!�%ý�ôCøYéRæÛú]é}ì�ë-ç7óAú�ùAû%êLúRüyçHôUôÌëEûÛæ¶újøYýyìHæ
f ∈ Sd

�Ìý�øYù

f(α)(s) = cs,α (s ∈ S and α ∈ As)
ýyô5é)(AûÛý�öHçHü�éRæ�ø/øYì¼øYùÛédé!�%ýyôCøYé]æÛúRéLì�ë�ç¼ëWûÛæÛújøYýyì�æ

f ∈ Sd
�Ìý�øYù

T ∗fM ⊂M
çHæÛ÷

T ∗f |M = X∗.
åNø5ý�ô

éRü�éRí�é]æ�øqçbê���øYì}ú�ùÛé]ú$�løYù¶çbø
XTj = TjX

ëEìHê
j = 1, . . . , n.

�dé]æÛúRé ��ùÛé]ìHêYé]í � �{òdúRçHæ õ\éÌçbèÛè¶üyýyé]÷
øYì�úqù¶çbêqçHújøYé]êYý�
RétøYùÛé}ôUìHü�öHçbõ¶ýyüyý{ø'��ì�ë�øYù¶é}çbõÜìaö�é}ý�æ�øYé]êUèÜì�üyçbøYýyì�æ�èÛêYìHõ¶üyé]í0�

�Lû%êtçbýyí ý�ôÌøYì è¶êYìRö�é}øYù¶ý�ôÌýyæ�øYé]êUèÜì�üyçbøYýyìHæ êYé]ôUûÛü�ødý�æ�ç�ëEìHêYí �ÌùÛýyúqù ÷¶ý{êYéRújøYü��!þHéRæÛéjêqçHüyý�
Ré]ô;øYù¶é
úRüyçHôUôUýyúRçHü;øYùÛé]ìHêYé]í �%æÛì3�Ìæ ëWìHê�øYùÛé úRçHôUé¦ìHëLøYù¶é ûÛæÛý�ø�÷¶ý�ôUú�� �¶ìHê�øYùÛýyô7çHý�í0�_ü�é]ø

P
÷ÛéRæÛìHøYé�øYù¶é

ìHêUøYùÛì�þ�ì�æ¶çHüÜè¶êYì�-?éRújøYýyì�æ!ëFêYì�í H ì�æ�øYì øYùÛéVúRìHæ¶ôCøqçbæAøÌëWûÛæÛú]øYý�ì�æÛô	� ��ùÛé]æ0�5é}ìbõ¶øqçbýyæ!øYù¶çbø

PCαs = 〈Cαs , 1〉 = δα,01 (s ∈ S, α ∈ As).
� ôUýyæÛþ � éRí�í�ç � �yî}çHæÛ÷!øYùÛétêYéRôUûÛü�øYô;ëEêYì�í ó�é]újøYýyì�æ�î��¶ì�æÛéVéaçHôUý�ü�� �¶æ¶÷Ûô�øYù�çsø

〈 1

C
(MT )(1−XX∗)Cβt , Cαs

〉
= δ(α,β),(0,0) − cs,αc̄t,β

ëWìHêtçbüyü
s, t ∈ S çbæ¶÷ α ∈ As, β ∈ At.

�Lû%êdêYé]ôUûÛü�øtý�ôdëEìHêYí�ûÛüFçbøYé]÷�ý�æ¦øYé]êYí�ôLì�ë#ç�ôUúRçHüFçbêdí�çbøUêYý �
G = (Gρσ)ρ,σ∈Λ,

�ÌùÛéjêYé
Λ
ýyô;øYùÛéVýyæÛ÷Ûé	�QôUé]ø

Λ = {ρ = (j, s, α); j = 1, . . . , p and s ∈ S, α ∈ As}.
��� � ��� ��� � 	�� � �5çbêqçsøYù��]ì�÷ÛìHê�� ���¶é - �jê�èÛêYìHõ¶üyé]í "$��� �b¡

S ⊂ D
��°¶§³±N£�©b°Ü¸ �)°¶§W±N£ ¢j©�� §³­Ý§3£j¤

(cs,α)α∈As (s ∈ S)
©b¤�©�·Y�bµH£

�
±³²%£_¢]�H­E­��bª)§W° � ©b¡Y£l£
	 � §EµH©H­�£j°¶±��

�³ý#" ±³²%£j¡Y£}§W¤¼©L¢ � °Ü´j±³§J�b°
f ∈ Sd

ª)§W±³²
f (α)(s)/α! = cs,α

¢j�b¡l©H­E­
s ∈ S ©b°Ü¸ α ∈ As 
�³ýyý#" ±³²%£j¡Y£�§E¤!© � �b¤q§³±³§EµH£Q¤]£��l§J¸�£��)°¶§³±N£ ��©H±³¡�§��

G = (Gρσ)ρ,σ∈Λ
�C¢�´Y��� � ­�£ �ÿ° � �7·Y£j¡�¤7¤ � ´�²

±³²%©H±/±³²%£l£
	 � ©H±³§J�b°¶¤

δ(α,β),(0,0) − cs,αct,β =

p∑

j=1

G(j,s,α)(j,t,β)

−
∑

0≤δ≤α
0≤λ≤β

p∑

i,j=1

( q∑

k=1

(dik)(α−δ)(s)(djk)(β−λ)(t)
)
G(i,s,δ)(j,t,λ)

²%�H­y¸Ì¢]�b¡�©H­E­
s, t ∈ S ©b°1¸ α ∈ As � β ∈ At

�

�5¡Y�s�C¢�� �H� ��ùÛé]ìHêYé]í ���{ò�øYùÛé7öHçHü�ýy÷Ûý�ø'��ì�ë;ú]ì�æÛ÷Ûý�øYý�ì�æ �³ý5"Výyô�é3(�û¶ý{ö�çbüyé]æAø¼øYì¦øYùÛé7é	�%ý�ôCøYéRæÛú]é7ì�ëÌç
è\ìHôUý�øYý�ö�é}ìHèÜéjêqçbøYìHê

Γ = (Γij) ∈ B(Mp)
ôUûÛú�ù�øYù�çsø

1

C
(MT )(1−XX∗) =

p∑

j=1

Γjj −
p∑

i,j=1

q∑

k=1

dik(T )Γijdjk(T )∗.

%/çHúqù ú]ì�é ��ú]ýyé]æAø
Γij ∈ B(M)

ù¶çHôÌçlêYéjè¶êYé]ôUé]æAøqçsøYýyì�æ!ì�ë�øYù¶éVëWìbêYí

ΓijC
β
t =

∑

u∈S,ν∈Au
Γtβu,ν(i, j)Cνu (t ∈ S, β ∈ At).
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�H��çbèÛè¶ü��%ý�æ¶þ}õ\ìbøYù�ôUýy÷ÛéRô/ìHëÜøYùÛé �ÛêYôCø5é)(Aû¶çbøYýyìHæ�øYì¼øYùÛé;ö�é]ú]øYìbê
Cβt

��çbæ¶÷�øYùÛé]æ�ëWìHêYí�ý�æÛþ¼øYùÛéÌýyæÛæÛéjê
è¶êYìA÷¶ûÛújøL�Ìý�øYù

Cαs
�¶ìHæ¶é}ìbõ¶øqçbýyæÛô;øYùÛéVý�÷¶é]æ�øYý�ø'�

δ(α,β),(0,0) − cs,αct,β =
∑

u∈S,ν∈Au

[ p∑

j=1

Γtβuν(j, j)C(α,ν)(s, u)

−
p∑

i,j=1

q∑

k=1

∑

0≤δ≤α
0≤λ≤β

(dik)(α−δ)(s)(djk)(β−λ)(t)Γ
tλ
uν(i, j)C(δ,ν)(s, u)

]

ëWìHêVçHü�ü
s, t ∈ S çHæÛ÷ α ∈ As, β ∈ At

�/��ùÛé�ôUúaçHüyçbêVí�çbøUêYý��
G = (Gρσ)ρ,σ∈Λ

�Ìý�øYù�ú]ì�é���úRý�éRæ�øYô
÷¶é��¶æÛéR÷�õ��

G(i,s,α)(j,t,β) =
∑

u∈S,ν∈Au
Γtβuν(i, j)C(α,ν)(s, u)

úRü�éaçbêYü �!ôYçbøYýyô �¶é]ôdú]ì�æÛ÷Ûý�øYý�ì�æ �³ýyý5"$����ùÛé¼èÜì�ôUý{øYý�ö%ý{ø'�!ì�ë-øYùÛé¼í�çbøUêYý �!ìHèÜé]êqçbøYìbê
Γ = (Γij) ∈ B(Mp)ýyô¼é)(AûÛý�öHçHü�éRæ�øVøYì øYùÛé è\ìHôUý�øYý�ö�é�ôUé]í�ýy÷Ûé��¶æ¶ý{øYéRæÛé]ôUô¼ì�ë/øYù¶é�í�çbøUêYý �

G
� ��ì úqù¶é]úJ�ÿøYùÛýyô	��ý�ø¼ôUû ��úRé]ô

øYì¦ìHõ¶ôUé]êUö�é�øYù¶çbø)��ëEìHê�é]ö�é]ê���ö�é]újøYìHê
m = (mj) ∈ Mp �Ìý�øYù

mj =
∑
t∈S,β∈At v(j,t,β)C

β
t

ëEìHê
i = 1, . . . , p

�ÛøYùÛé}ý�÷ÛéRæ�øYý�ø'�
p∑

i,j=1

〈Γijmj ,mi〉 =
∑

ρ,σ∈Λ

Gσρvρvσ

ù¶ìHüy÷Ûô	� ��ù�ûÛôÌý�øÌý�ôÌú]üyéRçbê;øYù¶çbø;úRì�æÛ÷Ûý�øYý�ì�æ �³ý5"/ý�í è¶üyýyé]ôÌúRìHæ¶÷Ûý{øYýyì�æ �³ýyý5"$�
å�ë_ú]ì�æ�ö�éjêYôUéRü �E�vçQèÜì�ôUý{øYý�ö�é ôUé]í�ýy÷Ûé��¶æ¶ý{øYé í�çbøUêYý��

G
çHôtýyæ�ú]ì�æÛ÷¶ý{øYýyì�æ �³ý�ý#"ÌýyôVþ�ý{ö�éRæ/�ÜøYùÛéRæ�øYùÛé

üFçHôCødé3(�û�çbüyý�ø'�!úaçbæ¦õÜé�ûÛôUéR÷¦øYì�÷¶é��¶æÛé ç�èÜì�ôUý�øYý{ö�é¼í�çbøUêYý �¦ìbè\éjêqçbøYìHê
Γ ∈ B(Mp)

� �H��êYé]ö�é]êYôUý�æ¶þ
øYù¶étçsõ\ìRö�éVçbêYþHû¶í éRæ�øYô�ì�æÛé ��æÛ÷Ûô5øYù¶çbø

Γ
ôYçbøYýyô �¶é]ô5øYùÛété)(Aû¶çbøYýyì�æ7úRì�æ�øqçHý�æÛéR÷Qýyæ�ú]ì�æÛ÷Ûý�øYýyìHæ �³ý�ý#"#ìHë

��ù¶é]ìHêYé]í � ��ò�ýyë�øYùÛéVìHèÜéjêqçbøYìHê
X
ý�ôÌ÷Ûé���æÛé]÷¦çHôÌçbõÜìaö�é��

å�æhøYùÛé7è�çbêUøYýyú]ûÛüFçbê úRçHôUé7øYù¶çbø
As = {0} ëEìHê éRçHúqù s ∈ S

�-øYùÛé7èÛêYéRú]é]÷¶ý�æÛþ�êYéRôUûÛü{ø@�%ýyé]üy÷Ûô�ç
ôUì�üyû%øYýyìHæÿìHë)øYùÛé;�déjö�çHæÛü�ýyæÛæ¶ç����_ýyúJ� èÛêYìHõ¶üyé]í ëWìHê}óAú�ùAû%êVúRüyçHôUôdëWûÛæÛú]øYý�ì�æÛô	�/��ù¶é�ôYçHí�é¼êYé]ôUû¶ü{øVçHæÛ÷
ö�çbêYý�ì�ûÛô}ôUýyí�ý�üFçbê¼úqù¶çbêqçHújøYé]êYý�
açsøYýyì�æÛô	��éjö�é]æ�ëWìHê¼çHæ(çbêUõ¶ý�øUêqçbê��ÿôUû%õ¶ôUé]ø

S ⊂ D
��çbêYé�ú]ì�æ�øqçHýyæÛé]÷�ýyæ

��ù¶é]ìHêYé]í � � � � .dôÌçHæ!é	�Ûçbí è¶üyéO�5éVôCøqçbøYéVøYùÛétêYéRôUûÛü{ø;õ\é]üyì)�
��ëEìHêL�ÌùÛýyúqù0�5é}çHüyôUì�úRý{øYé � �  ��
��� � ��� ��� � 	�� 	  £j±

S ⊂ D ·q£¼©b°�©b¡R·�§³±³¡Y©b¡�¹ ¤ � ·j¤j£]± � ©b°Ü¸ ­�£]± (cs)s∈S
·Y£�©�¢]©��l§³­Ý¹7�C¢}´Y��� � ­�£ �

° � ��·q£j¡�¤��;��²%£j°ÿ±³²%£j¡Y£V§W¤}© � ´j² � ¡�´]­�©b¤q¤)¢ � °Ü´]±³§3�b°
f ∈ Sd

ª)§³±³²
f(s) = cs

¢j�b¡�©H­E­
s ∈ S § ¢}©b°Ü¸�b°�­Ý¹�§ ¢V±³²%£j¡Y£}§W¤¼© � �b¤q§W±³§Wµb£ ¸�£���°¶§³±N£_¢ � °Ü´]±³§3�b°
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