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Abstract. Suppose that A and B are unital Banach algebras with units 14 and 15, respectively,
M is a unital Banach A, B-module, 7 = [’3 M1 is the triangular Banach algebra, X is a unital
T-bimodule, Xa4 = 14X14a, Xpp = 1pX1p, Xap = 14X1p and Xpa = 15X14. Applying
two nice long exact sequences related to A, B, 7, X, Xaa, Xpp, Xap and Xpa we establish
some results on (co)homology of triangular Banach algebras.

1. Introduction. Topological homology arose from the problems concerning extensions
by H. Kamowitz who introduced the Banach version of Hochschild cohomology groups
in 1962 [11], derivations by R. V. Kadison and J. R. Ringrose [9, 10] and amenability by
B. E. Johnson [8] and has been extensively developed by A. Ya. Helemskii and his school.
In addition, this area includes a lot of problems concerning automorphisms, fixed point
theorems, perturbations, invariant means, topology of spectrum, ... [6].

This article deals with the cohomology and homology of triangular Banach algebras,
i.e. algebras of the form 7 = [# ¥ ] in which A and B are unital Banach algebras and M
is a unital Banach A, B-module. These algebras were introduced by Forrest and Marcoux
[1], motivated by work of Gilfeather and Smith in [4]. Forrest and Marcoux also studied
and directly computed some cohomology groups of triangular Banach algebras (see [2]
and [3]). In this paper, after some preliminaries, we present two long exact sequences and
apply them to give some significant isomorphisms and vanishing theorems.

2. Preliminaries. We begin with some observations concerning cohomology and ho-
mology of Banach algebras. Some sources of references are [6] and [7].
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Let Lin denote the category of linear spaces and linear operators. A sequence - - - «—

X, & Xpq e o, X = {X,d} (vesp. -+ — X" S X0t X = {X,6))

in a subcategory of Lin is said to be a (chain) complex (resp. (cochain) complex) if
dy—10d, =0 (resp. §" 06"~ = 0).
Suppose that A is a Banach algebra and X is a Banach A-bimodule.
Forn=0,1,2,...,let C"(A, X) be the Banach space of all bounded n-linear mappings
from A X --- X A into X together with multilinear operator norm

Hf” = Sup{”f(al»‘ : ‘70'71)”5 a; € A, ”alH <lL1<:i< n}7

and C°(A, X) = X. The elements of C"(A, X) are called n-dimensional cochains. Con-
sider the sequence

0 50 1 61 ~
0—-C%A,X)—C(AX)—- - (C(A X)),
where §°z(a) = ax — za and for n =0,1,2,...
5"f(a1, . ,an_H) = alf(a2, ey an_H)

n
+ Z(_l)kf(ala ey Qp—1, A0k 41, - - - 7an+1)
k=1

+(=D)" " f(a1,. .., an)ani1
where € X, a,a1,...,an+1 € A, f € C"(A, X).

It is straightforward to verify that the above sequence is a complex. C (A, X) is called
the standard cohomology complex or Hochschild-Kamowitz complex for A and X. The
nth cohomology group of C(A, X ) is said to be the n-dimensional (ordinary or Hochschild)
cohomology group of A with coefficients in X and denoted by H"(A, X). The spaces
Kerd™ and Imd™~! are denoted by Z™(A, X) and B"(A, X), and their elements are called
n-dimensional cocycles and n-dimensional coboundaries, respectively. Hence H™ (A, X) =
Z™(A,X)/B™(A, X). Note that H"(A, X), generally speaking, is a complete seminormed
space.

Assume that Cy(A, X) = X and forn=1,2,...

Co(A,X) = Ad - BAGX

in which ® denotes the projective tensor product of Banach spaces. The elements of
Cr(A, X) are called n-dimensional chains. Consider the complex

0 — Co(A, X) <Ly (A, X) ot (4, X)),
where

dp(a1® ... Qapt1 Q) =a2® ... apt1 ® A1
n
Y (Va1 @, Qa1 ® .. Qa1 O
k=1

—|—(—1)”+1a1 R ... Gy R TApy1.

The n-th homology group of C (A, X) is called the (ordinary) homology group of A
with coefficients in X. It is denoted by H,, (A, X) which is a complete seminormed space.
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The dual X* of the Banach A-bimodule X is again a Banach A-bimodule with respect
to the following actions:

(af)(z) = f(za), (fa)(z)= flax); fEX"acAreX,
In particular, A* is a Banach bimodule over A.

A complex X = {X,d} in a category of Banach modules is called admissible if it splits
as a complex of Banach spaces and continuous linear operators, i.e. the kernels of all its
morphisms are topologically complemented.

An additive functor F is said to be exact if for every admissible complex X = {X, d}
the complex F(X) = {F(X), F(d)} is exact in the category Lin. Notice that F is a
functor.

A unital left Banach module P over a unital Banach algebra A is said to be projective
if the functor 4h(P,?) is exact. Recall that for left Banach A-modules X and Y, 4h(?,7)
takes left A-modules X and Y to 4h(X,Y) ={f: X — Y; f is a bounded left A-module
map}. Indeed 4h(?,7) is a bifunctor contravariant in the first variable and covariant in
the second.

A left Banach A-module (resp. right Banach A-module, Banach A, B-bimodule) X is
called projective if X as a left Banach unital A -module (resp. left Banach unital A%"-
module, left Banach unital A;&B%-module) is projective, where A, = A @ C denotes
the unitization of the Banach algebra A.A°P, the so-called opposite to A, is the space A
equipped with the multiplication a o b = ba.

A complex 0 «— X doox, (X) is called a resolution of the A-module X if the
complex 0 — X & X, & X3 < --- is admissible. By a projective resolution we mean
one in which the X;’s are projective.

Every left A-module X admits sufficiently many projective resolutions, especially it
admits the normalized bar-resolution B(X) as follows:

Consider free modules B,(X) = A;®(A® - ®A®X) and Bo(X) = A, ®X, and

—_———

n
operators 7 : A, ®X — X and d,, : B,11(X) — B, (X), well-defined by
m(a® x) = ax,

dp(a®@a1® ... Qa1 Q%) =a01 Ra2R® ... Qapy1

+Y (Dfa®ar ®... @aptp1 ® ... @ anp D
k=1

+H(=D)""a®a ®...®a, @ angi.

Then the sequence 0 « X <~ By(X) L p (X) &llisa projective resolution of X. We
denote the complex 0 « By(X) & B (X) & by B(X). In fact B induces a functor.
Let F' be an additive functor. Then the functor F,, = H, o F o B is called the n-
th projective derived functor of F. F), is independent of the choice of resulotion. The
projective derived cofunctors could be defined in a similar way.
For a left Banach A-module Y, let Ext’(?,Y) denote the n-th projective derived
cofunctor of 4h(?,Y). Given a right Banach A-module X, denote the n-th projective



274 M. S. MOSLEHIAN

derived functor of X Q% A? by Tor?{(X,?). Recall that for a right Banach A-module X and
a left Banach A-module Y the projective tensor product of modules X and Y is defined
to be the quotient space X®4Y = (X®Y)/L where L denotes the closed linear span of
all elements of the form za®@y—r®ay (v € X,a € A,y € Y). In fact 7©7? is a bifunctor
covariant in both variables.

3. Main results. Suppose that A and B are unital Banach algebras with units 14 and
15, and Banach space M is a unital Banach A, B-module. Then

A M a m
r[2 ] {2 7] acamensen)

with the usual 2 x 2 matrix addition and formal multiplication equipped with the norm
62T = llall + |m]l + ||b]| is a Banach algebra which is called a triangular Banach
algebra [1].

Let X is a unital Banach 7-bimodule, X 4 = 14X14,Xpp = 15X1p,Xup =
1AXlB and XBA = 1BX1A-

Applying homological techniques we can establish the following long exact sequences
(see [5]):

—1 0 0
0™ HT,X) % HO(A, Xaa) ® H(B, Xpp) & Bat’,; 5., (M, Xap)

1
™ HNT,X) % HY(A, Xax)® H (B, Xpp) 5 Bat' . (M, X45)

A&BeP
1 2 2
T HX(T,X) % H*(A, Xaa) ® H3(B, Xpp) & Eat?,, ., (M, Xap),

s B Tor OB (N X pa) D Hay(A, Xaa) @ Ha(B, Xpp) 3 Hy(T, X)
2y Tord®B (M, Xpa) B Hy(A, Xaa) @ H (B, Xpp) S H(T, X)
2 Tord @B (M, Xpa) % Hy(A, Xaa) @ Ho(B, Xpp) % Ho(T, X) "= 0,
Using these nice sequences we shall obtain some significant results:

THEOREM 1 ([12, Proposition 2.11]). Let Xap =0 and T = [{ ¥]. Then H"(T,X) ~
H"(A, X 44)® H"(B,Xpg) for alln > 0.
Proof. If X4p = 0, then Eactngop(M, Xap) = Ext2®30p

Hence 0 "> H™(T,X) %% H™(A, Xa4) ® H"(B, Xp5) 5> 0.

(M, Xap)=0.

COROLLARY 1 ([2, Corollary 3.5]). T = [4 Y] is weakly amenable iff so are A and B.

Proof. X =T is a Banach 7-bimodule for which clearly X4 = A*, Xpp = B*, X =
0 and Xp4 = M*. Then the previous theorem, with n = 1, implies that

HYT,T*) = H' (A, A*) @ H (B, B*).
Hence 7 is weakly amenable iff so are A and B.

THEOREM 2. Let Xpa=0 and T=[4 ¥ |. Then H,(T,X)~H,(A,X14)®H,(B,Xpg)
for alln > 0.
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Proof. If Xg4 = 0, then TorA®B (M, X4p) = Tor,‘;‘@Bop(M, Xap) = 0. Hence 0 y
n(AaXAA) @Hn(BvXBB) _> H (T X) p" ' 0.

COROLLARY 2. H,(T,T) ~ H,(A,A)® H,(B,B) if T = [4 ¥].

Proof. For X =7 we have X 4 = A, Xgp =B, Xap =M and Xgs = 0.

COROLLARY 3. If T = [# Y], then H,(T,M) = 0. In particular, with Tp, = [ 7]

and Ty = T, we conclude that H,(T,7,,) = 0.

Proof. Note that X 4 = A, Xpp =B, Xap=M and Xgs =0, if X = M.

THEOREM 3. Denote by 7(D) the set of all bounded traces over the Banach algebra D,

i.e. T(D) = {f € D*; f(didz) = f(dady), for all d1,ds € D}. Then 7(T) ~ 7(A) ® 7(B)

fT=[5%]

Proof. 40 s

0— HY (T, 7)) % HY(A, Ao H'(B,B*) &

Ext?4®Bop (M, T;g) =0, since 755 = 0. Note that then H°(D, D*) = 7(D).

REMARK. Thanks to Niels Jakob Laustsen for his comment on the fact that there is a

direct proof for Theorem 3.6:

The equality
0 m| |1 0[]0 m| |0 m||1 O
0 0] [0 0][0 O 0 00 O

implies that f([$7]) = 0 for every f € 7(7). Then fa(a) = f([&9]) and f5(b) = f([39])
give two bounded traces over A and B respectively. Conversely, if we have two bounded

traces f1 and fy on A and B, resp., then f([§ )] = fi(a) + f2(b) defines a bounded trace
over 7.

THEOREM 4 ([3, Corollary 4.2]). Let A be a unital Banach algebra with H™(A, A) = 0
for alln > 1, and M be a left Banach A-module, then H"(T,T) ~ H" (A, B(M)) in
which T = [§ ¥].

Proof. Put X = 7. By Ext(X,Y) ~ H"(A,B(X,Y)) and H"(C,C) = 0, the exact
sequence )

n— n—1
S YA, A) @ HYY(C,C) 'S Bty k., (M, M)
w1 Y B4, A) e HY(C,C)

gives rise to
o= 0— H" Y (A, M) - HY (T, T) -0 — ---

Hence H"(7,7T) ~ H" (A, B(M)).

EXAMPLE. Suppose that A is a hyperfinite von Neumann algebra acting on a Hilbert
space H. M = H is a left A-module via a.§ = a(§),a € A, € H. Tt follows from [13,
Corollary 3.4.6] H"(A, A) = 0 for all n. So H"([4 &],[4 B]) = H" (A, B(H)). In

particular,
(2 8][4 4])-wiaom -

by [13, Theorem 2.4.3]. (See [3, Example 4.2].)
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